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INTRODUCTION

We study the large time behaviour of solutions of the initial-boundary-value
problem for a system of nonlinear partial differential equations of the form

O Agx (1) +7(61(u) — 62(u2)) 30 in ©x (0,00)

Oz Aga(s) ~(61(u) ~ 6(2)) 30 in 2 (0,00)
_‘9@516_(77“1) € Bi(w) on AN x (0,00) ()
—(%2—57“2) € Ba(us) on 9N x (0, 00)

(Ul(O),Ug(O)) = (u01,u02) iIl Q,

where € is a bounded domain in R¥ with smooth boundary 9, 9/0n denotes
the Neumann boundary operator, 3;, ¢; and 7 are maximal monotone graphs in
R xR with 0€ 3;(0),0¢€ ¢;(0) and 0 € v(0) . A particular case of system (I) is
proposed by E. DiBenedetto and R. E. Showalter in [12] as a mathematical model
for heat conduction in a composite material consisting of two components and
under the assumption that the first component occurs in small isolated parts that
are suspended in the second component, which implies the change of phase occurs
in the second component. In this situation w; and wus represent the temperatures
in the first and second components, respectively, ¢1 =0 and ¢o(s) = bs+ LH(s)
where b >0, L >0 and H is the multivalued Heaviside step function. Based on
the physical analysis in [12], one may still view (I) as a mathematical description of
diffusion processes within a medium composed of two components which involves

Key words and phrases. m-T-accretive operator, heat conduction, nonlinear parabolic equa-
tions, asymptotic behaviour, diffusion in a heterogeneous medium..

This research has been partially supported by the Spanish DGICYT, Proyecto PB91-0331.
The second author has been supported by a FPI grant from Spanish Ministerio de Educacién y
Ciencia.

Typeset by ApS-TEX



2 JOSE M. MAZON AND JULIAN TOLEDO

phase change. In this connection, v is related to the surface area common to the
two components. Thus, ~ is a measure of the homogeneity of the material.

The special structure of the system (I) enables us to handle the problem via
nonlinear semigroup theory. For the particular case of Dirichlet boundary condition,
the study of the well-posedness of system (I), via nonlinear semigroup theory, is
studied by X. Xu in [10] basing on the results on semilinear elliptic equations in
L' due to H. Brezis and W. Strauss [10], and Ph. Bénilan, M. Crandall and P.
Sacks [5]. We use here the same method, but we consider more general boundary
conditions and more general phase changes. The boundary conditions in system (I)
are very general. Different choices of [’s give different boundary conditions. For
instance, [ = R x {0} gives Neumann condition, g = {0} x R gives Dirichlet
condition and f = {0}x] — 00,0] U [0,4+00[x{0} gives the unilateral boundary
conditions corresponding to variational inequalities introduced by J. L. Lions and
G. Stampacchia in [14]. Also, different choices of ¢’s correspond to equations that
arise in many applications. For instance, if ¢(r) = |r|™signo(r), we have: m > 1
is the porous medium equation, since it first arose in the study of gas flows in
homogeneous porous media ([16], [2]); m = 1 is the classical equation of heat
conduction, and 0 < m < 1 is the so-called fast diffussion equation which occurs
in the modelling of plasma ([7]).

The aim of this paper is to obtain stability results for the solutions of system
(I). In [1] we have obtained stability results for the filtration equation using the
Lyapunov method for semigroups of nonlinear contractions introduced by A. Pazy
[19]. Here we will use the same method.

As it was said, our abstract framework is the theory of nonlinear semigroups. We
refer the reader to [6], [11] and [3] for background material on nonlinear contraction
semigroups.

The plan of the paper is as follows. The first section deals with the well-posedness
of problem (I). We associate to system (I) an m-T-accretive operator. The mild-
solution obtained via the Crandall-Liggett exponential formula for this operator
will be the solution of system (I). In the second section we study the stability of
solutions of system (I), showing that they stabilize as ¢ — oo by converging to a
constant which is related with the boundary condition involved by f;, the phase
change ~ and the diffusions ¢;.

