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SINGULAR ELLIPTIC EQUATIONS HAVING A GRADIENT
TERM WITH NATURAL GROWTH

A. FERONE, A. MERCALDO AND S. SEGURA DE LEON

ABSTRACT. We study a class of Dirichlet boundary value problems whose pro-
totype is

—Apu = h(u)|Vu|P + u?~! + f(z) in €,
u>0, in Q (0.1)
u=20 on 0F2,

where © an open bounded subset of RN, 0 < ¢ < 1,1 < p < N, his a
continuous function and f belongs to a suitable Lebesgue space. The main
features of this problem are the presence of a singular term and a first order
term with natural growth in the gradient. A priori estimates and existence
results are proved depending on the summability of the datum f.

1. INTRODUCTION

In the present paper we study the existence of a nonnegative solution u for a
nonlinear elliptic equation having both a zero order term which tends to infinity at
u = 0 and a first order term which has a natural growth in the gradient of u. More
precisely, this paper concerns with problems of the type

{ —div (a(z,u, Vu)) = b(z,u, Vu) + g(z,u) + f(z), in Q

(1.1)
u=0, on 0},

Here Q is an open bounded subset of RN, N > 2, —div (a(x,u, Vu)) is a Leray-
Lions operator defined on W, **(2), b(z, u, Vu) is a nonlinear term which grows like
|VulP and more precisely satisfies

|b(z, 5, 2)| < h(s)|z]",

for a continuous function h : R — R. Moreover, g(x, u) is a singular term at u = 0,
that is
0<g(zx,s)<As?™', A>0, 0<qg<l.

Finally the datum f belongs to a suitable Lebesgue space.

The existence of a weak solution to problem (LT) when the singular term g(x, u)
does not appear has been investigated by many authors starting by the 80s. In
the papers [7, 0] the existence of bounded solutions is proved when the problem
(CI) has also a (non singular) zero-order absorption term, while in papers [6] a
more general class of equations, which have a gradient term satisfying suitable sign
conditions, is considered and existence of unbounded solutions has been proved.

2020 Mathematics Subject Classification. 35B25, 35J25.
Key words and phrases. Existence, Singular elliptic equations, a priori estimates, gradient
term with natural growth.


http://arxiv.org/submit/5342973/pdf

2 A. FERONE, A. MERCALDO, S. SEGURA DE LEON

Existence and nonexistence of unbounded solutions to problem (LI) having a
reaction gradient terms with natural quadratic growth satisfying a further suitable
condition have been faced in [21] [TT], 32] by using test functions that simulate the
Cole—Hopf transformation. The more general case, where natural growth different
of the quadratic one, is treated in [22] [31]. In [31] optimal conditions on the growth
of h at infinity to ensure that, given f with a certain summability, problem (L))
admits a solution are given. Similar results in this order of ideas can be found in
[30].

The existence of nonnegative solutions for semilinear second order partial dif-
ferential problems singular at v = 0, without first order term, is also a classical
problem which has been considered by several authors since 70’s. In [I8], it is
shown the existence and uniqueness of a nonnegative solution in a case where the
equation is not written in a divergence form and the solution is a classical solution,
i.e. it is in C%(Q) N C(Q) which is strictly positive in Q. In [I7] it is considered the
case g(z,s) = 1/87 + (As)® with v, A, @ > 0 and existence and nonexistence results
for classical solutions are proved (see also [34]). Looking for a nonnegative solution
in a Sobolev space, the problem has been considered in [I0], where it is studied the
case g(z,u) = f(x)/s7, with v > 0, f > 0 not identically zero and belonging to
a suitable Lebesgue space. In this paper existence, uniqueness and regularity of a
distributional solution, strictly positive in 2 is proved. The proofs of these results
are manly based on the fact that g(z, s) is a nonincreasing function in the variable
s and on the use of strong maximum principle. Uniqueness and comparison re-
sults for this type of solution has been proved in [4] and, by using symmetrization
techniques, in [12]. In order to avoid the use of strong maximum principle and
monotonicity assumption on g(z,-), a new definition of nonnegative solutions have
been provided and existence, stability and uniqueness results for these notions are

proved in [23] 24] 25].

Further contributions to semilinear elliptic equations having this type of singularity
are contained for example in [T 2] B} Bl 14 [15] 16, 28] 29].

A very few results are known about existence of solutions which changes its
sign and a first paper in this direction is [I3], where the authors show that if the
“singular term” goes to infinity at zero faster than 1/|u| then only nonnegative
solutions are possible, while in the other case nonpositive solution or even solutions
changing the sign are possible. In [20] the solution is defined as a minimum point
for a suitable functional and the definition of solution given by the authors uses test
functions which vanish at « = 0 and thus the equation is satisfied in Q\ {u = 0}. Tt
is also proved the uniqueness for nonnegative solutions when g(x, .) is decreasing.

The effects of the presence of two singularities, both in a gradient term having
natural growth and in a zero order term, has been addressed in [27]. In this paper
the function A is summable on R and the singular zero order term involves the
datum: g(z,u) = f(x)/u?. These assumptions allow the study of the equation
with L'-data.

The novelty of this paper consists in analyzing the effects of a gradient term
having natural growth and a singular term of the type g(x,u) = 1/u”. Following
[31], the existence of nonnegative solutions to problem (ILI]) is proven depending
on the behaviour of h at +00 (we point out that we do not assume h € L*(R)) and
the summability of the datum f.
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Our approach is based on a priori estimates for weak solutions to a sequence
of approximating problems. The proof of these a priori estimates is obtained by
adapting the classical approach to study these type of equations made by a change
of unknown of Cole—Hopf type given by Lemma 2.1l These a priori estimates allow
to deduce the existence of a limit function u such that the approximate solutions
Uy and their gradients Vu,, converge to u and Vu respectively. A procedure of
passage to the limit permits to prove that such a function u is, indeed, a solution
of problem (II]). The main difficulties in proving firstly the a priori estimates and
then in passing to limit in the approximating problems are due to the presence of
the singular term g¢(z,u) and the necessity to prove that it can really be bounded
In this paper, we consider three different types of summability for a datum f €
L™): (a) m > N/p, (b) m = N/p and (c) 5;2k75 < m < &, which will be
analyzed separately into three existence results, one for each. Our main results
are given by Theorem Bl Theorem 1] and Theorem [5.1] and proven in Section 3,
Section 4 and Section 5, respectively.

