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REGULARIZING EFFECTS CONCERNING ELLIPTIC EQUATIONS
WITH A SUPERLINEAR GRADIENT TERM

MARTA LATORRE, MARTINA MAGLIOCCA AND SERGIO SEGURA DE LEON

ABSTRACT. We consider the homogeneous Dirichlet problem for an elliptic equation driven by a linear oper-
ator with discontinuous coefficients and having a subquadratic gradient term. This gradient term behaves as
g(u)|Vul|?, where 1 < ¢ < 2 and g(s) is a continuous function. Data belong to L™ (Q2) with 1 < m < % as well

as measure data instead of L!-data, so that unbounded solutions are expected. Our aim is, given 1 < m < %
and 1 < ¢ < 2, to find the suitable behaviour of g close to infinity which leads to existence for our problem. We
show that the presence of g has a regularizing effect in the existence and summability of the solution. Moreover,
our results adjust with continuity with known results when either g(s) is constant or ¢ = 2.

1. INTRODUCTION

This paper is concerned to an elliptic problem, in an open bounded set Q C R¥, whose model is:
{ —Au=g(u) |Vu|T+ f(z) inQ,

1.1
u=20 on 01, (1)

where

HI1. g : R — (0,+00) is a continuous positive function;

H2. 1<q<2;

H3. f € L™(Q) such that m > 1. Eventually, we will also consider measures instead of f € L1().
Our aim is, given ¢ and m, to find the suitable behaviour of g close to infinity which leads to existence for
problem (1.1). We may measure the behaviour of g through the exponent a such that the limit lim| g, |s[*g(s)
is positive and finite. For the sake of simplicity, we will assume that g is continuous and satisfies g(s) < # ,
with «,v > 0. So, we look for the possible exponents « for which we can obtain existence of solution to this
problem.

Solutions to (1.1) are considered in a weak sense (i.e., having finite energy) when m > ]3—12 Nevertheless,
this notion has no meaning when m is closer to 1. In these cases the notion of weak solution must be replaced
with the notion of entropy solution or that of renormalized one. Entropy solutions were introduced in [2] for
L'-data and in [5] for measure data which are absolutely continuous with respect to the capacity. On the other
hand, renormalized solutions were handled in [22, 12]. Since both notions are equivalent, in the present paper
renormalized solution is the chosen notion and only the renormalized formulation will be used in what follows.

1.1. Background. Problems related to (1.1) have been widely studied in recent years. Recall that, when
0 < ¢ < 1 and data belong to the dual space H~1(), it can be solved applying the theory of pseudomonotone
operators (see, for instance, [20]). Likewise, this theory also applies when ¢ = 1 and the norm of the source f is
small enough to get coerciveness. Without assuming any smallness condition, an existence result holds true as
proved by Bottaro and Marina in [11] for linear equations, and by Del Vecchio and Porzio in [13] in a nonlinear
framework.

The other growth limit, ¢ = 2, deserves some remarks. With additional hypotheses, equations having gradient
terms with quadratic growth have been studied in a series of papers in the 80’s, mainly by Boccardo, Murat and
Puel. For gradient terms satisfying a sign condition, we refer to [7, 8, 3], while for existence of bounded solutions,
to [9, 10]. The first attempt to study equations with a gradient term having natural growth (without the sign
condition or an additional zero order term), was carried out by Ferone and Murat in [14] (see also [15, 16]
for extensions). They consider the case g(s) constant and prove a sharp smallness condition on f € L%(Q)
which leads to an existence result. More precisely, it was proved that if || f ||L ¥ is small, then there exists

a solution w which also satisfies the further regularity (e‘”“‘ — 1) € H(Q), for § less than a constant which
only depends on || f ||L ¥y the coerciveness of the principal term and the best constant in Sobolev’s inequality.

More general data in this quadratic growth were considered in [26, 24], under the assumption g € L'(R): It
is studied existence for all L'-data (in [26]) and for all Radon measures (in [24]). The assumption g € L!(R)
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turns out to be optimal (see [20, Proposition 5.1]). The exhaustive analysis of the necessary growth condition
on g to obtain a solution for every datum f € L™(), where m > 1, was made by Porretta and Segura de Le6n
in [25]. The main result of [25], when it is applied to an equation governed by a linear operator, states:
QL. Given any f € L™(Q) with m > & there exists a solution to problem (1.1), with ¢ = 2, under the
assumption | lim g(s) = 0; this solution is bounded when m > .

s|—o0
2. Given any f € L™(Q) with 225 <m < &: if g(s) < &, with v < w, then there exists a solution
N+2 2 5] TS Nm
to problem (1.1), with ¢ = 2, which belongs to H2(Q) N L™ 3 ().
Q3. Given any f € L™(Q) with 1 <m < ]\2,—%: if g(s) < %, with v < %T;Ti), then there exists an entropy

solution to problem (1.1), with ¢ = 2, which belongs to Wol’m* Q).
One of the main objectives of the present paper is to extend these results to the case 1 < ¢ < 2. Some
consequences of the quadratic case for our problem are:
Cl. If Sgrfoog(s) = 0, then there exists a solution for every f € L™(Q), with m > & (see Proposition 2.9

below).
C2. Ifge Li (R), then there exists a solution for every f € L'(Q) (see Remark 2.11 below).

In the subquadratic setting (i.e., 1 < ¢ < 2) and for g(s) constant, the general theory was developed by
Grenon, Murat and Porretta in [17] (for the range 14+ & < ¢ < 2) and [18] (with full generality). Their aim
is to find the “optimal” exponent m, which depends on ¢, such that there exists a solution for data in L™ ()
satisfying a smallness condition. Moreover, Alvino, Ferone and Mercaldo showed in [1] the sharp condition on

datum f which guarantee the existence of solution. It was proved in [17] that:
SLLIfF1+ % <qg<2,m> w and || || is small enough, then there exists a solution u € Hg(Q) to
problem (1.1), with g(s) constant, which satisfies the further regularity |u|” € H{ (Q2), with o = %

The extension studied in [18] leads to:

2. If A~ <g<1+3% m> w and ||f|lm is small enough, then there exists a renormalized

solution to problem (1.1), with g(s) constant, which satisfies the regularity (1+ |u|)?~lu € H}(Q), with
o=20N"2 and [Vul € LV@-D(Q).

2(N—2m)>’
S3. If ¢ = 5~ and || f|| (o) is small enough for certain m > 1, then there exists a renormalized solution to
problem (1.1), with g(s) constant, satisfying the regularity (1 + |u|)°~'u € H}(2), with o = %,

and |Vu| € L™ ().

