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ABSTRACT. In this paper we deal with an optimal matching problem, that is,
we want to transport two commodities (modeled by two measures that encode
the spacial distribution of each commodity) to a given location, where they will
match, minimizing the total transport cost that in our case is given by the sum
of the two different Finsler distances that the two measures are transported.
We perform a method to approximate the matching measure and the pair of
Kantorovich potentials associated with this problem taking limit as p — oo in
a variational system of p—Laplacian type.

1. Introduction. In this paper we continue the study of the optimal matching
problem that we performed in [16]. An optimal matching problem (see [5, 6])
consists in transporting optimally two commodities to a prescribed location in such
a way that they match there. The optimality criteria consists in minimizing the
total cost of the operation measured in terms of the two Finsler distances that the
commodities are transported. We deal with two general Finsler distances that are
not necessarily symmetric, therefore the problem requires that we tackle some extra
difficulties that are not present when the cost is given by the sum of two Euclidean
distances.

By improving the tools developed in [16] and [17] we approach the problem by
taking limit as p — oo in a system of PDEs of p—Laplacian type, which allows us to
give an approximation method to get a matching measure (that encodes the location
where the matching takes place) and the Kantorovich potentials for the involved
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transports. This procedure to approximate mass transport problems (taking limit
as p — oo in a p—Laplacian equation) was first introduced by Evans and Gangbo
in [11] and reveals quite fruitful, see [1, 3, 14, 15, 16, 17]. We have to remark
that this limit procedure requires some care since here the involved PDE system is
nontrivially coupled and therefore the estimates for one component are related to
the ones for the other.

Optimal matching problems for uniformly convex costs where analyzed in [4, 5, 6]
and have implications in economic theory (hedonic markets and equilibria), see also
[7, 8, 9] and references therein. For the case in which costs are given by the Euclidean
distance see [16] .

1.1. Optimal transport problems. Optimal matching problems are closely re-
lated to optimal mass transport problems. For notations, concepts and results from
the Monge-Kantorovich Mass Transport Theory we refer to [1, 10, 18] and [19].
Below, for the reader’s convenience, we just briefly introduce the usual terminology
of optimal mass transport theory that we will use in the rest of the paper.

Let us define 7(z,y) := (1 — t)x + ty and let  be a bounded domain in R¥.
Given a Radon measure v in Q x 0, its marginals are defined by proj,(v) := mo#~y
and proj, (v) 1= m#y.

The Monge-Kantorovich problem. Fiz pu,v € M™T(Q) satisfying the mass
balance condition

Q) = (). (1)

Given a cost function ¢ : Q x Q — [0,00), the Monge-Kantorovich problem is the
minimization problem

min{/ﬂxﬂc(a@,y) dy(z,y) : 7€ H(u,l/)}7

where II(pu,v) := {Radon measures v in Q x Q : mo#y = p,m#y =v}. The ele-
ments v € I(u,v) are called transport plans between p and v, and a minimizer v*
an optimal transport plan. Assuming c is lower semicontinuous,

J~* =arg min / c(z,y) dvy(z,y). (2)
YEll(p,v) Jaxa

The Monge-Kantorovich problem has a dual formulation that can be stated in
this case as follows (see for instance [18, Theorem 1.14]).

Kantorovich-Rubinstein’s Theorem. Let p,v € M(Q) be two measures satis-
fying the mass balance condition (1). Assume the cost ¢ is lower semicontinuous
and satisfies the triangular inequality. Then,

min{/ﬂxﬂc(x,y)d'y(:v,y) : ’yEH(M,V)} :sup{/Qud(y—u) : ueKc(X)},

where K (Q) := {u: Q=R : uly) —u(x) <c(x,y)}. Moreover, there exists u €

Ko(Q) such that
/QU(VM)sup{/ﬂv(vu):veKc(Q)}-

Such mazimizers are called Kantorovich potentials.



OPTIMAL MATCHING PROBLEM FOR FINSLER DISTANCES 231

For two measures pu,v € M™(Q) satisfying the mass balance condition (1), the
Kantorovich-Rubinstein distance between p and v is defined as

Welp,v) == inf{/ﬁmd«r,y) dy(z,y) v € H(/W)}-

1.2. Finsler distances as cost functions. Now, to state our problem in math-
ematical terms, we need to introduce the definition of a Finsler distance, for extra
details and some properties of such functions we refer to Section 2.

A Finsler function ® in RY is a function that is non-negative, continuous, convex,
positively homogeneous of degree 1, that is,

D(t€) = tP(€) for any t > 0, £ € RV,

and vanishes only at 0. The dual function (or polar function) of a Finsler function
® is defined as

O (") :=sup{(£";€) : ®(§) < 1} for £ € RV,

It is immediate to verify that ®* is also a Finsler function.

A Finsler structure F on () is a measurable function F : @ x RN — R such that
for any x € Q, F(z,-) a Finsler function in RY. For a Finsler structure F on Q, we
define the dual structure F* : Q x RN — R, by

F*(x,€) :=sup{(n; &) : F(x,n) < 1}.