2. NOTATION, ASSUMPTIONS AND PRELIMINARY RESULTS

Throughout this paper, Q stands for an open bounded set of RV, with N > 2.
The Lebesgue measure of £ C Q will be denoted by |E|.
On the other hand, the positive and negative part of a function u is denoted by u.
and u_, respectively. Moreover, we denote

{lul 2 0} ={z € Q: |u(x)| = 5},
for any § > 0.

In what follows, we will also consider two auxiliary functions. For any s € R and
any k > 0 we define

Gi(s) = (|s| — k)sign (s), (2.1)

Tx(s) = max{—Fk, min{s, k}}. (2.2)

From now on, we will denote by C' a positive constant that only depends on the
data, not on n and that may change from line to line.

2.1. Assumptions. The aim of this subsection is to give the hypotheses on the
data of problem (L) which we make in the whole paper. We also introduce the
notion of weak solution which we use.

As pointed out in the Introduction we study solutions to the following singular
nonlinear problem

—div (a(z, u, Vu)) = b(x,u, Vu) + g(z,u) + f(x), in Q
u>0, in Q (2.3)

u=0, on 0.
We assume that, for some 1 < p < N,
a: OxRxRY 5 RY
b:OxRxRY 5 R
g : Qx(R\{0}) — [0,400)
are Carathéodory functions which satisfy the growth conditions

la(z, s, 2)| < a0|z|p_1 + a1|s|p_1 +as, ag,ai,az >0, (2.4)



4 A. FERONE, A. MERCALDO, S. SEGURA DE LEON

b, 5, 2)] < h(s)|:I7, (2.5)
where i : R — R is a continuous function, and
0<g(z,s)<As”™', A>0, 0<g<l1. (2.6)
Moreover the function a satisfies the ellipticity condition
a(r,s,2) 2> Mz, A>0, (2.7)
and the monotonicity condition
(a(x,s,2)—a(z,s,2)) (z—2")>0, (2.8)

These hypotheses hold for every z,z" € RV, with z # 2/, for every s € R and for
almost every = € Q.
Finally we assume

f>0 and feL™(Q)), (2.9)

where m will be specified later.

Remark 2.1. It is worth remarking that no singularity occurs in the product
g(x,s)s* ™4 since

g(x,8)s™ 1< A. (2.10)
Obviously the product g(z, s)s has also no singularities.

Now we give the definition of weak solution to problem (23) whose existence is
proved in Sections 3 - 5.

Definition 2.1. A function u € Wy?(Q) is a weak solution to Z3) if

|Vul? 1
e e L'(Q), (2.11)
b(x,u, Vu) € L*(Q), (2.12)
/ g(x,u)vdr < oo, Yo e Wy P(Q) N L®(Q), (2.13)
Q

and

/Qa(x,u,Vu) - Veodr = /Qb(x,u,Vu)(pd:r + /Qg(a:,u)ga + /Qf(p (2.14)
for every ¢ € WHP(Q) N L>(Q).

2.2. Auxiliary functions. In this section we recall some well-known facts which
are tools to address the study of quasi-linear elliptic equations with natural growth
in the gradient.

Denote

H(s) = %/Osh(
o(s) :/Ose?“’l do . (2.16)

These auxiliary functions are used throughout the whole paper. A simple remark
is in order: every function u satisfies

u
|H ()|
/ e 1 do
0

[H(w)]

|D(u)| < |ule™»T (2.18)

o)do, (2.15)
)

|®(u)| = 2 |ul (2.17)
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and

VO (u)| = e 7 |Vu| > [V (2.19)
Therefore, if ®(u) € L"(Q) or ®(u) € W," () for some 7 > 1, then u € L"(Q) or
u € Wy (Q) respectively.

2.3. Approximating problems. We are concerned with proving that problem
[23) has at least a weak solution. We will prove this result by approximations. To
do so, we consider the following problems

—div(a(z, un, Vuy,)) = b(x, un, V) + gn(x,un) + fu(z), inQ
up >0, in (2.20)

Uy =0 on 0f2

where g, (x,8) = Tn(g(x,s)) and f, = T,(f). For any fixed n, problem (Z20)
exhibits at least a weak solution u,, € WO1 P(Q) N L>®(Q) as a consequence of the
results of [31], it is enough to take by(z) = n in [31, Theorem 1.1].

Actually, we may straightly consider the datum f, without truncations, since
by assumptions on its summability, the datum f is always an element of the dual
space of the Sobolev space W (Q), W=7 (Q). Starting from the truncated data
allows us to easily use a cancellation lemma. It is a consequence of a kind of change
of unknown obtained multiplying the equation by a suitable exponential function
of uy, (see, for example, [31]). Since u,, € L*°(2), there is no need to worry about
whether these exponential test functions can really be chosen.

Lemma 2.1. (Cancellation lemma) Let u,, € Wy () N L>®(2) be a weak solution

to problem (220).

(1) If v € WP (), then
/ eStgn WH W) gz, u,, Vuy,) - Vo dz
Q

S/esign(v)H(un)vg(xjun)dx+/esign(v)H(un)vfdx'
Q Q

(2) If U is a locally Lipschitz continuous and mondecreasing function such that
U (0) =0, then

)\/eIH(“")IKI!’(un)|Vun|pd:v§/eIH(“”)I\I!(un)g(x,un)dx—i—/ e H Ny (y,,) f da .
Q Q Q

We first apply this Lemma to check that the approximate solutions are nonneg-
ative. To this end, we choose v = —u,, in Lemma 2] (1) to get

/ e~ H(un) a(x,up, Vuy,) - Vuy,
{un<0}

— [ (e7Hun)y~ z,un)) — [ (e Hun)y~
< /Q< Hm) YT, (g, ) /( )y

Q
By (27), since the right-hand side is nonpositive, we obtain

)\/ e Hlun) |y, [P <0
{u, <0}



6 A. FERONE, A. MERCALDO, S. SEGURA DE LEON
from where u,, > 0 a.e. in € follows.

3. EXISTENCE RESULT FOR m > N/p

The main result of this section concerns existence of nonnegative weak solutions
to problem (23] when the datum f is an element of the Lebesgue space L™ (),
with m > N/p. Tt is given by the following theorem:

Theorem 3.1. Assume (Z4)-(Z9) with

N
ferLm(Q), m>g

and
i eH(s)
s>oa (T4 B(s))7 !

Then problem (Z3) has at least a weak solution u such that ®(u) € Wy P (Q)NL>® (1)
and, consequently, u € Wy (2) N L>® ().

=0. (3.1)

We prove that the sequence of approximate solutions {u,}, to problem (220
satisfies some a priori estimates. By these estimates we deduce that u,, up to
subsequences, converges to a function u which we prove is the sought weak solution.

