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PARABOLIC EQUATIONS WITH NATURAL GROWTH APPROXIMATED BY
NONLOCAL EQUATIONS
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ABSTRACT. In this paper we study several aspects related with solutions of nonlocal problems whose
prototype is
ut = N J(w—y)(“(y,t) —u(m,t))g(u(y, t) —u(:v,t))dy in Q x (07 T)7
R
u(z,0) = uo(z) in Q,

where we take, as the most important instance, G(s) ~ 1+ & w;%? with 1 € R as well as ug € L' (Q),

J is a smooth symmetric function with compact support and 2 is either a bounded smooth subset of
R, with nonlocal Dirichlet boundary condition, or RY itself.

The results deal with existence, uniqueness, comparison principle and asymptotic behavior. Moreover
we prove that if the kernel rescales in a suitable way, the unique solution of the above problem converges
to a solution of the deterministic Kardar-Parisi-Zhang equation.

1. INTRODUCTION

This work is concerned with the study the existence, uniqueness, comparison principle and asymptotic
behavior for the following nonlinear parabolic equation with nonlocal diffusion,

(L1) ug(w, t) = /N J(z —y) (u(y, t) — u(z, 1)) G (uly, t) — u(z,t))dy in Qx(0,7),
. R
u(z,0) = ug(x) in £,

for an appropriate functions J and G (see below (.J) and (G)), and its relationship with the local problem
up — Au = p|Vul? in Qx(0,7),

(1.2)
u(z,0) = up(x) in Q,

where

(1) 2 is either RY itself (Cauchy problem) or a bounded smooth subset of R adding the boundary
condition u(z,t) = h(z,t) on 9Q x (0,T) for h sufficiently smooth (Dirichlet problem);

(2) T > 0 (possibly infinite) and p € R;

(3) up is a smooth enough datum.

1.1. Local problem. The equation u; — Au = p|Vu|? | at least for p > 0, is known in the literature as
the deterministic Kardar-Parisi-Zhang (KPZ) equation. It was proposed in [13] in the physical theory of
growth and roughening of surfaces. Further developments on physical applications of the KPZ equation
can be found in [3] (for a survey on more recent aspects we refer to [18]).

The Kardar—Parisi—Zhang equation has given rise to a rich mathematical theory which has had a
spectacular recent progress (see [10, 11]). From the point of view of Partial Differential Equations,
equations having a gradient term with the so-called natural growth have been largely studied in the
last decades by many mathematicians: in addition to the classical reference [141] let us just mention the
pioneer paper by Aronson and Serrin [2] and also the result due to Boccardo, Murat and Puel [5].
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1.2. Nonlocal problem. Nonlocal evolution equations have been extensively studied to model diffusion
processes. The prototype example in this framework is the following one

(1.3) ur(z,t) = | K(z,y)(uly,t) - ulz,1))dy,
R
where the kernel K : RY x RV — R is a nonnegative smooth function (not necessarily symmetric)

satisfying / K(z,y)dz = 1 for any y € RY (or variations of it, see for instance [1]). If u(y,t) is thought
RN

of as a density at location y at time ¢ and K (z,y) as the probability distribution of jumping from place
y to place z, then the rate at which individuals from any other location go to the place x is given by

K (x,y)u(y,t)dy. On the other hand, the rate at which individuals leave the location x to travel to
N

all other places is —/ K(y,z)u(z,t)dy = —u(z,t). In the absence of external sources this implies that
RN
the density must satisfy equation (1.3).

We are especially interested in symmetric kernels (we denote them by J) that have compact support;
it means that the individuals can jump from a place to other, but they cannot go “too far away”. On
the contrary, for instance, nonlocal operators that allow “long jumps”correspond to a different choice of
kernels. It is the case of the fractional laplacian that involves a kernel that is singular and that does not
have compact support (see, for instance [17] for a survey on this latter class of processes).

In particular, we consider .JJ : RN — R as a nonnegative radial symmetric function such that
J € C.(R™), / J(z)dz=1 and / J(2)2%dz < o0, z2=(z1,...,2N)
RN RN

With this choice of the kernel, equation (1.3) changes into a diffusion equation of convolution type,
namely

(1.4) ug(x,t) = (Jxu—u)(x,t) = /]RN J(x —y)u(y, t)dy — u(x,t), in Qx (0,7)
(see for instance [4, 7, 9]).

1.3. Background. One of the most important features of nonlocal equations is that can be rescaled to
approximate local ones.

In [8] (see also [16] for the same type of result in a more general case) it has been proved that, under
an appropriate rescaling kernel, solutions of (1.4) converge uniformly to solutions of heat equation. To
be more specific, solutions of

C
(15) uj(e )= 5 [ [ =t nay-uwn|  waxo1)
RN
converge uniformly to solutions of

vy = Av in Qx(0,7),

1 1 S
where C7! = J(2)2% dz and J.(s) = —J(=).
5 TGz and () = 5 0(5)

Let us mention that results in this direction, with the presence of a gradient term of convection type
can be found, for instance, in [12]: in such a case the equation is the sum of two terms, one corresponding
to the diffusion one, the other to the convection term.

In general, we consider nonlocal problems of the type

(1.6) u(z,t) = /RNJ(J: —vy) (u(y,t) — u(x, t)) g(u(y, t) — u(x,t)) dy,

where G : R — R is a suitable continuous function. For instance, if G = 1, then we recover problem
(1.4). Let us mention the case G(s) = |s|[P~2, with p > 2 has been treated in [1] where it is proved
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that solutions to the rescaled nonlocal problem converge to solutions of the Dirichilet problem for the
p-Laplacian evolution equation.

On the contrary, the kind of kernels G we consider does not have the same structure of the previous
ones, since they are bounded and do not satisfy any symmetry assumptions (neither odd nor even).

With this background, it is not surprising that problem (1.2) can be approximated by nonlocal equa-
tions. The question is to identify what kind of nonlocal equation approximates, under rescaling, problem
(1.2). At first glance, one could think that a good approximation for (1.2) might be a nonlocal equation
such as

ug(x,t) = /RNJ(x —y)(uly,t) —u(z,t)) dy + M/RN J(x —y)|u(y,t) — u(z,t)|* dy,
that is, taking G(s) = 14 ps in (1.6). We explicitly point out that this is an unbounded function that
satisfies G(0) = 1 and G'(0) = u (compare with condition (G) below). Anyway, for our approach the
lack of boundedness of G leads to an obstacle for proving the existence of a solution to (1.6) via a fixed
point argument. By the other hand, we recall that one of the main tools to deal with problem (1.2) is
the so—called Hopf-Cole change of unknown which is defined by w(z,t) = e#*(**), This transforms every
classical solution to (1.2) into a classical solution to problem

we(z,t) = Aw(x,t)  in Qx(0,T),
w(z,0) = ervo(@) in Q,

for a smooth enough datum ug. However, the same kind of difficulty are found if one try to reproduce
the Hopf-Cole transformation and try to approximate the solution of (1.2) by something of the form

ug(x,t) = /NJ(x —y) (e“u(y’t) — e“u(m’t)) dy .
R

1.4. Main results. To conclude this introduction we want to state the most relevant results of our work.
In order to not enter in technicalities, let us fix a family of kernels G, that are the easiest (not trivial)
example we can consider: for p € R let

7%
=14+ —r R R
gu(s) + 2(1 + ILL2S2) Y S E ? /’L e ?

and the corresponding family of nonlocal Dirichlet problems

ug(w,t) = / J(x—y) (u(y,t) — u(x, t)) G (u(y, t) — u(x,t)) dy in Qx(0,T),
(1.7) u(z,0) = u(])R(];) in Q,

u(z,t) = h(x,t) in  (RM\Q)x(0,T).
with Q a bounded domain and uy and h smooth enough.

