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REGULARITY FOR ENTROPY SOLUTIONS OF
PARABOLIC p-LAPLACIAN TYPE EQUATIONS

S. SEGURA DE LEON AND J. TOLEDO

Abstract

In this note we give some summability results for entropy solu-
tions of the nonlinear parabolic equation u¢ — divay(z, Vu) = f
in ]0, T[xQ with initial datum in L'(2) and assuming Dirichlet’s
boundary condition, where a,(.,.) is a Carathéodory function sat-
isfying the classical Leray-Lions hypotheses, f € L'(]0, T[x£2) and
Q is a domain in RYN. We find spaces of type L" (0, T; M94(Q)) con-
taining the entropy solution and its gradient. We also include some
summability results when f = 0 and the p-Laplacian equation is
considered.

1. Introduction

Let Q be a domain in RY (bounded or not) and let 1 < p < N. Let
a, : O x RV — RY be a Carathéodory function satisfying the classical
Leray-Lions conditions in such a way that diva,(x, Vu(z)) defines an
operator from Wy () onto W% (Q) (see [10]). The model example
of such function is a,(z, &) = [£[P~2¢ which determines the p-Laplacian
operator A,u = div(|VulP~2Vu).

1991 Mathematics subject classifications: 35K65, 47TH20.
This research has been supported by the Spanish DGICYT, Proyecto PB94-0960.



666 S. SEGURA, J. TOLEDO

We are interested in the regularity of entropy solutions (see Defini-
tion 2.4 below) of the following parabolic problem:

u —divay(z, Vu) = f, in Qr :=]0,T[xQ,
(P) u=0, on St :=]0,T[x 0%,
u(0) = uyg, in Q;

where ug € L'(Q) and f € L1(Qr).

A distributional solution of this problem was found in [9]. The notion
of entropy solution of (P) is used in [1] and [11] to obtain uniqueness.
(An equivalent concept, in terms of renormalized solution, can be found
in [7], [13], [14] and [16].) We remark that in [1] it is only considered the
case f = 0, although the proof of the general case can be easily obtained
following the same steps and taking into account the arguments of [6,
Chapter 4]. On the other hand, the hypotheses in [11] are p > 2 — ﬁ
and €2 bounded. In both articles some summability results on the entropy

solution u and its gradient are given; more precisely, u € M~ ~ — (Qr)

and |Vu| € M’FNLH(QT) (see [1]), and |Vu| € ﬂq<p7NL+1Lq(QT) (see
[11] or [9]). These summability results are obtained jointly for time and
space variables; thus, as a consequence of these papers, it is not possible
to get optimal regularity when both variables are separately considered.

The purpose of this note is to give a precise summability result of
the entropy solution and its gradient with respect to space and time.
This was studied in [8] for weak solutions of (P) in the framework of
Lebesgue and Sobolev spaces when p > 2, up = 0 and 2 is bounded.
The main result of [8] states that there exists a weak solution u of (P)
such that u € L"(0,T; Wy*(R)) for p/2 < ¢ < N(p —1)/(N — 1) and
1<r<q((N+1p—-2N)/(N+1)g—N), and for 1 < ¢ < p/2 and
r=np.

Some remarks on their assumptions are as follows. Firstly, it is possi-
ble to get a similar result if 2 —1/(N + 1) < p < 2, as it is observed in
[8, Remark 1.7]. Moreover, analogous results also hold for other initial
data ug # 0, as it is pointed out in [12]. Nevertheless, their hypothesis
of 2 bounded cannot be removed if their arguments are to be followed,
in fact it is needed from the very begining when they obtain the a pri-
ori estimates in [8, Lemma 2.2]. We want to show in this paper what
the situation looks like in the framework of Marcinkiewicz spaces (see
Definition 2.1 below) since we think they should be more suitable for
L'-data (see [3] for the elliptic case). We obtain an improvement of the
results of [8] since our arguments work for small p > 1 and unbounded
domains.
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Theorem 1. Let Q) be a bounded domain and let u be the entropy

solution of problem (P).
(1) If 25 <p < N, then

we L"(0,T; M1(Q)) forl<g< Np=1)

N—p
andr<(N+1j)\;972qulv
[Vu| € L™(0,T; M9(Q2)) forg <q< %
andr<q%,
forng and r < p, and
forq<§ and r = p.