3.1. A priori estimates when m > N/p. In this subsection we prove that the
sequence of approximate solutions {uy, }, satisfies a priori estimates in L>°(€2) and
in WO1 P(Q). As pointed out, by these estimates we deduce that u, converges, up
to subsequences, to a function w which is the sought solution.

Lemma 3.1. (Estimates in L°°(Q) and Wy (Q)). For any fized n € N, let u,, €
WP () N L>®(2) be a weak solution to problem Z20). Under the assumptions of
Theorem [31], the following estimates hold true:

lunl| Lo () < Ch, (3.2)

Vun|l o) < Co, (3.3)

where Cq, Co are positive constants which only depend on ||, N, m, p, || fllLm, A,
but do not depend on n.

Proof. Most of the proof follows that of [3I, Proposition 3.1]. We insert it to
highlight that the presence of the singular term does not affect the result.

For any fixed k > 0 consider ¥(s) = Gr(®(s)) in Lemma 2.1] (2) with g(z,uy)
replaced by T,,(g(z, u,)). By @), (Z6) and Holder’s inequality, we obtain

)\/Q IV G (® ()P da (3.4)

< [ Tulofwn)) 0 |G dr + [ e G (u,))] de
Q Q

1
ey

<A u?;l et (un) |Gk((1)(un))| dx + ||f||m (/ em’H(un) |Gk(q>(un))|m’ d$>
Q Q
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Denote for any k,

H(s)
= R T T 5o
Since Siigloo ®(s) = +oo, it is easy to verify from [B.I]) that
kEI-‘Poon(k) =0. (3.6)
Moreover as in [31], by (B0), we obtain
ety < @)Y @)

T (1 [0 (uy) [y P71
< O™ (K™ 07D 4G (® ()™ P V)
for all £ > 1. In analogous way we get
et < On(k) (kP! + |Gr(@(un) 1) (3.8)
for all k > 1. By B4]), we deduce

)\/Q VG (®(un))P da
|Gi(P(un))|

17
Q Un B

< COn(k) (KP=1 + G (@ (un)) P71 da

1
w7

o)l ( / |Gk<<1><un>>|m’<km’<p1>+|Gk<<1><un>>|m’<“>>dx) (3.9)

Moreover since @ is an increasing function, we deduce

by < SRR w )| di
3 [IVGu@de < G105 [ iGu@ ] d (310)

Cn(k) P gy
+W/Q|Gk(q’(un))| d

1
w7

4Oy ([ G101 o)

1

m/

Ol [ G@tu)P i)

for all k > 1. The monotonicity of ® also implies that ®~1(k) > 1 for k larger
enough, so that we get rid of this coefficient for k larger than certain &’.

Denote Ay = {®(u) > k}. Now we estimate each term in (BI0) by using Holder’s
inequality. The following inequality holds true:

o

p

G(®(un)) dz = | |Gu(@(un)|de < [R5 ([ |Gr(®(un))P" da
Q Ap Ay

Thanks to these estimates and the Sobolev embedding theorem, ([3.I0) becomes
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L
. P
AS (/ G (®(un)) P da:) (3.11)
Q

o ([ 6@t i) g

+onmier# ([ @) d)

< k)P~ | A |57

ORI A A fll ( [ ten@u) d:c) "

E3

T a2 ( [ ten@u) da:>

for all k > k. Since n(k) goes to 0 when k tends to +oo, it yields that the second
and the fourth terms on the right hand side can be absorbed by the left hand side.
Then there exists ky > 0 such that, for £ > kg, we obtain:

p—1

( [ i@t dx) "< onhr Ay (3.12)

This is the same inequality as in [3I, Proposition 3.1]. So, following its proce-
dure, we deduce that {®(uy)},, and consequently {u,}n, is bounded in L>(9).
Therefore, there exists a positive constant C; > 0 satisfying ||u,]o < C7 for all
n € N.

Now we prove the a priori estimates in W ?(€) given by ([B3).
Consider ¥(s) = s in Lemma 2] (2) with g(z, u,) replaced by T, (g(x,u,)). By
&), &6, 32 and Hélder’s inequality, we obtain

)\/ |Vun|pdx§/Tn(g(:C,un)) eH(“")undx—l—/fneH(“")und:C (3.13)
Q Q Q

< A/ |t |7 ) dy +/ feftwn) y, dx
Q Q
Thus,
1
[ IVualr o < S[actem @00 + MO 1] ]
Q

and estimate (3] is proven. M

3.2. Strong convergence of Vu,. In this subsection we prove that the sequence
of the approximate solutions {uy}, and their gradients converge to a function u
and its gradient Vu respectively. Moreover we also prove that the different terms
appearing in equation (220) converge.



SINGULAR ELLIPTIC EQUATIONS 9

For any fixed n € N, let u,, € Wy () N L>(Q) be a weak solution to problem
@20). As a consequence of Lemma Bl we deduce that there exists a nonnegative
function u € Wy P(Q) N L>(Q) such that, up to subsequences,

Vu, = Vu,  weakly in LP(Q;RY), (3.14)
Up — U, strongly in L"(Q) for 1 <r < p*, (3.15)
un(x) = u(z), a.e. in Q. (3.16)

Actually, the L>®—estimate ([8.2]) implies that

Up = U, strongly in L"(Q) for 1 <r < 4o00. (3.17)

Lemma 3.2. (Strong convergence of Vu,, ). Under the assumptions of Theorem

(21

Vu, — Vu, strongly in (LP(Q))Y (3.18)
a(z,un, V) — a(z,u,Vu), strongly in L¥ (Q;RN) (3.19)
b(z, up, Vu,) = b(x,u, Vu) strongly in L*(€). (3.20)

Proof. We proceed to check all the conditions by dividing the proof in several steps.
Step 1. Strong convergence of the gradients. In order to prove ([BI8]), we check
that (see [8 Lemma 5])

lim [a(x, un, Vu,) —a(z, up, Vu)] - V(u, —u)de =0. (3.21)

n—-+oo O

Consider v = u, —u € W, *(Q) in Lemma 1] (1) to obtain

/ Sign (u7fu)H(un)a(gc7 U, Viug) - V(u, —u) de
Q

< / To(g(x, un))esign (un =) H(un) (4, —1) da+ fneS‘ign Wn=wHun) (4, —y) da .
Q Q
(3.22)

Since u, — u = (up — u)4 — (up, —u)— and —(u, —u)— < 0 a.e. in 2, we obtain

/ S8 (un =W Hun) g (3 0y V) - V(uy, — ) dz
Q

S/Tn(g(:b,un))eSign(“"_“)H(“")(un—u)+ d:v—i—/ fneSign(”"_”)H(“")(un—u)dw.
Q Q
(3.23)
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Now let us analyze the following integral