S4. If 1 < g < &5, m > 1 and || f||1 is small enough, then there exists a renormalized solution to problem
(1.1), with g(s) constant, which satisfies |u| € M~= (Q) and |Vu| € M~ (Q). Here, M?(Q) stands for
the Marcinkiewicz space (see Subsection 3.3 below). Actually, sources more general than L!'—functions
are handled, namely, finite Radon measures.

The final picture looks as follows:

°
1 N 142 2«

N-1

The right zone indicates solutions of finite energy, the left zone shows the points ¢ where measure data can
be considered while the central zone is where they obtain renormalized solutions with L™-data.

We point out that, in [18], the authors obtain existence for every datum with a zero order term, which has
[Vul?

‘u|a I

where a > 0, induces a similar effect, so that we
[Vul?

™

a regularizing effect. In some sense, the singular term

expect better estimates than those in the case & = 0 (see Remark 3.2). Note, nevertheless, that the term

behaves in a superlinear way with respect to the gradient power when o < ¢ — 1 (see Subsection 2.5).
Finally, we remark that a problem similar to (1.1) has recently been studied in [21, Proposition 3.4].

1.2. Our results. As we have mentioned, given ¢ and m, our goal is to look for the best exponent a to get
existence for our problem. The identity we find is

N(g—1) —
a:—i%t%#@ form>1,1<q<2. (1.2)
This value of « is intuitively deduced in Subsection 2.5. We remark that, when o = 0, it yields m = w
recovering the threshold occurring in S1. and S2. above. In general, m = m(q, «) is given by
N(g—1-
moNa=1-a) (1.3)
q— 2«

According to the value of m and the connection between a and ¢, there are two different types of results:



(1) As in Q2. or S1., if m > 22 then we get finite energy solutions. Otherwise, renormalized ones are

Ni2
obtained. We also note that there are points (¢, «) € [1,2] x [0, 1] satisfying
N(g—1-
No=l-a)
q— 2«

In this area, talking about Lebesgue spaces looses sense. This means that measure data are allowed.

(2) In full agreement with the above picture, we have to deal with three zones. If ¢ > 1 4 «, we are
within the superlinear framework. In this setting, we may only expect existence of solutions for sources
satisfying a smallness condition. The limit case ¢ = 1+ « corresponds to a linear gradient term in which
we get existence when this term is small enough. Furthermore, the sublinear case ¢ < 1 + « guaranties
existence of solutions for all data and all gradient terms. The informal deduction of this classification
will be shown in Subsection 2.5.

We state our main results in Theorem 2.7 and Theorem 2.8 below, where all possible situations are considered.
Roughly speaking, we may illustrate the relation between «, g, m in the following picture.

«
1
/
:
L.
7 .
L%; Existence for all data
Lo
7500 .
L5 Existence for small measure data
L2000
p Exist fi Il L™ data, 1 <m < 2
12507 xistence for sma, ata, m < 13
L220007 Yo
10500000 7007 . m 2N N
1555525, 77 Existence for small L™-data, 755 <m < 3
1 _N_ 2 2 q
N-1 I+ N

We explicitly point out that, as « increases, the different zones drift to the right, so that the function g
induces a regularizing effect. Moreover, the sublinear zone 0 < a < ¢ — 1 appears, which entails existence for
every datum. The bigger value of «, the wider is this new zone.

This scheme adapts perfectly to what is expected since there is continuity with respect to known results. In

fact, the g—axis coincides with the picture of results in [18], while the line ¢ = 2 depicts the results in [25].
Furthermore, the bound ]\J[\;T;i), occurring in Q2. above, is the limit as ¢ — 2 of the related bounds obtained

for ¢ < 2 (see Remark 3.6 below); a similar observation applies to Q3.

In order to achieve these bounds in the renormalized framework, we need to fine-tune our estimates as much
as possible. So, we have to introduce a special way of applying known inequalities (see Lemma 3.7). In this
way we managed not to lose information when making our estimates.

To prove our results we use approximation techniques based on

1. estimates of a suitable power of the solutions;
2. the strong convergence in L' of the gradient term.

Our estimates are obtained with variants of the method introduced by Grenon, Murat and Porretta in which
certain powers of Gi(u) = (|u| — k) sign(u) are taken as test functions. The greatest difficulty arises when
studying problem (1.1) with a measure datum p. In this case one should take T;(Gr(u)) as a test function
getting

| VTG do < 5 [ | swlvattds+ Ll
Q {lu|>k}

An appeal to a lemma on Marcinkiewicz spaces (see [3, Lemma 4.2]) leads to

VG| , <cC

/ g<u>|w|qu+|umb] .
{lul>k}

N-—-1

Having in mind that values ¢ > % are allowed, an estimate cannot be expected from this inequality. To
overcome this trouble, we take T; (|G (u)|?) sign(u) as a test function, with the power 6 close to 0, and then, a

suitable generalization of the above lemma (see Lemma 3.12 below) will be applied.

1.3. Plan of the paper. The plan of the paper is the following. Section 2 is devoted to introduce the
assumptions and state the main results (see Theorem 2.7 and Theorem 2.8 below). We also include here our
starting point (see Proposition 2.9), which is a simple consequence of the results of [25]. Section 3 deals with
a priori estimates, while the convergence of approximate solutions is proved in Section 4. We point out that



not only the superlinear case is seen, since we also deal with the linear case (in which existence for each data
is achieved under a hypothesis of smallness on the gradient term) and even some sublinear cases that, as far
as we know, have not already been handled. In this Section 4 the limit line ¢ = W, which does not fit
into the general scheme, is also studied. In Section 5 we end up analyzing what happens when data enjoy more

summability than that strictly necessary to obtain existence.

2. ASSUMPTIONS AND STATEMENT OF RESULTS

2.1. Notation. Throughout this paper, Q stands for a bounded open subset of RY, with N > 2. The Lebesgue
measure of a set £ C Q will be denoted by |E|. The symbols L*(£2) denote the usual Lebesgue spaces and
Wy *(2) the usual Sobolev spaces of measurable functions having weak gradient in L*(Q; RY) and zero trace

on 9Q. We will also use the notation H}(Q) instead of Wol’Q(Q). Let 1 < p < N, in the sequel p* = NN—ZJ,
Np

Ps = Nphip and S, stands for the constant in Sobolev inequality in WO1 P(Q), that is,

. 1/p* 1/p
[ |u|P dx} <8, U |Vu|pda:] , forallu e Wy P(Q).
Q Q

We recall that this constant just depend on N and p, and this dependence is continuous on p. On the other
hand, C’f F stands for the constant in the Poincaré-Friedrichs inequality in VVO1 P(Q), so that

1/p 1/p
[ [wras] " <cpr [ [ wapa] L oranuewin@).
Q Q

This constant depends on €2 and p.
Two auxiliary real functions will be used throughout this paper. For every k > 0, we define Ty, : R — R and
Gr : R—>Ras
s if |s| <k,
Ty(s) =
kg if ls| > k;

Gr(s) = s —Ti(s) = (|s|] — k)™ sign(s).

