
                 

EXISTENCEANDUNIQUENESSFORADEGENERATE

PARABOLICEQUATIONWITHL
1
-DATA

F.Andreu,J.M.Mazón,S.SeguradeLeónandJ.Toledo

Abstract.Inthispaperwestudyexistenceanduniquenessofsolutionsforthe
boundary-valueproblem,withinitialdatuminL1(Ω),

ut=diva(x,Du)in(0,∞)×Ω

−
∂u

∂ηa∈β(u)on(0,∞)×∂Ω

u(x,0)=u0(x)inΩ,

whereaisaCarathéodoryfunctionsatisfyingtheclassicalLeray-Lionshypothesis,
∂/∂ηaistheNeumannboundaryoperatorassociatedtoa,Duthegradientofu
andβisamaximalmonotonegraphinR×Rwith0∈β(0).

1.Introduction

Thispaperisdevotedtothesolvabilityofthenonlinearparabolicequation

(E)ut=diva(x,Du)

withinitialdatainL
1
(Ω),ΩbeingadomaininR

N
(boundedorunbounded)

andaaCarathéodoryfunctionsatisfyingtheclassicalLeray-Lionshypothesis,
i.e.,aisavectorvaluedfunctionmappingΩ×R

N
intoR

N
andsatisfying

(H1)aisaCarathéodoryfunction(i.e.,themapξ→a(x,ξ)iscontinuous
foralmostallxandthemapx→a(x,ξ)ismeasurableforeveryξ)andthere
existsλ>0suchthat

〈a(x,ξ),ξ〉≥λ|ξ|
p

(1<p<∞)

holdsforeveryξanda.e.x∈Ω,where〈,〉meansscalarproductinR
N

.There
isnorestrictioninassumingthatλ=1.

(H2)Foreveryξandη∈R
N

,ξ6=η,anda.e.x∈Ωthereholds

〈a(x,ξ)−a(x,η),ξ−η〉>0.
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(H3)ThereexistsΛ∈Rsuchthat

|a(x,ξ)|≤Λ(j(x)+|ξ|
p−1

)

holdsforeveryξ∈R
N

withj∈L
p′

,p′=p/(p−1).

Thehypothesis(H1),(H2)and(H3)areclassicalinthestudyofnonlinearop-
eratorsindivergenceform(see[L]).Themodelexampleofafunctionasat-
isfyingthesehypothesisisa(x,ξ)=|ξ|

p−2
ξ.Thecorrespondingoperatoristhe

p-Laplacianoperator∆p(u)=div
(
|Du|

p−2
Du
)
.Thisoperatorhasbeenwidely

consideredintheliteratureofPDE.Itrepresentsoneofthesimplerexamplesof
degeneratenonlinearoperatorsforwhichtheclassicaltheoryisnotavailable.It
alsoappearsinseveralphysicalproblemsas,forinstance,innon-newtonianfluids
(see[DH]andtheliteraturecitedtherein).

Recently,in[B-V],anewconceptofsolutionhasbeenintroducedfortheelliptic
equation

−diva(x,Du)=f(x)inΩ

u=0on∂Ω,

namelyentropysolution.Asaconsequence,anm-completelyaccretiveoperator
inL

1
(Ω)canbeassociatedtothecorrespondingparabolicequation.In[AMST],

usingthemethoddevelopedin[B-V],westudyentropysolutionsfortheelliptic
problemwithnon-linearboundaryconditions.Precisely,westudyexistenceand
uniquenessofentropysolutionsforequationsoftheform

u−diva(x,Du)=finΩ

−
∂u
∂ηa∈β(u)on∂Ω,

where∂/∂ηaistheNeumannboundaryoperatorassociatedtoa,i.e.,

∂u

∂ηa
:=〈a(x,Du),η〉

withηtheunitoutwardnormalon∂Ω,Duthegradientofuandβa
maximalmonotonegraphinR×Rwith0∈β(0).Thesenonlinearfluxesonthe
boundaryoccurinheattransferbetweensolidsandgases(cf.[Fr])andinsome
problemsinMechanicsandPhysics[DL](seealso[Br2]).Observealsothatthe
classicalNeumannandDirichletboundaryconditionscorrespondtoβ=R×{0}
andβ={0}×R,respectively.

Asaconsequenceoftheresultsof[B-V]and[AMST],wecansolvetheequation
(E)(withnon-linearboundaryconditionsincaseΩisboundedandwithDirichlet
boundaryconditionsincaseΩisunbounded)fromthepointofviewofNonlinear
SemigroupsTheory,i.e.,foreveryinitialdatuminL

1
(Ω),thereexistsaunique

mild-solutiongivenbytheCrandall-Liggettexponentialformula.However,inprin-
ciple,itisnotclearhowthesemild-solutionshavetobeinterpreted.Thepurpose
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ofthepresentpaperistocharacterizethesemild-solutions,forwhichtheproblemis
wellposed,byintroducinganewclassofweaksolutions,namelyentropysolutions.
Moreprecisely,weprovethatmild-solutionsandentropysolutionscoincide.

ThestudyoftheCauchyproblemforequationsoftype(E)hasreceivedagreat
dealofattention.Forexample,existenceofweaksolutionswithmeasuresasinitial
data,inthecaseΩboundedwithDirichletboundaryconditions,hasbeenstudied
in[BG2],[Ra1]and[Ra2].Forsomeresultsaboutexistenceofweaksolutionsof
similarequationswithnon-linearboundaryconditionssee[X].Respecttoexistence-
uniquenessresultsforCauchyproblemsoftype(E),weonlyknowtheonegiven
byE.DiBenedettoandM.A.Herreroin[DiH1]and[DiH2](seealso[Di1]and
[Di2])forthep-LaplacianequationinR

N
.Inthiscase,theyintroduceaclassof

weaksolutionsandproveexistenceanduniquenessofthistypeofsolutionswhenthe
initialdatumispositive.Thenon-negativityoftheinitialdataandthehomogeneity
ofthep-Laplacianareessentialintheirproofofuniquenesssincetheyusesome
sortoftime-compactnessviatheregularizingeffectofBénilan-Crandall[BCr1].Di
Benedettoin[Di2]saysthefollowing:“Itwouldbeofinteresttohaveanotionof
solutionthatisirrespectiveofthesignofthesolutionandacorrespondentexistence-
uniquenesstheorem.Weremarkthattheproblemisopenevenifoneconsidersthe
boundaryvalueprobleminboundeddomain”.Theaimofthispaperistoanswer
thisquestion.

Theplanofthepaperisasfollows:Somepreliminaryresultsandnotationare
collectedinSection2.InthethirdsectionwestudythecaseΩbounded.We
proveexistenceanduniquenessresultsfortheentropysolutionoftheinitial-value
problemforequation(E)withnon-linearboundarycondition,andweshowthatthe
entropysolutioncoincideswiththemild-solution.Inthelastsectionweestablish
similarresultstothoseoftheprevioussectionforthecaseofDirichletboundary
conditionsandΩnotnecessarilybounded.