After have proved the existence, uniqueness (see Theorem 2.3) and a Comparison Principle (see The-
orem 2.5) for solutions of (1.7), we face the problem of rescaled kernels.

The result we prove, in this model case, reads like this.

Let u be the unique smooth solution to (1.2), with suitable initial data uy and boundary condition
u(z,t) = h(x,t) on IQ x (0,T). Then there exists a family of functions {u°}, € > 0, such that u® solves
the approximating nonlocal problem

€ o C € € I (’u,a(y,t) B ua(x,t))2
ui(x,t) = = /QJE Je(z —y) {(u (1) = (@) + 21 4 w2 (us (y, t) — us(x,t))
uf(x,0) = up(x) "o

uf(z,t) = h(z,t) in  (2,.\Q) x (0,7T),

5|dy in Qx(0,T),
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with C' a suitable constant, Qy. = Q + supp J. and the family {u°} satisfies

lim sup

u®(x,t —u:v,tH =0.
e—0 tG[O,T]’ ( ) ( ) L°°(Q)

The same kind of results (i.e. existence, uniqueness and convergence for a suitable rescaled kernel
to a solution of a local problem) are also proved for the corresponding Cauchy problem associated (i.e.,
Q=RN).

In addition, we deal with the asymptotic behavior of the solutions of problem (1.1). Concretely, we
have two kind of results: if Q is a bounded domain of RY, we prove that the solutions of (1.7) converge
uniformly to the stationary one. On the other hand, if Q = RY, we prove that the L?-norm of the
solution has a suitable decay in time, depending on the nature (absorption or reaction) of the kernel (see
for more details Theorems 2.16 and 2.17, respectively).

Plan of the paper. Section 2 is devoted to show the precise statements of the main results. Preliminaries
are contained in Section 3. Section 4 deals with the Dirichlet problem in a bounded domain, while the
results concerning the Cauchy problem can be found in Section 5.

2. STATEMENT OF THE RESULTS

This section is devoted to the statement of the main results we prove in the present paper.
Let us consider the following equation:

2.1) w(wt) = [ I = yulyst) 6o ulyia ) dy,
R
where J : RY — R is a nonnegative radial symmetric function such that
(J) JeC.(R™), / J(z)dz=1 and C(J) ::/ J(2)2%dz < 00, z=(21,29,...,2N)
RN RN

and where, here and throughout the paper, we denote u(y; x,t) := u(y,t) — u(x,t).

As far as the function G is concerned, we assume that G : RV x R — R is a nonnegative Carathéodory
function (namely, G(-, s) is measurable for every s € R and G(z, ) is continuous for almost every = € RY)
satisfying

G(x,8)s — G(x,0)0

S§—0

(G) Jas>a1 >0: a; < < ag, Vs,0 € R s # 0o, and for a.e. z € RV,

Let us first point out that the above condition implies that G is a positive bounded function, since
taking o = 0 in (G), we get

0<a; <G(z,s) < g, for any s € R and for a.e. z € RV,

Moreove observe that the above condition relies to be a sort of uniform ellipticity for the operator, while
(G) corresponds to a strong monotonicity.

Further remarks about the condition on G are addressed to Section 3.

Anyway, let us stress again that, in contrast with all the known results about nonlocal equation of the
above type, in our case we do not require any symmetry (neither odd nor even) assumption to G.

The prototype of G we have in mind (we will come back on this example later) is the following one:

p(z) s
2(1 + p(z)?s?)’

where p : 2 — R stands for a measurable function.

Gu(z,s) =1+ re, seR,



PARABOLIC EQUATIONS WITH NATURAL GROWTH APPROXIMATED BY NONLOCAL EQUATIONS 5

2.1. Dirichlet problem. The first kind of results we want to prove deals with the existence and unique-
ness of solutions of a nonlocal Dirichlet boundary value problem. More precisely, consider the following
problem in a bounded domain €2 C RN, N >1.

ug(x, t) = /RNJ(a: —yu(y;x,t) Gz, u(y; x,t)) dy, in Qx (0,7T)
u(z,t) = h(x,t), in (RV\ Q) x (0,7),
u(z,0) = up(x), in Q,

with € L (RN \ ) x (0,00)) and ug € L*(2).

Let us first observe that the integral expression vanishes outside of Q; = Q + supp(J). In this way, h
is only needed to be fixed, in fact, in Q7 \ ©Q and we can rewrite the above problem as

w(x, t) = / J(x —y)u(y;z,t) G(z,u(y; z,t) dy, inQx(0,T),
(P) u(z,t) = h(gft), in (Q2,\ Q) x (0,7),
u(z,0) = ug(x), in €,
where T' > 0 may be finite or +occ.
Due to the aim of the paper, we give now two definitions of solution.

Definition 2.1. Assume that J and G satisfy (J) and (G), respectively.
For h(z,t) € L*((2;\ Q) x (0,T)) and ug(xz) € L*(Q), we define a weak solution of problem (P) a
function u € C([0,T); L'(2)) such that:

t
(2.2) wu(z,t) = / / J(x —y)u(y;z, 7)G(x,u(y; z, 7)) dy dr + up(z), fora.e. z €Q,te€(0,T),
o Ja,
u(y,t) = h(y,t) for a.e. y€Qy\Q andt € (0,7T)
Tim (. 1) ~ wofa) 1) = 0.

Q) x (0,7)) and uo(x) € C(Q), we define a regular solution of problem

Moreover, if h(x,t) € C((2s\ %
,00);C(Q)) such that:

(P) as a function u € C(]0, o0

t
u(a,t) = / /Q J(& - yyuly; o, )G uly; 2, 7)) dy dr +uo(x),  for any z €T, t € (0,T),

u(y,t) = h(y,t) for anyy € Q;\Q and t € (0,7T)
T [lu(e, )~ wo(@) o) = 0.
Some more remarks about the meaning of weak and regular solutions are in order to be given.

Remark 2.2.

i) Observe that, in addition to the different smoothness of the boundary condition and/or the initial
datum, the main difference lies on the prescription of data on ON). Indeed, for weak solutions,
h is prescribed in (Qy\ Q) x (0,T) and ug in Q, while for regular solutions, h is prescribed in
s\ Q) x (0,T) and ug in Q.

i) As already noticed in [7] (in a different context) the boundary conditions cannot be meant in a
classical way, i.e. it is not true that the solutions of problem (P) pointwise coincide with the
prescribed boundary data h(x,t). This is due to the fact that the value at any point (x,t) €
90 x (0,T) depends both on the values of u inside Q x [0, T] and on the boundary datum h(z,t),

since
t
uwo)= [ [ -yl 6l ) - ulw ) dydr
0 JQNsuppJ

+/o /Qcmsupp(] J(x —y) (h(y, 7) — u(x, 7')) g(:zr, h(y, ) — u(zx, 7')) dy dr + ug(x) .
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Consequently, in contrast with the local case, the equation is solved up to the boundary, depending,
near 0X), also of the prescribed boundary condition.

iil) Let us stress that the regularity required in the definition of weak solutions is the less restrictive
in order to give sense to the formulation and to the boundary and initial conditions. Anyway
from (2.2) we deduce that the time derivative ui(x,t) of u also belongs to C((0,00); L*(£2)).

Let us also point out that the weak solutions framework is the more natural one in order to
prove the existence of a solution. Indeed we only require an L' regularity to prove the existence
of a solution.

Finally we want to underline that the nonlocal operator involved in such equation does not have
the regularizing effect that is typical of the Laplacian, but leave unchanged the regqularity of the
initial and boundary data.

Our existence result is the following.

Theorem 2.3. [Existence] Consider problem (P) and suppose that (J) and (G) are in force. Then:

i) For any ug € L*(Q)) and h € L*((Q;\ Q) x (0,T)) there exists a unique weak solution;
it) For anyug € C(Q) and h € C((2;\Q) x[0,T)) there exists a unique regular solution and moreover
its time derivative belongs to C(Q x (0,T)).

