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ABSTRACT. We prove that mild-solutions of the degenerate parabolic equa-
tion u: — Ap(u) = 0 defined in RN x (0,c0), stabilize as t — oo by
converging to an equilibrium in an appropriated weighted L!-space. Here
¢ is a nondecreasing continuous function from R into R, or more generally,
a maximal monotone graph in R x R with N > 3. It is also proved that
the mild-solution u(t) has compact support for every ¢ if the initial datum
has compact support. Previous stabilization results for this equation re-
quired more conditions on ¢. Our approach uses methods developed by Ph.
Bénilan and M.G. Crandall in non-linear semigroup theory.

Introduction.
We study the long-time behaviour of solutions of the degenerate par-
abolic equation

) { Zz ~Ap(u) =0 in RN x (0,00)

z,0) = ug(z) inRY
where ¢ is a maximal monotone graph in R x R with 0 € ¢(0).
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Equation (I), usually called the filtration equation, is very general.
Different choices of ’s arise in applications. One of the more important
cases is ¢(r) =| r |™ sign(r), i.e., the equation
(D { uy — A(Ju|"signu) =0 in RN x (0, 00)

u(z, 0) = uo(z) in RV.

There is an extensive literature dealing with equation (II); see e.g., the
expository papers of D. G. Aronson [1], L. Peletier [21] and J. L. Vazquez
[23]. The case 0 < m < 1 corresponds to a “fast diffusion process”; equa-
tions of this type appear in plasma problems ([10]); m = 1 is the classical
equation of heat conduction and for m > 1 the equation is called the porous
medium equation since it first arose in the study of gas flows in homoge-
neous porous media ([20]).

For exponents m > (N — 2)* /N, there exists a family of special so-
lutions of equation (II) which plays the role of the fundamental solution of
the heat equation. Such special solutions were described by G. I. Baren-
blatt [2] with the name of source-type solutions, and can be characterized as
the unique weak solutions of the corresponding equation with initial data
a Dirac mass, -

uo(z) = Mé(z), M >0.

Various authors ( see, S. Kamin [18], A. Friedmann and S. Kamin [16]
and S. Kamin and J. L. Vazquez [19] ) have used the class of source-type
solutions to describe the large time behaviour of equation (II) when m >
(N —2)*/N. When 0 < m < (N —2)*/N it is not possible to use these
source-type solutions of Barenblatt since in this case no solution of equation
(IT) exists for up = 6 ( see [9]). Now, Ph. Bénilan and M. G. Crandall
showed in [6, Proposition 10] that when 0 < m < (N —2)*/N (N > 2)
there is extinction in finite time for initial data in LP(RY) N LY(RY) with
p = N(1 —m)/2. Consequently, the asymptotic behaviour of the solutions
of equation (II) is known when the exponent m is not the critical exponent
Merit = (N — 2)Y/N.

The uniform bounds given by Ph. Bénilan and J. Berger in [4] provide
information on asymptotic behaviour of solutions of problem (I) (see also

[3])-
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1. Preliminaries.

In this section we will define some of our notation. A weight in RV
is a positive continuous function p: RV — R such that lim ;) p(z) = 0.
We denote by P the set of all these weights. Important weights include are
the following: The weight p, given by

palz) = (1+]2|)™%, a>0.

Given a weight p € P, L'(p) denotes the weighted L!-space determined
by the norm

full = | p)luta)lds

We will use some terminology and notations from classical topology
dynamics. Let (T'(t)):>0 be a continuous semigroup on a metric space X.
The orbit or trajectory of u € X (respect to (T'(t))¢>0) is the set

Y(u) ={T(t)u : t > 0},
and the w-limit set of u is

wu)={veX:v= nll’rglo T(tn,)u for some sequence ¢, — co}.

This set may be empty. Now, it is well-known that if y(u) is relatively
compact, then w(u) is a nonempty, compact and connected subset of X.
Furthermore, w(u) is positive invariant under 7'(¢), i.e., T(t)w(u) C w(u)
for any t > 0. An equilibrium or stationary point u € X is a point such
that y(u) = w(u) = {u}, or equivalently, T'(t)u = u for all ¢ > 0.