(2)If1<p< ]3—11, then

|Vu| € LP(0,T; M1(Q))  for g <

Remark 1.1. When Q is bounded, one can replace M9(2) by L(Q2)
due to the relations between Marcinkiewicz and L9 spaces in bounded
domains, and to the fact that ¢ satisfies strict inequalities.

Theorem 2. Let Q be an unbounded domain and let u be the entropy
solution of problem (P).

(1) Ifl\zf—f1 <p <N, then

Np-1)

ue L"(0,T;MI(Q)) forl<g< N

(N+1)p—2N ¢

and r <

N qg—1’
Np-1
|VU| S LT(O,T,Mq(Q)) fO’I‘%j <qg< %
N+1)p—2N
andr<q%

(N+1)g—N "
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(2) If 1 <p < 255, then

N({p-1
we L0, T; M%) for Np=1) <g<l1
N—p
(N+1p—-2N ¢
and r < N -1
N(p-1) p
T . q -
|Vul € L7(0,T; M1(Q))  for N1 <4<3
(N+1)p—2N
andr<q<N+1)q7N.

Remark 1.2. For p = 2, the bound on r is exactly the same one that
can be computed for the fundamental solution of the Heat equation.

We improve these regularity results when f = 0 and the p-Laplacian
operator is considered.

Theorem 3. Let Q be a bounded or unbounded domain, 1 < p < N
and let u be the entropy solution of problem (P) with the p-Laplacian
operator and f =0, then

N(p—1)

we L"(0,T;M =2 (Q)) forr<p-—1.

N(p—-1)

|[Vu| € L™(0, T; M™~=1T (Q)) forr<p-—1.

|Vu| € L"(0,T; M3 (Q)) forr < p.

This paper is divided into five sections. The next one is on prelimi-
naries: we include the definitions of Marcinkiewicz spaces and entropy
solutions of problem (P) and the first estimates on the solution and its
derivative. Section 3 is devoted to prove Theorem 1 (Theorems 3.1 and
3.2), while in section 4 we prove Theorem 2 (Theorems 4.1 and 4.2). Fi-
nally, in section 5, we prove Theorem 3, and we also give other regularity
results when f = 0 and the initial datum wug lies in M*(Q) N LY(Q) or
Ls(Q)NLYQ), 1 <s <2
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2. Preliminaries

Throughout this note the Lebesgue measure on 2 will be denoted by
M-

Definition 2.1. For 0 < g < oo, the set of all measurable functions u :
Q — R such that the functional [u], := sup kpuy {|u| > k}1/9 is finite
is called a Marcinkiewicz space and is denoted by M?((2).

It is straightforward that, for bounded Q, we have M?(Q) C M"(Q)
for r < gq. The connection between Marcinkiewicz and Lebesgue spaces
is easy: L1(2) C M9(Q) C L}, .(Q) for r < ¢ (see, for instance, [17]); let
us point out that Marcinkiewicz spaces are also known as weak-Lebesgue
spaces.

When ¢ > 1, the Marcinkiewicz space Mq( ) is a Banach space with
the norm defined by |ull, = supt>0t a fo T)dr, where u*(1) =
1nf{k >0 py{lul >k} < 7'} defines the non-increasing rearrange-
ment of u (see, for instance, [17, Definition 1.8.6]). As a consequence of
this definition one has that [} [u| < {K}q;r1 lu|q for any K C © with
finite measure. Note that endowed with this norm, if u,v € M%(Q),

then fo T)dr < fo 7)dr for all ¢ > 0 implies ||ul|; < |Jv]l4; that is,
Mi(Q)is a normal space in the sense of [5, Definition 2.8].

Definition 2.2. If r, g €]0, +oo[, we will say that a measurable func-
tion w :]0, T[x§2 — R belongs to L"(0,T; M%(Q)) if fo o dt is finite.

The following result is well known; a proof may be seen, for instance,
in [2, Lemma 1.3].

