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1. Introduction

We consider the following degenerate nonlinear diffusion problem with a
nonlinear gradient term and source

up = Au™ — [|[Vu |7 +uP  in Q=2 x (0,00)
(I) u=0 on S = 92 x (0,00)
u(z,0) = up(z) >0 in {2,

where 2 is a bounded smooth domain iRV, N > 1,m > 1, a > 0,
p>1andqg>1.

Equation (1) without the gradient term has been extensively studied (see
forinstance [Sa] and the references therein). It is known thakif m there
exists a global mild solution for initial data,, € L'(£2) andif p > m
solutions may blow up in finite time.

For the casen = o = 1, equation (I) was introduced by M. Chipot and
F. B. Weissler [ChW] in order to investigate the effect of a damping term
on existence or nonexistence of solutions. On the other hand, Ph. Souplet in
[So:] proposes a model in population dynamics, where this type of equations
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describes the evolution of the population density of a biological species
under the effect of certain natural mechanism.

In the nondegenerate semilinear case, several authors have studied the
existence of nonglobal positive solutions, giving conditions for blow-up
under certain assumptions op, ¢, N and {2 (see for instance [ChW],

[KP], [F], [Q1], [Q2], [S01], [S02], [SW1], [SW2]). Global existence for
nonnegative initial data has been proved in the case p > 1 (see [F],
[Q2], [SW-]). Now, in the degenerate case we only know the blow-up results
of M. Wiegner (W], [W-]) and Ph. Souplet and F. B. Weissler ([S\WV
for classical solutions. In particular, in [S}Mand [W5] it is remarked that
problem (I) does not admit global classical solutions in the following cases:

O p>m>2, ag <p,
(i) a=2,¢g=2, p>m,

3

(iii) a=%9,q=2,p=m, m>2.

On the other hand, the existence of solutions of the Cauchy problem for
the equation

up = Au™ + || Vu®||?

has been studied by D. Andreucci in [An] under optimal assumptions on
initial data.

Concerning equation (), we want to stress that the diffusion tevaf*
degenerates for, = 0, so that one can not expect in general an existence
result for classical solutions.

The aim of this paper is to prove the existence of global weak solutions
for nonnegative initial data i1 (£2) under the assumptions:

(H) m21,a>%,1§q<2andl§p<aq.

Remark thata more natural assumption would be p < max{m, aq}.
We assume (H) for the rest of the paper since in the dasep < m the
existence of solutions of problem (1) follows by comparison with solutions
of u; = Au™ + uP.

Finally, let us notice that, to our knowledge, the question of uniqueness
of solutions of this kind of equations is still an open problem.

To finish this introduction we give some of the notation and definitions
used later. Concerning the vector-valued functions we follow the notation
and definitions of [Br]. We denote byP’(]0, T'[; X) the space of theX -
valued distributions on0, T'[, i.e., the space of all continuous linear func-
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tions from D(]0,T]) into X. Given a distributionu € D’(]0, T[; X), its
derivative is denoted by, and it is defined as the distribution

(Oru, ) = —(u,¢), Y eD(]0,TY).

If we Wh(0,T; X), there exists almost every where the derivativaof
defined by

d—u(t) — lim u(t + hf)L — u(t)’

moreover,‘fl—? € L'(0,T; X). We will use later the following result given in
[Br, Proposition A.6].

Lemma 1.1.Given u € L'(0,T; X), if du € L'(0,T;X), then there
exists s € W1(0,7; X), such thatu = @ and dyu = 4 a.e.in 0, T7.

This paper is organized as follows. Some a priori estimates for smooth
solutions are obtained in Section 2. In the third section we establish the
existence of global weak solutions for initial data Iiri**1(£2). In Section
4 we present a model in population dynamics involving problem (I). In
appendix A, we prove the existence of weak solutions for initial data in
L*(£2) under the restrictiom < aqg. Without this assumption the existence
of mild solutions is obtained. Finally, in appendix B, using a modification
of the Bernstein technique due to Phkerlan, it is shown more regularity
for the solution in the one dimensional case.

2. A priori estimates for smooth solutions
In this section we shall establish a priori estimates for the smooth solutions

which will be fundamental for the rest of the paper. From now on we assume
(2 to be a bounded domain iR" with smooth boundary){? of classC'.