2.Preliminaries

Inthissectionwegivesomeofthenotationanddefinitionsusedlater.IfΩ⊂R
N

isaLebesguemeasurableset,λN(Ω)denotesitsmeasure.ThenorminL
p
(Ω)is

denotedby‖.‖p,1≤p≤∞.Ifk≥0isanintegerand1≤p≤∞,W
k,p

(Ω)

istheSobolevspaceoffunctionsuontheopensetΩ⊂R
N

forwhichD
α
u

belongstoL
p
(Ω)when|α|≤k,withitsusualnorm‖.‖k,p.W

k,p
0(Ω)isthe

closureofD(Ω)=C∞
0(Ω)inW

k,p
(Ω).Respecttothevector-valuedfunctions

wefollowthenotationanddefinitionsof[Br2].Forinstance,ifXisaBanach
space,a<band1≤p≤∞,L

p
(a,b;X)denotesthespaceofallu:[a,b]→X

measurablefunctionssuchthat‖u(s)‖belongstoL
p
([a,b]).Ifv∈L

1
(Ω)and

λN(Ω)<∞,wedenotebyvtheaverageofv,i.e.,

v:=
1

λN(Ω)

∫

Ω

v(x)dx.

Givenafinitemeasurespace(S,ν),wedenotebyM(S,ν)thesetofall
measurablefunctionsu:S→Rfinitea.e.,identifyingthefunctionsthatare
equala.e.
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Werecall,cf.[BBC],thatfor0<q<∞theMarcinkiewiczspaceM
q
(Ω)

canbedefinedasthesetofmeasurablefunctionsf:Ω→Rsuchthatthe
correspondingdistributionfunction

φf(k)=λN{x∈Ω:|f(x)|>k}

satisfiesanestimateoftheform

φf(k)≤Ck−q,C<∞.

ForboundedΩ’s,itisimmediatethatM
q
(Ω)⊂M

q̂
(Ω)ifq̂≤q,alsoL

q
(Ω)⊂

M
q
(Ω)⊂L

r
(Ω)if1≤r<q.

Wewillusethefollowingtruncatureoperator:Foragivenconstantk>0we
definethecutfunctionTk:R→Ras

Tk(s):=

{sif|s|≤k
ksign(s)if|s|>k.

Forafunctionu=u(x),x∈Ω,wedefinethetruncatedfunctionTkupointwise,
i.e.,foreveryx∈ΩthevalueofTkuatxisjustTk

(
u(x)

)
.Observethat

lim
k→0

1

k
Tk(s)=sign(s):=





1ifs>0

0ifs=0

−1ifs<0.

BytheStampacchiaTheorem,cf.[KS],ifu∈W
1,1

(Ω),wehave

DTk(u)=1{|u|<k}Du,

where1BdenotesthecharacteristicfunctionofameasurablesetB⊂Ω.
WeneedtodefinethetraceoffunctionswhicharenotintheSobolevspaces.

Beforediscussingthisconceptoftracewerecallthefollowingspacesintroducedin
[B-V]:T

1,1
loc(Ω)isdefinedasthesetofmeasurablefunctionsu:Ω→Rsuch

thatforeveryk>0thetruncatedfunctionTk(u)belongstoW
1,1
loc(Ω).For

1<p<∞,T
1,p
loc(Ω)isthesubsetofT

1,1
loc(Ω)consistingofthefunctionsu

suchthatDTk(u)∈L
p
loc(Ω)foreveryk>0.Likewise,T

1,p
(Ω)isthesubset

ofT
1,1
loc(Ω)consistingofthefunctionsusuchthatDTk(u)∈L

p
(Ω)forevery

k>0.ObservethatinthedefinitionofT
1,p

(Ω)isnotimposedthecondition
Tk(u)∈L

p
(Ω).Ofcourse,thisconditionfollowsimmediatelywhenΩisbounded.

So,ifΩisbounded,wehave

T
1,p

(Ω)={u:Ω→Rmeasurable:Tk(u)∈W
1,p

(Ω)forallk>0}.

ItispossibletogiveasensetothederivativeDuofafunctionu∈T
1,1
loc(Ω),gen-

eralizingtheusualconceptofweakderivativeinW
1,1
loc(Ω),thankstothefollowing

result(see[B-V,Lemma2.1]):
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“Foreveryu∈T
1,1
loc(Ω)thereexistsauniquemeasurablefunctionv:Ω→R

suchthat

(2.1)DTk(u)=v1{|v|<k}a.e.

Furthermore,ifu∈W
1,1
loc(Ω)thenv=Duintheusualweaksense.”

ThederivativeDuofafunctionu∈T
1,1
loc(Ω)isdefinedastheuniquefunction

vsatisfying(2.1).Thisnotationwillbeusedthroughoutinthesequel.

LetΩbeaboundedopensubsetofR
N

ofclassC
1

and1≤p<∞.Itis
well-known(cf.[N]or[M])thatifu∈W

1,p
(Ω),itispossibletodefinethetrace

ofuon∂Ω.Moreprecisely,thereexistsaboundedoperatorγfromW
1,p

(Ω)
intoL

p
(∂Ω)suchthatγ(u)=u|∂Ωwheneveru∈C(Ω).Now,itiseasyto

seethat,ingeneral,itisnotpossibletodefinethetraceofanelementofT
1,p

(Ω).
Indimensiononeitisenoughtoconsiderthefunctionu(x)=1/xforx∈]0,1[.

Nevertheless,wearegoingtodefinethetracefortheelementsofasubsetT
1,p
tr(Ω)

ofT
1,p

(Ω).T
1,p
tr(Ω)willbethesubsetofT

1,p
(Ω)consistingofthefunctionsthat

canbeapproximatedbyfunctionsofW
1,p

(Ω)inthefollowingsense:afunction

u∈T
1,p

(Ω)belongstoT
1,p
tr(Ω)ifthereexistsasequenceun∈W

1,p
(Ω)such

that
(a)un→ua.e.inΩ,
(b)DTk(un)→DTk(u)inL

1
(Ω)foranyk>0,

(c)thesequence{γ(un)}convergesa.e.in∂Ω.
Obviously,wehave

(2.2)W
1,p

(Ω)⊂T
1,p
tr(Ω)⊂T

1,p
(Ω).

In(2.2)theinclusionsarestrict.Infact:Itiseasytoseethatthefunctionu(x)=

1/xforx∈]0,1[isanelementofT
1,1

(]0,1[)∼T
1,1
tr(]0,1[).Moreoverthefunction

udefinedby

u(x):=

{1/xifx∈]0,1[

−1/xifx∈]−1,0[,

isanexampleofanelementofT
1,1
tr(]−1,1[)∼W

1,1
(]−1,1[).

Inthefollowingresult([AMST,Theorem3.1])weobtainanextensionofthe
tracedefinedinW

1,p
(Ω).

Theorem2.1.LetΩbeaboundedopensubsetofR
N

ofclassC
1

and
1≤p<∞.Then,thereexistsamapτ:T

1,p
tr(Ω)→M(∂Ω,µ)suchthat

τ(u)=γ(u)wheneveru∈W
1,p

(Ω).

Moreover,
(i)γ(Tku)=Tk(τu)foreveryu∈T

1,p
tr(Ω)andk>0.

(ii)Ifu∈T
1,p
tr(Ω)andφ∈W

1,p
(Ω)∩L∞(Ω),thenu−φ∈T

1,p
tr(Ω)and

τ(u−φ)=τ(u)−τ(φ).

TostudytheDirichletproblem,in[B-V]itisintroducedthesubspaceT
1,p

0(Ω)of
T

1,p
(Ω)consistingofthefunctionsthatcanbeapproximatedbysmoothfunctions
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withcompactsupportinΩinthefollowingsense:afunctionu∈T
1,p

(Ω)belongs

toT
1,p

0(Ω)ifforeveryk>0thereexistsasequenceζn∈C∞0(Ω)suchthat

ζn→TkuinL
1
loc(Ω),

Dζn→DTk(u)inL
p
(Ω).

AsaconsequenceofthecharacterizationsofT
1,p

0(Ω)givenin[B-V,AppendixII]
wehave

Ker(τ)=T
1,p

0(Ω).

