Publ. Mat. 60 (2016), 27-53
DOI: 10.5565/PUBLMAT_60116_02

A NONLOCAL 1-LAPLACIAN PROBLEM
AND MEDIAN VALUES
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Abstract: In this paper, we study solutions to a nonlocal 1-Laplacian equation given
by

uy (y) — u(z)

[ @y =)

Qy [y (y) — u(z)]

with u(z) = 9(z) for x € Q; \ Q. We introduce two notions of solution and prove

that the weaker of the two concepts is equivalent to a nonlocal median value property,

where the median is determined by a measure related to J. We also show that

solutions in the stronger sense are nonlocal analogues of local least gradient functions,

in the sense that they minimize a nonlocal functional. In addition, we prove that

solutions in the stronger sense converge to least gradient solutions when the kernel J

is appropriately rescaled.

dy=0 forzeQ,
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1. Introduction

A well known fact is that solutions to some partial differential equa-
tions are related to mean value properties. A classical example that one
can find in any elementary PDE textbook states that u is harmonic in a
domain Q C R (that is, u verifies Au = 0 in Q) if and only if it verifies
the mean value property

() = =

|B-(x)]

for all € > 0 such that B.(x) C Q. In fact, one can relax this condition
by requiring that it holds asymptotically

1 2
u(r) = Bo@) Lo u(y) dy + o(e”),

as ¢ — 0. This follows easily for C? functions by using the Taylor ex-
pansion and for continuous functions by using the theory of viscosity

(y) dy,
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solutions. A weak asymptotic mean value formula holds in some non-
linear cases as well. In fact, in [8] the authors characterize p-harmonic
functions, that is, solutions to the p-Laplacian,

Ayu = div(|VulP~?Vu) = 0,
for 1 < p < oo, by means of an asymptotic mean value property.
In [7] the authors characterize solutions to the following problem
(1.1) Ay =0

in terms of another asymptotic geometric property; the operator A is
given by
Du
Ay .= |Du|div | —
= Dulaiv 5o ).

which is a variant of the 1-Laplacian given by div( IBZI

the two dimensional case, the asymptotic expansion

). They show, in

2
5
u(r) — median,epp_ (o) u(s) = —EA{IU(QT) + o(e?);

here, the median of a continuous function over a measurable set A,
mediange 4 u(s) = m, is defined as the unique value m such that, for u
the 1-dimensional Hausdorff measure,

1(A)

pu{z € A:u(z) >m}) > @ and p({x € A:u(z) <m}) > —

Observe that for such definition we just need u to be measurable with
respect to p. However, we just have uniqueness of the value m for
continuous functions, see for instance [10]. The relation between the
median property and solutions to A v = 0 is further investigated in [12].
In this work the authors prove that functions verifying the following local
median value property

(1.2)  u(z) = median,eyp, () u(s), for every x € Q2
and every 0 < r < R(z) < dist(z, 9Q),

are solutions to Ay = 0 in viscosity sense. This proof is based on
the previous asymptotic expansion, thus they restrict themselves to the
bidimensional case. Furthermore, if Q C R? is a strictly convex bounded
open set, they show existence of at least one solution to the Dirichlet
problem associated to (1.2), for boundary data g: 9 — R whose level
sets verify adequate conditions. See also [11] for a study of the associated
evolution problem.
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On the other hand, in [9] it is proved that the Dirichlet problem for
the 1-Laplacian operator

Du
e [ Pu N O
(1.3) div (|Du|> 0, ing,
u = h, on 0f),

has a solution u € BV(Q) for every h € L'(99Q). The relaxed energy

functional associated to problem (1.3) is the functional @y, : L¥ Q) —
(=00, +00] defined by

/|Du\—|—/ |u —h|dHN"! if ue BV(Q),
Q o0

+00 if ue L¥1(Q) \ BV(9).

(1.4) @p(u)=

In [9] it is shown that the solutions of problem (1.3) coincide with
the functions of least gradient that appear in the theory of paramet-
ric minimal surfaces, see [6, 13, 14]. This problem is quite different
from (1.1) since it involves giving a meaning to % when the gradient
vanishes. These difficulties were tackled in [1] (see also [9]) by means of
a bounded vector field z which plays the role of Igzl' Moreover there
are extra difficulties for the Dirichlet boundary condition, which has to
be considered in a weak sense.

Our aim here is to study solutions to the nonlocal 1-Laplacian with
Dirichlet boundary condition ):

_ oo gy W) —ul@) Lo
(L5) o Ty @ W= T

u(z) = (), z e\

and to relate them with a nonlocal median value property and with
a kind of nonlocal least gradient functions. Hereafter, @ C RN is a
bounded and smooth domain and J: RV — R a continuous nonnegative
radial function, compactly supported in B;(0) with J(0) > 0, verifying
Ja~ J(2) dz = 1. We denote by

Qs =Q+supp(J) and by wuy :=uxo+ YXa,\a-

Let us define the following measure of a set E C B1(0):

uS(E) ::/EJ(z)dz.
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Therefore, for f: RN — R a measurable function (not necessarily con-
tinuous), a median value m of f with respect to ,ug is given by:

1S ({yeBi(0) : f(y) >m})>

We denote such fact by

and  pS({yeB1(0) : f(y) <m})>

N =

m € medlanﬂg I

Also we will denote by sign the multivalued sign-function defined as

1 if z >0,
sign(z) =< [-1,1] if 2 =0,
-1 if z < 0.