1. SEMIGROUP APPROACH TO SYSTEMS OF PDEs
GOVERNING DIFFUSION PROCESSES WITH PHASE CHANGE

From now on, € will be a bounded domain in RY (N > 1) with smooth
boundary 0f2. In this section we show that system (I) is well posed and is governed
by an order-preserving contraction semigroup in X := L'(Q) x LY(Q), i.e., we
associate with system (I) an m-T-accretive operator in X. To do that, firstly we
need the following definition given in [10].

Definition 1.1. Let ue WH(Q), v e LY(Q) and w € L*(09Q). We say that u
1s a weak solution of the Neumann problem

—Au=v, in Q

Y

ou

8_77 =w, on 01,
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provided the following identity holds for all f € C1(Q):

/QVu~Vf:/Qvf+/89wf.

Now, we define the operator A associated with system (I) in X.

Definition 1.2. A is the operator in X defined by: ((uy1,us), (v1,v2)) € A if for
i =1, 2, there exist h; € ¢;(u;), w; € L1(0Q), z € LY (), such that hy is a
weak-solution, in the sense of Definition 1.1, of

—Ahl =V — Z in Q,

86—}:71 =w; on 0f),
and hs is a weak-solution of

—Ahy =vo+2z in Q,

% =wy on 0f),
on
with —w; € B; o dfl(hi), a.e. on 0 and z € y(h1 — hs), a.e. on Q.

(2

The definition above uses the fact that the trace of h; € W11(Q) on 90 is
well defined ( Theorem 4.2 of [17] ). Observe that we use the same notation h;
for h; and its trace when convenient.

Many of the partial differential equations that can be studied by mean of Crandall
Liggett Theorem satisfy a “comparison principle”. This fact is equivalent to the
order preserving property of the semigroup (e_tA)tZO generated by A. The
operators which generate order-preserving semigroups are the following:

Let E be a Banach lattice and let A be an operator in E. A is called
T-accretive if

[(z =&+ Ay —9)" | > |(x—&)*], for A>0, ye Az, §€ Ai.

It is clear that A is T-accretive if, and only if, its resolvents Jy := (I + \A)~?
are T-contractions, i.e.,

Iz = Iy) Tl < (@ = 2) 7], for A >0, @,y € D(Jx).

Now, since every T-contraction is order-preserving, we have that if A is m-T-
accretive then each e %4 is order-preserving. In general, T-accretivity does not
imply accretivity, but in some Banach spaces T-accretivity implies accretivity, this
is the case for the spaces LP(Q2) for 1 <p < oo.

The following notation wil be used whenever it is meaningful:

1 if s>0
signo(s) =< 0 if s=0
-1 if s<0

1 if s>0
ot (6) —
829”0(8)_{0 if s<0
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Proposition 1.3. If v s a nondecreasing function with ~(0) = 0, then the
operator A s T-accretive in X.

Proof. Let ((u1,us2), (vi,v2)), (41, U2), (01,72)) € A be. It is enough to prove that

(w1, u2) = (@r, @] | < W(f1, f2) = (Fr fIF

where f; = u; +v; and fl = u; + ¥;. By definition of A, there exist h; €
bi(ug), w; € LYIN), —w; € Bio ¢y (us), 2 € LY(Q), 2z € v(h1 — hy) and
hi € ¢i(1), w; € LYAN), —; € Bio b7 (), 2 € LN(Q), 2 € v(hy — hy) such
that, in weak sense

oh

w —Ahy+2z=f1, —— =uw,
an
- - Oh

iy —Ahi+2=fi, —— =1,
on

and consequently

Ul—ﬁl—A(hl—ill)+2’—5:f1—f1>

d(hy — hy)
on

= W1 —U~)1.