For k € R,0 < k < 1, let f € CYR), satisfying f(k) = 0
and f(r) < (r — k) foral »r >0 and F € CY(RN R), satisfying
€17 — 1 < F(€) < ||€]|e forall ¢ € RY. Consider the problem

up = Au™ — F(Vu®) + f(u) in Qr =92 x(0,T)
(P) u==k on St =00 x (0,T)

u(z,0) = up(z) > k in (2.
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Proposition 2.1.Let u« be a smooth solution of problem (P). Under the
assumptions:

(Hy) m>1, a>0, ¢>1and 1<p< ag,

forany 1 < s < oo and 7 > 0, there exists a constant’(r, s) such that
(2.1) |u()|lrs(2) < C(7, s) for every t > 7> 0.

Moreover, if ug € L™T1(£2), then

(2.2) lu()| Lm+1(2) < Clluollpm+1(g)) for every ¢t > 0.

Proof.By the maximum principle we have < u. Given s > 0, multiplying
the equation of (P) by(u® — k*)* and performing obvious manipulations
it yields

d g \? . et
pr Q@s(u(t))+(8+q> /QHV((u(t) k) 0|17 <
<o [ o —wyE [ -
where

@)= [ (77— ke
k
Now, by the Poincdr inequality, we have
[ e k< e [ 9 - e e
2 2

Thus, we have

da
dt Jo

< Cy /Q (u(®)® — k*)*Fe + ¢y /Q (u(t)® — k).

B,(u(t)) + Cs(s) / (ut)® — ko) <
(2.3) ¢

On the other hand, singe < aq, using Young inequality, we have for every
e >0,

[ e —wy s [ i iy <
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Then, takinge small enough, by (2.3) and (2.4), we get

d

(2.5) il

&, (u(t)) + Ca(s) /Q (u(t)® — k) < Ci(s).

Now, since ag > 1, by Holder inequality, it is not difficult to see that

a(s+q)
as+1

ols) [ (ute)® =)+ 4 Cx(6) = ([ @ute))

Hence, from (2.5) we get the following differential inequality,

a(q+s)
as+1

ou(ue) + (o) [ o)) T <t

4
dt /o

which implies, from a lemma of Ghidaglia [T, Lemma 5.1], that

g da(s) )
a(g+s
74 — k%)% < 28) ’ +
/Q/k ( ) (dl(s)
_ as+1

(6o Tualzeorso) + (o) (S 1))

as+1
From here, by convexity, we finish the proof of (2.1).

On the other hand, in the casg € L™ (), we obtain

m—+1
ag—1

/Q /ku(Ta kR dr < dy(m) + <d5(|]u0\|Lm+1(Q))> |

and consequently (2.2) holds.

Our main goal now is to get uniform estimates for smooth solutions
independent ontime whenthe initial data ardit (£2), and also ar,™ ! —
L regularizing effect.

Proposition 2.2.Assume that (I holds. Letu be a global smooth solution
of problem (P). Then

() If up € L>°(42), there exists a constant, depending only offug || .o (),
such that

(2.6) [ull (@) < C-
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(i) If wy € L™T(2) and 7 > 0, there exists a constaniC’ =
C(T, ”UOHLW+1(Q)), such that

(2.7) u(t)| () < C for allt > 7.

Proof. (i) The casep < m is a consequence of [Sa, Theorem 1.3] and the
maximum principle.

If m < p, we consider the functionw(z) = Ce®?, where C' is a
constant andu € RY is a fixed vector. LetL be the differential operator

L(v) = v — Ap(v) + F(Vo) — f(v)

with F, f choosen as above and € C*°(R), ¢(r) =™ for r > k and
¢ > ¢ > 0. Itis easy to see that

L(w) > —m?C™||a|?e™ el — cpepBlall 4 qaced| q)|de—akilall

where R > 0 is such that{? C B(0, R). Consequently, since < ag,
choosing C' large enough it follows that|ugl| () < w and L(u) <
0 < L(w). Then, by the maximum principle, < w and the conclusion
holds.

(i) Let 7 > 0 fixed, applying the above proposition, [K, Theorem 1]
and the maximum principle,

[u(T)l[ () < C (7, [Juol| Lms1(02))-

Now, if we consider problem (P) with initial datum(7), by (i) the proof
is concluded.

In the next result we obtain some estimates for the gradients.

Proposition 2.3.Assume (k) holds. Letu be a smooth solution of problem
(P)in Q7 with initial datum vy € L™+ (£2). Then, forany0 < e < m
there exists a constank’, depending onj|ug||Lm+1(), T and ¢, such that

T
(2.8) / / IVu"2 | < K.
0 (0]

In particular, if ug € L>(£2) and a > ', then

(2.9) /OT/Q IVue|? < K.
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Proof.By the maximun principle we have(t)c — k¢ > 0. Hence, multiply-
ing the equation of (P) by.(¢)¢ — k¢ and performing obvious manipulations

it yields
dme IV (u(t) 27 )% <
o L et
< [ flult) e — k) + / (ut)® — k),
QT T
where

w(r) = /k "(r — k) dr.