Once we have deduced the existence of a solution, one important tool is to compare two solutions, or,
more generally a sub and a supersolution. Here we recall what we mean by those concepts in our setting.

Definition 2.4. A function u € C(Q x [0,T]) is a regular subsolution to problem (P) if it satisfies
u; € C(Q x (0,T)) and

ug(z,t) < /Q J(x — y)uly; 2, t) Glo,u(y; z,t)) dy, in Q x (0,T),
(2:3) (@, t) < h(z.b), in (Q\ Q) x (0,T),
u(z,0) < wup(x), in €,

with ug(z) € C(Q) and h(z,t) € C((2y\ Q) x (0,7)).
As usual, a reqular supersolution is defined analogously by replacing “<” with “>7. Clearly, a reqular
solution is both a regular subsolution and a regular supersolution.

Next, we state our comparison principle.

Theorem 2.5. [Comparison Principle] Let u an v be a regular subsolution and a regular supersolution
of problem (P), respectively, with boundary data hy(x,t) and he(z,t) and initial data ug(z) and vo(x),
respectively. If hy(x,t) < ha(z,t) in Q5 \ Q and ug(x) < wvo(x) in Q, then u < v in Q x [0,T].

Remark 2.6. The existence, uniqueness and comparison principle are also true relaxing the hypotheses
on the kernel J(x — 1) by considering a more general one of the form K : RN x RN — RT with compact
support in Q x B(0, p), with p > 0 such that

0< sup K(z,y) = R(z) € L=(Q).
y€B(0,p)

The next result we want to prove relates solutions of local and nonlocal equations. In order to do it,
let us fix a Holder continuous function p : Q — R with exponent « € (0,1), and consider

(2.4) Gu(z,s) =1+ #();)252), (z,5) € Q x R.

The local problem we are interested in is the following
ve(x,t) = Av(z,t) + p(z)|[Vo(z, t)[*>  in Q x (0,7),
(2.5) v(x,t) = ho(x,t) on 02 x (0,7,
v(x,0) = vy (x) in Q.
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Observe that if, for the same 0 < a < 1, we have 9 € C?T%, vy € C+*(Q), h € CH>1+2/2(9Q x [0,T7])
with v and h compatible (namely, they are globally a '+ 1+/2 function of the parabolic boundary of
the cylinder) and the equation holds up to the boundary, then Theorem 6.1 of Chapter V in [14] provides
a solution v € C2T1+e/2(Qy x (0, T7).

Such a result becomes trivial if we assume p(z) = p € R, after the Hopf-Cole transformation, since
solutions of the heat equation satisfy the required regularity.

We set here the definition of classical solution.

Definition 2.7. We say that v € C(Q x [0,T]) N C>+t*1+2/2(Q x (0,T)) is a classical solution for the
Dirichlet problem (2.5) if it satisfies both the equations and the boundary and initial conditions in a
pointwise sense.

Consider now, for any € > 0 the rescaling nonlocal problem

uf(z,t) = CE(;E) /Q Je(x — y)u (y; 2, t) G, us (y; 2, t))dy — in Q x (0,7T),
(2.6) uf(x,t) = h(x,t) - in (27, \ Q) x (0,T),
u®(z,0) = up(x) in Q,

(x,0)
where G, defined in (2.4) and C(z), up and h are suitable measurable functions.

Here we state our converging result.

Theorem 2.8. Let 2 be a C*t%, with o € (0, 1), bounded domain of RN, N > 1, and let v be a classical
solution of the quasilinear problem (2.5) with h € C*T (Q;.\Q2 x (0,T]) such that h|8Qx(0 = ho(z,t)

and vy € C'T(Q). Assume that J satisfies (J) and that for a.e. z in Q, G(z,s) is a C'T function with
respect to the s variable such that that (G) holds true. For any e > 0, let u® denote the solution to

uf(x,t) Clx) /s Jo(x — y)ut(y; x,t) G(a, u® (y; x, t))dy in Q x (0,T),

52 2.
(2.7) w(x,t) = hz,t) in (2. \ Q) x (0,7),
u®(z,0) = vo(x) in Q,
!
with C(z)~! = 3C(J)G(2,0) and p(x) = % for any a.e. x € Q. Then we have
I,
li (z,t) — t =0
im  sup ||u®(x,t) —v(x, )HLOO(Q)

e=0 10,1

Let us stress that the same kind of result (as well as the existence, uniqueness and Comparison
Principle one) can be proved in a more general framework. First of all, we might consider the same
equation adding on the right hand side a (smooth enough) function. On the other hand, a more general
kernel, that depends also on y could be considered (see Remark 4.3 for some more details). We decided
to skip these generalizations in order to keep the paper more readable.

The last type of results of this section deals with the asymptotic behavior of the solutions to (P).
More precisely we prove, as it is usual for parabolic equations, that a solution of problem (P) converges,
for large times, to a stationary solution of the same problem.

In order to avoid technicalities, we assume that the lateral condition is homogeneous, i.e. h(z,t) = 0.

Here we state our result that asserts such a convergence, even if, under some additional hypotheses,
we provide results on the rate of convergence (see Remark 4.6 for more details).



8 T. LEONORI, A. MOLINO SALAS, S. SEGURA DE LEON

Theorem 2.9. For every 0 < ug € Co(R2), the regular solution to problem

w(x, t) = /Q J(x —y)u(y;z,t) Gla,uly; z,t))dy  in Q x (0, +00),

(2.8) u(z,t) =0, in Q7 \ Q x (0, +00), t >0,
u(z,0) = ug(x) in €,
satisfies
tlim u(z,t) =0 uniformly in Q.
—00

Remark 2.10. We want to stress that the hypothesis ug > 0 is not, in fact, necessary, but we assume it
just to let the proof easier.

Let us just point out that we have two special cases whose asymptotic behavior is well known in the
local setting. If we assume that
(2.9) 38 >0: G(x,s)s < s, Vs € R, for a.e. z € RY |

it corresponds to the absorption case, i.e. the case in which we have (at least) the same decay estimates
as if G = 1. In fact we can deduce (see Remark 4.6) that in the absorption case the rate of convergence
at 0 is of exponential type. On the other hand, if

(2.10) 38 > 0: G(z,s)s > Bs, Vs € R, for a.e. z € RY.

the result is more surprising since it correspond to the reaction case. In this framework it is crucial to
deal with smooth solutions, since we exploit, in the proof, the comparison principle.

2.2. Cauchy problem. This section deals with the Cauchy Problem related to (2.1), that is

ut(:v,t)Z/Rl{(:v —yuly;z,t) Gz, u(y;z,t)dy  in RY x (0,7),

u(z,0) = up(x) in RN,

(@)

with G as in (G), J as in (J) and ug € C(RY). First let us give the notion of solution.
Definition 2.11. Given ug € C(RY) we define a solution of problem (C) as a functionu € C ([0,T);C(RY))
such that it satisfies

t
u(z,t) = / /J(a: —y)uly; z, 7)G(x, u(y; x, 7))dydr + uo(x) in RN x (0,7).
0 JRN
Consequently, due to the integral expression above, u € C* ((0,T); C(RY)).
The first result we want to present in this framework deals with the existence of a bounded solution.

Theorem 2.12. [Ezistence] For every continuous and bounded initial data ug there exists a unique

solution u € C ([0, T); C(RN) N L>(RN)) of problem (C).

We continue this section proving the comparison principle for our problem. For this purpose, we first
set the notion of sub and supersolution.

Definition 2.13. A4 function u € C° ([0,T),C(RY))NC* ((0,T),C(RY)) is a subsolution of problem (C)
if it satisfies

w(@ )< [ I = yuta (. iz, )dy. inRY x (0.7)

u(z,0) < up(x), in RN,

As usual, a supersolution is defined analogously by replacing “ <7 by “>7.