Our abstract framework is the theory of non-linear semigroups. We
refer the reader to [8], [11] and [13] for background material on non-linear
contraction semigroups.

In order to discuss u; — Ap(u) = 0 within the nonlinear semigroup
theory, Ph. Bénilan and M. G. Crandall ([6]) associate an m-T-accretive
operator A, in L}(RM) with the formal expression A, = —Ap(u), (i.e.
(I+XA,)~! is an order preserving contraction in L (RY) and R(1+)A,) =
LY(RN) for all A > 0). This is done via the results of [5]. More concretely,
they obtain the following result.
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Theorem 1.1. Let ¢ be a mazimal monotone graph in RxR with 0 € ¢(0),
and 0 € intD(y) if N = 1 or 2. Then the operator A, on L*(RY) defined

by
Aju={-Aw : we L (RY),-Aw € LYRY) and w(z) € p(u(z)) a.e. }

for w € LY(RN) is m-T-accretive on L*(R").
Suppose N > 3 and 0 < a < (N — 2)/2. Then the operator B, on
LY(p,) defined by

Bou={-Aw : w € L pat1), —Aw € L' (pa) and w(z) € p(u(z))a.e.}

for u € L*(p,) is m-T-accretive on L'(p,).

As a consequence of the Crandall-Liggett Theorem and the above
theorem we have that for every initial data uo € LY(RY)(uo € L!(pa)) the
problem (I) has a mild-solution given by u(z,t) = (S(t)uo)(z).

(S (t)) +>o being the order-preserving contraction semigroup generated by
A,( By), ie.,
S(t)uo = lim Jtn/n'LL(),
n—oo

with Jy = (I + AA,)"1(Jx = (I + AB,,)™!) the resolvent of A, (B,).

2. The asymptotic behaviour.
We need the orbits to be relatively compact to ensure that the w-limit
set is nonempty.

Lemma 2.1. Let ¢ a mazimal monotone graph in R x R with 0 € ¢(0),
and 0 € intD(p) if N =1 or2. Ifug € LY(RYN) and p € P, then the orbit
v(ug) = { S(t)ug : t > 0} is a relatively compact subset of L'(p).

For N >3,0< a< (N -2)/2 and ug € L*(ps), the orbit y(ug) =
{S(t)ug : t > 0} is a relatively compact subset of L'(pa)-

Proof. By Riesz Theorem [12, Theorem IV.8.21], we must prove that v(uo)
is a bounded subset of L!(p) satisfying:

(1) lin}) |7 S(t)uo — S(t)uo||p, = 0 uniformly for ¢ > 0
y—’
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where ryu(z) := u(z + y) and
(2) lim p(z)|S(t)uo(z)| dz =0 uniformly for ¢ > 0.
R—oo
{lz|2R}

In fact: since S(t)0 = 0 and S(t) is an L!(R" )-contraction, we have

[5()uolly < lIplloollS(E)uo = S#)O0flx < [|plloo[luol[1, for ¢ = 0.
Hence, v(up) is bounded in L'(p). Moreover,

Iy S uo = S(t)uollp < llplloollS(E)(Tyuo) — SEuolls < [plloclI7yuo — woll1,

from where it follows (1).
On the other hand,

[ p@IS@uwlde< s pla) [ ISOulde< swp po)uol
{lz|=R} {i=|2R} RN {lz]2R}
so (2) follows. Thus 7(uo) is a precompact subset of L!(p).

Since the semigroup generated by B, is an extension of the one gen-
erated by A,, each S(t) is a contraction in L!(p,). From the density of
LY(RY) in L(p,), it follows that y(up) is a precompact subset of- L'(pa)
for any up € L(pa).

To obtain our stabilization results it is convenient to introduce the
concept of concentration relation [22]: for locally integrable, radially-symme
tric and nonnegative functions f,g defined in RV we say that f is more
concentrated than g, and represent this relation as f > g or g < f, if for

every T > 0,
/ f(z) dz > / g(z) dz
B.(0) B.(0)

/OT fOtN1 dt > / GVt dt

r
0

or equivalently,

where f(t):= f(z) with t = |z].