Wereferthereaderto[Ba],[Be],[BCP]and[Cr]forbackgroundmaterialonthe
TheoryofNonlinearSemigroups.

3.ThecaseΩbounded

ThroughoutthissectionΩisaboundeddomaininR
N

(N≥2)withsmooth
boundary∂ΩofclassC

1
,1<p<N,aisavectorvaluedmappingfromΩ×R

N

intoR
N

satisfying(H1)-(H3)andβisamaximalmonotonegraphinR×R
with0∈β(0).

Inthissectionweestablishexistenceanduniquenessofsolutionsofthenon-linear
parabolicequationwithnonlinearboundarycondition

ut=diva(x,Du)inQT=(0,T)×Ω

(I)−
∂u

∂ηa∈β(u)onST=(0,T)×∂Ω

u(x,0)=u0(x)inΩ

foreveryinitialdatuminL
1
(Ω).

In[AMST]weassociateacompletelyaccretiveoperatorinL
1
(Ω)withthe

formaldifferentialexpresion

−diva(x,Du)+nonlinearboundaryconditions.

TodefineitweneedtointroducethefollowingsubsetofW
1,p

(Ω):Givenβa
maximalmonotonegraphinR×Rwith0∈β(0),weset

W
1,p
β(Ω):={u∈W

1,p
(Ω):u(x)∈D(β)a.e.x∈∂Ω}.

Theabovedefinitionusesthefactthatthetraceofu∈W
1,1

(Ω)on∂Ωiswell
definedinL

1
(∂Ω)[N,Theorem4.2].Observethatweusethesamenotationu

foruanditstracewhenconvenient.
RemarkthatifD(β)isclosedthenW

1,p
β(Ω)isaclosedconvexsubsetof

W
1,p

(Ω).IncaseβcorrespondstotheDirichletboundarycondition,W
1,p
β(Ω)=

W
1,p
0(Ω),andincaseβcorrespondstotheNeumannboundarycondition,W

1,p
β(Ω)=

W
1,p

(Ω).
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WedefinetheoperatorAinL
1
(Ω)bytherule:

(u,v)∈Aifandonlyifu∈W
1,p

(Ω)∩L∞(Ω),v∈L
1
(Ω),thereexists

w∈L
1
(∂Ω)with−w(x)∈β(u(x))a.e.on∂Ωand

(3.1)

∫

Ω

〈a(x,Du),D(u−φ)〉≤
∫

Ω

v(u−φ)+

∫

∂Ω

w(u−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω).

TocharacterizetheclosureoftheoperatorAwedefinetheoperatorAin
L

1
(Ω)bytherule:

(u,v)∈Aifandonlyifu,v∈L
1
(Ω),u∈T

1,p
tr(Ω)andthereexistsw∈

L
1
(∂Ω),−w(x)∈β(u(x))a.e.on∂Ωsuchthat

(3.2)

∫

Ω

〈a(x,Du),DTk(u−φ)〉≤
∫

Ω

vTk(u−φ)+

∫

∂Ω

wTk(u−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω)andk>0.

Noticethattheintegralsin(3.2)arewelldefined.Ingeneral,thediference
oftwoelementsofT

1,p
(Ω)isnotanelementofT

1,p
(Ω)(see[B-V]),however,

sinceφ∈W
1,p

(Ω)∩L∞(Ω),wehaveu−φ∈T
1,p
tr(Ω)(Theorem2.1).Hence,

Tk(u−φ)∈W
1,p

(Ω)∩L∞(Ω)andconsequentlythetwofirstintegralsin(3.2)are
welldefined.Moreover,inthelastintegralwecanusethefactthatthetraceof
f∈W

1,p
(Ω)on∂ΩiswelldefinedinL

p
(∂Ω).

AlsoweneedtorecallthefollowingdefinitionduetoPh.Bénilan(see[AMST]).
Wesaythataissmoothifforeveryf∈L∞(Ω)thereexistsg∈L

1
(∂Ω)such

thatthesolutionuoftheDirichletproblem

−diva(x,Du)=finΩ

u=0on∂Ω,

issolutionoftheNeumannproblem

−diva(x,Du)=finΩ

∂u

∂ηa
=gon∂Ω.

Inthefollowingtheoremwesummarizealltheresultsweneedabouttheopera-
torsAandAgivenin[AMST].

Theorem3.1.AssumethatD(β)isclosedoraissmooth.Then,theoperator

Aiscompletelyaccretive,L∞(Ω)⊂R(I+A)andD(A)=L
1
(Ω).Moreover,

AistheclosureofAinL
1
(Ω).Consequently,Aisanm-completelyaccretive

operatorinL
1
(Ω)withdensedomain.

Wetranscribe(I)astheevolutionprobleminL
1
(Ω)

(II)
du

dt
+Au30,u(0)=u0.
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ByTheorem3.1,accordingtoCrandall-Liggett’sGenerationTheorem,forevery
initialdatumu0∈L

1
(Ω)thereexistsauniquemild-solutionu∈C(0,T;L

1
(Ω))

oftheevolutionproblem(II),withu(t)=S(t)u0,where
(
S(t)

)
t≥0isthesemigroup

oforder-preservingcontractionsgivenbytheexponentialformula

S(t)u0=lim
n→∞

(
I+

t

nA
)−n

u0.

Moreover,sinceAiscompletelyaccretive,iftheinitialdatumu0∈D(A)
thenthemild-solutionu(t)=S(t)u0isastrong-solution(see[BCr2]),i.e.,u∈
W

1,1
(0,T;L

1
(Ω))and(II)isverifiedalmosteverywhere.Thenextresultisacon-

sequenceoftheNonlinearSemigroupsTheory.Weincludetheproofhereforthe
sakeofcompleteness.

Lemma3.2.AssumethatD(β)isclosedoraissmooth.Letu0∈D(A)

andletu(t)=S(t)u0bethemild-solutionof(II).Thenu∈L
p
(0,T;W

1,p
β(Ω))∩

W
1,1

(0,T;L
1
(Ω))foreveryT>0,andthereexistsw∈L

1
(ST)with−w(t,x)∈

β(u(t,x))a.e.onSTsuchthat

(3.3)

∫

Ω

〈a(x,Du(t)),D(u(t)−φ)〉≤−
∫

Ω

u′(t)(u(t)−φ)+

∫

∂Ω

w(t)(u(t)−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω)anda.e.on[0,T].

Proof.Sinceu(t)=S(t)u0isastrong-solutionof(II),thesetKconsistingof
thosevaluesoft∈[0,T]forwhicheitheruisnotdifferenciableatt,ortisnot
aLebesguepointforu′,oru′(t)+Au(t)630,isanullsubsetof[0,T].Then,since
u′∈L

1
(0,T;L

1
(Ω)),[BCP,Proposition1.5]guaranteesusthatforeachε>0,

thereexistsapartition0=t0<t1<...<tn−1≤T<tnwiththeproperties:
tk6∈K,k=1,...,n,tk−tk−1<εfork=1,...,nand

(3.4)

n∑

k=1

∫tk

tk−1

‖u′(s)−u′(tk)‖ds<ε.

Ifonedefinesvεasvε(0):=u0,vε(t):=u(tk)on]tk−1,tk],k=1,...,n.
Thenvεissolutionofanε-discretizationof(II)andconsequently,vε→uin
C(0,T;L

1
(Ω)).