Lemma 2.3. Let I C R be an interval and denote by A the set of
all measurable functions A : [0,T] — I. Let f : [0,T] x I —]0,4o00[
be a function such that for each A\ € A the function t — f(t, A(t)) is

measurable. Then fOT (supkel f(t, k)) dt = supycp fOT Ft, A(t)) dt

Before introducing the concept of entropy solution, we will define the
following functional spaces (see [3]). Given k > 0, deﬁne the truncature
operator by Tx(¢) = (CAk)V(—k), whose primitive is Jy (& fo Tk (s) ds.
The space of all measurable functions v : 2 — R such that Tku €
Wlicl () and VT,u € LP(Q) for all k > 0 is denoted by 71?(Q) while
7,7 (2) denotes the space of all functions u € 7 () such that for every
k > 0 there exists a sequence (¢,,) in C§° () satisfying V¢, — VT u in
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LP(Q) and ¢, — Tyu in L (Q). If u € T1P(Q), a derivative Vu can be

loc
defined as the unique measurable function such that VT,u = Vu-x{ju|<k}

for all k£ > 0 (see [3, Lemma 2.1]).

Definition 2.4. We will say that a function u € C([0,T]; L*(£)) is
an entropy solution of (P) if u(t) € T,"*(2) for almost all ¢, VT (u) €
LP(Qr) for all k > 0 and

/Ot/QSO/Tk(U—SD)+/Ot/ﬂ<ap(z,vu),ka(u_(p)>

< [ 50— p0) - [ R0 -v0)+ [ [ -
for all & > 0, t € [0,7] and ¢ € L=(Qr) N L?(0,T; W, (Q))N
wh(0,T; L'(9)).

Taking ¢ = 0 in the formulation of entropy solution it follows that
1 (T

— / / (ay(z, Vu), VI,u)

kJo Ja

</Q%W+/OT/QJC%</Q|W|+/OT/QW

for all £ > 0. Consequently,
T[N Tu(t))
(2.1) / /431\4, Yk >0,
0 Jo k

being M = [, |uo| + fOT Jo Ifl. (Recall that one of the Leray-Lions as-

sumptions asserts that there exists o > 0 satisfying a|{|? < (a,(z,€),£);

we consider a = 1 since there is not loss of generality in doing so.)
From now on u will denote the entropy solution of (P).

We will finish this section giving the basic estimates in order to prove
our regularity results. We will use the fact that u € C([0, 7], L*(£2)) and
the estimate given in (2.1).

Proposition 2.5. For every § > 0 there is g € L'(0,T) such that

/ IVTu(t)P { Kog(t), iftel0,T] and k > 1;
Q k L k0(t), iftel0,T] and k < 1.
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Proof: We just prove the first assertion, the second one can be proved
similarly. Consider a measurable function A : [0,7] — [1,+occ[ and the
sets Aj :={t € [0,7]:27 < \(t) < 2T}, j > 0, and compute to get the
following inequalities

‘VT)\(t)’LL |p ‘VTQJJA’U,
0 Q 1+5 Z 2] 1+6

=2 |V Ty 41u(t)|P |

/ / VTxl?
0 k>1 g S
Y Teu)l?

and now Fubini’s theorem allows us to take g(t) > supy>; [o “ s

By Lemma 2.3,

Observe that there is no loss of generality in taking g(t) > M = as
we will do in our following estimates.

Proposition 2.6. Let§ €]0,p—1[. Then there exists a constant C > 0
such that for almost all t € [0,T],

(1) sup ke {[u(t)] > K} To9 < (Cglt) 7=
k>1

2) sup ki {ult)| > K} 7O < (Cg(t) 7.
k<1
Proof: Proposition 2.5 and Sobolev’s inequality imply two facts: on
the one hand, for all £ > 1 and almost all ¢,

i {u(t)] >k}</Q|TkZ#

N N

C NP g(t)~—>
> P 9w
< T (/Q|VTku(f)| ) < Ok,N(p_1—5)/(N—p)’

and, on the other hand, for all k¥ < 1 and almost all ¢,

i {u(t)] Zk}g/ﬂ%

c N7 g(t) ™
_— p ___JIN/
S </ﬂ |V Tu(t)] > < C o NG-1r) /)

from where the result follows.
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Proposition 2.7. Let§ €]0,p—1[. Then there exists a constant C > 0
such that for almost all t € [0,T],

(1) sup by {|Vu(t)] > b} < (Cg(t))r.
h>g(t)/pPM~1/p
@ s (VU0 > TR < )
>g(t) -1/ (N=»
2-5 1
3) sup by {|Vu(t) > b} < (Cg(t))r.
h<g(t)t/»M~1/»
(4) sup  huy{|Vu(t)] > R} ST < (Cg(t) 7.

h<g(t)=1/ (V=)

Proof: A similar argument to the one in [3, Lemma 4.2] can be applied.
We just prove (1) and (2), since the other assertions can be proved in an
analogous manner.