2.2. Assumptions. We will deal with the problem

{ —div[A(z) - Vu] = H(z,u, Vu) + f(z) in Q, 2.1)
u=0 on 09,
and we assume the following statements.
(1) A(x) is an N x N symmetric matrix which satisfies
NP < [A(z) - €] - € < Al¢[? (2.2)

for almost all z € Q and ¢ € RV, and certain positive constants A and \.
(2) There exist a positive continuous function g : R — (0,400) and 1 < ¢ < 2 such that

[H (2,1, €)| < g(t)[¢]* (2.3)

for almost all x € , t € R and ¢ € RY.
(3) The datum f belongs to L™()), with 1 <m < % When m = 1, instead of considering an L'—function,
we will choose a Radon measure (see problem (2.10)).

As far as the function g is concerned, we assume that there exist constants v, « > 0 satisfying

g(t) < —

= W (2.4)

for all t € R.

Remark 2.1. (i) Throughout this paper, the linearity of the principal part plays no role. We point out that
our results also hold for equations driven by more general operators such as those of the Leray—Lions type
with linear growth.

(ii) We stress that condition (2.4) have to be seen as a condition at infinity, that is, what is essential is
lim g(s)lsl” = 7.

|s|—o0

We are assuming (2.4) for the sake of simplicity.



In what follows, we also consider the parameter

m(N —2) . No
T N-2m " "TNt20-2 (25)
Observe that it implies
(0 — 1)m/ = %2* . (2.6)

It is straightforward that

) 1 <0< o0

) o =1if and only if m = 1.
)1<U<21fandonlyif1<m<]\2,—12.
)

JZQifandonlyifﬁ—%gm<%.

2.3. Notions of solution. According to the summability of the datum, we will find solutions to problem (2.1)
with finite energy or renormalized solutions. Definitions follow.

Definition 2.2. We will say that a function u € H}(Q) is a weak solution to problem (2.1) if H(z,u,Vu) €
LY(Q) and

/[A(:c) -Vu]-Vedr =
Q

holds for all p € H}(Q) N L>(Q).

H(z,u,Vu)gpder/ f@)pdx (2.7)
Q Q

We remark that, as a consequence of Sobolev’s inequality, formulation (2.7) has sense only when m > ]3—3\_[2,
that is, o > 2. When m < ]\2[—12 (so that o < 2), a different formulation must be required. The functional

setting for the renormalized formulation lies on the space 761’2((2) of almost everywhere finite functions such
that Ty(u) € H}(2) for all k > 0. Functions in this space have a generalized gradient which (grosso modo) is
defined by

VTk(u) = (VU)X{|u\<k} forall k >0,
(see [2] or [12]).

Definition 2.3. A function u : Q — R is a renormalized solution to problem (2.1) having datum f € L™(Q),
with 1 <m < ]\2,—12, if it satisfies

(1) ue Ty *(Q);

(2) Vu € L' (;RN);

(3) H(z,u,Vu) € LY(Q);

and

/ S (u)plA(z) - Vu] - Vudx +/ S(u)[A(z) - Vu] - Vo dz
Q Q

:/QH(:E,U,VU)S(u)gader Qf(x)S(u)gad:c (2.8)

holds for any Lipschitz function S : R — R with compact support and for any ¢ € H*(Q) N L*(Q) such that
S(u)p € Hg(Q).

Remark 2.4. Note that Definition 2.3 does not require any asymptotic condition on the energy term such as

1
lim —/ |Vul?dz = 0. (2.9)
OO < ul<2n}

Indeed, we will prove (in different steps) that

Rl.Ifl<o<2(ie. l<m< 13—%), then solutions enjoy a certain Sobolev regularity which implies (2.9).

R2. If 0 =1 (i.e. m = 1), then condition (2.9) must be required to solutions.
It is not difficult to check R1 if we assume condition [(1+ |u[)? — 1] € H§(Q) with 1 < ¢ < 2. Then
[Vu? 1
———— <€ L (9).
(e < F
Thus,
1 1
—/ [Vul?de < ——
" J{n<ul<2n} ne

and condition (2.9) holds.

2
22_0_/ |VU| — d.’L‘ S Ciln%oo
(n<lul<2n} (14 |ul)?=9 n?




% with m > 1. Nonetheless, this ratio can be strictly smaller than 1.

Then we take measure data and so consider problem
—div[A(z) - Vu] = H(z,u,Vu) +p  in Q,
u=20 on 0f),

Up to now, we have taken m =

(2.10)

being u € M;(Q2) a bounded Radon measure, instead of problem (2.1).

As far as bounded Radon measures are concerned, we recall that every u € M;p(Q2) can be decomposed, in a
unique way, as the sum pu = g + s, where g € LY(Q) + H=1(Q) is the absolutely continuous (with respect to
the capacity) part and ps is the singular one and it is concentrated on a set of null capacity. Further comments
on measures data and the notion of capacity can be found in [5, Section 2], [12, Section 2].

Definition 2.5. A function u : Q — R is a renormalized solution to problem (2.10) if it satisfies
(1) ue Ty *(Q);
(2) Vu € L'(;RN);
(3) H(x,u,Vu) € L*(Q);

and

/ S'(u)p[A(z) - Vu] - Vudx +/ S(u)[A(x) - Vu] - Vo dz
Q Q

H(z,u,Vu)S gader/S Yodug (2.11)
Q Q

holds for any Lipschitz function S : R — R with compact support and for any o € HY(Q) N L>(Q) such that
S(u)p € H (), and

1
lim — / olA(x) - Vu] - Vudx = / pduf, (2.12)
NN Jin<u<2n} Q
1
lim — / olA(x) - Vu] - Vudx = / pdu,, (2.13)
n—oo n {—2n<u<-—n} Q

for every o € Cp(Q), i.e. ¢ continuous and bounded in Q, and being put and g the positive and negative parts
of ws, respectively.

Remark 2.6. Both in Definition 2.3 and Definition 2.5, we will need to use test functions for which function
S has not compact support although S’ has. Most of them can be considered by a standard argument in the
renormalized setting (see [17] for more details). This procedure consists of two steps, which we next apply to
the main example S(s) = Tx(s) in the case f € L™(Q) with m > 1.

(1) Take S(s) = Tx(s)9n(s), ¢ =1 in (2.8) with

1 [s| < h,
2h —

In(s) = - 5 h<|s| <2h,
0 |s| > 2h.