Let o1 € L*>(f2) given by

o1(z) = signg (ur(x) — Gy (x) + hi(x) — hy(2))

and 7 (z) = signg (h1(z) — hy(x)),z € 9Q. Tt follows from [5, Lemma D] that

/Q(ul(l‘)—711(96))01(56)+/Q(2(~’U)—5(37))0’1(93) <

< /Q (@) — fr(@))or(z) + /8 (@) = a2 (o)

Hence,

ui(z) — ag(z))T zlx) — zZ(x))o1(x) < 1:13—~1ac+.
/Qu) (2)) +/Q<<> <>><></<f<> fi())

Q

Similarly

us(x) — g ()" — z(x) — zZ(x))os(xz) < 2:13‘—~2£E+.
/Q<<> (2)) /Q<<> ())()</Q(f()f())

Since (z(x) — Z(x))(o1(x) — 02(x)) > 0 almost everywhere in €, adding the
above expressions we conclude the proof.

Our next step is to proof the range condition for the closure A of the operator
A.

Let ¢ and 8 be maximal monotone graphs in R x R with 0 € 5(0) and
0 € ¢(0) . In order to study the filtration equation from the point of view of
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nonlinear semigroup theory, Ph. Bénilan [4] and Ph. Bénilan, M. G. Crandall and
P. Sacks [5], define the following operator in L!(Q):

Ag s = {(u,v) € L' (Q)x L' () : there exists h € ¢(u) and there existsw € L'(9Q) : h is a

weak solution of —Ah = vin €, Z—Z = won dQ; and —w(z) € Bod(h(z)) a.e. on IN}.

Remark 1.4. We have the following relation between the resolvents of the operators
A and Ayt (ur, uz) = (I+XA)"(v1, va) ifand only if uy = (I+AAg, 5 ) (v1—
Az) and us = (I + Ag,p,) (v2 + A2). In fact, since ((u1, u2), 5((vi, v2) —
(u1, uz))) € A, there exist w; € ¢;(u;), i = 1, 2, z € y(wr — wa), —n; €

Bi 0 ¢ 1 (w;), such that (w;, wy) is weak solution of

V1 — Uy 8w1

—A e =
w1 + z A\ ) 87] m,

V2 — U9 8w2 .
AT On -

from which it folows that uy = (I+A Ay, 5,) " (v1—Az) and ug = ([+AAg,p,) (vt
Az).

—Awy — 2z =

Lemma 1.5. Under the above general conditons, suppose that ¢;, ¢Z-_1, 51-_1 and
v are Lipschitz continuous functions. Then, for any fi, fa € L*(Q) , there exist
v1, vo € HY(Q) weak solutions of

—Avi + ¢y H(v1) +y(v1 —w) = f1 in Q,

0
—ainl = Bro¢r(v1) on 99,
—Avy + @7 (v2) —y(v1 —w2) = fo in Q,
0
_81772 = ﬁg [¢) gz52_1(v2) on Of).

Proof. Let V. = HY(Q) x H'(Q) and define B : V — V* (being V* the
topological dual of V') by

<B(U1,u2),(1)1,1)2)> :/QVul-VvlJr BQ510¢1_1(U1)U1+/Q¢1_1(U1)'U1—|—/Q’)/(U1—u2)'01+

+/ Vug - Vog+ [ Baody (uz)vy +/ 5 " (ug)vg — / Y(ur — uz)vz,
Q o0 Q Q
for all (uy,usz), (vi,v2) € V, where (.,.) denotes the duality pairing between V'

and V*.
By our assumptions, B is well-defined. An easy computation shows that

(B(u1,u2)—=B(v1,v2), (u1,u2)—(v1,v2)) > I(||(u1, u2)—(v1,v2) || g2)l (w1, u2) —(v1, v2)| a2
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where T'(s) = min{1, K; ', K;'}s, with K; the Lipschitz constant of ¢;. Con-
sequently, B is strongly monotone. On the other hand, since ¢; 1B and ~
are Lispchitz continuous, it is easy to see that the mapping Y(s) := (B(u1,us2) +
s(v1,v2), (w1, wy)) is continuous for fixed (uy,us), (vy,v2), (w1, ws) € V. Hence
B is hemicontinuous. Then, by [19, Theorem 6. 10] ( see also [13, Theorem 2.2.1]
), given (f1, f2) € L?(Q) x L?(Q), there exists (vy,v2) € HY(Q) x HY(Q) such
that B(v1,v2) = (f1, f2), and from here we conclude the proof.