Before showing (1), let us point out that the operator associated with
the elliptic term — div a,(z, Vu) + the Dirichlet boundary condition, is
accretive in L*(Q) (see [3, Theorem 7.1] or [1]); thus, ||u(t)|j1 < |Juoll1 +
If|lx for all ¢ € [0,T] and so

1 1 T M
(22) py{lu®)] = k} < E/Q\u<t>| < (/ | +/0 /Qlf|> -7

This fact and Proposition 2.5 imply the following inequalities.
i {IVut)[>h} < py{|Vu(t) = VTu(t)] > h/2}+p {[VTu(t)] > h/2}

IVTu)P M k'og(t)
P P
< py{lu(®)] = k}+2 /Q o S Y

)1/(2+5)

By taking k = (hpM > 1, we get

9(t)
o AIVu(t)] > B} < (Ch™Pg(t))/ ),
and (1) follows.
To show (2), apply Proposition 2.6 (1) to obtain kP~1=%u  {|u(t)| >

N—p

k} ™ < Cyg(t) for all k> 1. Then, using Proposition 2.5,

p

V0] > 1 < iy lJuo)] 2 1y 20 [ D0
9(t)™ K g ()
S ONo--omvn T

Taking k = g(t)"/(N-1=OpN=p)/(N=1=0) > 1 (2) is obtained.
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3. Case Q) bounded
Theorem 3.1. If -2 < p < N, then

N+
N(p-1
ue L"(0,T; M1(Q)) forl<q<L
N-—p
N+1)p—-2N
andr<( +])\f qzl'
Proof: Let ﬁ—fl < p < N and g be as above and take § > 0 such

that p > N]S?jl&) and 1 < g < N(g’v_ijp_‘s). It will be enough to show that

ue L"(0,T; M9(Q)) for r = %—N@H)q%

First observe that the above inequalities imply that > p—1—4; thus,
for k > 1, we obtain that

K i {Ju(t)] > K}/

= (kp*lf‘suN{|u(t)| > k) NIGP) ) (kr7p+1+6uN{|u(t)| > k}'r‘fp+1+5>.

N—p

On the one hand, applying Proposition 2.6, k=1 =%u {|u(t)] > k} & <
Cyg(t) and on the other hand, by (2.2), kp, {|u(t)| > k} < M, so that

sup k" oy {Ju(t)] > kY4 < CMTTPTI O g(t),

¢ being an integrable function.

Since we also have, for 0 < k < 1, that k"u, {|u(t)] > k}/? <
iy {0217/ the function defined by [u(t)]; is integrable and consequently
u € L"(0,T; M1(Q)).

Theorem 3.2.
(Z)Ifl\gf—fl<p<N,then
N({p-1
Vul € L7(0,T; M) for L < g < Y= D
2 N -1
(N+1)p-2N
d RS,
an T<q(N—|—1)q—N’
forng and r < p, and
forq<g and r = p.

(2)If1<p< ]3—11, then

|Vu| € LP(0,T; M1(Q))  for g <

[\D.I'U
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N(p—1
Proof: Let 2 <p < Nand § < g < Me=U

~—1» and fix § > 0 such that
125 < 0. M) W e going o show that [V € L7(0,T: MY(9)
W, then the first part of (1) will be proved.