Important examples of Finsler structures on Q) are those of the form ®(B(x)¢),
being ® a Finsler function and B(z) a symmetric N x N matrix, positive definite.
Such kind of Finsler structures are known as deformations of Minkowski norms.

Let us introduce the cost functions we will handle. Given a Finsler structure F
on €2, we define the following cost function cp :

1
cr(z,y) = inf / F(o(t),0' (1)) dt, (3)

aefﬁy
where, for z,y € €, the set Fg’y is given by
Q ._ 1 _ _
I, ={0eC([0,1,), 0(0) =z, o(1) = y}.

We have that cp is a Finsler distance. We make emphasis on the fact that cp
is not necessary symmetric (i.e., cp(z,y) # cr(y,z) may happen) because F is
merely positively homogeneous. This fact creates new difficulties in the optimal
mass transport problem compared with the case in which the cost is given by a
norm (that is symmetric).

1.3. The optimal matching problem. We fix two non-negative compactly sup-
ported functions f+, f~ € L, with supports X, X_, respectively, satisfying the

mass balance condition
MO = / f+ = f_.
X, X_

We also consider a compact set D (the target set). Then we take a large bounded
domain ) that contains all the relevant sets, the supports of fy and f_, X, X_
and the target set D. For simplicity we will assume that € is a C? bounded domain.
We also assume that the resulting configuration verifies

Xyn X_=0, (XyuX_)ND=0 and (XyUX_)UDcCCQ.
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Now, we are given two continuous Finsler structures F' and G and, associated to
them, two Finsler distances, cp, cg, defined following (3). Let us consider the set
of measures

4 o (Y1,7-) € MT(Qx Q)? : mo#ye = fF,
Ti#Y+ = m#y—, supp(mi#ys) C D

The optimal matching problem is the minimization problem

min cr(x,y)dy +/ calx,y d’y}. 4
(ww)eHD(fﬂf){/QxQ F(@y)d QxQ (z.9) @

If (v4,v-) € Ip(f*, f7) is a minimizer of the optimal matching problem (4), we
shall call the measure pu* = m#v4 = mi#y— an optimal matching measure.
Let us denote by
M(D, My) = {1 € MH(Q) : supp(i) € D, p(Q) = My}

the set of all possible matching measures. We have

wh .= inf {/ cr(x,y)dy +/ cglx,y d’Y}
I (v+y=)EOD(f.f7) (Jaxa r(@y)dy axQ @9)

= inf inf / cr(x,y)d +/ calz, d_}
HEM(D,Mo) (v+,w)eﬂ(f+,f,u){ QxQ r(@ )y QxQ c@y)dy

- NEJ\/}?Df,Mo) {WCF (f+7M) + WCG (f*7u)}a

(5)

where

(7o) = {(ve7-) e MT(Qx Q) iy € I(fF, ), y— € TL(f7, 1)} -

Note that on the right-hand side of (5) we are considering all possible measures
supported in D with total mass M, and then we minimize the total transport cost.
This is probably the most natural way of looking at the optimal matching problem
and, as shown above, it is equivalent to our previous formulation.

The following result shows that there exist measures (v} ,7*) € Ip(f*, f~) such
that

WH = / cr(z,y)dvy + / ca(z,y)dy™ .
QxQ QxQ
Consequently, we have existence of optimal matching measures.

Theorem 1.1. The optimal matching problem (4) has a solution, that is, there
exist measures (vi,v:) € Ip(fT, f~) such that

Wh = [ ertamari+ [ coloir,
Qx9N QxQ

Proof. Take in (5) a minimizing sequence p,, € M(D, My), then by the weak com-
pactness of M(D, M) there exist a subsequence, denoted equal, that converges
weakly in the sense of measures to a i € M(D, Mp). Hence, by the weakly lower
semi-continuity of the functions v — W, (s, v) and v — W, (i, v), we have

WCF(f—‘r:MOC) =+ WCG(f—Mu’OO) S 1111111 (WCF(f-l-hun) + WCG(f—?:un)) = W;zt

Therefore,
WCF(f—H,uOO) + ch(f—,ﬂoo) = Wf[i,
and thanks to (2) we conclude. O
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As we have mentioned, our main goal here is to find a pair of Kantorovich poten-
tials and a matching measures taking the limit as p — oo in a system of p—Laplacian
type equations. Let us briefly introduce this. Consider the variational problem

. 1
min -

1
) . /(F*(x,Dv))p—l—f/(G*(x,Dw)p—l—/vf++/wf*,
(v,w) € WHP(Q) x WEP(@Q) P Jo pJa Q Q

v+ w >0in D
(6)

where F* and G* are the dual Finsler structures associated to F and G. Under
adequate differentiability conditions on F' and G, given a minimizer (u,,v,) of (6),
there exists a positive Radon measure h, supported in D such that
_1 OF*
—div ([F*(m, Doy ()P~ %(m, Dvp(x))> =h,—fT  inQ,

—div ([G* (z, pr(x))]p_l 8862* (, pr(x))) =h,—f" inQ,

together with Neumann boundary conditions on 0{2. Then, our main result reads
as follows:

Theorem 1.2. Assume that F*(z,-) and G*(x,-) are CY(RN \ {0}). Up to a
subsequence,

lim v, =vs and lim w, =ws  uniformly
p—00 p—©

and
hy = hoo as p — 00, weakly* as measures,

with hoo a nonnegative Radon measure supported in {x € D : voo(x) + woo (z) = 0}.
These limit functions and the limit measure provide a solution to the optimal
matching problem in the sense that they satisfy:

ho is an optimal matching measure,

Vo 18 a Kantorovich potential for the transport of fT to heo, and
Weo 18 a Kantorovich potential for the transport of f~ to heo.