On the other hand, multiplying the equation of (P) by(t)* — ka)% and
working as in the proof of Proposition 2.1, it is not difficult to obtain

(2.11) | wrm <@ fuwl s
T

Finally, from (2.10) and (2.11), (2.8) is obtained. (2.9) is a consequence of
(2.8) and (i) of Proposition 2.2.

In the particular case; = 1, we can obtain the following energy esti-
mates.

Proposition 2.4.Let v be a smooth solution of problem (P) i@+ with
initial datum ug € L*°(2). Under the assumptions:

(H2) m21,a>%,q:1and 1<p<a,
given 7 > 0, there exist constant§’ and K such that

(2.12) IVu(t)™|[12(2) < C(7, [[uoll o)), V7 <t <T.

T
(2.13) |t < KT ol

Proof. Multiplying the equation of (P) by(v™), we get

(2.14) 0</ s

/ vum /Q F(Tu®) (™), + /Q Fw) (™),
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If we set .,
Gir) = / FFymem dr,
0

from (2.14) it follows that

(215)  0< /Q ut(um)t:—%E[u(t)]— /Q F(Vu®) (™),

where the energy[u(t)] is defined by

Bu(v)] = 5 [ 190" = [ Glute)

On the other hand, by Young inequality, we have for any 0,

1 o €2 m
< [ PO+ G [ @

Now, by Proposition 2.2, there is a constali; > 0 such that

(2.16) ‘ /Q F(Vu®) (™),

(217) ||u||Loo(QT) < Ml.

Hence,
((W™)e)* = mu™ g (u™), < Maug(u™);.

Thus, takinge such that%Mg < % from (2.15) and (2.16) it follows that

(218  0<g /Q (™) < —%E[u(t)]—i—Mg /Q F(Vu)2.

Consequently

(2.19) %E[u(t)] gMg/QF(vua)Q.

Now, as a consequence of (2.17), there exists a constant 0, such that
Elu(t)] + N > 0, and from (2.19), we can write

d

(2.20) dt(E[u(t)] +N> < Mg/QF(VuO‘)Q.
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On the other hand, by Proposition 2.3, it is easy to see that

(2.21) /t+h (E[u(s)] + N> ds < C1h + Cqy
and
t+h
(2.22) / / F(Vu®)? < Cs3h + Cy.
t 2

Then, from (2.20), (2.21), (2.22) and the uniform Gronwall's Lemma [T,
Lemma 1.1], we obtain (2.12). Finally, integrating (2.18) over7[, we
get

/TT/Q“t(“m)t < Q(EMT)] - EMT)J) +21, [ ' | P

From here, using (2.12) and (2.22), we obtain (2.13).

3. Existence of global weak solutions

In this section we prove the existence of a global weak solution of problem
(1) when the initial datum is inL™*1(£2) and is nonnegative. Since we only

get the second energy estimate in the particular case 1 ( Proposition

2.4 ), we can not apply the classical compactness methods. To overcome
this difficulty, we use a modification of the method introduced by H. W. Alt
and S. Luckhaus in [AL].

Definition. Given 0 < ug € L™ 1(£2), by a weak solution of problem (I)
on Qr we mean a functionu € L>®(]r,T[x{2) forevery0 < 7 < T,
such thatu™ e L2(0,T; HA(£2)), u® € L9(0,T; Wy '%(£2)) and satisfies
the identity

/ (o — w)E + Vu™VE + |V |76 — uPE = 0

T

for any function¢ € L2(0,T; H} (£2)) N L*°(Qr) N WL0(0, T; L= (£2))
with £(T) = 0.

We shall say that: is a global weak solution of problem (I) i is a weak
solution on Q1 for all positive T.

Let us now state our existence result.
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Theorem 3.1 (Global Existence)Assume that (H) holds. For every non-
negative initial datumug € L™+ (02) there exists a global weak solution
of problem (1) such that, for every > 0

(3.1) 1wl oo gr.rx2) < Clluoll gm0y, 7)-
Moreover, if ug € L>(£2) then

(3.2) |l Lo (@) < Cl|uoll oo (2))-

Proof. To prove the existence of solution we will consider a sequence of
approximated nondegenerate problems which can be solved in a classical
sense. For simplicity we considerthe cgse 1 forwhichitis notnecessary

to approximate the norm. To avoid the degeneracy we consider a sequence
of functions ug ,, € D(12), satisfying:

Ugn — UQ in Ll(Q) and ||U(),n”m+1 < Hu0||m+1 VneN.