Suppose u; = ¢; Y(v;), i = 1, 2, where v; are given by the previous lemma.
Then, we have that (u1, ug) = (I +A)71(f1, f2), i.e., in the weak sense:

—Ad1(ur) +ur +y(¢1(ur) — ¢2(u2)) = f1 in €, (1)
—Adpa(uz) + uz — y(¢1(ur) — ¢2(uz2)) = f2 in £, (2)
Op1(u1)
- o Pi(uy) on 09, (3)
Opa(uz)
— 377 = 62(”2) on GQ (4)

Now, we will proceed to derive estimates for wuy, uo, that are independent of
¢;, Bi and <. This enables us to relax the assumptions on ¢;, f; and ~ later
on.

Lemma 1.6. Under the assumptions of Lemma 1.5, if (u1,uz2) is given by (1)-(4),
then

[ (w1, u2)l[x < [|(f1, f2)ll x-

Proof. Let o(x) = signo(ui(x)) in Q and 7(x) = signo(P1(ui(z))) on 0N .
Then by [5, Lemma D] applied to (1) and (3) we obtain

/ [+ / (61 (1) — oo (uz) ) signo (ur) / Al+ /8 Q(%la—;)&gno(cbl(ul)) / Al

Similarly,
/Q iz — /Q (2(ur) — da(u2))signoluz) < /Q fal.

Hence, adding both expressions,

I, )| + / G(2) < 1(Fus f2)

with G(z) = y(¢2(u1) — Pa(u2))(signo(ur) — signo(uz)) > 0 a.e. on €, and the
proof is complete.

Lemma 1.7. Let the situation of Lemma 1.6 hold. Then, for any M > 0,

/[<|u1| C MY+ (Jua| - MY < /mm S MY 4 (f] - M)
Q Q

In particular, [|(ur, u2)llco < |[(f1; f2)lloo, where [|(v1,v2)]lo0 = sup(|[v1 oo, [lv2]lo0)-
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Proof. Let € >0 be and define

Ne(s) ==

s if |s| <e
-1 if s< —e.

By [15, Corollary A.5] nF(uy — M) € H'(Q2). Then by (1) and (3), we have

w) - Vit (ug — _90lw), v,
[ entun) Va0 + | (2L - 2+

+/Qu177j(u1 - M)+ /Q’Y(fiﬁl(ul) — ¢2(u2))nt (uy — M)

z/ﬁf%—M)
Q

Now, by [15, Corollary A.5],

Vor(ui) - Vi (uy — M) = ¢'(u1) Vg - () (g — M)Vuy > 0.

Moreover, since —8%—;”1) € B1(u1), also —%%—(?Z”Ll)nj’(u — M) > 0. Consequently,
we have

/wrwﬂwwrw@+/vwmm—@wmwwrwns
Q Q

sLm—meww@sLm—Mﬁ

Similarly,

Uz — Jr162— - 1(U1) — @2(U2 JrUl— > 2 — *
L@ Mt M)Kjw<>¢<>m< ﬂ@<AU M)

Adding both expressions, using again that

(1 (u1) — pa(uz))(signg (ug — M) — signgd (uz — M)) >0 a.e. on

and taking e — 0o, we obtain

ANt ANt ANt ANt
L=+ [we-anr< (=m0t + [ (-0
A similar argument shows that

/Q(ul—l—M)_—l-/(uz—i—M)_ g/

m+Mr+/m+Mh
Q Q Q

and the proof is complete.
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Lemma 1.8. Let the situation of Lemma 1.7 hold. Let €Y be an open subset of
Q such that d(Q, 092) =d > 0. Then

//(\ul(x +y) —w (@) + [uz(z +y) — uz () (2) <

< //(|¢1(U1($+y)) — ¢1(ur(2))] + |P2(uz(z +y)) — d2(ua(z))) A¢p(2)+

+ [ 1A+ ) - A@]+ 1 +9) ~ L@DE),

for all € C5°(Y), ¥ >0, and for all y € RN, |y| < d.

For the proof of this result we refer to [21, Lemma 4.4], taking in account the
change due to the function -~.