(N+1)g—N
Since 745 < ¢ < st,p_;ll:;), let o €]0, 1] such that é = % +

malﬁ. By Proposition 2.7, for each h> (M ~1g(t))}/? > g(t)~1/(N=p)
we obtain that

forr=g¢q

hi {|Vu(t)] > n}/

a(N-1-5) o (1—a)(2+8)
= (o un {IVu(®)] > B} ¥ ) (B {Vu()] > 0} )

11—«

< (Cglt) 7515

Since 7 satisfies } = ——§—5 + =9 it follows that

- p

sup  hp {[Vu(t)] > B} < (Cg(t).
h>M~—1/rg(t)1/p

Hence, supp,sps-1/pg(ty1/e by {{Vu(t)| > k}1/4 defines a function in
L™(0,T).
On the other hand,
sup (V)] > BT < (M (1) % {11,
0<h<M-1/rg(t)1/»
and thus it defines a function in LP(0,T"). It follows from J\Qf—fl < p and
p/2 < q that (N +1)g — N > 0, so that r < p. Therefore, UVu(t)Hq
defines a function in L"(0,T') and consequently |Vu| € L"(0,T; M%(%)).

Next, let 1 <p < N and 0 < ¢ < §. Fix d > 0 such that 0 < g < 5%5.
We are going to see that

Vul| € LP (0, T; M7 (Q));
this will prove the second part of (1), and (2).
By Proposition 2.7 (1),
240 1
sup  hpu{[Vu(t)] > hy 7 < (Cy(t)7
h>g(t)t/PM—1/P

and obviously

246 — 1 244
sup hi {[Vu()] > b} < (Mg (1) py {0} 5
0<h<g(t)t/PM—1/p
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Thus, supj,~q by {|Vu(t)| > k:} ® defines a function in LP(0,T) and
|Vau| € LP(0,T; M 75 (Q)).

Finally, the case ¢ = £, r < p, follows directly from embedding results
in Marcinkiewicz spaceb

4. Case Q unbounded

Theorem 4.1. If p # ﬁ—fl, then u € L"(0,T; M%(2)) for q strictly
(N—‘rl)p—QNL
N

between 1 and p Ne=D = ond r < —
—p q

Proof: Assume first that ﬁfl <p<N;letl <gqc< % and

fix § > 0 such that 1 < ¢ < Mf\%;‘s). We are going to prove that

u € L7(0,T; MI(Q)) for r = He=1=0=Vop) ¢ Tet oy €]0,1] such

that % = ag + %. By Proposition 2.6 and (2.2), we obtain
that

sup ko {u(t)] > K}/ < MO (Co() 7,

l—ay

sup ko {Jut)] > F}1 < MO+ (Co(t) 77,

and thus supy.q kfey {|u(t)] > k}'/7 defines a function that belongs to

L™(0,T), with r the minimun of 1N£p )} J) o7 and (1Nip )2+6) 5, that is,

_Np-1-6)-(N-p) ¢
N g—1

In the case 1 < p < I&—fl, consider § > 0 small enough such that

N(?\%;é) < q<1. Reasoning similarly one shows that u e LT(O, T, J\/lq(Q))

for r = N@=1+6)—(N-p) q_
q—1"
Theorem 4.2. If p # ]\2,51, then |Vu| € L™(0,T; M%(Q)) for q

N(p 1) (N+1)p—2N
(N+1)g—N *

strictly between 2 5 and ,andr < q
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Proof: Let us show it for 1 < p < 1\2,—11 The other case follows in the
same way. Let % < ¢ < % and fix § > 0 such that ngfp_——ll_:r;) <

q < 5%5. We are going to prove that [Vu| € L" (0,T; M9(Q)) for r =

N(2=8)—p(N+1 N(p—1+6
% IS,Z)T_::;)<q<%<QL_6,Ieta€]O,1[suCh

that % = ‘}éfﬁ:ﬁg; + (1_(%(2_6). By (3) and (4) in Proposition 2.7, we

obtain that

. Since

sup hi {[Vu(t)| > K}V < (Cg(t) =177,
0<h<g(t)—1/(N—p)

and thus supy,<,)-1/v—m by {|Vu(t)| > k}'/4 defines a function

in L"(0,T), with r; = q% (i.e., the number that sat-
isfies % = pfl‘ 5t (1;0‘)). Analogously, the function defined by

SUDPg(4)-1/(N—p) << (M1 g(t))1/» Py LIV U(E)] > k}'/4 belongs to L™ (0,T),
N(146)(2-8)—p(N(1-8)+(1+5))
N(1+6)—q(N(1-6)+(1+6))
SUP> (M—1g(1)) 1/ Ttn L VU (t)] > k}1/9 belongs to L™ (0,T), where r3 =
g N _pWNED - Therefore, the function defined by [|Vu(t)|]q belongs

N—q(N+1)
to L"(0,T), where r = min{ry,r2,r3} = q%.

where ro = ¢ , and the function defined by

5. Other estimates

To finish this note we show what happens when we take into account
another estimate instead of that of Proposition 2.5.