Consider also sequences of functiofis, ), (f.) and (g,) satisfying:

r ©n € COO(R)v 90;1(7') >c, >0 Vr> O’ Spn(()) =0,
and ¢, (r) =r™ Vr>1

fn € C®(R), falr)=(r— 2P Vre[2 M), fu(r)<(r—2L1)
and f,(r) constant forr > M, + 1

gn € C¥(R), ga(r)=r> for allr € [L,N,]
and g, (r) constant forr > N, + L.

n

By a classical result [LSU, Theorem 6.1], the problem

v = Apn(v) = [Vga()[[* + fa(v) In Qr =2 x(0,T)
v=1 on St =92 x (0,T)
v(z,0) = uopn(z) + in 2

1
n
has a unique smooth solutiom, in Qr satisfying

< up(z,t) < N, (T) for all (z,t) € Qr,

SERS
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with N, (T) independent ofN,,. Hence, takingN,, = N,,(T), u,, is a
smooth solution of the problem

wy = Aw™ — |[Vw@ |7 + fo(w) in Qp = 2 x (0,T)
w=1 on Sy =92 x (0,7)

w(z,0) = ugn(x) + in .

1
n

Then, by Proposition 2.2, for > 0 we have

up(z,t) < C(|uo|lm+1,7) forall neN, ze€ 2 andt> 7.

Consequently we get that,, is a smooth solution of the problem

(un)t = Aul™ — | Vud||? + (un — l)f’ in Qr =2 x(0,7)

(Po) S up =1 on Sy =002 x (0,7T)

in (2.

1
n

un(2,0) = ugn(x) +

Moreover, as a consequence of Propositions 2.2 and 2.3, the following esti-
mates hold:

(3.3)
Hun(t)HLoo(Q) < C(HUOHLm-H(Q),T), forall t>7>0andn e N,

T
(3.4) / / Va2 < Ky (Jluoll g, T)  for all ne N,
0 k0]

(3.5)
T

/ / IVul|2 < Ks([[uoll gt (), 7 T) for all T > 7 > 0andn € N.
T (9]

In the next step we are going to see that
(3.6) {u, : n €N} is relatively compact inL'(Qr).
Given 7 €]0,T[ fixed, we consider the Banach space
W = L2(r, T; HY(2)) N LD (|r, T[x £2),

with dual )
W' = L*(r,T; HY(02)) 4+ La(Jr, T[x ).
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Let us see first that
(37) ||(un)tHW/ < CQ(T, T, Hu0||Lm+1(Q)) Vn € N.

Infact: let ¢ € W with ||¢|lw < 1. Then, since(u,,), € L(7,T; L*(£2)),
using (3.4) and (3.5), we have
T
JRCAY:
T 2

' 1
/ / —Vu,-VE — [ Vug |96 + (un — —)P¢
T n "

T 1 T 1
s( [ uww) ( Iy rvgu?) n
T (9] T (]
T ) i
S (L L Ivat) ey g +

+ Clléll 2 rix0) < K1+ Ko + C.

[((un)t, wrw| =

<

The first step in proving (3.6) is to show that

T—h
(3.8) lim / |t (r+h)—uy,(r)| dedr = 0 uniformly inn € N.
Q

h—0t+ J -

First, we claim that

(3.9)
T—h 2—q
/ /Q(un(r—i—h)—un(r))(u?(r—i—h)—u:’f(r)) dxdr < Csh™2 VneN.

In fact: taking 0 < h < 1 and having in mind (3.4) and (3.7), it follows
that

T—h
[ [ 4 = e ) =2 0)) o
T—h T
= /T /Q </T (un)s(8) Ly rtn)(8) ds) (urt(r+h) —up'(r)) dedr =
T—h
= / <(un)87 1[T,r+h](5)(u21(7' + h) — UZL(T)»W,’W dr <

T—h
< / 1Cn)slw [ L sy () (' (7 4 h) = u (1)) [w drr <

T—h
<0y / s () 4+ B) — (1)) | dr =
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o [ T[] eV e+ 1) - o e as) 4

2—q

+</T/ |1[r,r+h1(8)(umr+h)—ug(r))ﬁ%)' da d8> ? } dr —

_cng h[hz(/uv (r+h) = u(r )|]2dx>2+

—q

(/|u (r 4+ h) — u(r)| D' )Q}drg

< Cyh*3 [Té</TTh/ﬂuwumwh)—ug(r))H?dx dr>é +CT]

2—q
< (Csh 2.