/ SI8N (un =W H) [ (1 . Viug) — a(, tn, V)] - V(un — ) dz (3.24)
Q
< —/ eSign (Wn = H W) g (2 u,, V) - V(uy, — ) de
Q
" / To(g(z, Un))eSign (uniu)H(u")(un —u)ydz
Q

+ fnesign (unfu)H(un)(un . u) de
Q

=I}+12413.
Let us evaluate I}. We prove

lim I} = lim eSign (wn=wWH W) g (2 u,, V) - Vi, —u)de =0 (3.25)

n—-+o0o n—-+oo Q

Indeed, first we split
/ eSign (n=H(un) g (2 up, V) - V(un — u) da
Q

:/eH(“")a(x,un,Vu)-V(un—u)+d:z:—/e_H(“”)a(:zz,un,Vu)~V(un—u),da:
Q Q

We remark that, owing to (3.14)),
V(up —u)y —0 weakly in LP(Q;RY). (3.26)
In fact, if p € C5°(€2), then

O(un —u)4 _ o
/Q oz, pdr = —/Q(un - u)+axi dx

tends to 0 for all i = 1,..., N, by (ZI3).
Since

e la(a, up, V)

< eH(Cl)(a0|Vu|p_1 + a1|un|p_1 +as), a.e. in

it follows from (BI%) that the right hand side converges in L¥' (), so that the left
hand side is equiintegrable. Therefore by (BI0) and Vitali’s convergence theorem
we deduce

gz, u,, Vu) — e Wa(z,u, Vu), strongly in L ()N (3.27)
Combining (B27) and ([B20]), we infer that

e

li H(un) " -V (up —u)yp dz =0
Jim Qe a(x, un, Vu) - V(u, —u)4 de
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Analogously,

lim e g (z,u,, Vu) - V(u, —u)_dz =0
n—-+4o00o Q

and (23] is proven.
Let us evaluate I2. By the growth condition on g (Z8]), for any fixed § > 0, we get:

1721 < A/ esign(unfu)H(un)(un _ u)+ug;1 dr
Q

< AsTH / eSign Wn=wHun) (4 — ), de+ A eHun)yd o
{un>0} {un<6}n{un>u}

§A5q_1eH(Cl)/ un — u| de + A§7e(CV|Q
Q

It yields
lim sup I2 < A§9e(CD|Q (3.28)

n—oo

for all § > 0, so that lim,, . I2 = 0.

Finally we evaluate I23. By ([B.I5]), our assumption of summability on f and the
L™ estimate, we have

lim I? = lim eSign (un=wH(un) £ (4, —u)de =0 (3.29)

n— 400 n— 400 Q
By [B24)), combining (3:28), B28) and [B29), we get
lim sup/ eSign Wn =W H W) (2, 1,,, Vig) — a2, Uy, V)] - V(ty —u)dz < 0.
Q

n—-+oo
Since by (2.7
eSign wn=WH W) (g2 1, Vi) — a(2, tn, V)] - V(u, —u) >0

we deduce

lim 518N (un ) H (un) [a(z, upn, Vuy) —a(x, up, Vu)]-V(u, —u)de = 0. (3.30)

n—-+o0o Q

Therefore by ([330), we have

lim [a(x, un, Vuy,) —a(z, up, Vu)] - V(u, — u) de (3.31)

n—-+oo Q

_ EIE S18N (wn —u) H(uy) ,—SigN (unfu)H(un)a(xvun, V) - V(up — u) dz
n oo Q

< ef©) i eSign (wn = Hun) g (g 4, Vi) - V(ty, — u) dz = 0.
n—-+o0o /o

This proves (B2]) and therefore (BIF]).

Step 2. Strong convergence of a(x, un, Vuy,) and b(x, up,, Vu,) A straightforward
conseguence of ([FI8) is that, up to subsequences,

Vu, = Vu, a.e. in Q. (3.32)
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Easy consequences of the pointwise convergence of the gradients are
a(z, un, Vu,) = a(x,u, Vu), a.e. in Q,

and
b(x, un, Vu,) = b(z,u, Vu) , a.e. in Q.

Furthermore, the strong convergence of the gradients (BI8) jointly with (B.I7)
imply that the sequence

ao| Vun P71 4+ ay|un [P~ + ao

is equi-integrable. So, our hypothesis ([2.4]), gives the equiintegrability of a(z, w,, Vuy,)
and, by Vitali’s Theorem, ([B.19) follows. On the other hand, the L>—estimate leads
to the boundedness of h(uy). Hence, it follows from ([24]) and the strong conver-
gence of the gradients that the sequence b(x, u,, Vu,,) is equiintegrable. Applying
again Vitali’s Theorem, we get (3.20). Additionally, we also obtain

b(x, u, Vu) € L'(Q). (3.33)

3.3. Existence: proof of Theorem [B.I]l In this subsection, we prove that the
function wu is a weak solution to problem (Z3]) according to Definition 211

Since we have proved [B33)), condition (212) is satisfied. Therefore we proceed to
check the other conditions in Definition 2T}

Step 1. u satisfies (2.1T])

Let us consider the weak solution u,, to the approximate problem (2Z20). For any
fixed k > 0 we take v = G (ul~7) in Lemma 21 (1) and so

(1- q))\/ el (un) a(z, Un, Vuy,) - Vuy u, Tdx
{uwlliq>k}

S/€H(u")Tn(g(fEa'U/n))Gk:(lez_q)d{IJ+/€H(un)fnGk(u:z_q)dx'
0 0

By assumption on g (2.0]), since u,, is a nonnegative function, we have:
To(g(x,un)) Gruy 1) < gz, un) upy @ <A,

n
a.e. in {ul=7>k}.
By ellipticity condition ([27)), Remark 2.1 and estimate ([3.2)), we get

(11— q))\/ eH W)y =4 |y, |P da
{un” ">k}
<C [ Tyl un))Gulul ) do+C [ . Gulul N do
Q Q
< CAIQ| + C/ fGr(ur™9) dx
Q
< CAJ9| + C||un||oo/ fde<c.
Q

Since ef'(un) > 1 we obtain

/ VP < O
{un” >k}
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So, owing to the Fatou Lemma,

/ (|~ VulP dz < C. (3.34)
{ut—9>k}
Now we let k£ go to 0 on the left-hand side, by monotone convergence Theorem,
lim u” Y VulPde = / u” Y VulPdr < +00.
k=0 Jrui-a>k} {u>0}

Applying [26, Lemma 2.5, we obtain that u'~#% € WyP(€) and

/ u_q|Vu|pd:v=/u_q|Vu|pd:v,
{u>0} Q

so that u=9|Vu|P € L1().