Next we state the comparison principle in this framework.
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Theorem 2.14. [Comparison Principle] Let u,v be a subsolution and supersolution respectively of prob-
lem (C) with initial data ug € C(RYN) N L®(RY) and vg € C(RN) N L=(RY), respectively, such that
up < vp in RN, Then u <wv in RN x (0,7).

Now, we prove that given a classical solution (i.e., v € C*te1+e/2 (RN X [O,T])) of the parabolic
problem with a quadratic gradient term of the form
(2.11) v, 1) = Ao, ) + p(@)|Vola, D2 i RY x (0,T)
2.11
v(x,0) = vg(x) in RV,

with vo € C(RY) N L>(RY) and p(z) € C* (RY) N L>®(RY), it can be approximated by a solution of the
nonlocal problem

C .
(2.12) uj = E(gx) /R;st(x—y)us(y;x,t)g(x,us(y;x,t))dy in RY x (0,7),
’U’E(Iao) :’UO(I)a in RN,
2G4(2,0) _ -1 _1 _ 1 q(s
such that —> = = p(z). As usual C(z)~" = 3C(J)G(x,0) # 0 and J.(s) = =xJ ().

G(z,0)

Theorem 2.15. Let v be a classical solution of quasilinear differential equation (2.11). Let, for a given
e >0, u® be the solution to (2.12), with the same initial datum vy € C(RN) N L>(RY). Then, we have

L ) = o D ey = -

Finally, we study the asymptotic behavior of the solutions associated to the Cauchy problem.
Our result depends on the nature of G, i.e. if it is of absorption or reaction type.

Summarizing, we obtain the following results:

Theorem 2.16. For N > 1, Llet u be a solution of Cauchy problem (C) satisfying (2.9) and positive
initial datum ug € L*(RN) N L®°(RN)NC(RY). Then there exists C = C(J, N, 3,q) > 0 such that

_N(1_1
(s Bllzo@) < Clluollaany ¢~ 75, for any q € [1,00),
for t sufficiently large.

Theorem 2.17. For N > 1, let u be a solution of of Cauchy problem (C) with G =G,,, 0 < u € L=(RV)
and positive initial datum ug € L*(RN) N L>®(RY) NC(RYN) satisfying
(2.13) l[woll Lo eyl 1ell ooy < 1.
Then,
~ N
[u(, )17 2@y < Clluollr@yyt™ =,

for some C = C’(||u||Lm(RN), lluo|lLoo ey, Ny J) > 0 and for t sufficiently large.

3. PRELIMINARIES

Notation. Throughout this paper, we always use the following notation:
we denote in a short way u(y;z,t) = u(y,t) — u(x,t). Moreover the time variable will always get values
between 0 and 7', with 7" > 0. As far as the kernel .J is concerned, we assume that it is defined as in (.J)
and such that G satisfies (G) and C = 2C(J)™!, Jo(s) = £ J(2).

As far as the the function G(z,s) is concerned, we observe that, for a function G differentiable with
respect to s we have, thanks to the Mean Value Theorem, that

(3.1) a1 <Gi(z,s)s +G(z,8) < as, for any s € R a.e. in z € RV,
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Moreover, if G is differentiable with respect to s, condition (G) is equivalent to define ¢ : RV xRxR — R
with

0<ay <(z,s,0) < for a.e. x € Q, Vs, o €R,
such that
G(z,s)s — G(z,0)0 )
(3:2) Y(x,s,0) = s—o if s#o,
Gi(x,s)s +G(x,s) if s=o.

We also remark that, in particular, condition (G) implies G(z,0) # 0 for any x € RV,

Here, we state the following technical result which allow us to see that the function defined in (2.4)
satisfies the basic condition (G).

Proposition 3.1. Let p,q and k be real numbers, then the following properties hold true
3 kp 5

S L.
15 Tl S 1
kp kq k(p+q)
1+ —P | g+ L =(p—g)|1
p[ +2<1+k2p2>} q[ +2<1+k2q2>] v ‘”{ TR0 )
1—3\/§§1+ kp +q) §1+@.
16 21 + k2p2) (1 + k2¢%) 16

pi(x)s

M bl ti ‘RN = R, th tion d d b =l4—r—
oreover, for any measurable function , the function defined by G, (x, s) + 30+ j(2)52)

satisfies the following conditions
(i) (1 - 31—‘?) (s —0) < Gulx,s)s — Gy(z,0)0 < (1 + %) (s—o0), fors>o, zeRN;
(ii) if p >0, then G, (x,s)s < s, for any (z,s) € RN x R;
(iii) if p <0 then G, (x,s)s > s, for any (z,s) € RN x R.

Proof. The first two inequalities are straightforward while for the third one we just remark that the

function given by

=] + [yl
,Y) = ——— "
H@9) = T+ )

attains its maximum % at the point (%, %)

Now, (i) is a consequence of the previous inequalities. Conditions (i7) and (ii7) follow by the fact that
3 < Gpulz,s) <1, if (z,5) € RY x [0,00),
1<Gu(z,s) <2, if (z,5) € RY x (=00, 0],
1 <Gulz,s) < if (z,s) € RY x [0, 0),
Gu(z,s) <1, if (z,5) € RN x (—o0,0],
for p(x) > 0. O

ot

for p(x) <0, and

IN
—_ ot

IN
IN

el

Remark 3.2. Let us stress that in the above result we only assume that p(x) is measurable, without any
hypotheses on its reqularity.

Lemma 3.3. Let ¢ > 1, there exists ¢(q) > 0 such that

(3.3) (a—0b)(a® ' —b971) > ¢(q) (a? — %)%, for any a,b> 0.
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Proof. Without loss of generality we assume a > b. Therefore, (3.3) is equivalent to prove that the
function
(1-0)(1—0171)
(1—02)2
is bounded below by a 0 < ¢(q), being 6 = b/a.
The result just follows by computing the derivative of F' fund noticing that it is decreasing. Hence the
q-—
O

@

F(0) =

0 €[0,1),

minimum of F' is achieved at § =1, and elim F) =4
— 1

4. PROOFS OF RESULTS ABOUT DIRICHLET PROBLEM

We start by proving the existence result.
Proof of Theorem 2.3. i) Fixed an arbitrary T > 0, we set the Banach space X1 = C([0,T]; L*(Q2))
endowed with norm

_ —Mty, (.
(4.1) lolll = gmax e ol b) s

for some M > C = s |71 oo () (|12] 4 [supp(J)]).
Let T : X7 — X7p be the operator defined by

T t) = / / J(@ — y)o(y; 2, 7)G (@, v(y; 2, 7)) dy dr + uo(a),

with v(y,t) = h(y,t) for y € Q; \ Q. Then, we prove the existence and uniqueness of solutions of (P)
via the standard Banach contraction principle applied to the operator 7. In this way, using Fubini’s
Theorem and since G is bounded, we obtain

t
1T (oG rc < o llorcey + o / / / J(x - y)lo(y: 2, 7)| dy de dr
J

t
(4.2) < Juoll L1 () +a2/ (/ / J(x —y)|v(y,7)|dy dz + / / J(x —y)|v(z, )| dy dac) dr
0 QJIQy - QJQy
Ch ~
< uollzrey + 37 (M = D [l + C2,

where C) = azl|J || oo (mvy (|2 + [supp(J)|) and Cy = 2| J || oo ™) Q[ |2l L1 ((2,\2) % (0,00)) - Therefore
T @I < max | e (Jluollrro +02)+Q(1—67Mt)|||v||| < luoll 1o +@2+Q|||v|||_
— 0<t<T () M = () M

Hence, 7 maps X7 into itself. Note that all the involved constants do not depend on the value T
Now, by virtue of (G), we can assert that for every w,z € Xrp

(T(w) - T() (&, 1)] < / /Q J(@ - w2, )G wly2,7)) — 227G, 2y 2,7)| dy dr

t
<as / / (@ —y) lwo(y; z,7) — 2(y; 2,7)| dy dr.
0 Qy

Therefore, arguing as in (4.2), we get

C
17 (w) = T(2)llzr (@) < Ml (e = 1) |[lw — 2] -

Thus, since M > C, we get

1T (w) = T ()l < w2,
with 0 < 9 < 1. Hence T is a contraction and by the Banach’s Fixed Point Theorem there exists a unique
u € Xp such that 7 (u) = u, i.e., consequently we get local existence and uniqueness of problem (P) for
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0 <t < T. Moreover, since this argument is independent of the value 7', we obtain a unique solution
u € C([0,00); L*(€2)) of problem (P).

ii) For the second part it is sufficient to change the definition of ||| - ||| in (4.1), replacing L*(§2) with

C(€)). The regularity of u; easily follows by using the equation solved by w. O
Next we deal with the proof of the comparison principle.