[

Therefore, (3.9) holds. Now, to prove (3.8), we consider for lafge the
set

E:={r€|r,T—hl: [lu(r + ")l i) + lug () mp o)+

+ 217(1 /Q (un(r 4+ h) — up(r))(upt(r + h) —up'(r)) de > M}.

By (3.9) we have
C
AM(E) < ﬁ,

where \;(E) is the measure ofZ, and consequently, by (3.3)
Cs
Un (T + h) — up(r)| de dr < —.
[t 1) = o) 2
On the other hand, by [AL, Lemma 1.8] we have for|r,T — h[\E
[ aalr 1) = ()] i < s (075,
Q

with continuous functionsvy, satisfying wys(0) = 0. Therefore,

o 2—q 05
T [P M

which yields (3.8) by appropriate choice éff and h.
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Now, by (3.3), (3.4) and [Si, Theorem 3] we can suppose ( up to extraction
of a subsequence, if necessary ) that

Up —> U a.e. in Qr.
Then, by the Vitali Convergence Theorem, we have that
(3.10) Uy — U in LY(Qr).

So, by (3.4) we can suppose (up to extraction of a subsequence, if necessary)
that

(3.11) Vu™ — Vu™  weakly in L*(Qr).

Consequentlyy™ € L2(0,T; H}(£2)).

For 7 €]0, T'[ fixed, we consider the Banach spddé defined as above.
By (3.7) we can suppose ( up to extraction of a subsequence, if necessary )
that

(3.12) (un): — w with respect too (W', W).
Consider the Banach space

2y
X :=HN2)nLW (),
with dual )
X':=H Y(Q)+ La(2).
It is easy to see that
(3.13) W' c L', T; X).

Since u € L™Y(Qr), we have u € D'(J,T[; X'). Thus, there exists
o € D'(Jr,T[; X'). Let us see thatw = O,u. Take ¢ € D(]r,T[) and
1 € X. Then, sincepy € W, we have

<wa @¢>W/,W = nh_{go«un)t’ §0¢>W’,W =

T

T
- _/!2/7- u(z, t)¢' (t)y(x) dtde = —/ ‘Pl(t)<u(t)7¢>X',X dt —

T
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Now, by (3.13) the mapt — o(t)w(t) belongstoL!(r,T; X"), hence
T T
<w7 901/}>W’,W = / <w(t)7 @(t)w>X’,X dt = </ cpw(t) dtan',X'

Consequentlyw = d;u. Thereforeu € L'(7,T; X') andd,u € L'(r, T;
X"). So, as a consequence of Lemma 1.1, there existsiW ! (7, T; X)
such that

d
vw=14 and du =

U .

— a.e. T|.

7 € in]r, T[
Therefore .

:/ Osu(s)ds Yte|r,T]
and
. T u(t +h) — u(t)

(3.14) hli%h j HT — Opu(t)|| s dt = 0.

In the next step we are going to see that for almostall€]0, 7], 7 < ¢,
the following formula holds

(3.15) % /g ()™ — (= / (Oyu(s), u(s)™ x x ds.

m +

We have for almost alls €]7, T'[ pointwise in {2

(3.16) 1<u(s)m+1—u(s—h)m+1) < <u(s)—u(s—h)>u(s)m,

m—+ 1

and for s > h

(3.17) m:_1<u(s)m+1—u(s—h)m+1> > <u() w(s— h)) (s—h)™.

Integrating in (3.16), we obtain

//Qm+1< ™= _h)mﬂ>§
< —uls — ))u(s)m.

I 1
li - m+1 _ pym+1l)
hlf{}+ h /T /Q m+1 <u(8) u(s —h)

(3.18)

Now,
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S ([ N
h—0t+ h t—h m+1 —h Qm—i—l

1
- - m—+1 o m-+1
(3.19) = (/Qu(t) u(7) >
On the other hand, by (3.14) we have that
(3.20)

o / /| ( h>)u<s>m= /:<asu<s>,u<s>m>X,,X ds.

Consequently, from (3.18) (3.19) and (3.20), we obtain
(3.21)

1 m-+1 m—+1 /t m
_ < , .
s ( /Q w®™ ! = u(m)™ ) < [ @uls),uls)™) o x ds
Similarly, integrating in (3.17) and taking limit a8 — 0", we obtain

mL( /Q u(t)™ ! —u(T)m“> > / t (Osuls), u(s)™) x  ds.

and (3.15) holds.
In the next step we show that

(3.22) Vuy' — Vo™ in Lig (0, T; L*(2)N.

