PRAGMATIC LANGUAGES WITH UNIVERSAL
GRAMMARS

PENELOPE HERNANDEZ, AMPARO URBANO, AND JOSE E. VILA

Supplementary material of Pragmatic Languages with Uni-
versal Grammars

1. DERIVATION OF THE RECEIVER’S BEST RESPONSE
FOR ANY FEASIBLE BINARY CORPUS OR
ENCODING RULE.

Notations:

To make easier the comparison between any observed output se-
quence y and any pair of standar prototypes 7 = (x},...,27) and
05 = («},...,27) (under any binary encoding rule), let us split the

sequences 07, o5 in four different blocks or subsequences. Each block

is formed by the elements of the sequences with subindexes in the fol-
lowing sets:

Téé = {l|1§l§nand:c§:0andx§.:0}
Tl = {l|1§l§nandx§:0andx§.:1}
ng = {lllﬁlgnandxézlandxézo}
T = {l|1<l<nandaz}=1anda}=1}

For instance, [ € ng means that the element of 57 placed in position

[ is a 1, while that in the [—position in Ef\f is a 0. Moreover, some of

the sets T;]ﬁ may be empty, for a,, 5 = 0, 1. Notice that this subdivision
of any two sequences in four blocks may be differente for each pair of
prototypes to be compared (the use of superindexes ij is then needed
to distinguish among each pair of them).

To further proceed, we need to introduce some additional notation
representing the cardinality of these subsets and the Hamming distance
among the four subsequences of the output and the prototypes to be
compared. Formally, for a, 3 = 0, 1, define:

”25 = ‘Toléjﬂ

. g . g
hgﬁ(y7 g; ) - ZZET;% ]yl;éa:é and h;]ﬁ(:% 0; ) - ZZGTZ, ]yl;«éxé

where I stands for the indicator function.
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Ezample. For instance, Tyl is the subset of 1ndexes [ =1....n
correspondmg to those position with zeros in &7 and by ones in af
(i. e, zt = 0and 2 = 1). If n = 6 and 57 = (1,1,0,0,1,0) and

(1 0,0,1,0,1) we have that 73 = {4,6} and nJ, = 2. Addition-
ally hey (G2, y) = h((0,0), (y*,4°)) is the number of digits in y located in
positions 4 and 6 that are not zeros and hy) (G a5, y) = h((1,1), (", 4°))
is the number of those located in the p081t10n in y that are not ones.
Notice that each sequence y is split if four separate blocks whose ele-
ments are placed at positions 704 = {3}, Tod = {4,6}, T}} = {2,5} and

Ty = {1}.

It is straightforward to check that:

Lemma 1. For alli,j =1,2,...,|Q|,i # j and for all y € {0,1}" we
have that

(J)né{) +n +n11;n )
(2) ”Z 00an11 = n11; g1 = N
(3) h ( ) oo(ya ])

(4) hlﬂ(%az ) = hzﬂ(ya ])

(5) h(y,57) = ng) — hey(y. 67)
(6) hlo( o ) =Ny — hz1jo<y7/\gs)

Proposition 1. For alll,k=1,...,|Q|, | # k and for ally €Y,
p(Erly) @ ( g & >hl1%(6ls Vi) (1 - 61)”% (1 - 80)"&
p(?f\,ﬂy) qr 1— o 1-— &1 o &1

Proof: Given any k # [, all the elements of 5} in each block T}
(o, 3 = 0,1) are constant and equal to «. Then, haﬁ(al ,y) is just
the number of the n't 5 elements with value « in o7 (placed at positions
Tollkﬂ) mistransmitted by the channel, where mistransmission takes place

with probability €,. Alternatively, n haﬁ(al ,y) is the number of
elements « properly transmitted (eaoh of them with probability 1—eq4 ).
Since the channel transforms elements mdependently7 the n'* 3 elements

of 57 in T”‘“‘ become the corresponding n'* 3 of y with probablhty
(1 e PO, ot

Applying this reasoning to the four blocks Tol[kﬁ, we can write the prob-

ability of the noisy channel generating output y when the prototype

o7 was sent as:

~ Ik _plk (55 hik (55, Ik _plk (55 hik (55,
p(y|gl5) = (1 — 50)”00 hoo (G 7y)€000( L) X (1 — 50)"01 hoi (5 79)5 01(07+y) x

Ik _plk (58S hik (55, hlk 55,
(1 . 81)1111 hik (5; ,y)glu( 7 Y) x (1 . 51)n10 hlo(Uz ,y)gl 0@ )
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Similarly:
Ik (=S
p(y|3;§) = (1= 50)%0 heh(@ ) g hoo(ok ) x (1— 50)”01 hti (G5 ,y)gg%(ak Y) X
7y ~ Lk (=S
and then:
~ lk (=S
p(yla7) (1 — o) M@ VPO () g olfi-h @ ) T
- X
o ~ lk (=S
P(yfoy) (1 — go)bb—ih @ W) hoo‘“k V(1 — o) P @E W gho1 TiY)
(1= et TN (1 ottt

h Wik (55
(1 _51) R CHENIS 11(%’21) ) nik hlk(ok,y)€110(0k7y)