Proof of Theorem 2.5. We denote by w = u —v. Obviously w € C(Q x [0,T]), w; € C(Q x (0,T)) and it
satisfies

wi(a,1) < /Q J(& — ) (w(y, 1) — w(z, )y 1)y, in T x (0,T),
w(z,t) <0, in 0\ Q x (0,7),
w(x,0) <0, in Q

where 4 is the function defined in (3.2).

Assume by contradiction that w(z,t) is positive at some point (&,%) that, without loss of generality, we
can assume that belongs to 2 x (0,7]. Thus, by the continuity of v and v, there exists a § > 0 such that
w(,t) — 6t > 0. Let us denote by (z¢,to) the maximum point of w(x,t) — ¢ which is, by construction,
positive. Consequently being u; continuous in € x (0,7), we have that

)

wt($0,t0) ) 2 0.
On the other hand, plugging it into the equation in (2.3), we get

wy(xo, tg) < /Q J(xo —y) (w(y,to) — w(xo, to))1/1(w(y,t0) — w(xo, to))dy

= /Q J(xo — y) ((w(y, to) — dto) — (w(zo, to) — dto) )Y ((w(y, to) — dto) — (w(wo, to) — 6to))dy
+/ J(zo — y) ((w(y, to) — 6to) — (w(zo,to) — 6to))1 ((w(y, to) — dto) — (w(zo, to) — to))dy .
Q,\0

and the last two integrals are nonpositive. Indeed as far as the first one is concerned, we observe that
(20, tp) is a maximum point, while 1) is positive; moreover outside {2 we use that the boundary condition
is negative and that w(xg, tg) — 0ty > 0, as well as the positivity of ). Hence we get a contradiction. [

Our goal is now to get a proof of Theorem 2.8. Here, we start with a preliminary Lemma.

Lemma 4.1. Let u € C2t1He/2 (RN x [0,T]), G(z,s) a C*T* function with respect to variable s such
that G(x,0) # 0 for a.e. x € Q, and let L. be the following operator

ca(;v) /RNJE(;E — ) uly; 2, t) Gla, uly; ., 1)) dy,

where % = 3C(J) G(x,0). Then, 3¢ =c(T) > 0 such that, Ve >0

(4.3) L-(u(z,t)) =

sup
te[0,T]

2G/(z,0)
where p(r) = ————=.
Remark 4.2. Observe that the integral expression above vanishes outside of Q5. = Q+esupp(J). In this
way, h is only needed to be prescribed in ;.\ Q. Observe also that, thanks to the hypothesis of Theorem
2.8 we use, in the following, that

h(x,t) = ho(x,t) + O(e) in Q\ Q..

Le(u(z,t)) — Au(z,t) — p(x)|Vu(z, t)|2HL°°(Q) <ce®
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Proof. In order to compute L.(u(z,t)) we make the change of variables y = x — ez, and we get
x

@) i rou(r —ez;x 2
2 /RNJ(z)u(x—sz, ) Gz, u( sz, t))dz.

Moreover by Taylor formula we have that G(z,6) = G(x,0) + G.(2,0)6 + O(6* %), and

2 2
u(x —ez;x,t) = —EZ u(,?) 2+ — : Z Fu(,t) zizj+ O (21%)

(4.4) L. (u(z,t)) =

- ox; T 00z
Consequently
(4.5) Lo(u(z,t)) = Si(x,t) + So(x,t) + S3(x,t)
being
S1(z,t) C(:C)Eg;x,O) /RNJ(Z)U(:E —ezyz,t)d
Sa(x,t) C(I)ié(x’o) /}RNJ(z)u(x—sz x, )% dz,
Ss(x,t) = CE(;E) /RNJ(Z)u(x —ez;x,t)? T dz = O(e?).

First, we deal with S;(x,t) and we obtain

ou(z,t) O?u(x,t) o
___Z o /RN (2)zdz + C(J Z e /RN (2)202; + O (%)
(46) _Z 8$ 8$ (Ea)7
10

using in the last equality that J is radially symmetric, that is, / J(z)zidz = 0 and
RN

/J(z)zizjdz:o ifi£j.
RN

In order to compute Sa(z,t), using the expansion of u(z — ez;z,t) up to the first order, we get
(4.7)
2
C(z)G;(x,0) du(z, t) lta
Sg(x,t):T/RNJ(z) —a; 9%, 2+ 0 (") | dz

du(, t) Qu(z,t) 2G.(x,0) du(z, 1)\ o
Z Ox; Oz /RNJ( 2)mzidz +0(7) = G(x,0) ;( ox; ) TOED,

using again, in the last equality, that J is radially symmetric. Finally, setting u(z — ez;,t) = O(e),
we obtain that S3(x,t) = O (¢%) and gathering together (4.5) with (4.6) and (4.7), we deduce that (4.4)
becomes

Le(u(z,t)) = Au(z, t) + p(@)[Vu(z,t)|* + O (%)
concluding the proof. O

Remark 4.3. Arguing as the in the proof of the above Lemma, we can state the following assertion: the
operator defined as

Eotutes) = S [ e =) utysn) Glo. s )

2
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converges uniformly in [0,T] x Q, as € — 0, to the operator
Au(z,t) + Vyn(z,0)Vu(z, t) + n.(z,0)|Vu(z, t)|?,

2. Therefore, the role of the variables is not symmetric.

being n(x, s) = log G(x, s)*.

2G! (x,0)

g
G(z,0)

Remark 4.4. Let us recall that given p: RN — R, then G, (x, s) defined in (2.4) satisfies = p(x),
for any x € RV,

Now, we prove the main result of this section. That is, classical solutions of (2.5) can be approximated
by solutions of problem (2.6) which in a general setting reads as follows,

Proof of Theorem 2.8. Let © be a C2te1+e/2 (RN x [0,T]) extension of v, the solution to (2.5). Denote
by h(z,t) = 9(x,t) for any (x,t) € (RV\Q) x (0,7]. Then h is smooth and h(x,t) = ho(z,t) if z € O
and we get

(4.8) h(z,t) = ho(z,t) + O(e), for z € Qy \ Q.
Observe that v verifies
O(x,t) = Av(z,t) + p(x)|Vo(z,t))>  in Q,
o(z,t) = h(x,t) in (27.\9) x(0,7),
0(x,0) = vo(x) in Q.
Theorem 2.3 asserts that, for any given & > 0, there exists a unique u® which is solution to (2.7).
Set w® := v — u®, which satisfies
wE(x,t) = Av(z,t) + p(z)|Vo(x, t) > — Le(uf(x,t))  in Qx (0,T),
(4.9) we(z,t) =0 in (;.\9) x(0,7),
we(z,0) =0 in Q.
By using condition (3.2), we set
Me(w (x,1)) := Le(0(x, 1)) — Le(u(z, 1))

_ce) /Q Je(z —y) o (2, 0(y; 2, 1), u" (y; 2, 1)) w*(y; z, t)dy.

o2
Ac(0(z,t)) = Ab(w,t) + p(z)|Vi(z, t)|* — Lo (3(x,1)).