Since
(
u(tk),−u′(tk)

)
∈A,thereexistswk∈L

1
(∂Ω)with−wk(x)∈β(u(tk,x))

a.e.on∂Ω,suchthat

(3.5)

∫

Ω

〈a(x,Du(tk)),D(u(tk)−φ)〉≤−
∫

Ω

u′(t
k)(u(tk)−φ)+

∫

∂Ω

wk(u(tk)−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω).Fromhere,ifwesetwε(t):=wkanduε(t):=

u′(tk)on]tk−1,tk],k=1,...,n,weget

(3.6)

∫T

0

∫

Ω

〈a(x,Dvε),D(vε−φ)〉≤−
∫T

0

∫

Ω

uε(vε−φ)+

∫T

0

∫

∂Ω

wε(vε−φ)
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foreveryφ∈L∞(QT)∩L
p
(0,T;W

1,p
β(Ω)).Takingφ=0astestfunctionin(3.6),

by(H1)and(3.4)wehave

(3.7)

∫T
0

∫
Ω|Dvε|

p
≤−

∫T
0

∫
Ωuεvε+

∫T
0

∫
∂Ωwεvε≤

≤−
∫T

0

∫
Ωuεvε≤‖uε‖L1(QT)‖u0‖∞≤M‖u0‖∞.

Fromwhereitfollowsthat{|Dvε|:0<ε<1}isaboundedsubsetofL
p
(QT).

Hence,afterpassingtoasuitablesubsequence,wehave

Dvε→v∈L
p
(QT)

N
weaklyinL

p
(QT)

N
asε→0.

Now,sincevε→uinC(0,T;L
1
(Ω)),wehavev=Du.Thus,itfollowsfrom

vε∈L
p
(0,T;W

1,p
β(Ω))thatu∈L

p
(0,T;W

1,p
β(Ω)).

Ontheotherhand,since
(
u(t),−u′(t))

∈A,thereexistsw(t)∈L
1
(∂Ω)with

−w(t)(x)∈β(u(t)(x))a.e.inx∈∂Ω,suchthat
∫

Ω

〈a(x,Du(t)),D(u(t)−φ)〉≤−
∫

Ω

u′(t)(u(t)−φ)+

∫

∂Ω

w(t)(u(t)−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω).Takingφ=u(t)−Tk

(
u(t)−vε(t)

)
intheabove

inequalityweget

(3.8)

∫
Ω〈a(x,Du(t)),DTk(u(t)−vε(t))〉≤

≤−
∫

Ωu′(t)Tk(u(t)−vε(t))+
∫
∂Ωw(t)Tk(u(t)−vε(t)).

Takingφ=vε(t)−Tk
(
vε(t)−u(t)

)
astestfunctionin(3.5),weget

(3.9)

∫
Ω〈a(x,Dvε(t)),DTk(vε(t)−u(t))〉≤

≤−
∫

Ωuε(t)Tk(vε(t)−u(t))+
∫
∂Ωwε(t)Tk(vε(t)−u(t)).

Adding(3.8)and(3.9),weobtain

0≤
∫

Ω

〈a(x,Du(t))−a(x,Dvε(t)),DTk(u(t)−vε(t))〉≤

≤−
∫

Ω

(u′(t)−uε(t))Tk(u(t)−vε(t))+

∫

∂Ω

(w(t)−wε(t))Tk(u(t)−vε(t)).

Fromwhereitfollowsthat

(3.10)

∫

∂Ω

|w(t)−wε(t)|≤
∫

Ω

|u′(t)−uε(t)|.

Finally,from(3.4)and(3.10),wegetw∈L
1
(ST),andtheproofconcludes.

Theabovetheoremmotivatesustogivethefollowingdefinitionofsolutionof
theproblem

(III)

ut=diva(x,Du)inQT=Ω×(0,T)

−
∂u
∂ηa∈β(u)onST=∂Ω×(0,T).
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Definition.Ameasurablefunctionu:QT→Risanentropysolutionof(III)

inQTifu∈C(0,T;L
1
(Ω)),u(t)∈T

1,p
tr(Ω)foralmostallt∈[0,T],Tku∈

L
p
(0,T;W

1,p
β(Ω))forallk>0andthereexistsw∈L

1
(ST)with−w(t,x)∈

β(u(t,x))a.e.onSTsuchthat

(3.11)

∫t
0

∫
Ω〈a(x,Du),DTk(u−φ)〉≤−

∫t
0

∫
Ω
∂φ
∂sTk(u−φ)+

+
∫

ΩJk(u(0)−φ(0))−
∫

ΩJk(u(t)−φ(t))+
∫t

0

∫
∂ΩwTk(u−φ)

forallk>0,forallt∈[0,T]andφ∈T(QT),where

T(QT):=L∞(QT)∩L
p
(0,T;W

1,p
β(Ω))∩W

1,1
(0,T;L

1
(Ω))

and

Jk(r):=

∫r

0

Tk(s)ds.

Thepurposeofthissectionistoproveexistenceanduniquenessofentropy
solutionsforproblem(I)whentheinitialdataareinL

1
(Ω).Moreover,wewillsee

thattheseentropysolutionsarethemild-solutions.Westartwithexistence.

Theorem3.3.AssumethatD(β)isclosedoraissmooth.Letu0∈L
1
(Ω)

andletu(t)=S(t)u0bethemild-solutionof(II).Then,uisanentropysolution
of(III)forallT>0.

Proof.Letu
0
n∈D(A)besuchthatu

0
n→u0inL

1
(Ω)andletf∈L

1
(Ω)be

suchthat|u
0
n|≤fforalln∈N.BytheaboveLemma,ifun(t):=S(t)u

0
n,we

haveun∈L
p
(0,T;W

1,p
β(Ω))∩W

1,1
(0,T;L

1
(Ω))andthereexistswn∈L

1
(ST)

with−wn(t,x)∈β(un(t,x))a.e.onSTsuchthat

(3.12)

∫
Ω〈a(x,Dun(s)),D(un(s)−φ)〉≤

≤−
∫

Ωu′
n(s)(un(s)−φ)+

∫
∂Ωwn(s)(u(s)−φ)

foreveryφ∈W
1,p
β(Ω)∩L∞(Ω)andforalmostall0<s<T.

WeintroducetheclassFoffunctionsS∈C
2
(R)∩L∞(R)satisfying:

S(0)=0,0≤S′≤1,S′(s)=0forslargeenough,

S(−s)=−S(s),andS′′(s)≤0fors≥0.

LetG:=F∪{Tk:k>0}.Then,givenφ∈T(QT)andS∈G,using
un(s)−S(un(s)−φ(s))astestfunctionin(3.12)andintegratingweobtainthat

(3.13)

∫t
0

∫
Ω〈a(x,Dun(s)),DS(un(s)−φ(s))〉≤

≤−
∫t

0

∫
Ωu′

n(s)S(un(s)−φ(s))+
∫t

0

∫
∂Ωwn(s)S(un(s)−φ(s))

foreveryφ∈T(QT),S∈Gandforall0<t<T.
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ForeveryS∈G,letJS(r):=
∫r

0S(s)ds.Then,

(3.14)
∂

∂s
JS(un−φ)=S(un−φ)

∂

∂s
(un−φ).