Step 2. u satisfies ([2.13)
Consider v € Wy P () N L>®(2), v > 0 a.e. in Q as test function in Z20), we get

/a(z,un,Vun)~Vvdx:/b(x,un,Vun)vdx+/
Q Q

Q
Therefore passing to the limit for n which goes to +oo, by BI6), (320) and
Fatou’s lemma, we get

T, (g(z,un))vde+ | favde.
Q

lim a(z, Uy, Vuy,) - Vodx
n—+0oo /o

— lim (/ b(x, up, Vuy)vde + fnvdzzr>
Q Q

n—-+oo

2/99(:6,11)1}(1;6. (3.35)

that is

/a(x,u,Vu)-Vvda:—/b(x,u,Vu)vdaj—/fvda:Z/g(:z:,u)vda:. (3.36)
Q Q Q Q

This yields the conclusion for v > 0. The general case follows from the decomposi-
tion v =v4 —v_.

Step 3. Proof of ([Z14) by passing to the limit in the approximate problems.
Let ¢ be any nonnegative function belonging to W1P(Q) N L>°(Q2). Taking
T (un)e as test function in ([Z20) and disregarding a nonnegative term, we have

/ Ty (un) (a(z, upn, Vuy,) - V) dz < / b(x, Un, Vg )T (uy ) d
Q Q

—i—/QTn (9(x,un)) Tk(un)godx—i—/ﬂ fuTr(un)pde. (3.37)

Now we let n go to +oo in the inequality (331). On the left-hand side we use the
strong convergence of {a(x, un, Vu,)} in L (Q), BI9), the pointwise convergence
of u, BI6) and Lebesgue’s dominated convergence theorem in order to obtain

lim Ti(un) (a(z, up, Vuy,) - V) do = / Tk (u) (a(z,u, Vu) - Vo) dz.
n—=too Jo Q

In analogous way, we evaluate the first term on the right-hand side (B.37). We apply
the strong convergence of {b(z, u,, Vun)}n in L'(Q) given by (3.33)), the pointwise
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convergence of u,, (3I0) and Lebesgue’s dominated convergence theorem in order
to obtain

lim b(x, Up, Vur) T (un) o do = / bz, u, Vu)Ti(u)p dx .
n—+0o0 /o Q
Concerning the second term on the right-hand side of (837), we observe that

T (g(, un)) Tr(un)
=T, (9(x,un)) Tk(un)|{un§k} + T (g(z, un)) Tk(un)‘{un>k}
-1 -1
< Au? u"‘{ungk} + Akul ‘{un>k} < AKY.

Therefore we can apply Lebesgue’s dominated convergence Theorem and we get

lim T, (9(x,un)) Ti(un)p de = / g(x,u)Tk(u)p de.
n—+ Jo Q

Finally it is easy to verify that

1m‘Lnnwwwm=ljnwwm.

n—-+oo

Hence, passing to the limit for n which goes to +oo in [B.37), we get
/ Tr(u) (a(z,u, VGi(u)) - V) dx
Q
< [ b VoTiweds + [ geoTi@geds+ [ fTweds
Q Q Q

S/b(m,u,Vu)Tk(u)cpd:E—i—k/g(m,u)g@dﬂc—i—k/fcpd:v.
Q Q Q

Dividing by k and letting k go to 0, it follows that
/ (a(z,u, Vu) - Vo) dx
{u#0}
< / b(x, u, Vu)(pd:l:—l—/ g(z,u)pde+ | fedx
{uz0} Q Q

holds true. As a consequence of Stampacchia’s Theorem (cf. [33]), we obtain

/ (a(z,u, Vu) - Vo) dz

Q

S/b(m,u,Vu)cpd:E—l—/g(x,u)godx—i—/fcpd;v
Q Q Q

Since ([B30]) yields the reverse inequality, we conclude
/ (a(z,u,Vu) - V) dx
Q

:/b(x,u,Vu)(pd:E—l—/g(:z,u)gadx—F/f(pd:l:
Q Q Q

for all ¢ > 0. The general case is now straightforward. ®
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4. EXISTENCE RESULT FOR m = N/p

The main result of the section concerns existence of nonnegative weak solutions
to problem (23] when the datum f is an element of the Lebesgue space L™ (1),
with m = N/p. Its statement is the following.

Theorem 4.1. Assume (Z4) - Z9) with
feLr(Q)

and
I e 0 4.1
A T aE) T (4.1)
Then problem ([Z3) has at least a weak solution u such that ®(u) € WyP(Q)NL"(Q),
and hence u € Wy P(Q) N L7(R), for all 1 < r < oo.

As in the previous case, we consider the approximate problems (2.20), which
for any fixed n, has at least a nonnegative bounded weak solution u, € W, () N
L>°(Q). We begin by proving a priori estimates for weak solutions u,, which implies
the existence of a limit function u which is proven to be a weak solution to problem

@3).

4.1. A priori estimates when m = N/p. In this subsection we prove that the se-
quence of approximate solutions {u,, }, satisfies a priori estimates in L"(Q2), for any
r > 1, and in WOI’p(Q). By these estimates we deduce that u,, up to subsequences,
converges to a limit function u which is the sought solution.

Lemma 4.1. (Estimates in L"(Q) for all 1 < r < oo and in Wy?(Q)). For any
fired n € N, let u, € Wy P(Q)NL>(Q) be a weak solution to problem Z20). Under
the assumptions of Theorem [31], the following estimates hold true:

[unllLr @) < Cs I<r<oo, (4.2)

[Vun|lr@) < Ca, (4.3)

where Cs, Cy are positive constants which only depend on |Q|, N, m, p, || fllzm, A
and on r, but do not depend on n.
Furthermore, it is also satisfied

lim sup/ VG (up)P dx = 0. (4.4)
Q

k—00 neN

Proof. For any v > 1, consider ¥(s) = ®(s)” in Lemma [ZT] (2). Then, since
pH(un)

e »1 >1, we get

pH(un)
1

/\/ ”yfb(un)771|v<1>(un)|pdx < /\/ ye p-
Q Q

S/eH(un)rl)(un)'Vg(:r,un) da:—l—/ M) & (1,)7 f da:
Q Q

O (un) Vu, [Pdr
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This inequality and Sobolev’s imbedding Theorem lead to