Observe that ¥p,(-) is compactly supported and converges to 1 as h — co. In this way, (2.8) becomes

/ Ip(u)[A(z) - Vu] - VI (u) dx — % / [T (uw)| [A(z) - Vu] - Vudz
{lul<k}

{h<|u|<2h}
- / H (s, V) T ()9 (1) e + / FTi(u)on () de
Q Q

(2) Check that letting h go to oo is allowed in each term (in the second term, where ¥}, (u) appears, just apply
condition (2.9). It turns out that

/ [A(z) - Vu] - VT (u) dz = / H(z,u,Vu)T(u)dx + | fTx(u)dx
Q Q Q

Analogous comments can be done when measure data are considered, taking the same test functions in (2.11)
and using (2.12)—(2.13) instead of (2.9), we get

/ [A(z) - Vu] - VT (u) dx = / H(z,u, Vu)Ti(u)de + | fTr(w) dpo + kus(£2).
Q Q Q

Throughout this paper, we will consider such general test functions without further comments.



2.4. Main results. As we have seen in the Introduction, we get two different types of results: one in the
superlinear setting and the other in the linear case. To justify this classification, we refer to the next Subsection.
On the other hand, in both situations we should have in mind that, depending on the data, we will obtain finite
energy solutions or renormalized ones.

The results of this paper can be summarized in the following statements.

Theorem 2.7 (Existence results in the superlinear case). Using the above notation, assume that || f||;m ) is
small enough.

(1) If 25 <m < & and Na-l-ma < o < ¢ —1, then there exists a weak solution to problem (2.1)

+32 N—2m
satisfying H(:c u, Vu)u € LY(Q), H(x,u,Vu) € Li (Q) and the further reqularity |u|? € HE(S).
(2) If 1 <m < 575 and M < a < q—1, then there exists a renormalized solution to (2.1) satisfying

(14 |u]) ’_1u 6 HO( ) and H(x u, Vu) € L™(Q).
(3) Ifm>1and o = W then there exists a renormalized solution to (2.1) satisfying (1+ |u|)T 1 u €
H} ().
Furthermore, assuming a source p € My(Q) with |||, small enough, if % < a < q—1, then there
exists a renormalized solution to (2.10).

Theorem 2.8 (Existence results in the linear case). With the same notation as above, assume that « = ¢ — 1
and v 1s small enough.
(1) If ]\2,—12 <m< %, then there exists a weak solution to problem (2.1) which also satisfies H(x,u, Vu)u €
2
LY(Q), H(z,u,Vu) € L7(Q) and the further regularity |u|°/? € H}(Q).
(2) If 1 < m < ]3—12, then there exists a renormalized solution to (2.1) satisfying the regularity (1 +
lu|)2~tu € HY(Q) and H(z,u, Vu) € L™(R).

Furthermore, for every u € My(QQ) there exists a renormalized solution to (2.10).

2.5. Connection among parameters. The aim of this Subsection is to show the connection among all pa-
rameters of our problem which lead to existence of solution. The key argument is to find the best power ¢ such
that u? can be taken as a test function.

We begin estimating the gradient term and seeing the connection between ¢ and «. In order to simplify the
incoming explanation, we consider the problem

— Au = L in Q,
(14 u)e (2.14)

u=20 on 0},

where a > 0 and 0 < F € L"(Q) with 7 < % Note that v > 0 by the classical maximum principle.
Basically, our aim is to prove a gradient estimate of the type

[1Vulllz @) < el FII% g -
for certain values b < 2, ¢ > 0. Once this step is concluded, we set F' = |Vu|?, i.e.

ac
1 < by
NVul’llLi@) < dll[Vul’| JEIP

so we will deduce that

-
e we close the estimate choosing Tq =1

q¢

e we are within the superlinear setting if and only if > > 1.

We take (1 +u)°~! — 1 as test function in (2.14) for some o. Then, defining v = (1 + u) %, we obtain

/ |Vl dz < c/ Foe@=1=9) qg (2.15)
Q Q
Since Holder’s inequality with (7, 7’) implies
2(o—1-a) 2(0-1-a)
IRE do < |Flrollol 200 (216)
we require
No 2,
= = ie. = —1—a)=2%. 2.1
T =17(0,q) N —2)at1) 20 ie O_T(O' Q) (2.17)



27’ 27’ ) — (27” T(N-2)

57 55w o N3 ) Then, invoking

We estimate (2.16) by applying Young’s inequality with (
Sobolev’s embedding too, we obtain

T(N—2)

[ oot 1 < Lol + I

Note that, having 7 < &, this step makes sense. We gather (2.15)—(2.16) and deduce
T(N-2)
“N—27
lollF o) < ellF Iy (2.18)
Now, let 0 < b < 2 and take into account [||Vu|®||;1(q). We omit the case b = 2 since it can be dealt in the
same way without passing to the change of variable v = (1 +u)%. Then, by Holder’s inequality with ( > 5 b)

b 2—b
2 2 2
/|Vu|bdz:/ |Vv?|bdz§0</ |Vv|2dz> (/ v 7o (2o ")dz> . (2.19)
Q Q Q Q

No 2 b
b=blo)=——, ie. ——(2—0)=2". 2.2
()= oo e 21(2-0) (220)

Note that b < 2 if o < 2. Thanks to Sobolev’s embedding, the inequality in (2.19) becomes

we have that

We thus require

2b
IIVulllz ) < cllvllf (Q>||v|\L2*(Q < eSallvll o -

Recalling (2.18) too and taking F' = |Vu|?, we finally get

grony o s ey
VPl < Pl g~ < cllFll e ™ < clVulll T @)
Then
e we close the estimate taking 1 = o Thus, g =7= M\Oftﬁ (by (2.17)) from where we deduce
taking into account (2.20)
oo W=2-1-9) (2.21)

2—q
and so
b N@—-1-a)
q q(1 — )
e We are within the superlinear setting if and only if
T(N —2) 4a_ 4
N-21 ¢ 1l+4a«

>1 ie. ¢g>1+4+a.

Since we want to keep us in a superlinear but still subquadratic setting, we will consider
l+a<qg<?2,

which implies that 0 < a < 1. In other words, if & > 1, then we are no longer in a superlinear gradient setting.
The linear one appears when ¢ = 1 4+ «, while we are in the sublinear setting when ¢ < 1 + a.

We now want to determine the relation between the gradient growth parameter ¢, the power growth parameter
a and the data assumptions f € L™ (). To this end, we focus on the source term f and consider the simple
problem

{ — Au = f(x) in Q, (2.22)

u =0 on 09,

where 0 < f € L™(Q) with m < §. Now, if we take again ((1+u)°~! —1), with ¢ < 2 defined in (2.21), as
test function in (2.22) and reason as before, then we find that we need

N
m(o) = WZ—‘—Q i.e. m’(o — 1) = 2*%
Gathering this identity with (2.21), we have
_Nig-1-0) . _ Nlg—=1)—mq
m=—————> ie a=———"=
q— 2« N —2m

Therefore, we have informally deduced the need of conditions (2.5), (1.3) and (1.2), respectively.