Remark 1.3. In the case that both costs are given by the Euclidean distance we
want to point out the following: First, the corresponding Monge transport problems

have a solution and moreover (see [16])
WE = min /a:—T T +xdx+/ -T_ “(y)dy,
R pmin = D@l @de [ =T ) )y

where Ap(fT, f7) is the set
{(Ty,T-) : Ty : Q — Q are Borel functions, T4 (X+) C D, Ty#fT =T_#f"}.

In addition, in [16] we also showed that there exist optimal matching measures
supported on the boundary of the target set. In this general setting of costs given by
Finsler structures this is not always true, as the following simple example shows (for
simplicity we consider discontinuous Finsler structures, but the same example can
be adapted easily to provide a continuous example). Let Q = (=1,6), fy = X4 5),
f-=Xp,yand D = [2,3]. For 0 < e < 1, we consider continuous Finsler structures,
F, and G, defined as

€] if teQ\(2—-¢2+¢),

Fe(w,8) =4 1
6—2|§| if e (2—¢€2+¢),
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and
€] if teQ\(B—-¢3+¢),
Ge(2,€) =
l|§\ if € (3—¢€3+e).

Hence, for z € [4,5], if y € (2, 2—|—e) then
1
1
/ (z+tly—x),y—z)dt = x—2—e—|— 5(2+e—y),
0
and if y € (2+¢,3), cr. (z,y) = |z —y|. Similarly, for z € [0, 1], if y € (3—¢,3) then

1
cc.(r,y)=3—e—a+5(y-3-¢),

and if y € (2,3 —¢€), ca.(x,y) = |z —y| Then it is clear that, when € is small
enough, any optimal matching measure will be supported in the set [2 4+ %e, 3— %e],
since otherwise we have to pay something of order 1/e per unit of mass for one of
the two transports, and in the set (2 + €,3 — €) we have to pay at most 3 for every
unit of mass transported there.

Finally, let us remark that in the particular case in which cr and cg are geodesic
distances on a geodesically complete, connected Riemaniann manifold (see [17] for
several examples), by the results in [13], it is known that the corresponding Monge
transport problems have a solution, that is, there exists Borel functions 77} : @ —
such that T\ #f* = oo = T_#f7,

/ cr (e, y)dy = / er (o, TE () £+ ()de
QxN Q
and
/ ca(@, p)dr" = / ca(a, T (2))f~ (z)de.
QxQ Q

Therefore,
Wh = [ er(e T2 @) + [ coa T (@)f (@)
Q Q
Moreover, we also have

wh - [ er@Tuan @i+ [ cotw.T-w)s s

min
(T4, T-)eEAD(f+,f~)

These are the contents of the paper: in Section 2 we collect some properties of
Finsler functions that will be used in the core of the paper; Section 3 contains our
main results, we deal with the p—Laplacian system and show that we can pass to
the limit as p — oo obtaining the optimal matching results.

2. Preliminaries on Finsler functions. In this section we collect some prop-
erties of Finsler functions in R that will be used in the sequel. Recall from the
introduction that a Finsler function @ is a non-negative continuous convex function,
positively homogeneous of degree 1,

O(t€) = td(¢) for any t >0, £ € RY,
that vanishes only at 0. Observe that ® satisfies
alg| < () < Bl¢|  for any £ € RY,

for some positive constants «, 3.
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Note that Finsler functions are extensions of norms. In fact, any norm in RY
is a Finsler function, and any symmetric Finsler function is a norm. Moreover, for
any Finsler function, convexity is equivalent to the triangular inequality.

Let

Bg :i={¢ € RY : ®(¢) <1}.
This set Bg is a closed, bounded and convex set with 0 € int(Bg). It is symmetric
around the origin if ® is a norm. Conversely, for any closed bounded convex set
K with 0 € int(K), ¢ (&) := inf{a > 0 : £ € aK} is a Finsler function with
By, = K; when K is centrally symmetric, we have a norm. In the literature the
Finsler functions are also denominated as Minkowski norms.
The dual function (or polar function) of a Finsler function @ is defined as

O*(¢*) = sup{(£*;€) : £ € Ba} for & e RV,

It is immediate to verify that ®* is also a Finsler function; and a norm when ® is
a norm. We also have

‘ion (€€
P = sup .
©) e£0 P(§)
Therefore, the following inequality of Cauchy-Schwarz type holds,
(€78 < ()P (£7). (7)
If ® is a norm, we have
(€56 < 2(§)P™(£7). (8)