In this way, we replace equation (4.9) by the following

wi (z,t) = Ae(0(x, 1)) + M (w® (z,t)), inQx (0,T),
(4.10) we(z,t) =0, in (Q,.\Q) x(0,7),

we(x,0) =0, in Q.
We begin by proving that for K7, Ky > 0 sufficiently large, w(x,t) = K1e*t 4+ Kse is a supersolution of
(4.10). Indeed, taking into account Lemma 4.1 and that M. (w(z,t)) = 0, we obtain

w(x,t) = K1e“ > A (0(x,t)) = Ac(0(2, ) + M (W(x, 1)),

for x € Q, t € (0,7]. Moreover, w(z,0) > 0 and by (4.8), we have that w(x,t) > Ky > O(e), for
x €Ny \Qandte (0,T]. Consequently, W is a supersolution of (4.10).
Now, by the comparison principle stated in Theorem 2.5, we get

(4.11) b —uf < K%t + Kae.

By the other hand, similar arguments applied to the case w = —w leads us to assert that w is a subsolution
of (4.10) and using again the comparison principle we obtain

(4.12) b —ut > —Ke% — Koe.
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Hence, by virtue of (4.11) and (4.12)

sup ||u5(~7t) — ’U(-, t)”Loo(Q) < KT + Koe,
te[0,T]

that vanishes as € goes to 0. O

Here, we deal with the asymptotic behavior of the solution. In order to prove the main result (i.e.
Theorem 2.9), we start with an intermediate result.

Theorem 4.5. Given A # 0, consider the problem

ug(x, t) = / J(x —y)G(z,uly; 2, t))u(y; z,t)dy, = €Q, t >0,
(4.13) u(z,t) = O,QJ reN\Q, t>0.
u(z,0) = A, x € Q.
Then the unique solution to problem (4.13) satisfies
(4.14) tli)ngo u(-,t) =0, uniformly in Q.
Proof. We assume that A > 0, the other case may similarly be proved.
Let u € C(Q x [0,00)) be the unique solution to problem (4.13) with A > 0. Since v!(z,t) = A

and v?(z,t) = 0 define a supersolution and a subsolution, respectively, it follows from the Comparison
Principle that

(4.15) 0 <u(z,t) <X, forevery in Q x (0,+00).

Moreover, fixed 7 > 0, the function u”(z,t) = u(x,t+ 7) defines a solution with initial datum uj(x) =
u(x, 7). Thus, the basic inequality (4.15) implies 0 < uf(z) < A. Appealing again to the Comparison
Principle, it yields

0 <wu(z,t+7) <u(x,t), forevery in Q and for any 7> 0.
Hence, we obtain that our solution is nonincreasing with respect to t. As a consequence, there exists

w(z) = lim u(z,t), forany z € Q.
t—o0
We have to prove that w(z) = 0 for any x € . Observe that this limit function satisfies

w(x) = /000 /QJ J(x — )G (z,uly;x, ))uly; z,t)dydt + X, z€Q

and w =0.
Q 7\
Fixed any x € Q, consider a sequence {t, }nen satisfying ¢, — co. We deduce that

n—roo

lim w(x,t,) = /Q J(x —y)G(z,w(y; z))w(y; z) dy,

and so this limit does not depend on the chosen sequence. Thus, there exists lim;_, oo ui(z,t) = £ and
this limit is nonpositive since our solution is nonincreasing in ¢. (We remark that the limit ¢ depends on
the considered point x.) Assume by contradiction that ¢ < 0. Then there exists ¢y > 0 such that

14
ug(x,t) < 3 for any ¢t > t,.

It follows that u(z,t) — u(x,t0) < 5(t — to), which implies u(z,t) < A + £(t — to) and this quantity is
negative for ¢ large enough. Since this contradicts (4.15), we have £ = 0. Obviously, this argument holds
for every x € ), wherewith

tlim ug(x,t) = / J(x—y)G(x,w(y;x))w(y;z)dy =0, xin Q.
— 00 Q

J



16 T. LEONORI, A. MOLINO SALAS, S. SEGURA DE LEON

By continuity, we conclude that
(4.16) [ 9= 9w oudy =0, ind.
Qs

Recalling that the function w is the limit of a nonincreasing family of continuous functions, we deduce
that w is lower semicontinuous in 2. So w attains its maximum in Q; let zg € Q satisfy w(z) < w(zo)
for any x € Q.

Since the function J is radial symmetric, it is positive in an open ball centered at the origin; we denote
its radius is 7 Let n be the integer part of dist(zo,02)/r. Applying (4.16) it yields

/Q (@ — )G (a, wly) — w(zo))(wly) — w(ze)) dy = 0.

Since the integrand is nonpositive, it vanishes, so that w(y) = w(xg) for any y € Q satisfying y — zo €
supp J, that is, for any y € QN By(z0). If n > 1 and so B,.(z0) C €, taking yo close to the boundary of
B,(z0) and applying the same argument, we infer that w(y) = w(wg) for any y € Q N Ba,.(70). We may
follow this procedure n times to find some z € §2 such that w(z) = w(zo) and dist(z, Q) < r (this fact
can already be attained in the first step if n = 0). Then

0= /_ J(& — 5, w(y) — w(z))(wly) — w(z)) dy + / J(& — y)G(x, —w(z))(~w(z)) dy.

Q Qs\Q
Notice that both integrands are nonpositive, so that both vanish. We deduce from the first integral
that w is constant in Q N B,.(z) and from the second one that this constant is equal to 0. Therefore,
w(rg) = w(r) = 0 and as a consequence w(x) = 0 for any = € (2.
Recalling that the function u(z,t) is nonincreasing in ¢ and tli)ngo u(z,t) = 0 for any = € Q, we deduce

from Dini’s Theorem that this convergence is uniform. 0
With the help of Theorem 4.5, we are ready to prove Theorem 2.9.

Proof of Theorem 2.9. Consider u' the solution to (2.8) with initial datum uf(z) = [Jug||r=(q), and
u? = 0. On the one hand, it follows from the Comparison Principle that

0 <wu(z,t) <u'(z,t), foranyxz € Qandt>0.
On the other hand, we deduce from Proposition 4.5 that
tli)ngo u(z,t) =0, uniformly in O
and thus the result follows. O

Remark 4.6. As already mentioned, if hypothesis (2.9) holds true, we have that the decay at 0 is of
exponential type. Indeed,

% u?(z,t)dr = 2/RN/RNJ(:17 — )G (z,u(y; x,t) u(y; z,t) u(z, t) dy de

Q
-5, / I = )y, 0) — e, ) dy d.

Now, due to [7], there exists a pair (A1, ¢(z)) € RT x C(Q) such that

/RN/RN = y)(u(y) — u(@))*dy dz

wer i) / u(z)2ds
Q

and a function ¢(x) where the infimum is attained. Consequently, we conclude that

d
—/u2(:v,t)dx§ —2ﬁ)\1/ u(z, t)?dz,

0< A\ =
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and integrating over [0,t], we have that |[u(-,t)||r2(q) < |luollz2() e 7 *.

5. PROOFS OF RESULTS ABOUT CAUCHY PROBLEM

As in the previous Section, we start by proving the existence and uniqueness result.

Proof of Theorem 2.12. For T > 0 we consider the Banach space
X =C([0,T;;C(RY) N L>=(RY)),

endowed with the norm

llwlll = max ™ fa,2)] o e

Here M =2 a5 and k£ > 1.

Now, let Y be the closed ball of X with radius kl[ug|| ;- @~y and centered at the origin. Note that Y’
is a complete metric space with the induced metric d(wy,ws) = ||Jw1 — wal||.