2.6. Our starting point. We begin with the following result which provides us of solution to approximating
problems in Section 4. It follows from the results of [25].

Proposition 2.9. Consider two continuous functions gi,go : R — (0,+00) such that g € L*9(R) and
lim go(s) =0, and set g = g1 + go.

s—+oo
(1) If f € L™(2), with m > N/2, then there exists a solution to (2.1) belonging to Hg(Q) N L>(Q).
(2) If f € LN/2(Q), then there exists a solution to (2.1) which belongs to H(Q) N L™ () for all 1 < r < oc.

Proof. Note that the expression G(u) = [;' g1(s)*/? ds defines a real bounded function (due to g1 € L2/(R)).

Now consider ¢ a L1psch1tzfcont1nuous and increasing real function such that ¢(0) = 0. Taking e g o(u) as

test function, A as in (2.2), in (2.1), it follows from (2.2), (2.3) and Young’s inequality that

/\/Qe‘c(ku)‘gp’(u)WuFd:ch/ lo(w)|g1 (u)?/ 9" (””|vu|2d;c
/ dac—i—/ (@
| ntwetw | aatwrota)e'

2 [ ot

+(2-9 / lo(u

ot ! / 92/ 1) (0)
1@ ot da
Simplifying, we deduce
|G(w)]
3 [ @il e <2 [ g ot [ 7))+ 2=l
|G (w)]

Denoting h(z) = C'[|f(z)| + (2 — q)], being C' an upper bound of e~
we have h € L™ (), here m > N/2. Then

’ 2 q 2/q 2
3 [ G Ivup s < 20 [ g tlplIVuP do+ [ ble)]do.

for every Lipschitz—continuous and increasing real function ¢ such that ¢(0) = 0. Having in mind that
lim, 400 g2(5)*/7 = 0, an appeal to the proofs of [25, Theorem 2.1 and Theorem 2.2] shows that this esti-
mate leads to existence for any h € L™ () and consequently for every f € L™({2). B

IN

p(u) de

IN

H(z,u, Vu)
gr(u

o5 o(u) dz

/ (@)
Q
\Gg\u)\

dx

IN

(u)] dzx .

(recall that G is a bounded function),

Remark 2.10. A straightforward consequence of the previous result is the existence of solutions for every
a > 0 when m > N/2. This is the reason to assuming m < %

Remark 2.11. The argument of the above result can also be applied to L'—functions deducing existence of

solution for any f € L'(Q) when g € L%(R) (see [26], and [24] for its extension to measure data) and as
consequence it is satisfied if « > ¢/2 . Nevertheless, this bound is not optimal since we will see that this fact
holds for every a > ¢—1 (note that ¢—1 < ¢/2 if 1 < ¢ < 2). This gap will be studied in Theorem 4.15 below.

3. A PRIORI ESTIMATES

Following [17, 18], the basic idea to get a priori estimates is to choose |G (u)|"~! sign(u) as test function

in problem (2.1). Hence, we will consider three cases according to the value of the exponent ¢ — 1. Roughly

speaking, the easiest case is when ]\2[—12 < m < & (that is 0 > 2) since then |Gy (u)|°~! sign(u) can be
2N

directly taken as test function. In the case 1 < m < 55 (that is 1 < o < 2), we have to replace it with

[(e+|Gr(w)])?~t —e°71] sign(u) since now the exponent does not define a Lipschitz—continuous function of
Gr(u). (Actually, we cannot take this function in the renormalized formulation, however we may follow the
steps of Remark 2.6 to approximate [(¢ + |G (u)])~" — 77| sign(u) and lead to a similar estimate.) The last
case is m = 1 when the exponent vanishes and the test function must be bounded.

3.1. Finite energy solutions.

Proposition 3.1. Let f € L™(Q) with ]\2[_11\:2 <m< & andlet a = (?V%);mq. Assume (2.2), (2.3), (2.4) and

that w is a solution to problem (2.1) in the sense of Deﬁmtwn 2.2 such that |u|? € HL(Q). (Observe that it

. _ (N=2)(g—1—a) N(g—1-a)
yields o = *——54——= =)

Then, if || fllLmq) is small enough, every such solution u satisfies the following estimate:

and m =

/ lu|” 2| Vul*dz < M,
Q



where M is a positive constant which only depends on N, q, m, A, v and || f| zm(q)-

Proof. Let k > 0. We start taking the test function |Gy (u)| ! sign(u) in problem (2.1). Then, by (2.3), we

obtain

[ [Aa) - V- V(1Gu)[7 sign(u)

S/Qg(u)|Gk(u)|”71 sign(u)|Vu|qu+/Qf|Gk(u)|‘771 sign(u)dz. (3.1)

On the left hand side, thanks to (2.2), we get

/[A(:E) - Vu] - V(|Gr(uw)|7 ! sign(u)) > )\/ Vu - V[|Gr(uw)|”" sign(u)] dz
Q Q

— Ao - 1) / Gr(w)|7~2 |V Gi(w)? d = / V|G (u

Recalhng also (2.4), inequality (3.1) becomes

/|V|G 5P < / o(u) |Gr(w)|" " sign(u >|Vu|quc+/f|c:k W)~ sign(u) d

Gl
/' k| 5 |Vu|qd:n+/ﬂ|f||Gk(u)|‘7_1dlel+Ig.

We start by performing some simple computations on the gradient term I7.

Gi(u o—1 Gi(u o—1
b [ g [ (st

|Vu|? dz
Q (u>kr |Gr(uw)|®

|G ()] (E7 19

e (5-Da
7/{  lawr @G Wl G 6 ) da
u|>

24 o o
=% [ IGu@r E9IGL w) B de,

122 da .