Now, for general Finsler functions the inequality (8) is not true. An example of
a Finsler function that is not a norm in R is given by ®(¢) := aé~ + b&T, with
0<a<b.
It is not difficult to see that
O (6) = (€) VEERY.
Hence,
(&¢€)
D(§) = sup ==~
g0 *(£%)
If we assume that the Finsler function @ is differentiable at £, then, by Euler’s
Theorem,

®(&) = (DP(£);€)- (9)
Moreover, if we assume ® is differentiable in K C RY | since ® is convex and satisfies
the triangle inequality, we have

(D(&);m) < () VEneK. (10)
If we assume ® is differentiable in RY \ {0}, by Lagrange multipliers, from

*(¢") = sup (£¢€7),
®(6)=1

we get that:
if ®(¢) =1 and ®*(£") = (£€7)
then there exists A € R such that £&* = AD®(E).
From (9) and (10), we also have

O*(DP(E)) =1 VEFO. (12)
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3. The limit as p — oo in a p—Laplacian system. In this section we show that
we can follow the ideas of Evans and Gangbo in [11] to get the matching measure
and the Kantorovich potentials at the same time.
From now on we will assume that F,G are continuous Finsler structures on 2
satisfying
o |€] < F*(x,€) < Bi]¢] for any € € RN and = € Q, (13)

sl < G (2,€) < fale| forany € € RY and & € Q, (14)
being «a;, f5; positive constants. We can take w.l.g. a; = o and §; = B.
In [17] we proved the following result that will be used later on.

Lemma 3.1. u € W1>°(Q) if and only if Lip(u,cr) < oo, where

u(y) — u(z)

Lip(u,cp) = sup{ cr(e1)

:%yeﬁx¢y}

and

esssup,coF™* (z, Du(x)) = Lip(u, cr).
As consequence of Lemma 3.1, we have that the set of functions
Kon(9) = {u: Qo R ¢ uly) — u(e) < cp(o,y)}
coincides with the set

Kp(Q) :={u:Q— R : esssup,eqF*(z, Du(x)) < 1}

3.1. The limit procedure. Take p > N from now on, and recall that, for simplic-
ity, we assumed that € is a C? bounded domain in RY. We will use the following
result whose proof follows standard Functional Analysis arguments.

Lemma 3.2 (A Poincaré’s type inequality). There exists a constant C > 0 such
that

151+l < € (19514 193l + | [ (7-+.0)])
for all f,g € WYP(Q), f(z0) = g(xo) for some zo € D.

The constants that appear in the previous inequality may not be uniform in p. It
is not our aim here to make this dependence precise, then we are not allowed to use
this result in the passage to the limit as p — oo, it is used only to show existence
of a solution of the variational problem under consideration.

Let us consider the following variational problem

1 1
min f/(F*(x,Dv))p—&-f/(G*(x,Dw)p—|—/vf++/ wf.
(v, w) € WHP(Q) x WHP(Q) P JO PJa Q Q

v4+w > 0in D
(15)

The next result deals with existence and uniqueness of solutions for the variational
problem (15).

Theorem 3.3. There exists a minimizer (vp,wp) of (15). Moreover, when F*
and G* are strictly conver we have uniqueness of minimizers up to an additive
constant, that is, if (Up,Wp) is another minimizer then there exists a constant ¢
such that (U, Wp) = (v, — ¢, wp + ).
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Proof. Set

Uy (v, w) == 1/Q(F*(QU,DU))P_|-%/

; (@ (w.Dw)y + / oft 4 / wi~.

Let us begin by observing that, since the functions in W1?(Q) (p > N) are contin-
uous,

min U, (v,w) = min U, (v, w). (16)
(v, w) € WHP(Q) x WhP(Q) (v, w) € WHP(Q) x WhP(Q)
v+w >0in D v4+w>0in D

Jzg € D, v(zg) + w(zo) =0

In fact, it is immediate that the right hand side is greater or equal than the left hand
side and that the minimum in the left hand side is attained at a pair of functions
such that v+ w vanish somewhere in D, otherwise we get v4+w > ¢ > 0 in D (recall
that D is compact and v + w is continuous) and the pair (v, w — ¢/2) is admissible
and verifies U, (v, w) > ¥, (v,w — ¢/2) giving a contradiction.

Moreover, since ¥, (v, w) = ¥, (v — ¢, w + ¢) for any constant ¢, by taking

(o - )
c=-|l=[lv—= ] w]|,
2\[QlJa 96 Ja

we can minimize ¥, (v, w) between functions (v, w) with [,v = [, w.

Now, by Lemma 3.2, and having in mind (13) and (14), ¥,(v,w) is a finite
lower semicontinuous and coercive convex functional for the closed convex subset
of WhP(Q) x WhP(Q), B, given by

(v,w) € WHP(Q) x WHP(Q) : v +w > 01in D, v(zo) +w(xg) =0

for some xy € D, /v:/w
Q Q

Then, by [2, Corollary 3.23], ¥, attains its infimum on B, which is equivalent to
say that

inf U, (v, w)
(v,w) € WHP(Q) x WhP(Q)
v+w>0in D
is attained.
Uniqueness for strictly convex Finsler structures follows as in [16]. O

Now we prove that we can pass to the limit as p — oo in a subsequence of
minimizer functions.