With these notations let us introduce our definition of a weak solution
to (1.5).

Definition 1.1. Let ¢ € L'(Q;\ Q). We say that u € L*(Q) is a
weak solution to (1.5) if there exists g: Q; x Q; — R such that g €
L%(Qy x Q) with [[g]le <1,
(1.6) J(z—y)g(z,y) € J(x —y)sign(uy(y) — uy(z)),

a.e. (z,y) € Qs x Qy,

and

(1.7) - J(x—y)g(xz,y)dy =0, ae. x€.
Q

We have the following characterization of weak solutions of the nonlo-
cal 1-Laplacian with Dirichlet boundary condition in terms of a nonlocal
median value property.

Theorem 1.2. Given ) € L'(Q;\Q), we have that u is a weak solution
to (1.5) with Dirichlet datum ¢ if and only if, u verifies the following
nonlocal median value property:

(1.8) u(z) € median,o uy(z —-), =z €,
that is, for x € €,

pi{y € Bi(x) s uy(y) = u(z)}) >

pi({y € Bi(x) s uy(y) <u(x)}) >

where (% (E) := [, J(x —y)dy for E C By(x).
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If in addition, we assume in Definition 1.1 that the function g is
antisymmetric, we get a more restrictive concept of solution, which we
call variational solution since it can be characterized as a minimizer of
the functional Jy,: L' () — [0, +o0[ given by

19 T [ [ Tl - )] dedy.

This functional Jy is the nonlocal version of the energy functional ®j
defined by (1.4)

Definition 1.3. Let ¢ € L*(2; \ Q). We say that u € L'() is a
variational solution to (1.5) if there exists g: Q; x £; — R such that
g € L™ (Qy x Q) with [|g]lec < 1 verifying

(110) g(I,y) = —g(y,x), for (l‘vy) a.e. in QJ X QJ,

(1.11)  J(z —y)g(z,y) € J(z — y)sign(uy(y) — uy(2)),
a.e. (z,y) € Qy x Qy,

and

(1.12) — J(x—y)g(z,y)dy =0, ae x€.
Qg

Obviously any variational solution is a weak solution for the nonlo-
cal 1-Laplacian, but we will show in Subsection 3.1 that the class of
variational solutions is strictly smaller than the class of weak solutions.

Theorem 1.4. Let ¢p € LY(Q;\ Q). Then u € LY(Q) is a variational
solution to (1.5) if and only if it is a minimizer of the functional Jy
given in (1.9).

The following result links nonlocal with local problems (see also [2,
4]):
Theorem 1.5. Let Q be a smooth bounded domain in RN and z/; €
L>(0R2). Take a function b € WH1(Q;\ Q) N L>®(Qy \ Q) such that
Yloa = . Assume also J(x) > J(y) if |z| < |y|. Let u. be a variational
solution to (1.5) for J.(x) := —1J (£). Then, up to a subsequence,

ue —u in  LY(Q),

being u a solution to (1.3) with h = 1.
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To conclude this introduction we would like to mention that in [2] (see
also [4]) the authors study the evolution problem for a nonlocal operator
with Dirichlet boundary conditions:

(L13) wy(x,t) = /J(:v —y) lu(y, 1) = ulz, )" (u(y,t) - ulz, 1)) dy.

They show that these solutions (for a fixed initial condition) converge,
when the kernel J is appropriately rescaled, to the solution of the usual
evolution problem for the p-Laplacian, u; = Apu. In those references
the case p = 1 is also included. This particular case is more subtle than
the case p > 1, because of the appearance of ‘g—z‘ as we pointed out
before; note that there is also a similar difficulty even in (1.13) when
u(y) = u(z) for x, y such that x — y € supp(J). Furthermore, another
difficulty when studying these nonlocal problems is to make sense to the
boundary condition for general h € L'(9Q), since it does not necessarily
hold in the sense of traces. We will take advantage of the techniques
developed in [2, 4] to obtain some of the results given here.

The paper is organized as follows: in the next section we prove the
existence of variational solutions, hence the existence of weak solutions,
of problem (1.5). In Section 3 we prove the characterization of both
types of solutions given in Theorems 1.2 and 1.4; moreover we show that
both concepts may not coincide. Finally, in Section 4 we prove that least
gradient functions can be approximated by variational solutions of the
nonlocal problems when the kernel J is appropriately rescaled.

2. The Dirichlet problem for the nonlocal 1-Laplacian

The following Poincaré type inequality, established in [2], will be use-
ful in the sequel.

Lemma 2.1. Givenqg>1, J: RY 5 Ra nonnegative continuous radial
Junction with compact support, {2 a bounded domain in RY, and ¢ €
L1(Q;\ Q), there exists A\ = A(J, L, q) > 0 such that

s [ u@pras< [ f @) lugly) — u(e)|” dyde+ [ _lwtlay

QN0
for all w € LI(2).

Using ideas developed in [2, 4] we can prove the next two results.
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Theorem 2.2. Given ¢p € L*°(Q;\ Q) and p > 1, there exists a varia-
tional solution to the homogeneous nonlocal p-Laplacian Dirichlet prob-
lem:

(2.1)
—/Q T (@ =y) |(up) o (9) = p (@) ((wp) () —up()) dy=0, @ € Q,
Up : Y, IGQJ\Q.

Proof: Let us consider the functional
1
Fwi=o [ [ I ) - w0 dyde, e L(9)
2p Ja, Ja,

Set

= inf
0 uelﬁv(g)}-”(u)’

and let {u,} be a minimizing sequence. Then,

0= lim F,(u,) and K :=supFp(u,) < +oc.