Multiplying the equation of (R) by (u/"— ()™ —u™), integrating and using

n

the regularizing effect, (3.5), (3.10) and the Vitali Convergence Theorem,
we get

[t ==y == [ [ vt =y ot

Now, by (3.11) it follows that

[ [ oty = Gy -y =
[ [ vt e+ //Vu u™) + ofn) =
/ L I9 G =) + o)
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where the Landau symbaob(n) as usual denotes any term converging to
zero asn — oo. On the other hand,

[ [ oty = Gy =y =

_ %ﬂ /Q ()™ = (7)™ 4 o(n) — /T t /Q (tn) 5™

Since,
(un)s — us  With respect too (W', W),

using (3.15), we have that

[ 1
nh_}rgo/T /Q(un)sum:—M/(Zu(t)m+1—u(7)m+1.

Consequently,

[ et = G - =0

and (3.22) holds.
Let us see now that

(3.23) IVug|[@ = [IVu®]? in LY(Qr).

We first consider the case < m. Taking A := {(z,t) € Qr : u(z,t) =

0}, by (3.22) we have (up to extraction of a subsequence, if necessary) that
Vuy — Vu® ae. inQr\ A

Moreover, if E C Q7 \ A is measurable,

q
2 2
/ |Vug||e < ( / szrr?) u(E)="
E E

Then, by (2.8), applying the Vitali Convergence Theorem, we have
(3.24) IVui |7 = [[Vu®]|? in LY(Qr \ A).

On the other hand, since > %, we takey > 3 such that

0 < o— o < L
T3y
Hence o
[Vug||? = (;)q(un)(a_”qHVU%Hq-
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Therefore, by Wlder inequality and (2.8), we obtain

3= 3
/ ||w%||qs<“>q{ / (u<>) q }“” [ / ||wx||2r <
A Y A A

(2)/ _1
< K. [/ < (aw)q> ! ](3)'
< Ky Uy, —+0 asn — oo.
A

Moreover, by the Stampacchia Theorem

/ IVuel|? = 0.
A

From here and (3.24), (3.23) follows far < m. Consider now the case
a > m. By (3.22) it follows (up to extraction of a subsequence, if necessary)
that

Vuy — Vu® a.e. inQr.

Let us see that

(3.25) lim / |Vua || =0 uniformly in n e N.
An(E)—=0 )

In fact: for k € N, k& > 2, we consider the function

{0, if 0<r<k-—1

Gp(r)y=}Xr—(k—=1), ifk-1<r<k

1, if r>k.

Multiplying the equation of (P) by Gy (u,) and performing obvious ma-
nipulations it yields

/ IVug|le < / Vg 19 () <
{un>k} QT

S/ UZ‘F/ UQ,n -
{un>k—1} {uo,n>k—1}

Hence

lim |Vug]|? =0 uniformly in n € N.
k——+o0 {un>k}

On the other hand, fok fixed

/ IVug o < Ke-ma / V| <
{un<k}nNE E
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q
2 _
gkw—mw( / ||Vu:?||2) An(E) T
Qr

which converges to0 uniformly in n € N when Ay (E) — 0. Conse-
quently, (3.25) holds, and applying the Vitali Convergence Theorem, (3.23)
follows.

Finally, since u,, is a smooth solution of problem (P, for any test
function ¢ € L2(0,T; H}(£2)) N L*°(Qr) N W1o(0,T; L>=(£2)) with
&(T) =0, we have

—/Tunft —/Quo,nf(o) = /T(un)t§=

1
— [ vurve- / V| + / (un — L)€,
QT Qr Qr n

From here, passing to the limit whel — oo we obtain thatu is a weak
solution of problem (I).

4. A model in population dynamics

As we said in the introduction, Ph. Souplet in §$proposes a model in
population dynamics in which the evolution equation satisfied by the density
of the population is a nondegenerate semilinear equation. We are going
to give arguments in support of a degenerate nonlinear partial differential
equation of type (I) for the Souplet model. The model s as follows: Consider
a population of a biological species, living on a territory represented by some
domain 2 C RY. The space density of the population at time> 0 is
denoted byu(., t). The evolution of this density is the result of three types
of mechanisms: displacements, births and deaths. Respect to displacements,
Souplet considers, for simplicity, that dispersal is due to random motion of
individuals, i.e., the population flux is given by the constitutive relation

¢ =—Vu.