Theorem 3.4. Let (v, w,) be minimizer functions of (15). Then, there exists a
subsequence p; — 400 such that

lim vy, =vs and lim wp, =ws  uniformly,
Ppi =00 Ppi =00

where (Voo, Woo) 1S a solution of the variational problem

max /—Uf+ —wf. (17)
v, w € W (Q) Q

F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+ w >0in D
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Proof of Theorem 3.4. Let us take (v,, w,) € B a minimizer of (15). For (v,w) €
W (Q) x Wh>(Q), with F*(x, Dv) < 1 and G*(x, Dw) < 1 for a.e. x € Q, and
v+ w > 0in D, we have that

/Q vpf T+ /Q wpf~

< [F @Dy [ @Du)y+ [ o [
1

gp/@(p*@c,m))u;/Q(G*@,Dw))fw/ﬂvfw/gwgf‘

1 + -
§2p+/ﬁvf+/ﬂwf. (18)

Now, by (16), we can assume that there exists x, € D such that v,(z,)+w,(z,) =
0. We can also assume that v,(zs) = 0 for all p, for some zo, € Q. Hence, asp > N,
we have,
[0plloc < Crl[Dvpllp, (19)
and
[wplloe < Cr([[Dwpllp + [ Dvpllp) (20)

with C; not depending on p. See [16] for the details.
From (18), (13), (14), (19) and (20) and using Hélder’s inequality, we get

([ eouner) . ([eepuer)” < et wex

and
| DvpllLe ), [DwpllLey < Cs Vp> N,
with C; independent of p.

Therefore, by Morrey’s inequality and Arzela-Ascoli’s compactness criterion,
there exists a subsequence such that

Vp; — Voo uniformly in Q and Wy, — Wee uniformly in §,
and, so, Vo + Weo > 0 in D. Moreover, we get

[Dvoclocs [Pweclloe <€ and  [[F7(.; Dvoo)|oos |G7(:; Dweo) oo < 1.

Finally, passing to the limit in (18), we get

[ vttt = sup ot s
Q v,w e WH(Q) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+w >0in D

This ends the proof. O

Remark 3.5. Note that the convergence as p — oo is only along a subsequence.
The main content of our result is that there is enough compactness to pass to the
limit along subsequences and moreover that all possible limits are solutions to the
maximization limit problem (17).

We now prove some properties of the minimizers that allow to show that (veo, Weo)
are Kantorovich potentials. Moreover, we will see that this limit procedure gives
much more since it allows us to identify the optimal matching measure.
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Lemma 3.6. Assume that F*(z,-) and G*(z,-) are CL(RN \ {0}). Let (vy,w,) be
minimizer functions of problem (15). Then, there exists a positive Radon measure
hy of mass My such that

1.
~dio([F* (. Doy )P~ G (0. Duy(a))) =ty = 77 i
SF € (21)
P D)™ G (o Doy (@) =0 on 00
~din([6" (. Dup ) G (e, D)) =ty = 7 i
oo ¢ (22)
6* (s Duya) ™ O (. D)) = 0 on 00

Here 1 is the exterior normal vector on 0X), and aaF; is the gradient of F*(x,§)
with respect the second variable &, similarly for G*.

2. The positive measure hy, is supported on {x € D : vy(z) + wy(z) = 0}.

Proof. In this proof, for shortness, we will avoid to write the = dependence of F*
and G*, that is, we write F*(Dwv,) and G*(Dw,). Recall that since p > N, we have
WhP(Q) C C(Q). For any ¢, € WLP(Q) such that ¢ +1 = 0 in D, since (v,,w,)

is a minimizer of ¥ in the set
{(v,w) € WHP(Q) x W'P(Q) : v+w >0 in D},
the function
I, (t) := W (vp + to, wp + 1)
has a minimum at ¢ = 0. Therefore, I1(0) = 0, from where it follows that

. p—1 OF" . p—1 0G™
L IF@u)r G Du)De+ [ 167D T (D) Dy

—— [ rre- [ 1o )
Observe that, taking ¥ = —¢ in (23), we get that
~aiv (17 (Do)~ 20 (D)) + i (16 (D S (D)
=f =" inQ, (24)

Do) (O (D) + 167D O (D =0 onon

Similarly, for any ¢ € W1P(Q), ¢ > 0, and any ¢ > 0, we have
Iy(t) = Y (vp + tp,wp) — ¥(vp, wp) >0

and
I3(t) := U(vp, wp + t@) — U(vp, wy) > 0.
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Then, by taking limits in % § = 2,3, as ¢t — 0, we get

—div ([F*(Dvp)]p_l g(pvp)> +ft>0 nQ,
—div ([G*(m)p)y"1 aaC?(pr)) +f7>0 inQ.
Therefore, thanks to (24)
= =div (17 (D) (D) ) 4 5+
——aiv (16" (Dup) ! O (Dwy)) + 1

defines a positive measure. Moreover, h,, is supported on {z € D : v,(z) + wp(z) =
0}. Indeed, for ¢ € D(Q?) supported on Q\ {z € D : v,(x) + wy(xz) =0} and t # 0
small enough,
Iy(t) := U (vp + tp, wp) — ¥(vp, wp) > 0.
then, taking limits in 147“) as t — 0, we conclude.