Poincaré type inequality (Lemma 2.1) yields

A / i ()P iz < / [ I =) )s0) el dy

Pd
+ / e dy

— 9 F(un) + / ()P dy < 2K
Q\Q

P dy.
+ / e dy

Therefore, we obtain that
/ lun(x)|Pde < C, VneN.
Q

Hence, up to a subsequence, we have
Up, —~up, in  LP(Q).
Furthermore, using the weak lower semi-continuity of the functional 7,

we get

Fplup) = uei&f(m Fp(u).
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Thus, given A > 0 and w € LP(Q2) (we extend it to Qs \ Q by zero), we
have
Fp(up + Aw) — Fp(up)

<
0< \ )

or equivalently,

0= [ [ Il + dwus)  ()s(@) + du @)
=)o ®) = )y @] / (02) dydo.

Now, since p > 1, we pass to the limit as A | 0 to deduce

1 p—2
05 [ [ @0l - @)

X ((up)y(y) = (up)y (2))(W)y(y) — (w)y(z)) dy da.

Taking A < 0 and proceeding as above we obtain the reverse inequality.
Consequently, we conclude that

1 p—2
0=73 /QJ /Q,, J(@ = y) |(up)y(y) — (up)y ()|
x () (y) = (wp)s (@) (W) (y) = (w)y () dy da
_ / / T(z =) [(up)y (y) — (up) ()P~
Qs JQy

X ((up)y(y) = (up)y (2)) dy (w)y (2) da.

In particular, since w = 0 in Q; \ , it follows that

0= —/ T(=y) [(up)y (y) = up(@)["~* ((p) () —up(@)) dy w() da,
eJa,
which shows that u, is a solution of (2.1). O

Proposition 2.3. Let u, be the solution to (2.1) for ¢ € L*=(2;\ Q).
Then, [luplloc < [|[|oo-

Proof: Set M := |¢{|lo, multiply equation (2.1) by (u, — M)" and
integrate over {2 to obtain

0=- / J / T =) lg)ol) — ) o)

((up)y(y) = (up)y () dy ((up)y — M) () da,
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or equivalently

0= [ [ I =) 1w)e@) ~ )o@ (w)o(0) ~ (u)o(o)
Qs Jy

X (((up)y = M) (y) = ((up)y — M) ()) dy dax.
In addition, since
|7~ _ S|p—2(r _ s)(r+ _ s+) > |7“+ _ 5+|p7

it holds that
[ ] =)l = M) = (e - M) @) dyde <o,
Qs JQy
Then, using again the Poincaré type inequality (Lemma 2.1) we get

[ =30y @) e =
Q

This shows that u, < M a.e. in §2, for any p > 1. Analogously, we can
verify that —M < u, a.e. in Q. Thus |lup|lec < M for every p > 1. O

We are now ready to prove the existence of variational solutions to
problem (1.5).

Theorem 2.4. Given ) € L>(2;\Q) there exists a variational solution,
hence a weak solution, to problem (1.5).

Proof: The previous result ensures that there exists a subsequence p,, —
1, denoted by p, such that

u, —u  weakly in L'(Q)
and
[(up)o(y) = (up)u (@) P2 ((up) () — (up)y(2)) = g2, y)
weakly in L'(Q x Q).
The function g is L*>°-bounded by 1, satisfies

—/ J(x—y)glx,y)dy =0, ae ze€Q,
Q
and, moreover, it is antisymmetric. In order to see that

J(x —y)g(z,y) € J(z — y)sign(uy(y) — uy(x)), ae. (2,y) € Qs xQy,
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we need to prove that

_/Q o J(x —y)g(z,y) dyuy(z) dx
(2.2) 778
B % /QJ Q, I (@ = y) luy(y) — uy(2)] dy dz.

In fact, it holds that

% /QJ /m](x =) [(up)up(y) = (up)y ()| dy da

- / J(& — ) |(tp)es () — (tp) () P2
Qs JQy
% () (4) — (p) g (2)) dy (1) ()

/ / (2 — ) lup(y) — up )"
QA\QJQy

X (up(y) = up(x)) dy () dx

Therefore,

o1
tiws [ [ @) ) - @) dy s
p Qs JQy

(2.3) -/ J(z — y)g(, ) dy ¥(z) do
aneJa,

= —/ J(x —y)g(z,y) dyuy (v) dz.
Q;J0,

Now, by monotonicity (see for example [4, Lemma 6.29]), for all p €
L>=(9),

. /QJ /QJ T(x = y) lpu(y) = pu(a)’~?

X (py(y) = py()) dy ((up)y (z) — py(w)) dz

<[] e - e

X ((up)y (y) = (up)y () dy ((up)y (x) = py(2)) dz.
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Taking limits as p — 1 and invoking (2.3) we get

- /Q /Q J (& — ) signg(pp (4) — po(@)) dy (up(z) — py(a)) da

<- / / J(& — y)g(z,y) dy (uy () — py(z)) d,
Qs JQy

where
1 if z>0,
signg(z) =<0  if z=0,
-1 if 2z <O0.
Taking p = u £ Au, A > 0, dividing by A, and letting A — 0, we ob-
tain (2.2), which finishes the proof. O

3. Characterization of the solutions of problem (1.5)

Let us begin this section with the proof of Theorem 1.2, that charac-
terizes weak solutions of (1.5). We will use the following notation: given
x € Q we decompose By (x) as