However, as was pointed out in the classical paper of M. E. Gurtinand R. C.
MacCamy [GMc], there is ample evidence that for some species migration to
avoid crowding, rather than random motion, is the primary cause of dispersal.
So they propose the constitutive relation of the form

¢ = —Vu™,
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The population supply due to births is assumed to be proportional to the
number of couples ( or more generally of p-tuples ). Hence, the correspond-
ing contribution is given by

CiuP.

In the population decline due to deaths, Souplet distinguishes between
natural and accidental deaths. The natural deaths are assumed to be propor-
tional to the number of individuals. So the corresponding contribution is
given by

—Chu.

For the accidental deaths he supposes that the individual can be destroyed
by some predators during their displacements. Hence, the density of preda-
torsis an increasing functio® of the intensity of the flow of preys. Taking
into account the diffusion law he proposes a contribution of the form

—Cs[|Vul[ D([[Vul).

Now, having in mind the diffusion law of Gurtin and MacCamy and also
that the decline by accidental deaths should be a function of the density
of predators and preys, it seems that the contribution by accidental deaths
should be of the form

—CsuD([[Vu™])).
Therefore, summing up the different contributions one obtains the equation
(4.1) up = Au™ + C1uf — Cou — CuD(||Vu™|).

If we suppose that functiorD(r) is of the form 4, i.e., the predator’s
density is [|[Vu™||%, then the equation (4.1) takes the form

(4.2) up = Au™ 4+ CruP — Cou — Cy|| Vu®|9,
with
_gm+1
.

Consequently, problem (I) corresponds to the above model, with no natural
deaths and a nonviable enviroment in the boundary zone ( since we have
homogeneous Dirichlet’s boundary conditions ). Observe that ginsel,
our existence result is also true for equations of the form (4.2), i.e., also
cover the case with natural deaths.

Finally, observe that in this particular case the assumptions (H) corre-
spond to

m>1, 1<q¢g<2 and 1 <p<gm+1.
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5. Appendix A

In this appendix we are going to see that for initial datafih({2), under
condition (H) and assumingn < agq, we can also prove the existence of a
global weak solution of problem (1) in the following sense.

Definition. Given 0 < ug € L'(£2), by a weak solution of problem (I) on
Q1 we mean a function: € L*>(]r,T[x{2) forevery 0 < 7 < T, such
that v, uP € LY (Qr), ||[Vu®||? € L}(Qr) and u satisfies the identity

/ (o — W& — W AE 1 [ Vu® |9 — uPE = 0

T

for any function & € L>°(0,T; Wy™(£2)) N Wh>(0, T; L=(£2)) with
&(T) =0.

We shall say that: is a global weak solution of problem (I) i is a weak
solution on Qr for all positive 7.

Proposition 5.1.Assume that (H) holds anek < «q. For every nonnegative
initial datum uy € L1(£2) there exists a global weak solution of problem

(1.

Proof.Working as in the proof of Theorem 3.1, we ge{ smooth solution
of problem (R,). Multiplying the equation of (R) by 7'(u,, — 1/n), where
T'(r) = min{|r|, 1}sign(r), we obtain

/ V(G - e [ warcircn [ RE Ly,

n n
where G(r) =r — T(r).
From here, using Poincaand Young inequalities, it follows

/ (G(un — l))aq < Cs.

n

/ ugq S C4.
T

Now, using the regularizing effect (Proposition 2.2) which also works for
up € L'(£2) and proceeding as in the proof of Theorem 3.1, we can obtain
the following convergences

Consequently,

Uy — u  a.e. iNQr,
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Vu, = Vu a.e. inQr.
Then, with a slight modification of the proof of (3.23) we can conclude that
IVui |7 = [[Vu®]|? in LH(Qr).

From here the proof concludes.

Observe that the restrictiomm < «q is only needed in order to pass
to the limit in the second order term. Of course, this assumption is not
necessary if the datunag € L"(£2) with » > 1. Without this restriction,
for ug € L'(2), the existence of a mild solution is obtained in the following
sense.

Definition. A measurable function: is a mild solution of problem (l) if for
any T > 0,

(4) ~[IVu®||* +u” € LY(Qr),

(i4) u(.,t) = S(tsug, — | VU9 + uP), 0<t<T,

where S(t;ug, f) is the mild solution in the sense of nonlinear semigroups
(see [Cr]) of the problem

Ut = Au™ + f in QT
u=0 on St
u(z,0) = ug(x) >0 in (2.