We denote by R(RY) the set of all functions in L*(RY) which are
radially-symmetric and decreasing.

In order to show that the mild-solutions of (I) are nondecreasing func-
tions in ¢ respect to the order > we first prove an elliptic version.
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Lemma 2.2 (Monotonicity Lemma; Elliptic Version). Let ¢ be a
mazimal monotone graph in Rx R with 0 € ¢(0) and 0 € intD(p) if N =1
or 2. Let J\ := (I + AA,)™! be the resolvent of A, and 0 < f € R(RN).
Then Jyf is radially-symmetric and f = Jyf for all A > 0.

Proof. For simplicity of the proof we suppose that ¢ is univalued. Since f
is radially-symmetric and the problem

3) u = Map(u) = f
is invariant under rotations (see [5]) Jif is radially-symmetric. Set
V(r):= / Inf = wN/ Jrf(t) tV~1 dt and
B.(0)

0

F(r) :=/ f= wN/ f(t) £V dt.
B.(0) 0
If vy := (Jrf), integrating in (3) we obtain

/ Nf-f= Af Avy = AwN/ N1 @3 () + V- lﬁ'(t))dt
B, (0) B.(0) 0 t
"d, n_pdvox dvy
= — (N1 2) dt = A N=1 22 (p).
AN /0 at @) wy ()
Consequently,
(4) V(r) — F(r) = Awn rN—I%(r).

Assume that f > J,f does not hold so that G := {r > 0: V(r) >
F(r)} is a nonempty open set of Rt. Then, there exist disjoint open inter-
vals I, such that G = U2, [,,.

By (4), if r € G we have 22(r) > 0, from where it follows that J) f
is nondecreasing in G since ¢ is nondecreasing. Hence V — F' is a convex
function in each I,,. On the other hand, by [5], V(00) < F(o0), then since
F(0) = V(0) = 0 there exists r,, € I, such that

V(rn) — F(ry) = max{V(r) — F(r): 7 € I, },
which is a contradiction. Therefore, G is empty and the proof concludes.

We derive via the Crandall-Liggett exponential formula the following
evolution version of the above result.
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Lemma 2.3 (Monotonicity Lemma; Parabolic Version). Let ¢ a
mazimal monotone graph in R x R with 0 € ¢(0) and 0 € intD(yp) if
N =1o0r2. Let0<ug€RRYN). Ifu(z,t) is the mild-solution of problem
(1) then u(.,t) < u(.,s) <up fort>s>0.

Lemma 2.4. Let ¢ : R — R a nondecreasing continuous function such that
©(0) =0 and 0 € intD(y) if N =1 or 2. Let 0 < up € LY(RN) N L2 (RY)
and u(t,.) = S(t)uo the mild-solution of problem (I) with initial data ug. If
there ezists w = L}, — lim;—, u(t,.), then Ap(w) =0 in D'(RV).

Proof. Let ¢ € D(RY). Consider
= U dz.
W)= [ ulso)le) do
Since u(t, z) is a weak solution of u; = Ag(u) ( see [7] ), one has
d
0 = [ eluls,z)o(e) do

Hence, 1 is absolutely continuous, and consequently, for every t > 0

1 112 4
7 /RN[u(Zt,:v) —u(t, z)]p(z) dz = z/t (E /RNu(s,I)qs(x) dz) ds
1

- /t o /R olu(s, 2))Ad(z) d) ds.

Now, since u(s,.) — w in L}, _(R"V), the left hand side of the above expres-

loc
sion goes to zero when ¢t — co. Therefore,

(5) im 2 [ ( /R plu(s,2))Ad(@) dz) ds =0,

t—oo t J,

On the other hand, since u € C([0, 00[; LX(RM)), |lu(t,.)|loo < |luollco and
@ is continuous, by the dominated convergence theorem we have that the
mapping

5 — / o(u(s,2))Ad(z) da
RN
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is continuous. Hence, there exists s; with t < s; < 2t such that
1 /2
(6) ?/ (/ o(u(s,z))Ad(z) da:) ds :/ o(u(se, z))A¢(z) dz.
t RN RN

Applying the dominated convergence theorem, using (5) and (6)
[ #wle)as(e) do=o
RN

Therefore, Ap(w) =0 in D'(RV).
Given p € P we denote by wp(ug) the w-limit set of uy respect to the

||.||p-norm, i.e.,

wp(uo) := {w € L*(p) : w = ||.||p—nli_>rr01o S(tn)ug for some sequence t, — oo}.