From(3.13)and(3.14),itfollowsthat

(3.15)

∫t
0

∫
Ω〈a(x,Dun(s)),DS(un(s)−φ(s))〉≤

≤−
∫t

0

∫
Ω
∂φ
∂sS(un(s)−φ(s))+

∫
ΩJS(un(0)−φ(0))−

−
∫

ΩJS(un(t)−φ(t))+
∫t

0

∫
∂Ωwn(s)S(un(s)−φ(s))

foreveryφ∈T(QT),S∈Gandforall0<t<T.
Takingφ=0andS=Tkin(3.15)andusing(H1),weget

(3.16)

∫t
0

∫
Ω|DTk(un(s))|

p
≤
∫t

0

∫
Ω〈a(x,Dun(s)),DTk(un(s))〉≤

≤
∫

ΩJk(un(0))≤k
∫

Ω|u
0
n|≤k‖f‖1,

consequently,{DTkun}n∈NisaboundedsequenceinL
p
(QT).Hence,thereexists

asubsequence,stilldenotedbyDTkun,suchthatDTkun→hweaklyinL
p
(QT).

Now,sinceTkun→Tk(u)inL
p
(QT),itfollowsthatDTkun→DTk(u)weakly

inL
p
(QT).

Wenowprovethat{Dun}n∈NisaCauchysequenceinmeasure.Todothiswe
followthesametechniqueusedin[BG1](seealso[AMST]).Letr,ε>0.For
someA>1,weset

C(x,A,r):=inf{〈a(x,ξ)−a(x,η),ξ−η〉:|ξ|≤A,|η|≤A,|ξ−η|≥r}.

Havinginmindthatthefunctionψ→a(x,ψ)iscontinuousforalmostallx∈Ω
andtheset{(ξ,η):|ξ|≤A,|η|≤A,|ξ−η|≥t}iscompact,theinfimumin
thedefinitionofC(x,A,r)isaminimum.Hence,by(H2),itfollowsthat

(3.17)C(x,A,r)>0foralmostallx∈Ω.

Fork>0andn,m∈N,wehave

(3.18)
{|Dun−Dum|>r}⊂{|DTAun|≥A}∪{|DTAum|≥A}∪{|un|>A}∪

∪{|um|>A}∪{|un−um|≥k
2
}∪{C(x,A,r)≤k}∪G,

where
G:={|un−um|≤k

2
,|un|≤A,|um|≤A,C(x,A,r)≥k,

|DTAun|≤A,|DTAum|≤A,|Dun−Dum|>r}.
Now,

λN+1({|un|>A})≤
∫T

0

∫

Ω

|un|
A≤

1

A

∫T

0

‖un(t)‖L1(Ω)≤
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≤
1

A

∫T

0

‖u
0
n‖L1(Ω)≤

T

A‖u
0
n‖L1(Ω)≤

T

A‖f‖1.

Hence,wecanchooseAlargeenoughinordertohave

(3.19)λN+1({|un|>A}∪{|um|>A})≤
ε

5
.

Ontheotherhand,by(3.16),wehave

λN+1({|DTAun|>A})≤
∫T

0

∫

Ω

|DTAun|
p

Ap≤‖f‖1A
1−p.

Then,wecanchooseAlargeenoughinordertohave

(3.20)λN+1({|DTAun|>A}∪{|DTAum|>A})≤
ε

5
.

By(3.17),takingksmallenoughwehave

(3.21)λN+1({(t,x)∈QT:C(x,A,r)≤k})≤
ε

5
.

Sinceun,um∈T(QT),insertingthetestfunctionsun,umin(3.13),adding
anddroppingunnecessarypositivetermsonehas

∫T

0

∫

Ω

〈a(x,Dun(s))−a(x,Dum(s)),DTk(un(s)−um(s))〉≤

≤−
∫T

0

∫

Ω

(u′
n(s)−u′m(s))Tk(un(s)−um(s))=

=−
∫T

0

∫

Ω

∂

∂s
Jk(un(s)−um(s))=

∫

Ω

Jk(un(0)−um(0))−

−
∫

Ω

Jk(un(T)−um(T))≤
∫

Ω

Jk(un(0)−um(0))≤k
∫

Ω

|u
0
n−u

0
m|≤2k‖f‖1.

Hence

(3.22)

λN+1(G)≤

≤λN+1({|un−um|≤k
2
,〈a(x,Dun)−a(x,Dum),D(un−um)〉≥k})≤

≤
1
k

∫
{|un−um|<k2}〈a(x,Dun)−a(x,Dum),D(un−um)〉≤

2
kk

2
‖f‖1≤

ε
5

forksmallenough.
Finally,sinceAandkhavebeenalreadychoosenand{un}isaCauchy

sequenceinL
1
(QT),ifn0islargeenoughwehaveforn,m≥n0theestimate

λN+1({|un−um|≥k
2
})≤

ε

5
.
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Fromhere,using(3.18),(3.19),(3.20),(3.21)and(3.22),wecanconcludethat

λN+1({|Dun−Dum|≥r})≤εform,n≥n0.

Consequently,{Dun}n∈NisaCauchysequenceinmeasure.Now,theabovear-
gumentalsoshowsthat{DTkun}n∈NisaCauchysequenceinmeasureforevery
k>0.Moreover,since{DTkun}n∈NisboundedinL

p
(QT),by[B-V,Lemma

6.1],{DTkun}n∈NconvergestoDTk(u)inL
1
(QT),Thus,

(3.23){Dun}n∈NconvergestoDuinmeasure.

AccordingtoNemytskii’sTheorem[K,LemmaI.2.2.1]theconvergenceofDunto
Duinmeasureimpliesthata(x,Dun)convergesinmeasuretoa(x,Du),and
a.e.(uptoextractionofasubsequence,ifnecessary).

Wenowclaim

(3.24){wn}isaCauchysequenceinL
1
(ST).

Takingthetestfunctionsun,umin(3.13),addinganddroppingunnecessary
positivetermsweget

−
∫T

0

∫

∂Ω

(wn−wm)Tk(un−um)≤−
∫T

0

∫

Ω

(u′
n−u′m)Tk(un−um)=

=−
∫T

0

∫

Ω

∂

∂s
Jk(un−um)=

∫

Ω

Jk(u
0
n−u

0
m)−

∫

Ω

Jk(un(T)−um(T))≤

≤
∫

Ω

Jk(u
0
n−u

0
m)≤k

∫

Ω

|u
0
n−u

0
m|.

Dividingbykandlettingk→0,itfollowsthat

∫T

0

∫

∂Ω

|wn−wm|≤
∫

Ω

|u
0
n−u

0
m|.

Consequently,theclaim(3.24)holdsandthereexistsw∈L
1
(ST)suchthat

(3.25)wn→winL
1
(ST).

Letusseenowthatu(t)∈T
1,p
tr(Ω)foralmostallt∈[0,T].Indeed:Let

Ak:={(t,x)∈ST:|Tku(t)(x)|<k},

and

C:=ST∼
∞⋃

k=1

Ak.
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Then,foreveryk>0,wehave

µ(C)=
1

k

∫

C

|Tku|≤
1

k

∫

ST

|Tku|≤
C1

k

∫T

0

‖Tku(t)‖W1,1(Ω)≤

≤
C2

k

(∫T

0

‖Tku(t)‖L1(Ω)+

∫T

0

‖DTku(t)‖Lp(Ω)

)
.

Now,
‖Tku(t)‖L1(Ω)≤‖u(t)‖L1(Ω)≤‖u(0)‖L1(Ω).

Moreover,by(3.16)wehave

∫T

0

‖DTku(t)‖Lp(Ω)=

∫T

0

(∫

Ω

|DTku(t)|
p

)1/p

≤C3

(∫T

0

∫

Ω

|DTku(t)|
p

)1/p

≤C4k
1/p
.

Hence,

µ(C)≤
C2

k

(
‖u(0)‖L1(Ω)+C4k

1/p)
foranyk>0.