Proposition 1.9. Supposse ¢; and [; are mazximal monotone graphs in R xR,
with 0 € ¢;(0), 0 € 5;(0) and D(¢;) = R. Suppose ~ is a nondecreasing
function with D(~) = R. Then, the following holds:

() L(Q) x L¥(Q) € R(I+AA) and [[(IT+AA) 7 (f1, f2)llee < [(f1, f2) o

(i) D(A) = L'(Q) x L'(Q).

Proof. (i) Tt is enough to prove (i) for A = 1. Let (f1,f2) € L>®(Q) x L>(Q) .
Take € >0 and, for i =1, 2, let ¢;, Bic and 7. be the Yosida approximations
of ¢;, B; and -, respectively; that is

Sie =T —(I+ehi)" e, Bie=T—(T+efi) e, ve=I—(T+ey) /e

For i =1, 2, define gzgié = @i +€s, then ggie and gzgi_gl are Lipschitz continuous.
By Lemma 1.5, there exists (u1e, uge), a weak solution of

—Ad1c(ure) + ute + Ve(Pre(ure) — docluge)) = f1  in Q,

— Ao (uae) + uge — Ye(Pre(ture) — dpacluge)) = f»  in Q,

—aq”;—(:“) — Bi(us) on OO,
—(%2;—(:26) = Pac(uze) on 0N

Now, by Lemma 1.7

I(u1es wae)lloo < 20() 21 (S, f2) oo (5)
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Moreover, since ¢ic(s) — ¢2(s) ( ¢2(s) denoting the element of ¢;(s) of
minimun norm ) we have that

Hg)le(ule)Hoo + ‘|¢~526(u26)||oo < C» (6)

with C a constant only depending on Q and 7 (%|/(f1, f2)|/e), for € small
enough.

Also, since 7.(s) — 7(s), we have that
H%(ék(ule) - (525(“25))”00 < K, (7)

with K a constant only depending on ©Q and ~y(£(é9(E|(f1, f2)lleo)), for e
small enough.

Now, by Remark 1.4, uje = (I+A44,.5.) (fi—2c) and use = (I+Ag,.5,.) " (fot
). Then, by [8, Theorem 12], ¢;(u;) € H?(Q) and there exist constants K; and
K5 such that

I91c(uie)l|zrz + (| D2e (uze) || 2 <
S Kl{”fl + lee(ule) + Ure — 76((516(”16) - é26(u26))H2+

+Hf2 + (Z;QE(’U/QE) + U2e + 75((515(“16) - (2326(u26))”2} + K27

Hence, by (5),(6) and (7), {(é1c(u1c), dac(uae))}eso is bounded in H?(Q) x H2(Q).

On the other hand, proceeding as in the proof of [21, Theorem 2.4] , we have that
{(ule7 u2€)}6>0 is precompact in X. Moreover, by (7)7 {76(¢16(U16)_¢26(u26))}6>0
is weakly sequentially compact in L!(Q). Then, there exists €, — 0, such that

(ure,, uge,) — (u1, ug) strongly in X,

Ve, (D1e, (Ure,) — boe, (use, ) — 2 weakly in L*(Q),
(qglen (Ulen), ngen(uzen)) — (wl, wz)

strongly in X,
(élen (ulen)v ¢~)26n (uZETL)) — (w17 UJ2)

strongly in  L?(0Q) x L%(99),
5&1% (Ukn ) 3&2% (U2€n) Jwy  Ows . 2 2
( o ) on ) — ( an o ) strongly in L=(092) x L“(052).

Consequently, by [5, Lemma G], w1 € ¢1(u1), w2 € ¢p2(u2), z € y(w1—ws), —
51 o (;bfl(wl)) _8

Ow1q ~
87]
9177 € /sz e} (2)2 (wg). Theref()re, in the Weak sense

—Awy +u+2z=f1 in Q,

—Aws +us —z=fo in Q,

0
—aﬂnl € Bi(u1) on 09Q,

0
_Oin? € PBa(uz) on ON.
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From where it follows that L>°(Q)xL>(2) C R(I+A). Also, since ||(u1e, U2e)]|oo <
|(f1, f2)|loo, we have that |[(u1, u2)]leo < [[(f1, f2)]lco, and the proof of (i) is com-
plete.