(3.2)

where we have used that 0 < « and that |Gy (u)| < |u| hold; we remark that no singularity appears since we are

integrating on the set {|u| > k}. Then, applying Holder’s inequality, we deduce

2q l—a—(2— _2
I, < 75 (/Q |Gk(u)|[“ 1 ($-1)dl52; dg;) (/ V|G (u |2 d:z:)

(3.3)

Now, we will apply Sobolev’s inequality. Indeed, since o = (Nfzé(%qflfa), the power of G (u) in the first factor

q

o 2 o
- —(——1)}—=—2*.
[“ “7\3 U547 79

in (3.3) changes to

Therefore, it follows that

*(I

24 g
L<y> (/ [Gr(w) 5 dm) 11Gk() 1 gy

22*0

29 oz s
<2 (sa / VIGHWIEFde) T G Iy

24 o q4+2* 224 29 o9x2-q s oN-g
= S G| e = e T G 5 -

On the other hand, we use Holder’s inequality on I to get

1

= w7 dx M dx - U (o—1)m' T m/.
/Q|f||Gk< 71 d s(/gm d) (/Q|Gk< ) d)

Therefore, having in mind (2.6),

*

o

1

I < | fllm ( /Q G| 3 dx) < fllmey (s% [ |V|Gk<u>|‘%|2dx)

21 o 221
= £ @S5 7 NGk [ -

.
ey

ol

10

(3.4)



Thus, inequality (3.2) becomes

027

a o 22=1
CUllGr(w)I2 13 () < ¥C2MGR@)I? 7 0y + Call Fll Ly 1GR (@) 1170,

for some positive constants C; only depending on N, ¢, A and m (this one through o, by (2.5)). This is equivalent
to

a2 ES —22-1
CilllGr(W)| 21 Fa ) — 7C2ll|Gr(u)]2 ||H1(Q) < Gsllfllzme) -

If we denote Yy, = |||Gr(u and define the function

E B2

N—q o-—1

F(y) = Ciy= —yCoy~—=2"%5 | y>0,

we have obtained
F(Yy) < Csfllpm  VE>0. (3.5)
Note that the continuous function F'(y) satisfies F(0) = 0, lim,_, 4o F(y) = —o0, it is increasing until reaching

certain y* and then it is decreasing, so that it has a maximun M* at y*, i.e., M* = F(y*) = max, F(y). We
explicitly remark that M* depends on « as well as on ¢, NV, A and m. Choosing constant

if we require || f||Lmq) < K, then the equation F'(y) = Cs]| f||zm ) < M™ has two roots:
Y~ and YT, with Y <y *<YT.

It follows from |u|? € H} (), that function k +— Y} is continuous and goes to 0 when k — oo. This fact implies
Y, <Y~ for all k>0, and so

2
% [ 1Gr VG w de = [ [9IGu)|E P e <Y
Q Q

4
for all k£ > 0. Therefore, / lu|” 2| Vul? de < =Y ..
Q g

Remark 3.2. We explicitly point out that our choice m = % and our assumption « > 0 implies
N(g—1 _
m < L, so that the range for parameter m is actually J\%—JL <m< w. A simple consequence is
q

2
that then ¢ > a% +1+ %, which, in particular, yields ¢ > 1 + N
N — 2
Ifg<a + 1+ N then we are allowed to consider data with a lower summability with respect to the

case o = 0.

Remark 3.3. The proof of Proposition 3.1 for the case W%m < a < q— 1 is similar to that of the limit
case. The only differences begin in (3.4) since now

8= [a—l—a—(%—l)q}%<§2*

Therefore, Holder’s inequality must be applied once again in (3.3):

q

24 =
h<aZ ([Iera) "Gl .
94 6(22;0)
2—q) (-2 g 9% 7 z
<2 e 2,,></Q|Gk(u>|2 dz) 1G] 1% g
94 B(qu)
<2 Q-G£ (sg/ |V|Gk(u)|§|2dz> 11G () £ 1%,
o4 Q

2—q)
2”H1<m

29 BC—a) (1 B
=SSy |G |G w)

From this point on, we can follow the same proof, we just note that now the constants also depend on « and
1€2].

11



Remark 3.4. A relevant case occurs when « attains its limit value « = ¢ — 1. Then S = o and so we have
29 2— 2—gq z
I <9831 |Ga(w) 3y o
A more accurate estimate follows from the PoincaréfFriedrichs inequality. It yields
I < 7 (CPF)2 NGR (W) 2 M7 () -
As a consequence, inequality (3.2) becomes
4(0’ — 1) o o o, 22=1
——— G|l o) < 7 (CPF TGk E @) + 1 lm)S2 G ? [

and an estimate for every f € L™(Q) holds if

A

29 pr 2—¢q 4(oc 1)
7;(02 ) <>\T-

Hence, we have arrived at the following result.
Proposition 3.5. Let f € L™(Q) with N+2 <m< L and let o = q— 1. Assume (2.2), (2.3), (2.4) and that

u s a solution to problem (2.1) in the sense of Deﬁmtzon 2.2 such that |u|% € H} ().
If

22-4
o-2—q(C§F)2—q

then such a solution u satisfies the following estimate:

v <A (c—-1),

/ lul” 2| Vul? dz < M |
Q

for every || f|| Lm(q), where M is a positive constant which only depends on N, q, m, Q, X and .

N(m—-1
Remark 3.6. Noting that 0 — 1 = #, it follows that the condition we have found in Proposition 3.5
—2m
can be written as N( 0 )
m—
NCPT1 L f C=—=.
vs N—2m oCTF

We point out that letting ¢ go to 2, we obtain the same critical value appearing in [25].

3.2. Renormalized solutions with L™ () data. In order to show that the parameters involved in all the
cases are adjusted with continuity, the following result is necessary, it allows us to estimate sharply.

Lemma 3.7. Let v be a nonnegative function belonging to Wy'P(Q) and consider ¢.(v) = (¢ 4+ v)” fore >0

and 0 <v < 1. Then
. 1/p” /p
(/ o4 dm) / Ve |P dm ,

where A is a positive real function such that lim._,o A( )

Proof. First note that p. € W1P(Q) since . is defined through a Lipschitz—continuous real function. Now,
extend ¢, to be ¢ in RV\Q. We denote by B, the ball centered at the origin with radius 7. Fix 0 < r < R in
such a way that Q C B, and consider the cut—off function n € Wh>°(RY) with 0 < 7 < 1 defined as

n(z) =1 x € By

n(z) =0 z & Br;

[Vn(z)| = g = € Br\B,.
It follows from p.n € WHP(RY), that

. 1/p* 1/p
([ e an)™ <s,( [ wtpras)”
RN RN
As a consequence,

Tl )™ (o
- Sp(/]RN [Vieenl” dw)l/p - SP(/B \B

P P P p 1/P
PIVnP de+ | 7P| V.| dw)
Q

R

epv 1/p
- p
Sp((RiT)p|BR\BT|+/Q|V<pE| dz)

as desired. ®

12



Remark 3.8. We explicitly point out that a similar result holds for the Poincaré—Friedrichs inequality with
CII)DF instead of Sp.

Proposition 3.9. Let f € L™(Q) with 1 < m < 25 and let o = W Assume (2.2), (2.3), (2.4) and

that u is a renormalized solution to problem (2.1) in the sense of Definition 2.3 such that (1+|u|)% ~'u € H3(Q).