By the above Lemma, hi(c7,y) = hi(67,y) and WG, y) =
hik (57, y), then the first and third ratio of the above expression are
1. Hence

o Ik (5S
P(y|3zs) (1 - 50)n01 e (@7 ’y)&? hei (@7 ) (1 — 51)"10 i@} ,y)g}lllo( 7Y

p(y|8,f) N (1 _ 80)n01 hl: (5% ,y)8 hik (@3 y) (1 — ¢ )nlo G ,y)g}ll 5(@% )

In addition, the above lemma also expresses the Hamming distances
to &% in terms of those to 57 and then:

55 nlk —hik (55 b)) 163 (@G ) nlk ik 55 ) (35 y)
p(y|al ) B (1 —gg)mot 01(; y)go (1 —¢1) h—nib (s y)51
=S - ~ Ik _plk (25 7
p(y|0k) (1 — Eo)hékl(alsvy)ggm hoi (57 ) (1 — ¢ ) i Chd 731)571110 Wi (@7 )
£1 hi (7 ) +hili (57 y) g €0 hei (37 ) +hif (@7 ) —nlly
11— €o 1-— &1
o o \MHEWEG o Neb g\l
l—egl—¢ €0 £
and since

P& ly) _ @ p(ylo?)
p(@7ly)  arp(yloy)
the Proposition holds.
Recall that the Receiver has to take the action in I', after hearing an

output sequence y, which maximizes his expected payoffs. Equivalently,
for each y he chooses the action @,(y) such that

S p@ESlwutale) 2 30 p@ly)utarksy)
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for any other k # [ which, given both the linearity of the Receiver’s
payoff functions in probabilities {p(o; |y)}l, l=1,...,|9|, and the ma-
trix payofss is equal to p(a7|y)M; > p( I1y) M. The next proposition
characterizes the best response of R to any received message y in terms
of the Hamming distances among subsequences of y and the standard
prototypes of any corpus, the noisy parameters and the payoffs:

Proposition 2. Given any corpus {Ef,..,ﬁﬁu} and any output se-
quence y € {0,1}", the action a; is a best response to y if and only if,
the following system of |Q)| — 1 inequalities is satisfied:

nlgjﬁf nlO
{hoy (07, y)+h5 (@7 y) < It el Ln o , for all k #1}
l—eo 1—¢1 l—eg 1—€1

Proof: Given y,q; is best response to y if and only if

bl My
p(aRly) — M,

By Proposition 1, the best response condition can be written as

ql 60 51 hé)ki(aisvy) hllo(ffl 7:’/) 1 _ 61 nll% 1 - 80 nékl > Mk
e \1=col=e €o €1 - M,

hik (55, ik (S Ik ik
€0 £1 01 (07 ) +hi5 (07 y) 1— £1 10 1—60 o1 - QkMk
l—egl—¢ €0 €1 - oaM,

o c c 1-¢ l—e¢ @My
iy oF w8 n (12 2 Yt (22 ) (220 2 1

l—cgl—¢g £0 q M,

~ M 1— 1—
R e R ] E B

1—e9l—¢4 qr My 0

qr My, Ik l—e1 ) _ Ik [ 1—eo
Ln nlOLn( = ) nm( - >

€1
Ln <1 601 61)

and the proposition holds.

The characterization of the proposition applies to any feasible binary
corpus (i. e. encoding rule) used by the sender. In Words a; is chosen
whenever the distances between y and prototype 77 in blocks T and

Tk, for all k # 1, k = {1,2,...,Q}\[, are smaller than some bounds
involving both game parameters and encoding parameters. Specifically
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the first part of the bound for the Hamming distance between y and

oy
qr My,
n_
q M,
-0 €1
l—eg 1—&1

refers only to the ratio of expected payoffs and the noise parameters,
and is not related to any specific corpus. Meanwhile, the second part

Ik €0 Ik
nygLni=- + ngiLn
£0 €1
Ln l—eg 1—¢1
depends on the particular encoding rule, specifically on parameters

n'% and nlf. Notice that if the encoding rule or corpus satisfies that

€1
1—¢o

k _ Uk _ —
niy =ng, =mforall ,k=1,...,|Q|, then
lk €0 lk €1 €0 €1
nppln=s +ngln=  mIngn +mlng=
L’n/ €0 £1 - Ln £0 €1 -

1—e0 1—€1 l—eg 1—€1

It is clear that the block coding rule satisfies this property.