In fact, if u, is the smooth solution of problem (R by the above
proposition,u, — u in LY(Q7) and if F,(z,t) = —||Vu||? + (un —
1/n)P,

F, = —HVuO‘Hq 4+ P in Ll(QT)
Now, by [BG], there is a unigue strong solutian,, of problem

(’LUn)t = Awn(wn) + Fn in QT
wy, =0 on St

wy(x,0) = ugpn(z) >0 in £,

where i, (r) = |r+1/n|™ sing(r +1/n) — (1/n)™. Consequentiyy,, =
u, — 1/n. From here, applying [BCS, Theorem 1},, — v in LY(Qr),
where v = S(t;up, —||Vu®||? + uP). Now, since u,, — u in LY(Qr),
UV =U.
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6. Appendix B

In the one-dimensional case, take for examfde= (—1, 1), we can prove
more regularity for the solution given in Theorem 3.1: the gradient,&f
is bounded inL{$ (Q) as in the case of the porous medium equation (see
[Ar], [Be]). In general we are not able to prove that the solution is strong
(i.e. u; is afunction) as in [Be] because we can not prove the second energy

estimate forg > 1.
Proposition 6.1.1f N =1, 2 = (—1,1) and a > m then the global
solution given in Theorem 3.1 satisfies for any> 0 and § € (0, 1)

(6.1) |(u"™)p(z, t)] < C(1,0)u(z,t) V(z,t) € [—0,0] X [1,00).

Proof.Let ¢ > 0 and consideru a solution of the problem

(6.2) ur = (p(u))ze — F(p(u)e a(u)) + f(u),
where ¢, F, a, f are smooth functions and® < ¢ < u < ¢. We set
p= i((lg)m , Where k is a smooth function, withk:(r) > 0 for r > 0. We
have
(6.3) pk(u) = ¢(u)s
K@) _

(6.4) pak(u) +p o (u) = (p(u))ax

k() | Kk k)
(6.5)  peak(u) + 3pps o () +p( o )( )90,(“) (p(u)aas
(6.6) pek(u) + pk' (w)uy = (@' (w)ug).

(6.4), (6.5), (6.6) are obtained by differentiation of (6.2) with respect to
and ¢. We now omit for simplicity to writgw) for the functions depending
onu. By (6.2) and (6.6) we get

(6.7) pik+pk{(p(u))ae — F(pB) + £} = {¢' (¢(u))ae — F(pB) + f}a
where 3(u) := k(u)a(u). Then using (6.4) and (6.5) we have

/

Kk
pik + pk' {pok +p27 —F(pB) + f} =
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(10// 2k,k;
(6.8) = Zpk{p.k +p*— — F(pB) + f}+
14 ¢
Kk Kk, k /
T ook +3ppa 49 () S F (pO)pai—F' (pB)p 2 k+¢/pk}
Then L(p) = 0, where L is the parabolic differential operator defined by
4,0” 'k
L(v) = vt — @ gy — v (2K + ka) 3 = I
14 1 ,
(6.9) +U(E‘f—%f_fl)—i_vm(Fl(U,B)/B%)

1/

<<m +¢P@@+mew>

We take ¢(r) = fr) =P, k(r) = r(e — r™ 1) with e =
1+ cm L alr) = (a/m) a=m with o > m by hypothesis andF
satisfyingO < F(&) <€)7 and |[F/(€)] < q|€]97L. There exists a constant
C depending onc such that

(6.10) K%wwgmm<a|<f—w¢wwgc

(6.11) |F(vf(u)) F(uB(u) +F' (vB(w))vf(u)] < Clv|?

k(u) ¢ (u)
, ¢’ (u) p
(6.12) IF/(0B)B) 5 < Clul!
and
k'k
(6.13) ” (u) >C

. 1 Ke
Let K > 0 and consider, = (1+ t1/2)17 wheree = £1. Then
$

(6.9), (6.10), (6.11), (6.12) and (6.13) yield

1 1

(1 - $2)3€L(C€) > C{C,Ks(l + 17/2) o KQ(l + W)Z_
1 1 1 K
(614) —K(14 75) = K71+ 75) —Kq+1(1+tﬁ)q+1 ~ a5k
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where C' and ¢’ are positive constants. By hypothesjst+ 1 < 3, then
we can choosék’ large enough such that

(6.15) (1 —2?)3eL(¢) > 0.

We now apply the maximum principle to the solutions of approximated
- On(Un)e

problems, and we get fop,, = ————

_Ln(g—l) < Ln(pn) < Ln(gl) m QT
—o0=¢1<p, <& =400 on 92 x(0,T),

whereL,, correspond to operatdr with approximated coefficients. Passing
to the limit we obtain for a.e(x,t) € Qr
1 k(u) 1 k(u)

_K(1+t17)1—x2 < (u")z(z,t) SK(1+1517)W

and (6.1) is proved.
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