(Observe that then o = Wfqla) and m = Y= ; )
q—2a

Then, if || fllLmq) s small enough, every such a solution u satisfies the following estimate:
/(1 + Ju|)7 3| Vul|? de < M,
Q

where M is a positive constant which only depends on N, q, m, v, A and || f| pm(q)-

Proof. Let k > 0 and fix € such that 0 < ¢ < min{1,%k}. We recall Remark 2.6 and take the test function
Sk (u)p, with

(G (u))
O A O
0

and so, by the growth condition (2.3),

—— [+ TG — " sign(u),  and @ =1,

4@ Vul - VS, de < [ w1, [Valdo + [ |f]]S0x(w)]do
Q Q Q
= [ gl Vurds+ [ 17118, ds.
{ul>k} Q

since Sy, x(u) vanishes in the set {|u| < k}. On the left hand side we get
/[A(x) -Vu] - VS, k(u) de = / (e + | T (Gr(w))? ?[A(z) - Vu] - VT (Gr(u)) dx
Q Q

2075 [ I9E+ TG do
Q

by (2.2).
Therefore, we obtain

1 5|2 T dx w)| dx
Ar [ Ve TG e < [ gl a1 1S e,

and letting n — oo (which is licit thanks to the §—power regularity), we have

4
A—2/ |W’§(u>l2dw§/ g(u)lSk(u)IIVu|‘1d:c+/ Lf1ISk(w)[de =1, + I, (3.6)
7= Ja {|lul>k} Q

where we have denoted )
S =
k() = —

e+ G

and
PE(u) = (e + |Gr(u)])F .
We start making some computations on Ij.

S
heo [ 1SWlg g,
{lu|>k} |ul

o—1
_ 7/ (e + |Gr(u))) Yl de
o =1 J{ju>k}

[ e Gl VG ) de
{lul>k}

“o—1

owed to a > 0 and the fact that the inequality € 4+ |G (u)| < |u| holds in {|u| > k}. Thus,

v 24 —-1-— 1 a
I < + |G o . V(e+ |G 2]7d
T o—10¢ sz(E (Gl (e+ |Gk(u)|)(3—1)q| (e +[Gr(u)))? | da
_ Y 21 o—1l-a—(5—-1)q k q
= o101 ), FIGWD IVk (u)|9 dz .

Moreover, applying Holder’s inequality we arrive at

24 o 2
L < ! o (/ (e + |Gk(“)|)[0717a7(571)q]E d:z:)
Q

c—1o

2—gq

([ vewra) (37)

13



. N—2)(g—1—
Since we have choosen o = (Y=2la—1=a)

o , the power of (¢ + |Gk (u)]) in the first integrand is actually

o 2 o
- —(——1)}—=—2*.
{” @73 U547 73

Therefore, inequality (3.7) becomes

n< 22 gk@P a) T et
1S~ e o Pe Pe L2(Q)
Thanks to Lemma 3.7, we may perform the following manipulations:
2* 2—q
vo27 e k(N2 R k
e 22 ([ metPa s a0) T 19
Y 29 SQ*%TQ v k 2 A %27?(1 v k q
=15 Ve (w720 + Ale) Vs (W)l 72q)

o2 orzge 55+

(176t @) 320y + A())

“g—109"2

On the other hand, we use Holder’s inequality in I5 to get

! 1
b= [l it e < ([ 17mas)

Therefore, on account of (2.6) and applying Lemma 3.7 again,

1

(/Q(E +(Gr(w))e D dz) 2

1

1 o o* # 1 « m/
ey ([ €+ 1GL@DE o)™ = Iy [ ) a)

1
o7

0
1 2 e
< i MlmesT ([ 9@+ A@)
g Q

Bl

Iy

IN

Thus, inequality (3.6) becomes

2 2

4 ¥ 24 2*2%
A IVEE@) Ry S T+ B < 2= =85 7 (IVeE @) 320y + A9)) (3.8)

%

el S5 (19653 + AE) ™
o—1 ()2 e L2()

If k satisfies Gi(u) = 0, then Hcp’éf(u)HH&(Q) = 0 and we are done. So, we will assume that Gj(u) # 0 and
consequently lim._,q Hap’;(u)HHé(Q) # 0. Then, we rearrange the terms of (3.8), obtaining

2—gq 2*
A

(2

4 2-25 v 29 gr2-a 2*
A5 IVt @)l < =288 vkl

o*

1 . A\
e @8 M ) B
71 llem() S5 IVeE(u)lZ2q)

where

2% 2
70+% 2*2_gq+q

1 20 s (192 +4() — Vet )72,

c—10172 :

B(e) =
IV (u)| ﬁ(sz)

defines a positive function which satisfies lim._,o B(¢) = 0. Denoting ¥}, = H|Gk(u)|%|\§{é(m and Y, . =
HVgp’g(u)H%z(Q), inequality (3.9) changes to

o*

1- 25 g2 A(e) o
ChY, . ™ —~CY,2 %2 2 ™ <P C m 1+ =——77——
1 k75 ,y 2 kﬁg — (E) + 3||f||L (Q) ( + HVSD?(U)H%Z(Q) ]

where each C; denotes a positive constant depending on ¢, N, A and m.

Now, we consider again the function



( 23;, =1 and z % +4 - 23:;, == 2=1) which has a maximun M* achieved at certain y*, i.c
M* = F(y*) = max, F(y). Choosing constant

M*

Cs’

and requiring || f||Lm o) < K, there exists €9 € (0,1) such that

K =

o

Ale) o
F(Yeo) < M. = B(e) + Cs|| fllomy | 1 + =————5— < M*
(o) ©) + Gl 1. @( |ws<u>|;(m>

for all 0 < € < €9, and so the equation F(y) = M. has two roots:
Y. and Y7, with Y <y* <Y,

€

Observe that the continuity of F' leads to the continuity of the function € — Y_~.

From our hypothesis (1 + |u|)? ~1u € H}(Q2), we have that function k +— Y} . is continuous and goes to 0 when
k — oo. Hence, F(Yyc) < M* implies Yy . < Y. for all k > € and, as a consequence,

%2/9(1 +[Gr(w)])7 2 VGE(u)|? dz < JIQ/Q(H G (u)))7 2V Gy (u)|? dx
_ /Q V(e +IGe(u))E P dx < (Y7)?,

for all k > e. We point out that equation F(y) = Cs||f[|zmq) has two roots which will be denoted by Y~ and
Y+, with Y~ <Y <y* <Y:F <Y™*. Due to the continuity of function F' and since lim. ,o M = Cs]|f||Lm (),
it follows that lim. ,0 Y,” =Y ~. Hence,

4
[+ 6@ 2 VG do < ()2
Q
for all £ > 0 from where the desired estimate follows. B

Remark 3.10. As in Remark 3.3, we may extend the above result to the range W%m < a<q-—1with
a constant depending also on « and |€2].