(i) Let (v1, v2) € L>®(Q) x L>®(Q) . Then by (i), (I + A A)"1(vy, v3) =
(u1, uz) € L>®(2) x L>=(Q). Now, u; = (I + Ny, 5,) (v1 — Az) and up =
(I +NAp,p,) Hva + A2), with 2— € y(wy —ws), w; € ¢i(u;), i =1, 2. Hence,
(I +XAg, )" (v1) = v1 (see [5, Teorema B’]) and v; — Az — v1. Therefore
(I + XAy, p,)  (v1 — Az) = vy, and similarly (I + AAg,5,) ! (v2 + A2) = v2. From
here, since (I + A A)"1(v1, v2) € D(A), it follows that (vi, ve) € D(A).

Now we can stablish the main result of this section.

Theorem 1.10. Suppose ¢; and [; are mazximal monotone graphs in R x R,
with 0 € ¢;(0), 0 € $;(0) and D(¢;) = R. Suppose ~ is a nondecreasing

function with D(v) = R. Then the operator A is m-T-accretive in X and

D(A) = LY(Q) x LY(Q).

Proof. Since the closure of a T-accretive operator is T-accretive, by the above
proposition A is T-accretive in X. On the other hand, by the above proposition
we have

X =L>®(Q) x L*(Q) C R(I + A) = R(I + \A).
Consequently, A is m-T-accretive in X.

As consequence of the Crandall-Liggett Theorem and the above theorem we have
that for every initial data wg = (ug1,up2) € X the system (I) has a mild-solution
given by

u(z,t) = S(t)uy,

being (S (t)) the order-preserving contraction semigroup generated by A.

t>0

2. THE STABILIZATION RESULTS

In this section we stablish that the mild-solutions of system (I) stabilize as
t — oo by converging to a constant function. We use the Lyapunov method
for semigroups of nonlinear contractions introduced by A. Pazy [19].

In all this section we assume that we are under the assumptions of Theorem 1.10,
(S (t)) +>o 18 the order-preserving contraction semigroup generated by A and Jy

is the resolvent of the operator A.

In order to prove the stabilization theorem we need the orbits to be relatively
compact. This result is obtained using the decomposition of Remark 1.4 and the
precompactness result obtained in [1] for the Filtration Equation.

Theorem 2.1. Suppose ¢; : R — R are increasing continuous functions for
1 =1,2. Then,

(i) If Bx B C L>®(Q)x L>(Q) is bounded, Jx(B x B') s a relatively compact
subset of X.

(i) For every up = (uo1,up2) € X the orbit y(ug) = {S(t)ug : t >0} isa
relatively compact subset of X.
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Proof. (i) Let B x B" C L>®(Q) x L>*(2) be bounded. Take (vi,, v2,) €
BxB,n=1, 2, ...,and (uin, u2n) = Jr(v1pn, v2n). By Remark 1.4, uy, =
(I 4+ XAg, ) H(vin — Az) and w2y, = (I 4+ Agyp,) H(v2n + Azp), with z, €
V(o1 (urpn) — P2(uayn)). Now, {vin £ Az,} are bounded sequences in L>(£).
Hence, by [1, Theorem 2.6], there exists a subsequence of {(u1y, u2,)} which
converges in X.

(ii) First consider ug € D(A) N (L>®(Q) x L>°(£2)). Then, since

1S(t)uglse < |[uglloe for all ¢ >0,

as consequence of (i), we have that Jy(y(up)) is a relatively compact subset of X
for all A > 0. Moreover,

||S(t)11() — JAS(t)ll()Hl < )\mf{||v||1 vV E ZUO}.

Hence, ~(ug) is relatively compact in X.
On the other hand, it is easy to see that D(A)N (L™ (Q) x L°° (Q)) is dense in

X. Thus, given up € X and € > 0, there exists vy € D(A ) x L>(2))
such that |ug — vol|1 < €. So we have,

sgg inf ||S(t)ug — S(s)vol1 < SI>113 I1S(t)ug — S(t)vollr < [[up — vollx <e.
>0 5> >

From where it follows that ~(ug) is relatively compact in X.