(/ @(un)wilp*da@)p gc/ VO (u,) 5 |Pdx
Q Q

< C'/ eH) @ (u,) g (2, 1) da:—|—C'/ eHn) (u,) f da
{@(un)>k} {@(un)>k}

+ C/ M) & (u,) g(z, up ) da + C/ eH)®(u, ) fdr  (4.5)
{@(un) <k} {®(un)<k}

where k > 1. We handle the integrals over {®(u,) > k} employing the function n
defined in [B.3]). Notice that, since k > 1, it results 1 + ®(u,,) < 2®(uy,) on the set
{®(u,) > k} and therefore, we deduce

/ eH(“")fl)(un)'yg(:zr, Uy ) dx
{®(un)>k}
< / D)L+ D ()P @ () g (2, )
{®(un)>k}

g/ n(k)2P 10 (u, ) TP g (2, uy) da
{®(un)>k}
Thus, we get

/ M) (1) g, ) dir < C(k) / B(un) P g dr (4.6)
{®(un)>k} {®(un)>k}

< CL)_/ @(un)'yﬂ”l dz
{®(un)>k}

< C%mvﬂN (/Q (I)(un)(wpfl)% dw)pp* )

Moreover by Holder inequality, we get

/ ) d(uy)7 f dw < C(k) / D(up) TP f da (4.7)
{P(un)>k} {®(un)>k}

< Cak)fllv ( / B(uy)OHPDE d:v) |

Arguing as in Lemma B] since n(k) goes to zero when k tends to 400, the terms
in the right-hand side of (@8] and X)) can be absorbed by the left-hand side of
(£X). Hence, there exists k larger enough such that (@3] becomes

ytp—1 % pL* ytp—1
(/ D(u,) » P da:) SC/ VO (u,) » |Pdx
Q Q

< C/ B (u,) g, up) da + C/ H ) @ ()7 f da .
{®(un)<k) {®(un)<h}
(4.8)
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Now observe that the right hand side is bounded. Indeed, since by (28] and (2I7),
it follows that

eH) (u,) gz, uy) < Aud~te! )&y, )7

_ AeH(un)uZJrq—l <(I)('Um)

Un

H(un)

gl
) < Ay +a=17 7

Thus, we get
/ MO (1 g ) i < OO )3 bt
{®(un) <k}
The remainder term in (L8] is obviously bounded, that is

J OB (0, )7 f di < CeM @™ DG (kY| £ o
{@(un)<k}

Therefore, it follows from (@8] that

atp—1

(/ @(un)”+5lp*dx)p <C [ |VO(u,)F Pdx < C,
Q Q

for all v > 1. Hence by the arbitrary of v and therefore of %ﬁj_lp* > 1, the

sequence {®(uy)}y is bounded in every L"(f2) such that 1 < r < oo and, taking
v =1, in Wy ?(Q). We conclude that the same features hold for {u, },.
Condition (4] follows from

lim sup/ VG (®(un))P dz=0.
k—oonenJao

and it yields from performing the following computations (with some v > 1):

» D (u,) "t » C
/Q|VG;€(<I>(un))| dwﬁ/ﬂW|VG‘k(@(un))| dr <

Remark 4.1. In the previous proof, we have seen that the sequence {®(uy)}, is
bounded in every L"(Q), with 1 <r < 400. As a consequence of assumption (1),
we deduce that {e#(“»)}, is also bounded in every L"(2) with 1 < r < 4oo0.

4.2. Strong convergence of Vu,. In this subsection we prove that the sequence
of the approximate solutions {uy}, and their gradients converge to a function u
and its gradient Vu respectively. Moreover we prove that every term in equation
@20) converges.

For any fixed n € N, let u,, € Wy*(2) N L>(Q) be a weak solution to problem
(Z20). By Lemma ] there exists a nonnegative function u € Wy (Q2) N L"(Q) for
all 1 <r < +o00 such that, up to subsequences, the convergences in (3.14), (B.13)
and (BI6) hold true. In this limit case, we also obtain the convergence appearing
in (BI1). Furthermore, the pointwise convergence allows us to obtain the strong
convergence of e (") to () in any 1 < r < oo.
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Lemma 4.2. (Strong convergence of Vu,, ). Under the assumptions of Theorem

(21

Vu, — Vu, strongly in (LP(Q))N (4.9)
a(z,un, V) — a(z,u,Vu), strongly in L¥ (Q; RN) (4.10)
b(z, up, Vu,) = bz, u, Vu) strongly in L'(€). (4.11)

Proof. We proceed to check all the conditions by dividing the proof in several steps.
Step 1. Strong convergence of the gradients. We explicitly point out that we cannot
apply the same proof of the previous case because now we do not have an L*°~bound

for {un}n.
As in the previous case, in order to prove ([@3)), we are proving that (recall [8]
Lemma 5])

lim [a(x, un, Vuy) — a(z, un, Vu)] - V(u, —u)de =0 (4.12)

n—-+oo Q
holds true. To this aim we write
V(up —u) = VI (uy — Th(uw)) + VGi(un — Th(w)) + V(Th(u) — u) ,

for certain k and h, with k& > h, to be chosen. Hence
/Q[a(fva U, Vi) — (2,1, V)] - V(u, —u) de =
/Q[a(x, Up, Vig) — a(z, up, Vu)| - Vi (uy — Th(u)) da
+ /Q[a,(x,un, Vuy,) — a(z, un, Vu)] - V(Th(u) — u) dx

+ / la(z, upn, Vu,) — a(z, up, Vu)] - VGi(up — Th(u)) dz  (4.13)
Q
Let us begin by proving the following equality

lim la(z, upn, Vu,) — a(z, up, Vu)] - VI (un — Th(u))dz =0 (4.14)

n—-+4oo Q

We may take v = Ty (up, — Th(u)) € WyP () in Lemma2I (1). Then we proceed as
in the previous case. Actually we integrate over {|u,| < k + h} and we may argue
as above replacing Cy with k 4 h. This yields ([@I4]).