Given now ¢ € D(RY), if we take ¢ € D(Q) such that ¢+ = 0 en D, (23) says
that

* p1 OF7 v *(Dw p1 967 w
| 1F@u)r G (Du)De + [ 167D T (D) Dy

o 3
=—/Qf+so—/ﬂf‘w-

On the other hand, since ¢ € D(2) and supp(h,) C D, we have

[ 6 ey S e = [ wan,~ [ o= [ pan, - [ 1o,

Then, from the two above expressions, by density we obtain that

/Q [F*(Dvpﬂp‘laa—f(mww: / odhy, — / fro. Voew'r(Q), (25)

which shows the first statement in (1) for the first problem. Similarly, we obtain
the second one.
Finally, taking ¢ = 1 in (25), we get

/ dh, = My,
Q

and the proof is finished. O

3.2. The optimal matching problem. Let us begin with the following proposi-
tion.

Proposition 3.7.

WfDiz sup /—vf+—wf .
v, w € W (Q) Q
F*(z, Dv(z)), G*(z, Dw(x)) < 1 a.e.
v+w >0in D
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Proof. For a fixed p € M(D, M;), by Kantorovich-Rubinstein’s Theorem and
Lemma 3.1, there exist Kantorovich potentials u+ , € W1>(Q), depending on
w, with

esssup F*(z, Duy ) <1 and esssup G*(z, Du_ ) <1,
such that
/ up ,(p— fT) =sup {/ vp—fH):ve KCF(Q)} = min / cp(z,y)dy
Q Q YEI(f 1) Jaxa

and

/Qu_w(u—ff) = sup{/ﬂv(u—f) HONS KCG(Q)} = »yeIIIr(l)i‘I},u)/QXQCG(x7y)d7'

Therefore,

sup /—vf+—wf_+(v—|—w)u=
v,w e WhHe(Q) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.

inf cr(z,y)d _|_/ calz,y)dy_ .
('y+,'y,)el‘[(f+,f—,u)/gxﬂ F( y) Y+ ( y) 7.

QxQ
Since
/ —uft —wfT + (v +w)p
Q
= [ —of* — (w = min(w+ o)+ (w - min(u+ ) + o)
Q
< sup /—ﬁer—u?f_—i—(u?-i-f))u,
o, e WH(Q) Q
F*(x, Dv(z)), G*(z, Do(x)) <1
D4+w>0in D
we have

sup / —uff —wfT 4+ (vt w)p =
v, w € Wl’w(ﬂ) Q
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+w >0in D
= inf / cr(z,y)dyy +/ ca(z,y)dy- .
(vy=)ET(fH 1) Jax 9) (r:9)

QxQ
Hence, from (5), we get
inf sup /—vf+—wf_+ v4w)u
HEM(D,Mo) v, w € WHo(Q) Q ( )
F*(x, Dv(a;)li éac(,)[l)nw(Dx)) <1 a.e. (26)
= inf / cr(x,y)dys +/ ca(z,y)dy— .
(v+7=-)EOD(f*.f7) Jaxa ( ) QxQ ( )

Now, we have that M (D, My) is a compact convex subset of the Hausdorff topo-
logical vector space M (with the weak-star topology), and the set

v e (v,w) € WH®(Q) x WH*(Q):  F*(z, Dv(z)),G*(z, Dw(z)) < 1 a.e.,
o v+w>0in D
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is a convex subset of a vector space W (Q) x W1°(Q). In addition
M(D, M) xY —» R

(o)) o[ ot uf @
Q
is a real-valued function such that

uw/ﬂ—vf+—wf*+(v+w)u

is convex and lower-semicontinuous for each (u,v), and

(u,v)»—>/g—vf+—wf_—|—(v+w)u

is concave for each p. Hence, by Fan’s Minimax Theorem ([12]), we can interchange
inf sup by supinf in the first part of (26), and since

. + —_
sup min /—vf —wf~ + (w4 v)p
v, w € WHoe(Q) HEM(D,Mo) Jq
F*(z, Dv(z)), G*(z, Dw(z)) < 1 a.e.
v+w>0in D

= sup /fvf+fwf*,
v, w € Wloo(Q) Q
F*(z, Dv(z)),G*(z, Dw(z)) < 1 a.e.
v+w >0in D
we get the desired conclusion. O
Theorem 3.8. Under the same assumptions of Lemma 3.6, up to a subsequence,
hp = hoo as p — 0o, weakly” as measures,

with heo a positive Radon measure of mass My supported on {x € D : voo(x) +
Woo(2) = 0}. And the limit (Voo, Woo) obtained in Theorem 3.4 satisfies:

Voo 15 a Kantorovich potential for the transport of f to heo,

Weo 15 a Kantorovich potential for the transport of f~ to heo,

with respect to cgp and cq respectively, begin these cost functions the Finsler distances
associated to F' an G.