5.1. p-Laplacian evolution equations.

For p-Laplacian evolution equations and f = 0, the results of [1] and
[4] imply that, for any 0 < a < 1,

) [ oo (RO <o

Indeed, let k > 0; by [1], if ug € D(A), then the entropy solution belongs
to WH(0,T; LY (2)) and, for almost all ¢,

1 / Tku(t)
E/ﬂ(ap(a:,Vu(t)),VTku(t» g—/u(t) o,

Q
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Then [, W < Jo lu/(t)|. Since, when p-Laplacian is considered,
' (£)]]1 < “"0“ (see [4]), it ylelds J, et < ol - Now it follows
from D(A) = L'(2) and the continuous dependence on the data that

the inequality [, ‘VTk“(t)lp < ”““Hl holds a.e. for every ug € L'(2) and
every k > 0. Therefore (5.1) holds

Taking this estimate and following the steps given in this paper, one
will obtain, besides Theorem 1 and 2, the following improvement.

For any 1 <p < N,

u e L"(0, = (@) forr<p-—1.
|Vu| € L™(0, = () forr<p-—1.
IVu| € L™(0,T; M? () for r < p.

(-1
Let us point out that, in particular, one has v € L"(0,T; M N ()
(»-1)
and |Vu| € L"(0, N1 (Q)) for any r < p—1, so that this argument
gives us the same type of regularity obtained in [3] for the stationary
problem associated to (P).

5.2. More regular initial data.

We point out that the summability on the solution and its derivative
improves when L!-data are replaced by more regular ones (see [12] and
[15] where data ug € L*(€2), with 1 < s < 2, are considered). Following
the arguments of the above sections, we will show what is the precise
summability assuming that f = 0 and the initial datum ug belongs either
to a Lebesgue space or to a Marcinkiewicz one. Finally, we discuss an
example which proves that these estimates are sharp.

Whether ug lives in L*(€2) or in M?®(Q), our computations imply
lu(®)]] < |Juo| for all ¢ > 0. This fact holds true as a consequence
of being these spaces normal and the operator associated to the elliptic
term: — div a,(x, Vu) + Dirichlet boundary condition, completely accre-
tive (see [5] for the definition and [3, Theorem 7.1]). In order to use the
arguments of the above sections, we need another fact which is stated in
the following result.

Lemma 5.1. Let u be the entropy solution of (P) and let 1 < s < 2.
(1) If ug € L5(2) N LY (Q), then

T VTu(t)?
sup T < +00.
0 k>0 Q
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(2) If ug € M*(2) N LY(Q), then for every § > 0 there is g € L'(0,T)
such that

\VTu(t)P { Kog(t), iftel0,T] and k > 1;
o k25 L k%%(t), iftel0,T] and k< 1.

Proof: (1) As in the proof of Proposition 2.5, we only consider k > 1,
the other case is similar.

To begin with the proof, take a measurable function A : [0,7] —
[1,+oo[ and the sets A; := {t € [0,7] : 27 < A(t) < 291}, j > 0, and

denote
= [vu(o)l”
0 Jpw/2<umi<amy A2
Then
3 p
=2/ Ivug
J=07A; T 2<]u(®)|<A(®)} At)
= i % / VP
j=0 2 {27-1<|u|<2i+1}
and, since

(27 1<lul<2i143.2-1} 32771 T Jrs0i1y

for all j > 0 (see [15, Theorem 2.2], it follows that there exists C; > 0
such that

<o 220—2)(5—1)/ o

j=0 {luo|>27-1}

(oo} oo
=0y Y2 Z/ o).
—.J{
n=j

j=0 2n =< ug|<2m}
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Now, Fubini’s Theorem implies