Bi(z) = {y € Bi() : uyp(y) > uw(z)} U{y € Bi(z) 1 uy(y) <
U{y € Bi(x) : uy(y)

= ETUEY UE].
Hence
L= p5(ES) + 5 (BL) + 15 (Ep),
and therefore, (3.1) and (3.2) below are equivalent:
(3.1) —py(Eg) < pi(EY) — pi(EY) < pj(Eg),
(32)  1<2(uj(EY) + pi(EF)) and 1< 2(uj(EY) + pi(EG)).
That is,

(31) = 15 ({y € Ba(@) : up(y) = u(@)}) > 5 and

(3.3)

N = N

wi({y € Bi(x)  uy(y) < u(e)}) =

Proof of Theorem 1.2: Let u be a weak solution to (1.5) with Dirichlet
datum ¢ € L'(Q,\ Q), and take g as in Definition 1.1. By (1.7) we have

- / J(@ — y)g(a,y) dy = 0.
Bl(a:)
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0= /E,TJ(‘”—Z/)Q(%y) dy+/EmJ(ﬂf—y)g(fc>y) dy+/EmJ(x—y)g(x,y) dy

—3(B) =3 (B2) + [ Ta =)oty do

Since g € [—1,1] in EF, it holds that

W5(E7) = i (E2) + / J(@ — y)g(e.y) dy < @3 (EE) + w5 (E2)

x
0

and

3 (B5) = w3 (B%) — [ (o = y)glr)dy < 3 (B7) + 5 (E5),

o
that is
—n3(Eg) < pi(EZ) — pi(EY) < p(EF).

This proves, on account of (3.3), that u satisfies the nonlocal median
value property (1.8).

Let us show now that the converse is also true. Let u be satisfying

the nonlocal median value property (1.8), that is (on account of (3.3)
again),
—py(Ep) < pi(BL) — p(EY) < pi(Ep).
We have to find a function g(z,y) verifying the conditions of Defini-
tion 1.1. For z such that p%(EF) = 0 let us define

L ifuy(y) > uy (),
9(@,y) =0 if uy(y) = uy(),
=1 if uy(y) < uy(x),
and if p%(Eg) > 0,

1 if uy (y) > uy(z),

w4 BT (ED) — i (ET) _
9(z,y) : . uff,(Eg)J =iy (y) = uy(2),
-1 if uy (y) < uy(x).

This function g belongs to L™ and obviously ||g||cc < 1. In addition, it
verifies (1.6), that is,

J(x—y)g(z,y) € J(xz —y)sign(uy(y) —uyp(x)), ae (z,y) € Qyx Q.
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Now, we have to check equation (1.7). In the case p%(Ef) =0,
pi(EY) = piy(EL) = bR
and we conclude that

/ J(x —y)g(x,y)dy
Bi(x)

:/T J(af—y)g(x,y)der/Em J(x —y)g(z,y)dy

i

J(x —y)g(z,y) dy + /E J(x —y)g(z,y) dy

+ /E J(x — y)g(e,y) dy

-
0

=/ Ja-ydy— | J@-y)dy
EBY EZ
py(E2) — p3(ET) /
+ pa— J(x —y)dy
15 (E§) EZ ( )
= wy(EY) — w3 (EY) + (n5(EY) — p3(ET)) = 0.
This completes the proof. O

Let us now characterize variational solutions as minimizers of 7.

Proof of Theorem 1.4: Let u be a variational solution of problem (1.5).
Then, there exists g € L>(Qy x Qy) with ||g|lcc < 1 verifying (1.10),
(1.11), and (1.12).
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Given w € L(Q), multiplying (1.12) by w(z) — u(x), integrating, and
having in mind (1.11) and the antisymmetry of g, (1.10), we get

0= [ [ I =gle.p)dy (wsla) — usl@) da

- % /QJ /QJ‘](JC = y)g(z, y)[(wy(y) — wy(2)) — (uy(y) — uy(2))] dy dx

IN

% /QJ /m J(x = y) [wy(y) —wy ()| dy dx

3| ] I ) — (o) dyda
= Jo(w) = Tulu).

Therefore, u is a minimizer of Jy.

Assume now that v minimizes the functional Jy. Theorem 2.4 shows
the existence of a variational solution 7 of (1.5). Namely, there exists
g: Qs x Qy — Rsuch that g € L>®(Q; x ), llgllec < 1, g(z,y) =
—g(y,z) for (z,y) a.e. in Q; x Q,

(8.4) J(e—y)g(x.y) € J(e—y) sign(@y(y)—Ty(2)), ac. (2,y)eQxy,
and

(3.5) - / J(x—y)glz,y)dy=0, ae zec.
Qs
Since u is a minimizer of Jy,
Ty (@) = Ty (u) = 0.

On the other hand, arguing as in the other implication, we obtain
that

0= _~/Q /Q J(w_y)g(x’y)dy(ﬂw(x) _qu(l'))dx
N %/ﬂ /Q J(@ —y)g(@, )Wy (y) — Uy () — (up(y) — uy(z))] dy dz
- ;/Q] /QJ J(x —y) [ty (y) — Uy (z)| dydx
- %/Q /Q J(x = y)g(@,y)(uy(y) — uy(z)) dy dx

=2~y [ [ I et nnat) - v @) dyd.
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Therefore,

% /QJ /ﬂ.zj(m —y)9(@,y)(uy (y) — uy(z)) dy dx

1
—5 [ [ =l - uste) dyda.
Qg JQ,
Hence,

J(@ —y)g(x,y) € J(x —y) sign(uy(y) —uy(x)), ae (z,y) € QyxQy,
which jointly with (3.4) and (3.5) imply that « is a variational solution
to problem (1.5). O

3.1. Examples. We conclude this section with some examples of weak
solutions and variational solutions to the nonlocal 1-Laplacian, illustrat-
ing that both concepts may not coincide.