Proof. We will write again F*(Duv,) in the proof for shortness, and the same for
G*. From the last equality in the proof of the previous lemma,

/ dh, = My,
Q

we can assume that there exists a positive Radon measure ho, of mass M, such
that, up to an increasing subsequence of the sequence given in Theorem 3.4,

hp, = hoo.
Let ¢ € D(Q2) be supported on Q\ {z € D : v () + woo(z) = 0}. Then, since
lim(vp,, Wp,) = (Voo, Weo)  uniformly,

there exists pg > N such that ¢ is supported on Q\ {x € D : v, (z) + wy, () = 0}
for all p; > pg. Therefore,

/ pdho = lim [ @dh,, = 0.
Q

1—00 O

Consequently, ho, is supported on {z € D : voo () + weo(z) = 0}.
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Let us write p instead of p; from now on.

Since (F*(£))? — (F*(n))? < p(F*(£))P~ %= (£)(¢ — n) for any &, n € RY, we
have

1 . - Ny
]; / (F*(Du,) / (dhy — 1),

+ /Q (F* (Dup))r? 36? (Dvy) - (Do — Duy) — /Q (dhy — 1) (0 — vp)

1 * P __ _
< / (F*(Dg)) / (dhy — )
for every ¢ € W1P(Q2). Then, having in mind (25), we have

1 *(Dv,))P — — M 1 * P _ — ft
: /Q<F (Duy)) /Q<dhp o< /Q(F (Dg)) /Q<dhp e,

for every p € W1P(Q). Therefore, for any v € W1>°(Q), F*(z, Dv(z)) <1 a.e.,

_ _ ft 1 _ + _
/Q (dhy = )y < 1) /Q(f dhy)v,

and, taking limits in the last inequality, we get

/ (dhoo — f*)0 < / (dhoo — F*)ser
Q Q
from where it follows that

[ e = 7o = swp [ wldhe - 1),
Q v e wWho(Q) Q
F*(z,Dv(z)) <1 a.e.

and consequently, v, is a Kantorovich potential for the transport of f* to he,
with respect to cg. The proof for wy, is similar. O

Theorem 3.9. The measure ho is a matching measure to the optimal matching
problem.

Proof. From Theorem 3.8 and Kantorovich-Rubinstein’s Theorem, we have

/Qvoo(dhoo —ffH = min )/CF(azy)du:/cF(x,y)dum

HE(f T, hoo

po € I(f1, heo) and

[ wstdne =)= _min [ oty = [ cato )i,

ueH(f— 7hoo)

vy € II(f7,ho). Then, by adding the above inequalities and since [, (we +
Voo )hoo = 0, by Proposition 3.7, we get

/Q—voofJr — Woo f ™ :/CF(xay)dM0+/CG(m7y)dVO

> inf / cp(x,y)dy —|—/ ca(z,y dy_}
(7+77)€Ho(f+,f){ QxQ F(@ ) axQ (9) (27)
= sup / —’Uf+ —wf .

v,w e WHe(Q) Q

F*(z, Dv(z)), G*(z, Dw(x)) < 1 a.e.
v+ w >0in D
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Now, by Theorem 3.4, all the inequalities in (27) are equalities. This ends the
proof. O

Acknowledgements. The first and third authors have been partially supported

by

the Spanish Ministerio de Economia y Competitividad and FEDER, project

MTM2012-31103. The second author is partially supported by the Spanish Minis-
terio de Economia y Competitividad under grants MTM2010-18128 and MTM2011-
27998.

[1]
2]
3]
[4]

[5]

(10]

(11]

[12]
(13]

(14]

(15]

[16]
(17]
(18]

(19]

REFERENCES

L. Ambrosio, Lecture Notes on Optimal Transport Problems, Mathematical aspects of evolv-
ing interfaces (Funchal, 2000), 1-52, Lecture Notes in Math., 1812, Springer, Berlin, 2003.
H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Universi-
text, Springer, New York, 2011.

G. Bouchitté, G. Buttazzo and L. A. De Pascale, A p-Laplacian approximation for some mass
optimization problems, J. Optim. Theory Appl., 118 (2003), 1-25.

G. Carlier, Duality and existence for a class of mass transportation problems and economic
applications, Adv. Math. Econ., 5 (2003), 1-21.

P-A. Chiappori, R. McCann and L. Nesheim, Hedoniic prices equilibria, stable matching, and
optimal transport: equivalence, topolgy, and uniqueness, Fcon. Theory, 42 (2010), 317-354.
I. Ekeland, An optimal matching problem, ESAIM COCYV, 11 (2005), 57-71.

I. Ekeland, Existence, uniqueness and efficiency of equilibrium in hedonic markets with mul-
tidimensional types, Econ. Theory, 42 (2010), 275-315.

I. Ekeland, Notes on optimal transportation, Fcon. Theory, 42 (2010), 437-459.

I. Ekeland, J. J Hecckman and L. Nesheim, Identificacation and estimates of Hedonic models,
Journal of Political Economy, 112 (2004), S60-S109.