Also define wyoe(up) 1=

{we L, (RY):w= L}, — lim S(t,)uo for some sequence t, — co}.
n— 00

Evidently, w,(uo) C wioc(uo), so, by Lemma 2.1, wioc(uo) # 0.

In the next theorem we show that the dynamical system (S5(t)) >0
is gradient-like in the sense of [17]. More concretely we have: B
Theorem 2.5. Let ¢ : R — R a nondecreasing continuous function such
that ©(0) = 0 and 0 € intD(p) if N = 1 or 2. Let uo € L'(RN) and
u(t,.) = S(t)uo the mild-solution of problem (I) with initial data uo. Then,
wloc(u'[)) C {’lU € Ll(RN) : QO(’UJ) = 0}
Proof. Firstly, we suppose that 0 < ug € R(RV) N L*®(RY). Define

V(r,t) ':=/B o u(z,t) = wn A a(r,t)rN 1t dr,

then from Lemma 2.3

0<V(rt) <V(rs) <V(r)= / uo(z) dez,

r
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forall 7> 0, t>s>0. Define Vo (r) := lim;_, oo V(r,t) for r > 0.
On the other hand, by Lemma 2.1, the w-limit set wy,. (ug) is nonempty.
Let wy, wy € wioc(up), then there exist t, — oo and s, — oo such that

wy = lim u(.,t,)in L} (RY) and wy = nli_)rgo u(.,8,) in L}, (RY).

n—o0

Hence, for every r > 0 we have

/ wi(z) dz = lim u(z,tn) dz = lim V(r,t,) = Vo(r) and

B..(0) n= JB.(0) n—oo

/ wo(z) dz = lim u(z,8,) dz = lim V(r,s,) = V(7).
Br(0) %0 J B (0) n-—00

Thus, fB,(o) wi(z) dz = fBr(O) wy(z) dz, from where it follows, having
in mind that w; and w; are radially-symmetric, w; = w,. Therefore,
Wioc(ug) = {w} and consequently

Jim u(,t) =win L, (RY).

Then, for every » > 0 we have

/ w(z) dr = lim u(z,t) dz S/ uo(z) dz.
B.(0) t—oo /B _(0) B.(0)

Hence, w € L}(R"N).

By Lemma 2.4, Ap(w) = 0 in D'(RY). Moreover, since ||S(t)ug||oo <
lluolloc, @(w) is bounded and consequently constant. Hence, since w €
LY(RY), it follows that o(w) = 0.

In the following step we suppose that 0 < ug € D(RY). Then, there
exists vo € R(RY) N L°(RY), such that 0 < ug < vg. Since every S(t) is
order-preserving, 0 < S(t)ug < S(t)vg. Thus, if v € wi,e(ug), by the first
step of the proof we have 0 < v < w with wi,.(vo) = {w}. This shows that
v € LY(RN) and ¢(v) = 0.

In the following step we suppose that 0 < ug € L*(RV). For every
n € Nlet 0 < up, € D(RY) be such that |jug — ugn i < % Given
W € wioc(uo) there exist tx — oo such that S(¢x)ug — win LL (RY). Now,

loc
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by Lemma 2.1 and the above step, for every n € N, there exists tj — oo with
{t7*1}; a subsequence of {t} }« such that w, = limy_.cc S(t})uon € LY(RN)
and @(w,) = 0. Now, for every r > 0 we have

/B NECECEE [ Jule) - S(E2uo(e) da

B (0)

+ /B I5(E)(e) — (@) uon(e)] e+ /B 5@ (o) do

< [ @) = @@ et [ jua(e) — @) ds

+/Br(0) |S(E ) uon(z) — wa(z)| dz.