Example 3.1. Let us take Q = (0, 1), with Dirichlet datum an increas-
ing function 4, (for instance ¢ = 0 in (—00,0) and ¥ = 1 in (1, 0)).
Then, any increasing function between t(0) and (1) is a variational
solution to the nonlocal 1-Laplacian. Just observe that we can take g as
follows:

1 ify >z,
g(z,y) =140 if y ==,
-1 ify<ua.

We note that an analogous argument shows that every nonincreasing
function between its decreasing boundary data is a solution and also a
solution to the local 1-Laplacian, (%)’ = 0.

|’

Example 3.2. There are weak solutions to the nonlocal 1-Laplacian
that are not variational solutions. A simple example is the chessboard
function u: Q C R? = R,

a, TE€ Qa_12;—1NQ, . .
u(x) — ) Q2'L 1,25—-1 i, j c N,
b7 VS Q2i,2j N Qa

where each @); ; is a square of size ¢ and we consider a < b and ¢ < 1.
Indeed, let us fix some ¢ < £ and we just note that when x is such that
u(x) = a we have

p({y € Be(z) s uly) < a}) = u({y € B=(2) : u(y) = a}) = Su(B:(2)),

and
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Moreover, when z is such that u(z) = b we have

n{y € Be(z) s uly) < b}) = p(Be(x)) = 5 u(Be(x)),

and

n({y € Be(z) 1 u(y) 2 b}) = p({y € Be(x) : uly) = b}) = 5u(Be(x)).

|~

On the other hand, we have that
jl(u) > jl(l)

In fact, Ji(u) ~ O(1) and Ji(1) ~ O({) as £ — 0. Then, thanks to
Theorem 1.4, u is not a variational solution.

Remark 3.3. The above example shows that in general there is non
uniqueness of weak solutions to the median value problem.

Other simple examples are the following:

Example 3.4. Let Q =] —2,2[ x | —2,2[, and choose J supported in
B1(0) and ¢(x) = 1if ¢ € | —2,2[ x (]2,3[ U] —3,=2[), ¥(z) = 1 if
z € (]2,3[U] —3,-2]) x| —2,2[ and ¢(z) = 0 otherwise. In this case
the constant function u(x) = 0 in © is a weak solution to the nonlocal
1-Laplacian (any constant function between 0 and 1 is also a solution,
though any constant function above 1 or below 0 is not). However, u = 0
is not a variational solution by a similar argument to the above one. The
function u(z) = 1 is a variational solution.

In addition, if we rescale the support of J to be the ball B.(0),
this function u(x) = 1 is still a variational solution to the nonlocal
1-Laplacian for every € small enough. In the limit, © = 1 is clearly the
solution to the local 1-Laplacian with condition © = 1 on the boundary
of the square. See Section 4 for a general result of this nature.

Example 3.5. Consider the same domain as in the previous example,
O =]-2,2[x]—2,2[, J supported in B;(0) and let now the boundary
datum ¢ be given by: ¢(z) =1 if ;1 > 0 (here x = (z1, z2)), ¥(z) =0
if 1 < 0. In this case the following function is a variational solution to
the nonlocal 1-Laplacian: u(z) =1 if 1 > 0; u(z) =0 if x; < 0. To see
this fact, just take g(z,y) = 1 if the vector xy points upwards and —1 if
it points downwards.
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4. Local problems as limits of nonlocal ones:
Convergence to functions of least gradient

Let us start recalling that u € BV(Q) is called a function of least

gradient if
[1pul< [ 1Dt o),
Q Q

for all v € BV(§) such that supp(v) C . It was proved in [14, Theo-
rem 2.2] that this definition is equivalent to require that

/ |Dul < / Dy,
Q Q

for all v € BV (Q) such that v|sqn = ulgq.
In [9] it is studied the relation between functions of least gradient
and 1-harmonic functions in the sense of (1.3). To this end, we need

to introduce some preliminaries, see also [3, 5]. If w € BV(Q) and
¢ € Xn(92), given by

Xn(Q) ={¢ e L®(Q,RY) : div(¢) € LY (Q)},

we can define the measure (¢, Dw): C§°(2) — R by its action

((¢, Dw), ) = —/ngodiV(C) dx — /QwC -V, YeeC).
Indeed (¢, Dw) is a Radon measure with finite total variation such that
(¢, Dw) and |(¢, Dw)| are absolutely continuos with respect to the mea-
sure |Dw|.