Let us evaluate the second integral on the right-hand side of [@I3]). Fix € > 0.
Taking into account that the sequence {uy, }, is bounded in Wy (), it follows from
condition () that {a(z,u,, Vu,)}, is bounded in L (Q)N. Hence, there exists
h > 0 satisfying

/Q lla(z, un, Vuy) — a(z, up, V)] - V(T (u) — u)| dx

1/p
< (e, wny VeIl + a1, V) 1) </{ h}|Vu|p> <e¢/3 VneN.
u>
(4.15)

Having fixed h, we determine k. To this end, notice that
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/ lla(z, un, Vuy,) — a(x, un, V)] - VG (un, — Th(u))| dz
Q
= / lla(z, un, Vuy) — a(x, uy, Vu)] - VG (un, — Th(u))| dx
{lun—Tn (u)| >k}
= / [la(z, upn, Vun) — a(z, up, Vu)| - VG (upn, — Th(u))|dx.  (4.16)
{un>k—h}
Therefore by growth condition (Z4]) and a priori estimates ([@3]), we have

5 lla(x, un, Vu,) — a(x, up, Vu)] - VG (u, — Th(w))| dx

1/p
< (late.wn, Vun) -+l wn Vol ) [ ([ 9wl ) ([ wap
{un>k—h} {un>k—h}

1/p 1/p
<C / [VunlP |+ / [Vul?
{un>k—h} {un>k—h}

Taking into account ([@4]), we may find k such that

[la(z, upn, Vun) — a(z, un, Vu)] - VGi(up — Tp(v))| dz < €/3 Vn e N. (4.17)
Q

Combining ([E13), (14), (EIH) and @IT), we conclude that (EI2) holds.

Step 2. Strong convergence of a(x,u,, Vu,) A straightforward conseguence of
(&3 is that, up to subsequences,

Vu, = Vu, a.e. in €. (4.18)
Moreover, we also infer
b(x, upn, V) = b(z,u,Vu), ae. inQ

and
a(z,un, Vu,) = a(x,u,Vu), ae. in Q.

Now, as in the proof of Step 2 of Lemma B2l it follows from (24]) and (@3] that
a(z,un, V) — a(z,u, Vu), strongly in L ((; RYN). (4.19)

Step 3. Strong convergence of b(x, uy, Vuy,) to b(z,u, Vu) Now we prove ([{LIT]).
Since no L*—estimate is available, we are not able to prove that {h(u,)}, is
bounded, so that the proof given in the previous section is not possible.

Consider the function

=(s) = / ho)eyde (k= 1)

1/p
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and note that =(s) < H(s)X{s>k} holds. Taking ¥(s) = Z(s) in Lemma 2T (2), we
obtain

)\/ ) h(u,,) | Vun |Pde
{un>k}
S/eH(un)E(un)g(x,un)d$+/ H(un)= E(up) f da
Q Q
<A / M) H (0, k9 d + / eH) H (u,) fde (4.20)
{un>k} {un>k?}

We note that k9~ < 1 and use the fact that {e(“»)}, ~and hence {H (u,)}n, is
bounded in any L"(Q2), 1 <r < oo, to get

[ M hu)Vunlrds < O+ £ o)
{un>k}
so that the right hand side tends to 0 uniformly on n. Therefore,

lim sup/ e W) b (u,)) |V |P dz = 0
{un>k}

k—00 peN

and, since ef(un) > 1

3

lim sup/ h(un)|Vup|P dz =0 (4.21)
{un>k}

k—00 neN

The main consequence is that the sequence {h(u,)|Vu,[P}, is equiintegrable. In-
deed, if E C €2, then

/ () [Vn [P
E

:/ h(un)|Vun|pd:E+/ h(un)|Vuy,|Pdx
En{u, <k} En{u,>k}

< [ max h(s / |Vun|pd:10—|—/ h(un)|Vuy|[Pdz  (4.22)
s€[0,k] {un >k}

Now let € > 0. Keeping in mind ([@21]) and choosing k large enough, we may obtain
that

/ h(un)|Vuy|Pde < €/2
{un>k}

for all n € N. Fixed k, we may use the strong convergence of gradients to deduce
that there exists 6 > 0 such that, for any set F having |E| < 0,

| max h(s / |V, |Pde < €/2
s€[0,k]

for all n € N. Therefore by @22), |E| < ¢ implies [, h(u,)|Vu,|[Pdz < e for
all n € N, which provides the equiintegrability of the sequence {h(un)|Vuy,|?},.

Then by ([23) we conclude that the sequence {b(x,u,, Vuy,)}, is equiintegrable.
Applying Vitali’s Theorem, (£IT) follows. ®H



SINGULAR ELLIPTIC EQUATIONS 21

4.3. Existence: proof of Theorem 4.1l We prove that the function u is a weak
solution to problem (23]) according to Definition 21 The proof of Theorem [A1]
prooceds exactly as the proof of Theorem Bl in subsection We explicitely
remark that the strong convergence in (LI1]) obviously implies (Z12). m

5. EXISTENCE RESULT FOR =

The main result of the section, concerning existence of nonnegative weak so-
lutions to problem 23) When the datum f is an element of the Lebesgue space
L™(Q) with m <m< —, is stated as follows:
Theorem 5.1. Assume (Z71) - 29) with

Np N
€ L™(Q), —  <m<—.
d ) N(p—-1)+p p

Moreover assume that there exist a constant 0 < 6 < plz;;/ and constants 0 < My <
My satisfying
H(s)

M, < <M, Vs>0. (5.1)

(1+®(s))P- 17 =

Nm(p—1)

Then problem [Z3) has at least a weak solution such that u € Wy P (Q)NL - (Q).

As in the previous cases, we consider problems (2.20), which for any fixed n, has
at least a nonnegative bounded weak solution u, € W, *(2)NL>®(Q) and we prove
a priori estimates for these approximate solutions wu,,.

5.1. A priori estimates. In this subsection we prove that the sequence of approx-
m(p—1)
imate solutions {uy}, satisfies a priori estimates in L R () and in W,P(Q).

We point out that m tends to co as m — = > N and so there is no solution of
continuity with the estlmates of the previous section. Observe, in addition, that

o vields an estimate in L?"(Q), as expected.

M = Np—N+p

Lemma 5.1. (Estimates in L5 (Q) and W, *(2)). For any fized n € N, let

w, € WoP(Q)NL>®(Q) be a weak solution to problem (Z20). Under the assumptions
of Theorem [51), the following estimates hold true:

Uy m(p— < Cs, 5.2
I ||LNN57WI)(Q)— 5 (5.2)

[Vunlze) < Ce, (5.3)

where Cs, Cg are positive constants which only depend on |, N, m, p, || fllzm, A,
but do not depend on n.
Furthermore, it also holds

lim sup [ |VGg(up)|Pde=0. (5.4)

k—oo neN.Jo
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Proof. For any r > p — 1, consider ¥(s) = (1 + ®(s)" P®(s) in Lemma 2T (2).
Since V' (uy,) > min{r +1 — p, 1}(1 + @(uy))" PP (uy,), we get

pH(un)