This shows that w, — w a.e. in RY and consequently, ¢(w) = 0. On the
other hand, since ug, — up in L(RN) there exists h € L*(R") such that
0 < upn < h ae. in RY. Then,

S(tZ)uo S/ Ug S/ h.
RN RN RN

Hence, by Fatou’s Lemma we have

/ wHS/ hforall neN
RN RN

Again applying Fatou’s Lemma it follows that w € LY(RY). The order
preseving property of every S(t) now yields the general theorem when uo €
LY(RN).

Corollary 2.6. Let ¢ : R — R a nondecreasing continuous function such
that ¢~ 1(0) = {0} and 0 € intD(p) if N =1 or 2. Let up € LY(RY) and
u(t,.) = S(t)ug the mild-solution of problem (I) with initial date ug. Then,

tlim u(t,.) =0 in L'(p) for all peP.

Proof. As consequence of the above Theorem wy(uo) = {0}. Then, by the
compactness of the orbits in L'(p), the result follows.

When N > 3, the convergence of the orbits without the assumptions
©~1(0) = {0} and ¢ continuous can be obtained by using the fact that the
solutions form a contraction semigroup in L!(p,) (Theorem 1.1).
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Theorem 2.7. Suppose N > 3 and let 0 < o < (N —2)/2. Let ¢ be a
mazimal monotone graph in R x R with 0 € (0). Let ug € L(py) and
u(t,.) = S(t)up the mild-solution of problem (I) with initial data uy. Then,

73Iim u(t,.) = win L'(pa) with o(w) = 0.

Proof. Firstly, we suppose that 0 < ug € R(RY)NL®(RY). With the same
proof as in the first part of Theorem 2.5 we obtain that w,_(up) = {w}.
Now, since (S(t)) +>p 18 a contraction semigroup in L(pa) it follows that
w is an equilibrium point. Consequently, p(w) = 0.

Suppose now that 0 < up € D(RY). Then, there exists vo € R(RY)N
L>(RY) such that 0 < up < vp. Since every S(t) is order-preserving,
0 < S(t)up < S(t)vo. Thus, if v € w,, (ug), by the first step of the proof
we have 0 < v < w with w,_(vg) = {w}. Hence, 0 < ¢(v) < ¢(w) and
consequently ¢(v) = 0. Therefore, w,_(ug) = {v} with ¢(v) =0

From here, since D(R" ) is dense in L'(p,) and every S(t) is an order-
preserving contraction in L!(p,), it is easy to finish the proof.

Remark 2.8. As we said in the introduction the uniform bounds obtained in
[4] are interesting in the study of the asymptotic behaviour of solutions of
problem (I). In fact, as consequence of these bounds and our compactness
result ( Lemma 2.1 ) it is possible to obtain the above theorem for the case
in which ¢ is a nondecreasing continuous function.

We do not know if this theorem is true when N =1 or 2.

As consequence of the above theorem we obtain the following inho-
mogeneous version.

Corollary 2.9. Suppose N >3 and 0 < a < (N —2)/2. Let ¢ be a mazi-
mal monotone graph in R x R with 0 € ¢~1(0) and f € L'(0, 00; L} (pa)).
If u(z,t) is the mild-solution of the problem

{ uy = Ap(u) + f  in RY x (0,00)

111
(1D u(z,0) = up(z) in RN
with wg € L'(pa), then there exists w € L (p,) such that

lim u(.,t) = w in L'(py).

t— o0
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Proof. For every n € N, set

f(t) ift<n
0 ift >mn.