Moreover, in [5] a weak trace of the normal component of { € X () is
defined on 0f). It is shown that there exists a linear operator v: Xy (€2) —
L>(99Q) such that for any ¢ € Xn(Q2) it holds that [|[7({)]lco < [I€]lco;
and, if ¢ € C1(Q,RYN),

() (z) =¢(x) -v(z) for all x € 99,

where v(x) is the unit outward normal vector at x € 9. We will denote

Y(Q)(@) as [¢,v](x).
In addition, it is proved the existence of a Green’s formula, relating
the function [¢,v] and the measure (¢, Dw) as follows

' — N-1
/delv(()dm—l—/g(ng)—/QQ[C,V]UJ’H ,
for any ¢ € Xn(Q2) and w € BV (Q).
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We are ready to define the following concept of solution of the Dirich-

let problem
D
—div (|DZ|) =0, inQ,

u =1, on 01},

(4.1)

with 1) € L1(99). We say that u € BV (Q) is a solution of (4.1) if there
exists ¢ € L=(Q,RY), with ||(||le < 1, satisfying

—div(¢) =0, in D'(Q),
/ (¢, D(w)) = |D(w)
Q

and R

[¢,v] €sign(y) —u), HN'-a.e. on 9.
The following result was established in [9].

Theorem 4.1. Let i) € LY(9Q). Then, there exists a solution to (4.1).
Moreover, for each v € BV () satisfying v|aq = ¥ the following condi-
tions are equivalent:

(i) v is a solution to (4.1).

(i) @;(v) < @(u) for all u € BV(Q). i

(iii) v is a function of least gradient on Q) that equals ¥ on Of).

Furthermore, it is shown that functions of least gradient may not be
unique if the boundary datum ) is not continuous.

In the introduction we point out that (nonlocal) minimizers of Jy play
the role of (local) minimizers of [, [Du|. Now we prove Theorem 1.5 that
jointly with Theorems 1.4 and 4.1 give the reason of such assertion.

Let us introduce the following notation: for a function g defined in a
set D, we define

g(x) ifxeD,
0 otherwise.
Proof of Theorem 1.5: Given € > 0 small, we set Q. := Q; = Q +

supp(Je). Then, there exists g. € L™ (Qe x Q¢), ge(z,y) = —g:(y, x) for
almost all (z,y) € Qe X Q¢, [|gelloo < 1, such that

7 (522 ot € 7 (22 ) simnt(uy(o) ~ (o)

a.e. (x,y) € Qs x Qy,
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and

(4.2) / J (z ; y) ge(z,y)dy =0, ae. ze.
Qe

Set M := [|¢]| oo (o \@)- By (4.2), we get

/QE /Q J (ar ; y) ge(2,y) dy (ue)y(z) — M)* da =

Then

0< /Q /Q J (””‘y) (u)sw) = MY — ((ue) () — M)*| dy de

€

:/QE/Q;J (_y) e (2, 9) () () M) * —((u2) g ()~ M) ) dy dx
=0.

Hence, from Poincaré type inequality, (Lemma 2.1), it follows that ue <
M a.e., for all € > 0. Proceeding in a similar way we arrive to

llucl| oo @) < M for all € > 0.
From here, we can assume that there exists a sequence €,, — 0 such that
ue, —u weakly in L'(9Q).

Using again (4.2), we obtain

T —
// J< y) ge(x,y) dyuc(x) dx = 0.
QJQ. €
Furthermore,

/QE /QEJ (x ; y> 9e(,y) dy (ue)y (x) da
- /QE\Q /Q / <$ - y) ge(@,y) dy ¥() da.

(4.3)
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Now,

1 z—y

pSEw /QE\Q/QEJ( 6 )gs(w,y) dy(x) dx
1 z—y

<o [, () avluta s

1 1 —
(o () )
€ Q.\Q \¢ Q. €

M0\ 9] < My,

IN

IA

Consequently, integrating by parts in (4.3),

a0 v [ () 1)) - o) dys < 20,

Let us compute,

L] (52 1)) = (o) dyo
[ ] 7 () et - oty
w2 [ (T (s - (ot dy

[ LI 1) - s dyas

Now, since ¢ € WH1(Q;\ ), we get

46) v [ T () )~ ot dydo

L (z—y\ [¥(y) — ()
= —J dyd M.
/QJ\QE /QJ\QE eN ( € ) € yar =M
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On the other hand, we have

1 r—y
4.7 7/ /J( )ue — (ue)y ()| dy dx
4N e L7 () 1) — ot ay

= 12—y [P(y) — ()]
N /QJ\QE /QE\Q ENJ < c > - dydz < M.

Furthermore, from (4.5), (4.4), (4.6), and (4.7), it follows that

r [ ] () Mot = et dyd <

or equivalently,

Lo ()

Invoking [4, Theorem 6.11], there exists a subsequence, still denoted
as u,, and a function w € BV () such that

3

(1) () — () (@) ‘ dedy < Mae™, VneN.

(e, )y — w strongly in  L*(Qy)

and

(48) J(Z)XQ( + EnZ) ('Uzan)’lfl(' + €T;Z) — (uan)w(-) N J(Z)Z . Dw

weakly as measures. Hence, it is easy to obtain that

o u(z), inzeqQ,
w(z) = uy(z) {w(l‘)’ inre;\Q,

and that uw € BV ().
Moreover, we can also assume that

(4.9) J(2)Xa,(x +en2)g. (z,2+enz) = Az, 2)

weakly* in L>(Q25) x L>=(RY) for some function A € L>(Q;)x L>=(RY),
A(z, z) < J(2) almost every where in Q; x RY. Take v € D(f), and
€ = &, small enough, by (4.2),

/Q/QJ (tf) 9en (@, y)v(@) dy do = 0.
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Then, integrating by parts,
1 T —
2 JaJa En

=3 | [ 7 (A1) xatm, (0. 0)(ets) - (o) dy

En

) 4o, (2,9) (0(y) — v(a)) dy dz

Changing now variables, and applying Fubini’s Theorem,

(x+enz)—v(x)

(4.10) / /J(Z)Xg(x—&—snz)gen (z, a:—|—5nz)v dxdz = 0.