Now we come to the main result.

Theorem 2.2. Let [; be mazimal monotone graphs in R x R with 0 € £;(0)
and ¢; : R = R increasing continuous functions with ¢;(0) = 0. Suppose also that
v:R = R is a nondecreasing continuous function. Let (ug1,up2) € X. Then, if
u(z,t) is the mild-solution of system (I), there exists constants K;, K; € 5; {0}
with y(p1(K71) — ¢2(K2)) = 0, such that

|lu(.,t) — (K7, K2)||x =0 ast— oo.

Proof. Let V: X — [0,+00] defined by

Jodi(ur) + Jo d2(uz), if ji(u;) € LHQ), i = 1,2
V(U17’LL2) -
100, if j;(u;) € LY(Q), i=1 or 2

being 07; = ¢;. Since ¢; is increasing, it is easy to see that j; is continuous and
convex. Hence V is lower semicontinuous (see [9, p. 160]).
Let W: X — [0,400] defined by

%/Q(V¢1(u1))2+/aQ p1 0 ¢1(ur) + ;/(V¢2(u2))2+/89p20¢2(u2)+
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+ [ (61(00) = 2 (1)) (61 (10) = 2 (u2).
when the integrals are finite, and +oo, when they are not, being 9dp; = ; o gf);l.
Let u = (u1, ug) € L>®(Q) x L>*(f) be. By Proposition 1.9, (vi, v2) = Jyu €
L>(Q) x L*>(2). Moreover, by Remark 1.4, v; = (I + Ay, 5,) " (u1 — Az) and
vy = (I +AAg,p,) " (uz + X2), with 2 = y(¢1(u1) — pa(ug)) € L®(Q).
Since wu; € L*(Q), (u1,u2) € D(V), and by [8, Theorem 12] it follows that
Jyu € D(V)ND(W). In the next step we prove that
V(Jyu) + \W(Jyu) — V(u) < 0. (8)

Since ¢; is continuous and increasing, it is easy to see that

SO =V@) < [ LM (1130 =0) 01 (F4Mi5) ™ (11 =12))+

+/ ;((1 + Mg,,) " Hug + A2) — u) do((I + Ag,p,)  (ur + Az)) =
Q
= /Q %((I + Mg, 5)  Hur — A2) = (ur — Az)) d1((I + Mg, )" (ug — A2))+

[ U+ M) ™ 12+ 32) = i + 32) 8a((7 + M) ™ 11+ 32))-

- /Q 2(G1((I+AAg,p,) " (ur — A2)) — d2((I + AAgyp,) "' (u1 + A2))).

Now, arguing as in [1, Theorem 3.3|, we obtain that

(V(Jxu) = V(u)) < -W(Jyu),

> =

and (8) follows.
Replacing u by Jy 'u in (8) we find

V(J5u) + IW(JFa) — V(Ji M) <.

Summing these inequalities from k=1 to k=mn and choosing \ = t/n, it yields

V(i) + i %W(J’zu) ~V(u) <0. )

Next we define F,(7) = W(J%u) for (k—1)t/n <1 < kt/n. Then

> —W(Jhu) = / F, (1) dr.
n n 0
k=1
On the other hand, by the Crandall-Liggett Theorem

lim Jfu=S(t)u in X.

n—oo n
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Now, arguing as in Proposition 1.9 we have that {¢;((J5u);) }5°; are bounded

sequences in  H?(Q2). Hence there exists subsequences, which we denote again as
before, such that

¢i((JEiu)s) = ¢i((S(r)u)i, in L*(Q) for i=1,2,

:i((JEw):) = ¢i(S(T)w)s) in L*(9Q) for i=1,2.