)= {

Then, if u,(t) is the mild-solution of

{ 'U.," + Acpun > fn
U, (0) = ug

and v, is the mild-solution of

{ v, + Apvn, 0
vn(0) = un(n),

it follows from the translation property of the mild-solutions that v, (t) =
u,(t + n). Now, by the above theorem

tlim va(t) =w, in L'(p,), with ¢(w,)=0.
—00
Hence, lim;_, oo un(t) = wn, in L'(p,), with ¢(w,) = 0.
Let h,g € wp, (uo) with h = limg_,o u(tr) and g = limg_ o0 u(sk).
Then,
Ik = glloa < I1h = w(te)llpn + lluts) = un(tr)llpn + llun(te) — wallpn+

Hllwn = vnlse)llpa + llunlse) = ulsk)llon + llulsk) = gllpe-

On the other hand, since u and u,, are integral solutions we have that

[[u()—un(®)llpa < ||uo—un(0)||pa+/0 1F ()= Fa()llps d7 < /oo 1 (Dllpe dr-

Then, given € > 0, let n € N such that

[ 1@ < e
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For n fixed, there exists ko € N such that for every k > ko we have
[h = u(te)llpa < €/6, |[un(te) — wall,, < €/6,

[un(sk) = wnllp < €/6, llg —ulsk)lpn < €/6.

Hence, ||h - g||,. < €. Consequently, w,_(uo) = {w} and by the compact-
ness of the orbits we obtain

lim u(.,t) =w in L'(p,).

t—oo

Remark 2.10. The simplest heat transfer phenomenon involving phase change
can be modelled by the equation (I) with ¢ a nondecreasing continuos func-
tion, whose graph has a flat part. For instance, in the classical two-phase
Stefan problem ( see [15] ), ¢ is given by
(r) r if r<0
r) =
v (r—a)t if r>0.

Suppose we have a function ¢ of the above type, i.e., ¢ : R — R a nonde-
creasing continuous function such that sup{s € R : ¢(s) =0} =a > 0.
Let 0 < up € LY(RY) and u(t,.) = S(t)uo the mild-solution of problem
(I) with initial data ug. Then, by Theorem 2.5, if w € wioe(up) we have
that w € L'Y(RV) and 0 < w < a. Moreover, since 0 < inf{ug,a} =
S(t)(inf{uo,a}) < S(t)uo, it follows that inf{ug,a} < w < a. Conse-
quently, the functions in the w-limit set of ug develops ”mesas” on the set
where ug is greater than a. For the porous medium equation this phenom-
ena was noticed in [14]

To finish we are going to see that for ¢’s as before the solutions
of problem (I) have compact support when the initial data has compact
support. More concretely we have the following result.

Theorem 2.11. Let ¢ : R — R a nondecreasing continuous function such
that sup{s € R : ¢(s) =0} =a >0 and 0 € intD(p) if N =1 or 2.
Let 0 < ug € LYRY) N L®(RN) and u(t,.) = S(t)ug the mild-solution of
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problem (1) with initial data uo. Then, u(t,.) has compact support when ug
has compact support.

Proof. Obviously, it is enough to prove the theorem in the case ug =
b XBTO(O) where b > a and Xp_ (o) is the characteristic function of the

ball B,,(0). Let a = rq {/b/a. We are going to prove that u(t,.) =0 in

T :=R" ~ B,(0). First we claim
(7 Jfug<a in¥ for all neN, A>0.

Let v(r) := @(J}uo)(z) with |z| = r. In the proof of Lemma 2.2 we saw

that
dv

d—(r) = / Jrug — / Jy tug < 0.
T B.(0) B (0)

Hence, v is nondecreasing. Thus, if (7) is false, there exists 8 > « such that
v(r) > v(B) > 0 for 0 < 7 < B, from where it follows that J}ug(z) > a if
|z| < 8. Consequently,

ap(Bp(0)) < /

Jrup < / uo = bp (B, (0)) = ap(Ba(0)),
Bp(0) Bp(0)

which is a contradiction. Therefore the claim is true.
From (7) and the Crandall-Liggett exponential formula we obtain

(8) u(t,.) <a inE for all t>0.

Having in mind that u(t,.) is a weak solution of u; = Ag(u) ( see [7] ), by
(8) it is easy to see that

u(t,z) =c(z) ae in ¥ for all t>0.

Then, since there exist t, — 0 such that u(t,,.) — ug a.e. in RV it follows
that u(t,z) = uo(z) a.e. in ¥ for all ¢ > 0. Consequently u(t,z) = 0 a.e.
in ¥ for all t > 0.

Acknowledgements. The authors are greatly indebted to J. L. Vazquez
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