Takinglimitask→∞wehaveµ(C)=0.Moreover,Ak⊂Arifk≤r.Thus,
thefunctionvinSTgivenby

v(t,x):=(Tku(t))(x)if(t,x)∈Ak,

iswelldefined.
Ontheotherhand,sinceCisanullsubsetofST,thereexistsanullsubsetB

of[0,T]suchthatthesectionsCt={x∈∂Ω:(t,x)∈C}arenullsubsetsof
∂Ωforallt6∈B.Foreveryt6∈B,wedefineinΩthefunctionvn(t):=Tn(u(t)).
Then,vn(t)∈W

1,p
(Ω)foralln∈Nandvn(t)→u(t)asn→∞a.e.inΩ.

Moreover,foreveryk>0,

DTk(vn(t))→DTk(u(t))inL
1
(Ω).

Finally,ifx6∈Ct,thereisn0∈Nsuchthat(t,x)∈Anforalln≥n0.Hence,
v(t,x)=(Tnu(t))(x)=vn(t)(x)foralln≥n0.Thus,vn(t)→v(t)asn→∞
a.e.in∂Ω.Consequently,u(t)∈T

1,p
tr(Ω)forallt6∈B.

Wenowclaimthat,uptoextractionofasubsequence,

(3.26)un→va.e.inST.

Infact:since

∫T

0

‖Tkun(t)−Tku(t)‖L1(∂Ω)≤M
∫T

0

‖Tkun(t)−Tku(t)‖W1,1(Ω),

wehave
Tkun→TkuinL

1
(ST)asn→∞.
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Then,byadiagonalprocess,wecanfindasubsequenceunjandanullsubset
D⊂ST,suchthat

(Tkunj(t))(x)→(Tku(t))(x)asj→∞for(t,x)∈ST∼D.

Fromhereitiseasytoseethat

unj(t,x)→v(t,x)asj→∞forany(t,x)∈ST∼(C∪D),

andclaim(3.26)holds.
Tocompletetheproofitremainstoshowthat−w(t,x)∈β(u(t,x))a.e.on

STandthatforeveryφ∈T(QT),k>0andallt∈[0,T]

(3.27)

∫t
0

∫
Ω〈a(x,Du),DTk(u−φ)〉≤−

∫t
0

∫
Ω
∂φ
∂sTk(u−φ)+

+
∫

ΩJk(u(0)−φ(0))−
∫

ΩJk(u(t)−φ(t))+
∫t

0

∫
∂ΩwTk(u−φ).

SupposefirstthatS∈Fandφ∈T(QT).Then,by(3.15)wehave

(3.28)

∫t
0

∫
Ω〈a(x,Dun(s)),DS(un(s)−φ(s))〉≤

≤−
∫t

0

∫
Ω
∂φ
∂sS(un(s)−φ(s))+

∫
ΩJS(un(0)−φ(0))−

−
∫

ΩJS(un(t)−φ(t))+
∫t

0

∫
∂Ωwn(s)S(un(s)−φ(s)).

Wecanwritethefirstmemberof(3.28)as

(3.29)

∫t
0

∫
Ω〈a(x,Dun(s)),Dun(s)〉S′(un(s)−φ(s))−

−
∫t

0

∫
Ω〈a(x,Dun(s)),Dφ(s)〉S′(un(s)−φ(s)).

Sinceun→uandDun→Dua.e.,wehavebytheFatouLemma

∫t

0

∫

Ω

〈a(x,Du(s)),Du(s)〉S′(u(s)−φ(s))≤

≤liminf
n→∞

∫t

0

∫

Ω

〈a(x,Dun(s)),Dun(s)〉S′(un(s)−φ(s)).

Thesecondtermof(3.29)isestimatedasfollows.Letr:=‖φ‖∞+‖S‖∞.By
(3.16)and(H3),itfollowsthat

{a(x,DTrun):n∈N}isboundedinL
p′

(QT).

Then,uptoextractionofasubsequence,wecansupposethat

(3.30)a(x,DTrun)→a(x,DTru)weaklyinL
p′

(QT).
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Ontheotherhand,

|DφS′(un−φ)|≤M|Dφ|∈L
p
(QT).

Then,bytheDominatedConvergenceTheorem,wehave

(3.31)DφS′(u
n−φ)→DφS′(u−φ)inL

p
(QT)

N
.

Hence,by(3.30)and(3.31),itfollowsthat

lim
n→∞

∫t

0

∫

Ω

〈a(x,Dun(s)),Dφ(s)〉S′(un(s)−φ(s))=

=

∫t

0

∫

Ω

〈a(x,Du(s)),Dφ(s)〉S′(u(s)−φ(s)).

Therefore,applyingagaintheDominatedConvergenceTheoreminthesecondmem-
berof(3.28),weobtain

∫t

0

∫

Ω

〈a(x,Du),DS(u−φ)〉≤−
∫t

0

∫

Ω

∂φ

∂s
S(u−φ)+

+

∫

Ω

JS(u(0)−φ(0))−
∫

Ω

JS(u(t)−φ(t))+

∫t

0

∫

∂Ω

wS(u−φ).

Fromhere,toget(3.27)weonlyneedtoapplythetechniqueusedintheproofof
[B-V,Lemma3.2].

Finally,since−wn∈β(un)a.e.onST,by(3.25),(3.26)andtheclosednessof
β,weget−w∈β(u)a.e.onST.

Inordertoprovetheuniquenessofentropysolutionswegivefirstthefollowing
result.

Lemma3.4.AssumethatD(β)isclosedoraissmooth.Letu0∈L
1
(Ω)

andv0∈D(A).Letu(t)betheentropysolutionwithinitialdatumu0andlet
v(t)=S(t)v0bethemild-solutionwithinitialdatumv0.Then,foreveryk>0
andt∈[0,T]wehave

∫

Ω

Jk(u(t)−v(t))≤
∫

Ω

Jk(u0−v0).

Inparticular,∫

Ω

|u(t)−v(t)|≤
∫

Ω

|u0−v0|.

Proof.ByLemma3.2,thereexistsŵ∈L
1
(ST)with−ŵ(t,x)∈β(v(t,x))a.e.

onST,suchthat

(3.32)

∫
Ω〈a(x,Dv(t)),DTk(v(t)−φ)〉≤

≤−
∫

Ωv′(t)Tk(v(t)−φ)+
∫
∂Ωŵ(t)Tk(v(t)−φ)
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foreveryφ∈W
1,p
β(Ω)∩L∞(Ω),k>0andalmostall0<t<T.Now,sinceu

isanentropysolution,foranyh>0,Thu(t)∈W
1,p
β(Ω)∩L∞(Ω).Hence,taking

Thu(s)astestfunctionin(3.32)andintegrating,weget

(3.33)

∫t
0

∫
Ω〈a(x,Dv(s)),DTk(v(s)−Thu(s))〉≤

−
∫t

0

∫
Ωv′(s)Tk(v(s)−Thu(s))+

∫t
0

∫
∂Ωŵ(s)Tk(v(s)−Thu(s)).

Ontheotherhand,takingφ=v(s)astestfunctioninthedefinitionofentropy
solution,wehavethatthereexistsw∈L

1
(ST)with−w(t,x)∈β(u(t,x))a.e.

onSTsuchthat

(3.34)

∫t
0

∫
Ω〈a(x,Du(s)),DTk(u(s)−v(s))〉≤−

∫t
0

∫
Ω
∂v
∂sTk(u(s)−v(s))+

+
∫

ΩJk(u(0)−v(0))−
∫

ΩJk(u(t)−v(t))+
∫t

0

∫
∂Ωw(s)Tk(u(s)−v(s)).