Consider the functionals

L(V)®, i (V) e N9
UO(U) =
+oo, it (V(v)" ¢ L'(9)
Joq pi(v), it pi(v) € L}(99)
UZ(’U) =
+00, if pi(v) & L*(09),
and
Jo7(@1(u1) — d2(uz)), if y(d1(u1) — d2(uz)) € LH(99Q)
Us(uy,uz) =

400, it y(f1(u1) — d2(u2)) & L' (09),

in L%(Q), LY(092) and L'(Q) x L'(Q), respectively. It is easy to see that these
functional are lower semicontinuous; whence

W(S(r)u) < lim ian((Jgu)) = liminf F,, (7).

n—oo n— oo

Now, by Fatou’s Lemma

t . .
/ W(S(t)u) dr < / liminf F,(7) d7 < lim inf/ F, (1) dr,
0 0 .

n—oo n—oo

that is,

/t W(S(t)u) dr <lim infi E)/V(Jgu) (10)
0 =1 !

n— oo

Hence, taking limits as n — oo in (9) we obtain that
t
vw@m)+/1ww@mgd7—vm)gq
0

from where it follows that

/000 W(S(t)u) dr < V(u).



14 JOSE M. MAZON AND JULIAN TOLEDO

Thus, there exists a sequence t, — oo, such that W(S(tn)u) — 0 when
n — 0o. Now, by Theorem 2.1 there exists a subsequence {t,,} such that

lim S(tp,)u = (v1, va).
k— o0

Since W(S(tn,)u) — 0, we have that {¢;((S(tn,)u);)}72; are bounded se-

quences in H?(€2). Hence, reasoning as before, it follows that
W(v1, v2) < liminf W(S(¢,, )u) =0,
n—oo

and consequently, W(vy, v) = 0.

Therefore, each v; is a constant such that v; € 8;1(0) and (g1 (v1)—d2(v2)) =
0. From where it is easy to see that (vi, v2) is an equilibrium.

Now, since L>(Q) x L>*(Q2) is dense in D(A) = X and each S(t) is a
T-contraction, from the above we obtain easily the conclusion in the general case
uc X.

Remark 2.3. For some particular boundary conditions we can be more precise about
the constants Kj, Ky of the above theorem. In fact: when g; = R x {0}, for
1 =1,2,then K; = Ky =0, i.e., with Dirichlet boundary conditions the solutions
of system (I) stabilizes to (0, 0). On the other hand, if we have Neumann boundary
conditions in both diffussion proceses, that is, 8; = {0} x R, for ¢ = 1,2, we have
the following result.

Theorem 2.4. Suppose we are under the assumptions of Theorem 2.2, and J;
correspond to Neumann boundary conditions, i.e., [; =R x {0}. Then, for every
initial data (ug,vo) € X, if u(x,t) is the mild-solution of system (I) we have

Jim [u(., ) = (K1, Ka)||x =0,

where Ky and Ky are constants satisfying

K1+K2:ﬁ{/guo+/gvo}.

Proof. By a density argument, we can assume that (ug,vg) € L (£2) x L>=(Q2). For
A > 07 define (UZ’,’Ui) by (u07v0) = (UO’UO)a (ui-l—l?Ui-l-l) = J)\(uivvi)a 1= 1727 s
Letting ux(t) = (u;,v;) for A <t < (i + 1)\, we have by the Crandall-Liggett
Theorem that

u(.,t) :liﬁ)lu*(t) in X,

and the limit is uniform for ¢ in compact subsets of [0,o00[. Now, by Remark 1.4,
Uij4+1 = (I + )\A¢1,51)_1(ui — )\Z@)

Vig1 = (I + )\A¢2W32)_1(Uz’ + )\Zi),
with z; = v(gbl(ui) —d)g(vi)). From here, taking f =1 in the definition of Ay, 3,,

it follows that
/uiﬂz/ui—)\/zi
Q Q Q
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and
/Ui+1:/vi+)\/zi-
Q Q Q
Hence,
/ui+1+/vi+1:/ui+/vi-
Q Q Q Q
Consequently,

/Q(u(.,t))l—i—/ﬁ(u(.,t))zzl/\if& Q(uk(t))l—i-/g(u)\(t))Qz/Quo—l—/gvo.

Applying Theorem 2.2, we conclude the proof.

Acknowledgement. We want to express our thanks to Prof. F. Andreu for many
stimulating talks.
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