In order to establish the existence and uniqueness of solutions of (C') via Banach contraction principle,
we define the operator 7 : Y — Y by

Ttw)et) = [ [ 7= vyl (s m)dyir + uofa).

Let us first prove that this operator is well defined. Clearly T (w) is belongs to X and satisfies
(5.1)

t
IT )y < 02 mas [ [ o = )ty s)dyds + ol )

z€RN
t

t
< 2042/ HU}(, S)HLoo(]RN)dS + HUOHLOO(RN) < 2a2|||w|||/ M3 s + ||UOHL00(]RN) < ekMtH’U,OHLoo(RN).
0 0

Therefore,

T @)l = max e M T(w)(,O)ll ey < o]l e

Since k > 1, we obtain that |||7 (w)|| < k[|uol| @~y and T (w) belongs to Y.
Now, let us show that the operator T is a contraction. By using that G satisfies (G) and arguing as
(5.1), we obtain

(T w0) = Tw) (= < 02 me [ [ @ = s (s 7) = walysr, ) dye

zERN
t t
1
<20z [ fua(r) = wal m)lumendr < 2agflor — walll [ M7 < 3 (4~ 1) flun = |
0 0
Therefore,
1 Cemen 1
A(T (wy), T (we)) < E'le - w2|||0réltanT (1—e kM) < Ed(wl,wg).

Since k > 1, T is a contraction. Hence, using Banach’s Fixed Point Theorem there exists u a fix point of
T, that is the unique solution of problem (C') for ¢ € [0, T] and belongs to Y. Finally, since T is arbitrary,
we obtain a global solution, u € C ([0, 00); C(RY) N L>=(RY)). O

Now we can prove the Comparison Principle.

Proof of Theorem 2.14. Set w = u — v, then in virtue of (3.2) w satisfies

we(z,t) = /RN J(x —y)w(y;z,t) vz, u(y; z,t),v(y; 2, t))dy  in RY x (0, +00)

w(z,0) <0, in RY,

(5.2)
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where ) is the function defined in (3.2). Let us consider the following function
1 if w(z,t) >0,
s(,t) =
0 ifw(x,t) <O0.

Multiplying (5.2) by ¢(z,t) and taking into account that w(z,t)s(z,t) = (wy), (z,t) and w(y, t)s(x, t) <
w4 (y,t), we obtain, dropping the positive term w(z, t)s(x,t), that

(wy), (z,t) = /RNJ(:E —y) (w(y, t)s(z,t) — w(z, t)s(z,t)) Y(x, u(y; z,t), v(y; z, t))dy
/ J(@ —y)wi(y,t) (@, uly; 2, t), v(y; 2, 1))dy < az/ J(x —y) wy (y, t)dy,

RN

integrating in RV and by using J(z)dz =1, we get
RN

(x,t)dx < ag/ w4 (y, t)dy.
]RN RN

Finally, integrating in (0, 7] and since wy (x,0) = 0 we can assert, using Fubini’s theorem, that

t
(5.3) k(t) < ag/ k(T)dr, where k(t) = / wy (z, t)dz.
0 RN
Hence, applying Gronwall’s Lemma in (5.3), we conclude that
k(t) <0.

Now, since w4 (z,t) > 0 and by the continuity of wy, we get that w (z,t) = 0 and, consequently,
u(z,t) < wv(z,t)
for any z € RN, t > 0. (]

Note that the previous proof works locally in time, that is, a supersolution v and a subsolution u
defined both for t € [0, T] verify u(x,t) < v(x,t) forany x e RV, 0 <t < T.

Proof of Theorem 2.15. By Theorem 2.12, for any € > 0 there exists u the unique solution of problem
(2.12). Set w® := v — u®, wich satisfies

w§ (z,t) = Av(z, t) + p(z)|Vo(z, t)[? — Le(uf(z,t), in RY x (0,77,
(5.4)

we(x,0) =0, in RV,
being
€ C(:E) € €

Ea(u (l’,t)) = 52 ]‘V]E(x_y)u (y;:v,t)g(x,u (y,{I:,t))dy
R
Now, the proof follows the one of Theorem 2.3.

Choosing w(x,t) = Ke*t and w(z,t) = —w(x,t). Then for K sufficiently large we have that w and w are
super and subsolution of (5.4) respectively. Therefore, by the principle comparison of Theorem 2.14 we
obtain w < w® < w and the proof is straightforward. [l

As far as the asymptotic behavior is concerned, we observe that J (£), the Fourier transform of J,
satisfies

J(€) 1= C)EP +o(|éf*), as&—0.
where the above estimates follows since
1,5 - 1 9 1
58&&(](0) = §/RNJ(z)szz = EC(J) < 00,
thanks to (.J).

For the convenience of the reader we repeat the following Lemma that is proved in [6] including also
a sketch of the proof (in order to make this part of the paper self-contained).



PARABOLIC EQUATIONS WITH NATURAL GROWTH APPROXIMATED BY NONLOCAL EQUATIONS 19

Lemma 5.1. Let u € LY(RN) N L2(RY) and J satisfying hypothesys (J). In addition, consider
Dy = [ (1-J) la(e) s
RN
Then, 3C = C(N,.J) > 0 such that
~ 4
ey < O {ul F, D) 2. D0}
and consequently
65) [ [ I (ul) - @) dedy > K min ]
RN JRN

Proof. First, we set the following quantities

2+N

4
Syl 2y }

1 C Dy(u) e
C =max ————— >0, oo = ,
ST 1 (o) ‘ <c<N>|u|il(RN>c<J>>

where C(N) = 21{‘V(7TT]V-:21) and I' denotes the Gamma function. Since u € L(RY) N L%(RY) it follows that
2

@ € L?(RY) and consequently we obtain for 0 < § < 1 that

) A ) 20(N) v . C
6:0) il = [ @A+ [ R < ullsam, TN + o D).
ED [€]<o €[>0 BED N C(J) ¢
Now, if we assume that dy < 1. Replacing § by dp in (5.6), we have
. = N
(5.7 22w, < Callul T D) ¥

2 N

where C1 = (% + 1) C(N)N2C~+2

. Alternatively, if we assume that dg > 1, i.e.,
C(N) [[ul 1y < CDy(u),
choosing ¢ = 1 in (5.6) and using the above inequality, we get

N 2C 2
5.9 12 < a2 +0 Do) < (5 +1) €Dt

Finally, using Plancherel’s theorem on Hﬁ||2L2(RN) and summarizing (5.7) and (5.8), it follows that

N
ey < e {1l e D005, D10
where C' = max {Cl, (% + 1) C} and the proof is concluded. Due to the above formula, we can state the
following inequality
&+ 24+

Dy(u) 2 K min { Jull Fo Il 58 i3y }

being K = K(N,J). Thus, it is easy to check that
/ / (z —y) (uly) — u(z))? dedy = —2/ (J *u — u)(x) u(z) de,
RN JRN RN

having in mind that Fourier transform preserves inner product we deduce (5.5) 0

Next Lemma gives the L' boundedness from above or from below of solutions depending on how the
function G(z, s)s behaves. To be more specific we have the following result.

Lemma 5.2. Let u be a solution of Cauchy problem (C) with 0 < ug € L*(RY). Then
(i) If G satisfies (2.9), it follows that t = |[u(-,t)|| L1 (r~y s decreasing on [0,00), therefore

lu( Dllrey) < lluoll L@y -
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(i) If G satisfies (2.10), it follows that t +— |lu(-,t)| L1 @~y is increasing on [0,00), therefore
lu( Dl ey = lluoll L@y -

Proof. Since 0 < wuy and Comparison Principle of Proposition 2.14 we can assume that w(z,t) > 0.
Furthermore, if G(z,s)s < s for any (x,s) € RY x R, since

u(z,t)de = /RN/RNJ(JJ —Yuly;z,t) Gz, uly; z,t))dyda
< B/RN/RN J(x —y)(u(y,t) — u(x,t))dydr =0,

where the last identity follows since, by Fubini Theorem,

/RN/RNJ(:v—y)( 1) — u(z,1)) dydw—/RN/RN x —y)(u(z,t) — u(y, t))dady .