Now,

∫t

0

∫

Ω

〈a(x,Dv(s)),DTk(v(s)−Thu(s))〉+
∫t

0

∫

Ω

〈a(x,Du(s)),DTk(u(s)−v(s))〉=

=

∫∫

{|u|≤h}
〈a(x,Du(s))−a(x,Dv(s)),DTk(u(s)−v(s))〉+

+

∫∫

{|u|>h}
〈a(x,Dv(s)),DTk(v(s)−hsignu(s))〉+

+

∫∫

{|u|>h}
〈a(x,Du(s)),DTk(u(s)−v(s))〉≥

≥
∫∫

{|u|>h}
〈a(x,Du(s)),DTk(u(s)−v(s))〉=0

ifh>k+‖v0‖∞.

Ontheotherhand,havinginmindthatu(s)∈T
1,p
tr(Ω),bytheDominated

ConvergenceTheorem,itfollowsthat

lim
h→∞

∫t

0

∫

Ω

v′(s)

(
Tk
(
v(s)−Thu(s)

)
−Tk

(
v(s)−u(s)

))
=0.

and

lim
h→∞

∫t

0

∫

∂Ω

ŵ(s)Tk(v(s)−Thu(s))=

∫t

0

∫

∂Ω

ŵ(s)Tk(v(s)−u(s)).

Therefore,since

∫t

0

∫

∂Ω

ŵ(s)Tk(v(s)−u(s))+

∫t

0

∫

∂Ω

w(s)Tk(u(s)−v(s))≤0,
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adding(3.33)and(3.34),weget

(3.35)

∫

Ω

Jk(u(t)−v(t))≤
∫

Ω

Jk(u0−v0).

Finally,since

lim
k→0

Jk(r)

k
=|r|,

bytheDominatedConvergenceTheorem,weget

∫

Ω

|u(t)−v(t)|≤
∫

Ω

|u0−v0|.

Theorem3.5.AssumethatD(β)isclosedoraissmooth.Letu0∈L
1
(Ω).

Then,theentropysolutionu(t)ofproblem(III)withinitialdatumu0isunique
andcoincideswiththemild-solutionv(t)=S(t)u0.

Proof.Takeu
0
n∈D(A),suchthatu

0
n→u0inL

1
(Ω).BytheaboveLemma,

∫

Ω

|S(t)u
0
n−u(t)|≤

∫

Ω

|u
0
n−u0|

forallt∈[0,T].Then,sinceS(t)u
0
n→v(t)inL

1
(Ω),wegetu(t)=v(t).

Tofinishthissectionwewillseethateveryentropysolutionof(III)isaweak
solutionandhassomeregularitypropertieswhicharetheoptimalonesinthepar-
ticularcaseoftheHeatEquation.Themethodusedintheproofwassuggestedby
Ph.Bénilan.

Theorem3.6.AssumethatD(β)isclosedoraissmooth.Letu0∈L
1
(Ω).

Then,theentropysolutionu(t)ofproblem(III)withinitialdatumu0isaweak
solutionof(III),i.e.,

ut=diva(x,Du)inD′(QT).

Moreover,
u∈M

p1
(QT),|Du|∈M

p2
(QT)

wherep1=p−1+
p
Nandp2=

N(p−1)+p
N+1.Incasep>1+

N
N+1,u∈

L
q
(0,T;W

1,q
(Ω))forevery1≤q<p2.

Proof.Takeu
0
n∈D(A)suchthatu

0
n→u0inL

1
(Ω).Letf∈L

1
(Ω)besuch

that|u
0
n|≤fa.e.inΩforalln∈N.Foreveryn∈N,letun(t):=S(t)u

0
n.

ByTheorem3.5,wehaveu(t)=S(t)u0.Sinceun→uinL
1
(QT),thereexists

g∈L
1
(QT)suchthat|un|≤ga.e.inQTforalln∈N.

Weclaim

(3.36){un}n∈NisboundedinM
p1

(QT),p1=p−1+
p

N
.
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Letp
?

=
pN
N−p.ByPoincaré’sinequality(cf.[Zi,Cap.4])andsince|un(t)|≤g,

thereexistconstantsCi>0suchthat

‖Tkun(t)‖
p
p?≤

(
‖Tkun(t)−Tkun(t)‖p?+‖Tkun(t)‖p?

)p
≤

≤
(
C1‖DTkun(t)‖p+‖Tkun(t)‖p?

)p
≤C2

(
‖DTkun(t)‖p+‖Tkun(t)‖1

)p
≤

≤C3

(
1+‖DTkun(t)‖p

)p
.

Then,by(3.16),itfollowsthat

∫T

0

‖Tkun(t)‖
p
p?dt≤C3

∫T

0

(
1+‖DTkun(t)‖p

)p
dt≤

≤C4

(
1+

∫T

0

‖DTkun(t)‖
p
pdt

)
≤C4(1+Mk).

Thus

(3.37)

∫T

0

(
λN({|un(t)|≥k})

)p/p?
dt≤

∫T

0

(1

k‖Tkun(t)‖p?
)p

dt≤
C5(1+k)

kp.

Moreover

(3.38)λN({|un(t)|≥k})≤
1

k‖un(t)‖1≤
C6

k
.

Then,by(3.37)and(3.38),wehave

λN+1({|un|≥k})=

∫T

0

λN({|un(t)|≥k})dt=

=

∫T

0

(
λN({|un(t)|≥k})

)1−p/p
?(
λN({|un(t)|≥k})

)p/p?
dt≤

≤
(C

6

k

)1−p/p
?∫T

0

(
λN({|un(t)|≥k})

)p/p?
dt≤

≤C7
1

k1−p/p?
(1+k)

kp≤
C8

kp−p/p?=C8k−p1
.

Next,weclaimthat

(3.39){Dun}n∈NisboundedinM
p2

(QT),p2=
N(p−1)+p

N+1
.
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Letr>0.By(3.16),thereexistsaconstantQ1>0suchthatforeveryk>0
andn∈N,

(3.40)λN+1({|DTk(un)|>r/2})≤
∫T

0

∫

Ω

|DTk(un)|
p

(r/2)p≤
Q1k

rp.

Ontheotherhand,by(3.36),thereexistsaconstantQ2>0suchthat

(3.41)λN+1({|un|≥k})≤
Q2

kp1foreveryk>0andn∈N.

From(3.40)and(3.41),itfollowsthat

λN+1({|Dun|>r})≤
≤λN+1({|Dun−DTk(un)|>r/2})+λN+1({|DTk(un)|>r/2})≤

≤λN+1({|un|≥k})+λN+1({|DTk(un)|>r/2})≤
Q2

kp1+
Q1k

rp.

Then,takingk:=r
p2/p1

,wehave

λN+1({|Dun|>r})≤Qr−p2
foreveryn∈N,

andtheclaim(3.39)issatisfied.
From(3.23),(3.36)and(3.39)wecanstatethat

u∈M
p1

(QT),|Du|∈M
p2

(QT)

wherep1=p−1+
p
Nandp2=

N(p−1)+p
N+1.Supposeweareinthecasep>1+

N
N+1.

Thenp2>1.Hence,if1≤q<p2,wehavethatu∈L
q
(QT)andDu∈L

q
(QT).

Consequently,u∈L
q
(0,T;W

1,q
(Ω))forevery1≤q<p2.