RN JO En
By (4.9), passing to the limit in (4.10), we get
(4.11) / / Az, 2)z - Vo(z)dedz =0,

Ry Jo
for all v € D(Q2). We set ( = ((1,...,(n), the vector field defined by
1
Ci(z) == — Az, 2)z;dz, i=1,...,N,
Cy Jrn

where C; := [on J(2)|zn]dz. Then, ¢ € L=(Q2;,RY), and from (4.11),
—div(¢) =0 in D'(Q).
Let us see that

¢l () < 1.

Given ¢ € RV \ {0}, let R¢ be the rotation such that, for its transpose,
RE#S(€) = eqf¢|. If we make the change of variables z = R¢(y), we
obtain

)6 =g [ Mwz)z-€di= g [ Al Relw) Relo) €y

- E CJ RN
1

- C, A(z, Re(y))y1l€| dy.
J JRN

On the other hand, since J is a radial function and A(z,z) < J(z)
almost everywhere, we have

Cy :/ J(2)|z1| dz
RN
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and
1
Ca)-6l < g [ I@mldyle =, ez e,
J JrN
Therefore, |C[|z~(,) < 1.
To finish the proof, we only need to prove that

(4.12) (¢, Du) = |Du| as measures in
and
(4.13) [¢,v] € sign(¢) —u), HNl-ae. on Q.

Let us take w,, € W1(Q) N C(Q) such that w,, = ¢ HV '-a.e. on IQ,
and wy, — u in LY(Q). Set vy 1= (ue, )y — (Wi)y. By (4.2),

0= _EnN+1 /QJ /QJ ! ( En ) Jen (I, y)’t]mm(;p) dy dx

W [ () )= )y

En
= Hy + Hp, o,
where
H, = 1/ / J(z)Xa, (z + ep2) (e )y (2 + €n2) = (Uen )y () dz dx
2 Ja, Jry En
and

1
Hf,m = —5/9 /IRN J(z)Xa, (x + en2)g., (z,2 + £,2)
J

()o@ + en2) = () (2)
En

dz dx.

Taking into account (4.8), we get

liminf H} > G | Duy| = G | Dl
"= T2
Q Q

n— oo

C ~ C
+—"/ |ufz/)|dHN’1+—J/ V).
2 Jaq 2 Jana

J\Q
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On the other hand, since (wy,)y € WH(Qy), by (4.9),

lim H? , = —1/ Az, 2)z - V(wm)y(x) dz da
’ 2 Q,; JRN

n— oo

Gy

= [ (@) V@) de
Qg

Consequently, taking n — oo in (4.14), we obtain

(4.15) OZ/Q\DuH-/m |u—1Z|dHN_1+/Q Bz

J\Q

- C(x) - V(wm)y(x) de.

Qy
Now,
— C(z) - V(wm)y(x)de = 7/ ¢(x) - Vwp,(z) dz
Qy Q
- [ ctw) Vo) de
Q0
— [ dvi@un(erde~ [ [¢rdant
Q o0
_ / ' ((2) - Vib(z) da.
Qs\Q
Since

/ e - [ (@) V@) de >0,
QJ\Q QJ\Q

from (4.15), we have

9 N1 i _ 7 N-1
0> /Q|Du|+/89|u Y| dH +/ﬂd1v§(x)wm(a:) dx ng[c’y]wdH )
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Letting m — oo and using Green’s formula, we deduce

02/Q|Du\+/6g |u—q;\cmN*1+/Qdivg(x)u(x)dx

- / (¢, v dHN 1
o0

=/Q|Du\+/aQ |U—1md/HN_1—/Q(C,Du)—&-/m[g,u]udHN_l

- / (¢ v dHN L
o0

Furthermore, since |(¢, Du)| < |Du| and |[(, V]| < 1,

7 N—-1 7 N—-1
/m fu — | dH s/<<,Du>—/Q|Du|+/m[<,u]<w—u>dﬂ

Q

g/ lu — | dHN L
19)
Therefore (4.12) and (4.13) are satisfied and the proof is finished. O

Remark 4.2. Sternberg, Williams, and Ziemer proved in [13] that, for a
bounded Lipschitz domain Q € R such that 92 has non-negative mean
curvature (in a weak sense) and is not locally area-minimizing, and for
h € C(09), there exists a unique function of least gradient u € BV ()N
C () such that u = h on 0). Therefore, as consequence of Theorems 4.1
and 1.5, we have that, assuming the continuity of the boundary data and
the above conditions on the domain, we can approximate the function
of least gradient by a sequence of variational solutions of the nonlocal
problem (1.5).

Acknowledgements. J. M. Mazén and J. Toledo are supported by the
Spanish project MTM2012-31103, and M. Pérez-Llanos and J. D. Rossi
are partially supported by the Spanish project MTM2013-40846-P.

References

[1] F. ANDREU, C. BALLESTER, V. CASELLES, AND J. M. MAZON,
The Dirichlet problem for the total variation flow, J. Funct. Anal.
180(2) (2001), 347—403. DOI: 10.1006/jfan.2000.3698.


http://dx.doi.org/10.1006/jfan.2000.3698

2]

J. M. Maz6N, M. PEREz-LLANOS, J. D. Rossi, J. TOLEDO

F. ANDREU, J. M. MAzON, J. D. RossI, AND J. TOLEDO, A non-
local p-Laplacian evolution equation with nonhomogeneous Dirich-
let boundary conditions, SIAM J. Math. Anal. 40(5) (2008/09),
1815-1851. DOI: 10.1137/080720991.