<o iiQ(j—Q)(s—l)/ o)

n=0 j=0 {2n-1<|ug|<27}

and estimating the geometrical series, we get Cy > 0 such that

o0

1<y Y 216D / o]

n=0 {2n=1<]ug| <27}

(oo}

SC'QZ/ |ug|® < +o0.
n—0 {271—1<|UO‘S271}

One deduces from Lemma 2.3 that

T |Vu(t)[?
Sup o= | <>
0 k>1 \J{k/2<u(t)<ky K

Hence,

T o
1 / [Vu(t) [P
= sup — —
/0 Z 2](2—5) {

= kj2 1 <lu(t)| <20y (k/27)27s

oo 1 T t)|P
< Z =) / sup (/ %)
— 2J 0 k>1 {k/2<u(t)|<k} k

and, since Z;io =y converges, it yields

’ | Te Vu(t)[”
sup T 7o—s < +00.
0 k>1 Q k

The proof of (2) is analogous.

Using the arguments of the above sections, from Lemma 5.1 the fol-
lowing results yield.
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Theorem 5.2. Let u be the entropy solution of (P) and let 1 < s < 2.

(1) If up € L5(Q) N LY(Q), then u € L™(0,T; M(R)), where r <
q% and s < q < 1\/(%-#—7317—2)7 and |Vu| € L™(0,T; M1(Q2)), where

r< q% and q lies between %

(2) If up € M*(Q) N LY(Q), then u € L"(0,T;M9(Q)), where r <
SRt and s < g < SEEZE, and [Vul € L7(0,T3M9(Q), for q
N(pts=2) (N+s)p—2N

N+4s—2 (N+s)g—sN *

sp
and >

strictly between and %, and r < q

To finish this paper, we prove that the above estimates are sharp
in the framework of Marcinkiewicz spaces. We will show that, in the
case p = 2 and uy € M*(Q) N LY(Q), we have u € L"(0,T; M?(Q)),
with r < qN(i‘iS) and s < ¢ < ]évfp, but u ¢ L"(0,T; M%(Q)), with
Ns
N—-p*

r:q%ands<q<

Example 5.3. Let us consider Q2 = RY and the problem of finding

u e C([0,T],L'()) such that
{ ug — Au =0, in]0, T[xRY;
u(0,.) = ug, in RY;

where ug(z) = #XB(OJ)(JJ), with N/2 < a < N. Denoting s = N/a,
it is straighforward that 1 < s < 2 and ug € M*(RY) N L}(RY), but
up ¢ L*(RY). We know that the solution of this linear problem is given
by

—lz—y|?

1
u(t,z) = W/RNe T ug(y) dy.

Changing variables: x = nt*/? and y = £tY/2, we obtain
T
/O ()] dt

T
N / sup k" pf{z € RN : Ju(t,z)| > k}™/1 dt
0

k>0

T r/q
= sup k" / X e—y? x)dx dt
/0 k>0 ( RN {1/(47r)”/2 f]RNe S uo(y) dy>lctN/2}( ) )

T ’r’/q
Nr
= t2a sup k" / X g2 n) dn dt
/0 k>0 < RN {1/(47T)N/2 f]RNe \774 £l u0(§t1/2)d5>k}( )

r/q

T 1 e—\n4—fl2
= t2 supk"pud neRN: —/ —— dE > kt/? dt.
/o k>0 (Am)N2 [ g0 -2y €]



REGULARITY FOR ENTROPY SOLUTIONS 681

—In—&\z
By denoting now h = kt'/? and g(t,n) = (47r)N/2 fB(Ot 1/2) |£|"‘ dg,
we get

T T
/ [u(t)]g dt = / t5(5=) sup i € RY : g(t,) > /4 dt.
0 0 h>0

Define

7\71 €12

d
9:(n) N/2 /B(OT 1/2) e &

*\'1 €12
92( N/2 /]RN |§|a d€

and ¢; = sup,~o h"pu{n € RN : g;(n) > h}"/9, i = 1,2 (observe that both
constants are finite). Since g1(n) < g(t,n) < g2(n) for all ¢ € [0,T], it
follows that

T r( N T T r( N
02/ ¢3(5 ) dtg/ [u(t)]gdtgcl/ t5(% =) g,
0 0 0

Thus, if r < q%, then %(% —a) > —1 and so fo gdt <
+00; however, if r = q%, then 3 (% — a) = —1 and consequently

fOT [u(t)]; dt = +o0. Therefore, in the first case, the solution u belongs
to L™(0,T; M2(RY)), but it is not so in the second one.
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