/ (14 @(up))" " PIVO(up)|Pdx = C/ e 71 (14 P(uy)) " P|Vu,|Pd
Q Q

<C [ W) (1 4 &(uy)) PDB(up)g(x, un) da
Q

1O [ @D (1 4+ ®(up)) PO (un) fodr. (5.5)
Q

This inequality and Sobolev’s imbedding Theorem lead to

(/ [(1+ D(uyp))? — 1]P*dx) "< O/ (1+ ®(uyn)) " PIVO(uy)|Pde (5.6)
Q Q
< C/ eHun) (1 4 ®(uy, ) P gz, uy,) d
{<I>(un)>k:}
+ c/ ) (1 4 ®(uy, ) PP (un) gz, up ) d
{®(un)<k}

+ C/ eHn) (1 4 ®(uy)) P+ fdx,
Q

where k > 1. Now we evaluate the integral over {®(u,,) > k} in (G.06]). Since k > 1,
by assumption (G.]), we have

/ eH(“")(l + @(un))r_p"’lg(:t,un) dx (5.7)
{®(un)>k}

< MyA / (1 + ®(uy)) ~ P DO-0y3-1 gy
{P(un)>k}

MyA / i
<28 1+ ®(uy))" =D g
BRI g,y T 0

1

7

MsA 1L / e _ / m
<727 o= 1+ ®(uy,))lr—p-DA-0)m
B [‘I’_l(k)]l_q| | ( Q( (1)) e

Next we analyze the second integral over {®(u,) < k} in (56). Taking into account

28), @ZI8) and E.I), we get
eH(un)(l + @ (un))" PP (un)g(z, un) < AeH(u”)(l + P (un))" Puf, (@ELU")>

H(un)

< AP (14 D (uy,)) Pule 71
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Consequently, we get

/ M) (14 ®(un))" D (un)g(, un) da
{®(un)<k}

-1

< AQ[eH @ ED (1 4 p)rPe (k) 1e T = L (5.8)
Regarding the third term on the right hand side of (5.6), we apply (&) and the
H’older inequality to obtain

/ AW (1 4 ®(uy,)) P f de < My / (14 ®(uy,)) ~ P D=0 ¢ gz
Q Q

1
m’

< ||f||Lm(Q) </ (1+ q)(un))[r—(P—l)(l—O)]m/ dm) (5.9)
Q
Owing to (57), (&.8) and (&9), inequality (2.6 becomes

(/Q[(l + ®(un))? — 1]p*dx) z

<C+cC (/ (1 + ®(u,))lr— D=0’ d;v) " (5.10)
Q

Now it follows from m < % that m’ > %. This fact allows us to choose r such that

p= DA O (5.11)

so that
= (p—1)(1—O)m’ = 2 = Nm(p-1)(1-6)

p N —pm
Therefore, we infer from (5I0) that there exists a constant C' > 0 satisfying
Nm(p—1)(1-0)
/(1 + ®(uy)) ~Nowm dx <C (5.12)
Q
and, going back to (&), that
/(1 + D)) P VD ()P < C (5.13)
Q
for all n € N.
To go from these estimates on {®(u, )}, to estimates on {uy},, we first apply
GID) to get
= o'(s)
M7t —— 5.14
L= (1 +®(s)) (5.14)
and so

1 1
Mflil S S m(l + (I)(S))l_e

holds for all s € R. On the one hand, this last inequality, jointly with (G12), gives
Nm(p—1)
an estimate of {u,}, in L N (€2), so that (5.2)) is proven. On the other, (514)
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and (BI3)) imply

MET [ (14 @) OO TPl < [ (14 @) (0,7 Vun P
Q Q

_ / (14 B(s))" |V (up)[Pde < C.

Q
p*—m/
m! — P

Since r —p(1 —6) = (1 —6) > 0, the estimate (B3)) follows.

P
It remains to check (54). Having already determined r by (E11I), we now choose
U(s) = (14 P(Gk(s))" PP(Gg(s)) in Lemma 211 (2), with k > 1, getting

/Q Hun) S (1 4 (G ()P |V G (un) Pz
< /Q M) (14 B (G (un)))" PO(Cr(un))g(x, un) da
n /Q H ) (1 4 B(Go (1)) P B(Ce (1n)) fon dv
< / ) (14 ®(un )P g(@, un) da
{un>k}

+ / ) (1 4 ®(uy))" P fda .
{un>k}

Arguing as above, we deduce that
VG () |Pda < c/ (K1Y + £)efn) (1 + (uy)) P+ da
Q {un>k}

1
o)

<O+ fXgunsiyllzm@) (/Q(l + B (uy, )T =D A=)’ d;v>
<O+ HXunskylzm(@) -

due to k971 < 1. Since the right hand side tends to 0 as k — oo, condition (5.4)
follows. W

Remark 5.1. We point out that we have obtained (5.12]), an estimate on {®(uy ) }n,
which leads, thanks to (1)), to an estimate on {ef/(“»)},  namely:

Nm(1—6)
/ (eH(un)> e < (5.15)
Q

5.2. Existence: proof of Theorem 5.3l By Lemma 5.1l there exists a nonnega-

Nm(p—1)
tive function u € WO1 PQ)NL™™ o (€2) such that, up to subsequences, conditions

BI2), BI0) and BI6) hold true. Actually, and owing to ([B2)), we have that
the strong convergence in ([B.I5]) holds for every 1 < r < Nm(p=1), Moreover, the

N—pm
pointwise convergence (3.10), (E.15]) and
i Nm(1l-0)

imply that
eHlun) y HW iy [m+e(q) (5.16)
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for some € > 0 small enough.

As in the previous case the proof of Theorem [5.1] needs

(1) the strong convergence of Vu,, to Vu in LP(Q)N

(2) the strong convergence of b(z, un, Vu,) to b(x,u, Vu) in L'(Q)
As far as the strong convergence of Vu,, concerns, the proof proceeds exactly as in
Step 1 of the proof of Lemma 2] bearing in mind that (54]) holds.

In an analogous way the proof of the strong convergence of b(x,u,, Vu,) to
b(x,u, Vu) proceeds as in Step 3 of the proof of Lemma 2] Just replace, on the
right hand side of [@E20), the fact that {ef(“»)}, is bounded in any L"(Q), r < oo
with the fact that {e(“»)}, is bounded in L™ *¢(€2). Then it is enough to perform
the following inequalities over the set {u, > k}:

! !
eH ) F () < 2Tme(l+(€/2m'))H(un) < QTme(lJre/m')H(un)W
wherewith

1
ocH (k) X{un>k} -

e M) H (1) X, 5y < Ol F )

Finally the conclusion of the proof of Theorem [B.1] follows the argument given in
Subsection 33 =
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