F. ANDREU-VAILLO, V. CASELLES, AND J. M. MAzZON, “Para-
bolic Quasilinear Equations Minimizing Linear Growth Function-
als”, Progress in Mathematics 223, Birkhauser Verlag, Basel, 2004.
DOI: 10.1007/978-3-0348-7928-6.

F. ANDREU-VAILLO, J. M. MAzZON, J. D. Ross1, AND J. TOLEDO-
MELERO, “Nonlocal Diffusion Problems”, Mathematical Surveys
and Monographs 165, American Mathematical Society, Provi-
dence, RI; Real Sociedad Matematica Espanola, Madrid, 2010. DOI:
10.1090/surv/165.

G. ANZELLOTTI, Pairings between measures and bounded functions
and compensated compactness, Ann. Mat. Pura Appl. (4) 135(1)
(1983), 293-318. DOI: 10.1007/BF01781073.

E. BowmBIERI, E. DE GIoRraGI, AND E. G1UsTi, Minimal cones and
the Bernstein problem, Invent. Math. 7(3) (1969), 243-268. DOI:
10.1007/BF01404309.

D. HARTENSTINE AND M. RUDD, Asymptotic statistical character-
izations of p-harmonic functions of two variables, Rocky Mountain
J. Math. 41(2) (2011), 493-504. DOI: 10.1216/RMJ-2011-41-2-493.
J. J. MANFREDI, M. PARVIAINEN, AND J. D. RossI, An asymp-
totic mean value characterization for p-harmonic functions, Proc.
Amer. Math. Soc. 138(3) (2010), 881-889. DOI: 10.1090/S0002-
9939-09-10183-1.

J. M. MazON, J. D. RossI, AND S. SEGURA DE LEON, Functions
of least gradient and 1-harmonic functions, Indiana Univ. Math. J.
63(4) (2014), 1067-1084. DOI: 10.1512/iumj.2014.63.5327.

S. G. NoaH, The median of a continuous function, Real Anal. Ez-
change 33(1) (2007/2008), 269-274.

M. B. RuDD, Statistical exponential formulas for homogeneous dif-
fusion, Commun. Pure Appl. Anal. 14(1) (2015), 269-284. DOI:
10.3934/cpaa.2015.14.269.

M. B. RubpD AND H. A. VAN DYKE, Median values, 1-harmonic
functions, and functions of least gradient, Commun. Pure Appl.
Anal. 12(2) (2013), 711-719. DOI: 10.3934/cpaa.2013.12.711.

P. STERNBERG, G. WILLIAMS, AND W. P. ZIEMER, Existence,
uniqueness, and regularity for functions of least gradient, J. Reine
Angew. Math. 430 (1992), 35-60. DOI: 10.1515/cr1l.1992.430.35.


http://dx.doi.org/10.1137/080720991
http://dx.doi.org/10.1007/978-3-0348-7928-6
http://dx.doi.org/10.1090/surv/165
http://dx.doi.org/10.1090/surv/165
http://dx.doi.org/10.1007/BF01781073
http://dx.doi.org/10.1007/BF01404309
http://dx.doi.org/10.1007/BF01404309
http://dx.doi.org/10.1216/RMJ-2011-41-2-493
http://dx.doi.org/10.1090/S0002-9939-09-10183-1
http://dx.doi.org/10.1090/S0002-9939-09-10183-1
http://dx.doi.org/10.1512/iumj.2014.63.5327
http://dx.doi.org/10.3934/cpaa.2015.14.269
http://dx.doi.org/10.3934/cpaa.2015.14.269
http://dx.doi.org/10.3934/cpaa.2013.12.711
http://dx.doi.org/10.1515/crll.1992.430.35

A NONLOCAL 1-LAPLACIAN PROBLEM AND MEDIAN VALUES 53

[14] P. STERNBERG AND W. P. ZIEMER, The Dirichlet problem for

functions of least gradient, in: “Degenerate Diffusions” (Minneapo-
lis, MN, 1991), IMA Vol. Math. Appl. 47, Springer, New York,
1993, pp. 197-214. DOI: 10.1007/978-1-4612-0885-3_14.

J. M. Mazén and J. Toledo:
Departament d’Analisi Matematica
Universitat de Valeéncia

Dr. Moliner 50

46100 Burjassot

Spain

E-mail address: mazon@uv.es
E-mail address: toledojj@uv.es

Mayte Pérez-Llanos:
Departamento de Matematicas
Universidad Auténoma de Madrid
Facultad de Ciencias, mod 17
Campus de Cantoblanco

28049 Madrid

Spain

E-mail address: mayte.perez@uam.es
J. D. Rossi:

Departamento de Matematica
FCEyN UBA

Ciudad Universitaria, Pab 1 (1428)
Buenos Aires

Argentina

E-mail address: jrossi@dm.uba.ar

Primera versié rebuda el 5 de marg de 2014,
darrera versio rebuda el 29 d’agost de 2014.


http://dx.doi.org/10.1007/978-1-4612-0885-3_14

	1. Introduction
	2. The Dirichlet problem for the nonlocal 1-Laplacian
	3. Characterization of the solutions of problem (1.5)
	3.1. Examples

	4. Local problems as limits of nonlocal ones: Convergence to functions of least gradient
	References