Letusseenowthatuisaweaksolutionof(III).Indeed:By(3.39),{|Dun|:
n∈N}isaboundedsequenceinM

p2
(QT).Thus,{|Dun|

p−1
:n∈N}is

aboundedsequenceinM
q1

(QT)withq1=1+
1

(p−1)(N+1).Then,by(H3)it

followsthat{|a(x,Dun)|:n∈N}isaboundedsequenceinM
q1

(QT).Hence,if
1≤q<q1,{|a(x,Dun)|:n∈N}isaboundedsequenceinL

q
(QT).Moreover,

bytheproofofTheorem3.3,weknowthat

a(x,Dun)→a(x,Du)inmeasure.

Then,by[B-V,Lemma6.1],

a(x,Dun)→a(x,Du)inL
1
(QT).

Ontheotherhand,sinceeachunisastrongsolutionandun∈L∞(QT),given
φ∈D(QT),ifwetakeun+φandun−φastestfunctionsin(3.11),weobtain

∫T

0

∫

Ω

〈a(x,Dun),Dφ〉=−
∫T

0

∫

Ω

∂un
∂t

φ=

∫T

0

∫

Ω

∂φ

∂t
un.

Lettingn→∞inthelastequalityweget
∫T

0

∫

Ω

〈a(x,Du),Dφ〉=

∫T

0

∫

Ω

∂φ

∂t
u,

forallφ∈D(QT).
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4.ThecaseDirichletboundaryconditionforgeneralΩ

FromnowonΩisanopenset,notnecessarilybounded,inR
N

(N¸2),
1<p<NandaisavectorvaluedmappingfromΩ£R

N
intoR

N
satisfying

(H1)-(H3).Inthissectionweestablishexistenceanduniquenessofsolutionsofthe
initial-valueproblemforthenon-linearparabolicequationwithDirichletboundary
condition

ut=diva(x,Du)inQT=(0,T)£Ω

(IV)u=0onST=(0,T)£∂Ω

u(x,0)=u0(x)inΩ,

foreveryinitialdatuminL
1
(Ω).

Weusethefollowingcompletelyaccretiveoperatorsintroducedin[B-V]instead
oftheoperatorsAandAoftheprevioussection.

WedefinetheoperatorBinL
1
(Ω)bytherule:

(u,v)2Bifandonlyifu2T
1,p

0(Ω)\L∞(Ω)\L
1
(Ω),v2L

1
(Ω)and

¡diva(x,Du)=vinD′(Ω).

TheclosureoftheoperatorBinL
1
(Ω)istheoperatorBdefinedbytherule:

(u,v)2Bifandonlyifu,v2L
1
(Ω),u2T

1,p
0(Ω)and

∫

Ω

ha(x,Du),DTk(u¡φ)i·
∫

Ω

vTk(u¡φ)

foreveryφ2T
1,p

0(Ω)\L∞(Ω)andk>0.

InthefollowingTheoremwesummarizealltheresultsweneedabouttheoper-
atorsBandBgivenin[B-V].

Theorem4.1.TheoperatorBiscompletelyaccretive,L∞(Ω)½R(I+B)and

D(B)=L
1
(Ω).Moreover,BistheclosureofBinL

1
(Ω).Consequently,Bis

anm-completelyaccretiveoperatorinL
1
(Ω)withdensedomain.

Wetranscribe(IV)astheevolutionprobleminL
1
(Ω)

(V)
du

dt
+Bu=0,u(0)=u0.

ByTheorem4.1,accordingtoCrandall-Liggett’sGenerationTheorem,forevery
initialdatumu02L

1
(Ω)thereexistsauniquemild-solutionu2C(0,T;L

1
(Ω))of

theevolutionproblem(V),withu(t)=T(t)u0,where
(
T(t)

)
t≥0isthesemigroup

oforder-preservingcontractionsgivenbytheexponentialformula

T(t)u0=lim
n→∞

(I+
t

n
B)−nu

0.
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Asintheboundedcase,wewanttocharacterizethemild-solutionsasweak
solutionssatisfyingcertainentropyinequality.Todothatweintroducethefollowing
definitionofsolutionfortheproblem

(VI)
ut=diva(x,Du)inQT=Ω£(0,T)

u=0onST=∂Ω£(0,T).

Definition.Ameasurablefunctionu:QT!Risanentropysolutionof(VI)

inQTifu2C(0,T;L
1
(Ω)),u(t)2T

1,p
0(Ω)foralmostallt2[0,T],DTku2

L
p
(QT)forallk>0and

∫t

0

∫

Ω

ha(x,Du),DTk(u¡φ)i•¡
∫t

0

∫

Ω

∂φ

∂s
Tk(u¡φ)+

+

∫

Ω

Jk(u(0)¡φ(0))¡
∫

Ω

Jk(u(t)¡φ(t)),

forallk>0,t2[0,T]andφ2L∞(QT)\W
1,1

(0,T;L
1
(Ω)),withφ(t)2T

1,p
0(Ω)

foralmostalltandDφ2L
p
(QT).

Usingthesametechniquethanintheboundedcaseandsmallmodificationsin
theproofsofthetheoremsoftheabovesection,wegetexistenceanduniquenessof
entropysolutionsforproblem(IV)whentheinitialdataareinL

1
(Ω).Concretely,

wecanestablishthefollowingresult.

Theorem4.2.Foreveryinitialdatumu02L
1
(Ω),themild-solutionu(t)=

T(t)u0ofproblem(V)istheuniqueentropysolutionofproblem(VI).Moreover,
u(t)isaweaksolutionof(VI)and

u2M
p1

(QT),jDuj2M
p2

(QT)

wherep1=p¡1+
p
Nandp2=

N(p−1)+p
N+1.Incasep>1+

N
N+1,u2

L
q
(0,T;W

1,q
loc(Ω))forevery1•q<p2.
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Addedinproof.Therefereehaspointouttoustheexistenceofthepaperwith
reference

X.Xu,Ontheinitial-boundary-valuedproblemforut¡div
(
jruj

p−2
ru
)

=0,
Arch.Rat.Mech.Anal.127(1994),pp.319-335,

inwhichrenormalizedsolutionsareintroducedfortheparticularcaseofthep-
LaplacianwithDirichletboundarycondition.Existenceanduniquenessofthistype
ofsolutionsareproved.Itisnotdifficulttoseethatthisconceptandtheoneof
entropysolutionintroducedherecoincide.
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[B-V]Ph.Bénilan,L.Boccardo,Th.Gallouët,R.Gariepy,M.PierreandJ.L.Vazquez,An
L1-TheoryofExistenceandUniquenessofSolutionsofNonlinearEllipticEquations,
Toappear.

[BBC]Ph.Bénilan,H.BrezisandM.G.Crandall,ASemilinearequationinL1,Ann.Scuola
Norm.Sup.Pisa2(1975),523-555.

[BCr1]Ph.BénilanandM.G.Crandall,Regularizingeffectsofhomogeneousevolutionequations,
inContributiontoAnalysisandGeometry(D.N.Clarketal.,eds.),JohnsHopkins
UniversityPress,1981,pp.23-39.

[BCr2]Ph.BénilanandM.G.Crandall,Completelyaccretiveoperators,inSemigroupTheory
andEvolutionEquations(Ph.Clementetal.,eds.),MarcelDekker,1991,pp.41-76.

[BCP]Ph.Bénilan,M.G.CrandallandA.Pazy,EvolutionEquationsGovernedbyAccretive
Operators,Forthcoming.

[BCS]Ph.Bénilan,M.G.CrandallandP.Sacks,SomeL1ExistenceandDependenceResults
forSemilinearEllipticEquationsunderNonlinearBoundaryConditions,Appl,Math.
Optim.17(1988),203-224.
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