Hence ||u(-, )|/ 11~ is nonincreasing in time and we state (i). Equivalently, if G(z,s)s > 8s for any
(z,5) € RN x R, reasoning as above we obtain the opposite inequality and, consequently, ||u(-,t)|| L1(RN)
is nondecreasing in time and (i7) is proved. O

dt Jen

Now we can prove the asymptotic behavior of the solution for G satisfying (2.9),

Theorem 5.3. Let u be a solution of Cauchy problem (C) with G satisfying (2.9) and positive prescribed
data ug € L*(RN) N LYRYN) for ¢ > 2. Then there exists C = C(J, N, 3,q) > 0 such that

N1
||u('7t)||LQ(RN) < C”U()HLl(RN)t > (1 q),

for any t sufficiently large.

Proof of Theorem 5.3. Let ¢ > 2 and let us multiply the equation in (C') by u?"!(z,t) (observe that
u > 0): thus we have

4 l/ u(x,t)qd:tz/ ug(z, t)u(z, 1) da
dt q JrN RN

< ﬁ/ / J(x —y)(u(y,t) — u(z, t)u(z, t)?  dedy
RN JRN
5 [T = )~ )l = uat) ) dody
2 Jr~N JrN
8) [ [ =l = )7 2 dady,
N N
where in the last inequality we have used Lemma 3.3. Hence by (5.5), we get

i ~ % (1+4)
3t J, @ 0de < =C mm{||u<~,t>||LgN(RN)||u<-,t>||Lq<R;:) el vy

-2
where C = C(q,8,N,J). Now, by interpolation ”u("t)”/:%(RN) < Ju(, )||L1 (BN) [l )||L4(RN) and

denoting by Y (t) = [Ju(-, 1)[|, (rwv)» We obtain, in virtue of Lemma 5.2, the following differential inequality
(5.9) Y/(t) < ~C min {|luoll 7an) Y (677, Y (1)}

being v = Therefore, Y (t) is decreasing. We claim that there exists to > 0 such that

2
N(g—1)
Y(t) < ||u0||%1(RN)7 t > to.
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Indeed, otherwise, using that Y (¢) is decreasing, we would have that ||u0||%1(RN) <Y (t) for any t > to.
Replacing in (5.9) we obtain

Y'(t) < -CY(t), t > to,
and integrating on [to, t] we get that Y (t) < Y (tg)e ¢(¢~%) — 0 as t — oo which leads to a contradiction
and the claim is proved.

Thus, since
V()= Y)Y (07 2 Y)Y (1) 2 Y () uoll e,

it follows, by inequality (5.9), that

Y(t) £ ~C ol ;o) YOI £t
Integrating on [to, t] we get
”uO”%l(RN)
R e e VA
Y(t) < G ON (t—to)~ /7.
L a -1 N 1 .
Having in mind that Y (¢) = ||u(-,t)||Lq(RN) and — = -5 1 — = | we conclude that, for any time ¢
a~ q

large enough, 3 C'= C(J, N, 3, q), such that

N

— 1
(-, )| ageny < Clluoll gyt~ 2 (73)

With the help of the above result, we can now prove Theorem 2.16.

Proof of Theorem 2.16. Theorem 5.3 covers the case ¢ > 2, while for ¢ € (1, 2] the interpolation inequality
yields to
o gy < e ),y N, D) ~H0)
) La(RN) = u( 7t)||L1(]RN) ”u( 7t)||L2(]RN) < CHUOHLl(RN)t 7,
being C = C(J, N, 8, q) a positive constant. O
In order to obtain a decay estimate of the norm of the solution u, for functions G, with p(z) > 0, a

L' boundedness from above of u is required. For this purpose, we must to control de L*-norm of initial
data ug with respect to function .

Lemma 5.4. Let u be a solution of of Cauchy problem (C') with G = G,, 0 < u € L=(RY) and positive
prescribed data ug € L= (RN)NC(RYN) satisfying ||uol| Lo )|l pll oo vy = 0 < 1. Then

d
(5.10) GOy <= =0) [ [ T =)t t) ~ ulo.0)Pdyde
If, in addition, ug € L*(RY) then
(5.11) lu(, )l L1 @ry < clluoll L@y,

with ¢ = c([luol| oo @y, (|1l Loomrvy) > 1.

Proof. Since ug € L= (RY)NC(RY), by Theorem 2.12 there exists a unique solution of problem (C) and it
satisfies u € C ([0, 00); C(RN) N L>(RY)). Moreover, since 0 and [[ugl| &~y are sub and supersolution
respectively of problem (C'), we get, due the comparison principle Theorem 2.14, that

0 <u(z,t) < |luollLoomyy, (z,t) € RY x [0, 00).

Let us multiply the equation in (C) by u(z,t) and integrate in RY, so that

d
GOy =2 [ wteute e =2 [ [ = putyint) Gulul . 0) ulet) dyds
]RN RN ]RN

o[ [ et wdie s [ [ e B

1+ p?(z)u(y; @, t)?




22 T. LEONORI, A. MOLINO SALAS, S. SEGURA DE LEON

< —/RN/RNJ(x —y)u(y; z,t) dyda:—|—/ /RN x — y)plx)u(y; z, t)*u(x, t)dyds
[ ] e = a2 - woute. )dyda

=0 [ [ 3= ) (utt) = ) Py,

which proves the first part of lemma.
In order to get (5.11), we compute the derivate of L'-norm of u, and we get

Gl = [ [ TG (unt) = ) (ulo. ) = u(o. ) dyd
_ Y7165 B L7 K C200)
a /]RN/RNJ( 2 2 14 p2(x) (u(y,t) — u(x,t))2d W

|4l Lo ) 2
< f‘/RN‘/RNJ(x —y)(uly, t) — u(z,t)) dydx

||U||LOO(RN) 2
< HEED D 1) g,

where we have used (5.10) in the last inequality. Hence, we obtain the following differential inequality:

d d
de1>0: EHU('J)HLI(RN) +Cl—||u( )||%2(RN) <0,

”NHLOO(RN)

st~ > 0- Consequently, integrating on [0, ¢],

being ¢; =

[u(, Ol Lr@ny + eilluC, )l 72@yy < lluollor@yy + eillvoll Lo @) [[uoll L1 @y,

where we have used the interpolation formula, ||U0||%2(sz) < luo || Loo ey [[uol| L1 (rvy. Finally we conclude
that ||u(-, t)HLl(RN) < CHUOHLI(RN), forc=1+4¢ ||u0||Loo(RN).
O

Proof of Theorem 2.17. Applying inequality (5.5) in (5.10) from Lemma 5.4, it follows

d 2 : -+ 244 2
) ey < =Crmin {ul, DI gl OIS E ) T Dl 2gen)

where C1 = C1 (||t oo m™ys [0l Loe ey, N, J) > 0. Writing X () = ||u(~,t)||%2(RN) and using the bound-

edness of L'-norm in inequality (5.11) we have that
. —4 2
X'(t) < —Cq mln{||uo||Lf\(’RN) X(t)'H, X(t)} ,

where Co = Co(|pl| Loomn), l|uol| oo mry, N, J) > 0. Thus, arguing as in proof of Theorem 5.3, we can
assume that there exists ¢y > 0 such that X (¢) < ||u0||%1(RN) for t > ¢y and therefore,

4
X'(t) < =Calluoll pen, X F, > 1.

Finally, integrating on [tg,t], we obtain the L?-norm decay estimate for any ¢ sufficiently large. O
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