L. C. Evans, Partial differential equations and Monge-Kantorovich mass transfer, Current
Developments in Mathematics, 1997 (Cambridge, MA), 65-126, Int. Press, Boston, MA,
1999.

L. C. Evans and W. Gangbo, Differential equations methods for the Monge-Kantorovich mass
transfer problem, Mem. Amer. Math. Soc., 137 (1999), no. 653.

K. Fan, Minimax theorems, Pro. Nat. Acad. Sci., 39 (1953), 42-47.

M. Feldman and R. J. McCann, Monge’s transport problem on a Riemannian manifold, Trans.
Amer. Math. Soc., 354 (2002), 1667-1697.

N. Igbida, J.M. Mazén, J. D. Rossi and J. J. Toledo, A Monge-Kantorovich mass transport
problem for a discrete distance, J. Funct. Anal., 260 (2011), 3494-3534.

J. M. Mazén, J. D. Rossi and J. Toledo, An optimal transportation problem with a cost given
by the Euclidean distance plus import/export taxes on the boundary, Rev. Mat. Iberoam.,
30 (2014), 277-308.

J. M. Mazén, J. D. Rossi and J. Toledo, An optimal matching problem for the Euclidean
distance, STAM J. Math. Anal., 46 (2014), 233-255

N. Igbida, J.M. Mazdn, J. D. Rossi and J. Toledo, Mass transport problems for costs given
by Finsler distances via p-Laplacian approximations, Preprint.

C. Villani, Topics in Optimal Transportation, Graduate Studies in Mathematics. Vol. 58,
2003.

C. Villani, Optimal Transport. Old and New, Grundlehren der MathematischenWis-
senschaften (Fundamental Principles of Mathematical Sciences), vol. 338. Springer, Berlin,
2009.

Received January 2014; revised April 2014.

E-mail address: mazon@uv.es
E-mail address: jrossi@dm.uba.ar
E-mail address: toledojj@uv.es


http://www.ams.org/mathscinet-getitem?mr=MR2011032&return=pdf
http://dx.doi.org/10.1007/978-3-540-39189-0_1
http://dx.doi.org/10.1007/978-3-540-39189-0_1
http://www.ams.org/mathscinet-getitem?mr=MR2759829&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1995692&return=pdf
http://dx.doi.org/10.1023/A:1024751022715
http://dx.doi.org/10.1023/A:1024751022715
http://www.ams.org/mathscinet-getitem?mr=MR2160899&return=pdf
http://dx.doi.org/10.1007/978-4-431-53979-7_1
http://dx.doi.org/10.1007/978-4-431-53979-7_1
http://www.ams.org/mathscinet-getitem?mr=MR2564439&return=pdf
http://dx.doi.org/10.1007/s00199-009-0455-z
http://dx.doi.org/10.1007/s00199-009-0455-z
http://www.ams.org/mathscinet-getitem?mr=MR2110613&return=pdf
http://dx.doi.org/10.1051/cocv:2004034
http://www.ams.org/mathscinet-getitem?mr=MR2564438&return=pdf
http://dx.doi.org/10.1007/s00199-008-0427-8
http://dx.doi.org/10.1007/s00199-008-0427-8
http://www.ams.org/mathscinet-getitem?mr=MR2564444&return=pdf
http://dx.doi.org/10.1007/s00199-008-0426-9
http://www.ams.org/mathscinet-getitem?mr=MR1698853&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1464149&return=pdf
http://dx.doi.org/10.1090/memo/0653
http://dx.doi.org/10.1090/memo/0653
http://www.ams.org/mathscinet-getitem?mr=MR0055678&return=pdf
http://www.ams.org/mathscinet-getitem?mr=MR1873023&return=pdf
http://dx.doi.org/10.1090/S0002-9947-01-02930-0
http://www.ams.org/mathscinet-getitem?mr=MR2781969&return=pdf
http://dx.doi.org/10.1016/j.jfa.2011.02.023
http://dx.doi.org/10.1016/j.jfa.2011.02.023
http://www.ams.org/mathscinet-getitem?mr=MR3186940&return=pdf
http://dx.doi.org/10.4171/RMI/778
http://dx.doi.org/10.4171/RMI/778
http://www.ams.org/mathscinet-getitem?mr=MR3151384&return=pdf
http://dx.doi.org/10.1137/120901465
http://dx.doi.org/10.1137/120901465
http://www.ams.org/mathscinet-getitem?mr=MR1964483&return=pdf
http://dx.doi.org/10.1007/b12016
http://dx.doi.org/10.1007/b12016
http://www.ams.org/mathscinet-getitem?mr=MR2459454&return=pdf
http://dx.doi.org/10.1007/978-3-540-71050-9
http://dx.doi.org/10.1007/978-3-540-71050-9
mailto:mazon@uv.es
mailto:jrossi@dm.uba.ar
mailto:toledojj@uv.es

	1. Introduction
	1.1. Optimal transport problems
	1.2. Finsler distances as cost functions
	1.3. The optimal matching problem

	2. Preliminaries on Finsler functions
	3. The limit as p in a p-Laplacian system
	3.1. The limit procedure
	3.2. The optimal matching problem

	Acknowledgements
	REFERENCES