In the same spirit than Proposition 3.5, a consequence of Proposition 3.9 in the limit case « = ¢ — 1 can be
obtained. We also point out that when ¢ tends to 2, it yields the same critical value found in [25].

Proposition 3.11. Let f € L™(Q) with 1 <m < N+2 and let « = g — 1. Assume (2.2), (2.3), (2.4) and that
u is a renormalized solution to problem (2.1) in the sense of Definition 2.5 such that (1 + |u|)% ~tu € H}(Q).

If

2274
o> 5 (CIT)

then such solution u satisfies the following estimate:

<A (c—1),

/(1 + [u)) 2| Vul? de < M,
Q

where M is a positive constant which only depends on N, q, m, Q, A, || f|pmq) and ~.

Proof. We may follow the same argument of the proof of Proposition 3.9 until we reach the inequality (3.7),

which now is
<22 /(€+|Gk( )52 d /|V<p |2dz
“o—107 \Jq €

Thus, the Poincaré—Friedrichs inequality yields

he e ([ maoraae) ([ pdore)’

and so (3.8) becomes

24

4 Y
A IVEEIEag) < —27 = (CF77 (V0 (W) 320 + A(€)

%

1 72n—*, k 2 2m
+ Il S5 (IVRE W) 320 + A())
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Therefore, the condition =25 2 (C'7)277 < A% implies a uniform estimate of V¥ (u) in L2(Q;RY). We then
infer the estimate

/(1 + u|)? 3| Vul|? dz < M .
Q
|

3.3. Renormalized solutions with measure data. We recall here the definition and a few properties of
Marcinkiewicz spaces we are going to employ when dealing with the measure setting.

Let 0 < ¢ < co. Then, the Marcinkiewicz space M¢() is defined as the set of measurable functions u : Q — R
such that

1
[u]e =sup {k*|[{z € Q : |u(z)| > k}|}* < .
k>0
Furthermore, the following continuous embeddings hold
LE(Q) < MS(Q) — L7¥(Q)
for every w > 0 such that ( —w > 1. More precisely,

1
O\ oo
e < (5) 7 1077111 (3.10)
holds for all f € M¢(Q2). We point out that the constant in the embedding depends on ¢, w and |Q], and it

blows up just when w tends to 0.

Lemma 3.12. Let Q C RY be a bounded open set. Let 1 < p < N and 0 < r < p. Consider u : Q — R a
measurable and a.e. finite function satisfying

Ti(u) € Wy P(Q), forall £>0.
Assume that there exists M > 0 such that

/ VT (u)]P < "M, forall £ >0.
Q

Then
[U]N{p(pfr) < Cl(Napv T)Ml/(p_T) ) (311)
[IVul]_x pery < Co(N,p,r) M #7) . (3.12)

Proof. Applying Sobolev’s inequality (and denoting by S, the Sobolev constant), we obtain

C S JalVTwl)”
< bl

P
HM>Msmmwzm§/”WW
Q P
< SS*M%g—%(p—r) :

from where (3.11) follows.
To see (3.12), perform the following manipulations:

{IVul > 5} < {IVTe(u)| > 5} + Klul > £}
S/ WJFSP*M%g—NL,p(p—T)
o I ?

oM
< —
=

+SY M N P

Since the minimum is obtained for

we deduce that
N(p—r)

{|Vu| > j}| < C(N,p,r)M = j~ N=

)

wherewith (3.12) holds. ®

Remark 3.13. For further references, it is convenient to explicit the above constant Co(N,p,r). It is easy to
check that

CQ(Napa 7") = C(N,p, T) NZZ]I:JT)

and
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We point out that
lim C(N,p,r) =1.
r—0

Theorem 3.14. Assume (2.2), (2.3), (2.4). Let p € Mp(Q) and % <a<q-—1 If|pllm, ) is small
enough, then every renormalized solution to problem (2.10) in the sense of Definition 2.5 satisfies

/ |VT;(uw)|?dx < Mj, forallj>0, (3.13)
Q

and
/ g(w)|Vullde < Cp,
Q

where M and Cy are positive constants which only depends on N, q, v, a, X and || p|| p, (). Moreover, for each
k > 0, the following estimate holds

/ g(w)|Vul?dz < Cy,
{lul>k}

where Cy, is a constant which only depends on the above parameters of the problem and it satisfies
lim Ck =0.

k—o0
Proof. Most of the proof consists of estimating the gradient term in L*(€).
The case we are considering does not states any Z-class as in the previous results (see, however, Remark 3.15
below). We thus want to “recreate” an analogous tool.

We choose
o 2gN — sq —2aN 4+ 2as — Ns
s(N —q) ’
with s such that
cs< 2N@—0)
§< — 2T
1 N+q—2a’

in order to have 6 > 0. Note that this condition is not restrictive since ¢ > a + 1 > 2a.
We now analyze the connection among all these parameters. Observe that 0 < 1 — 27”‘ holds because of the
restriction o < 4, and ¢ < s implies

P

h<1-22

q

N(g—1)—
On the other hand, it follows from % < a that
N(2-35s)

0<h< 275 3.14
U= s(N —2) (3:.14)

Let 0 < j, k and let € > 0 satisfy € < k. We start by taking ¢ (u) = T;((e + |Gx(u)])? — &) as test function
in problem (2.10). Notice that ¢(u) vanishes on the set {|u| < k}. Then, thanks to (2.3),

[ A - vul - Vowde <5 [ gu)Tuftde -+ il (3.15)
Q {lu|>k}
On the left hand side we get

/ [A(z) - Vu] - V(u) dz = / [A(x) - V] - VTy((e + |Gr(u)])? — %) da
Q Q

=0 (e 4+ |Gr(w))?~HA(z) - Vu] - VG (u) dz
{(e+]Gr(u))?—ef <5}

>0 (e + |G (uw))P~HA(x) - Vu] - VG (u) da
{(e+IGr(w))? <4}

>\ (e 4+ |Gr(W))! = VG (u) | da

{e+1Gr(u)| <57}

_ )\9/ (e + 1Gr(w)]) Z VG ()] do
<a+|Gk<u>\>L< el

0+1
0 gys | 9T, e+ Gt 5

due to (2.2).
Thus, invoking (2. 4) too, (3.15) becomes

o+1 . .
NG VT G+ G ) P <7 [ g Fuftde -+ il
+ {Jul>k}

17



<j {7/{ —IVU|qd$ + el my ) ¢ =30 + el mue) s

jul >k} |ul®
1
where I = 7/ |Vul? dz. Moreover, writing ¢ = and 7 % (ie., 0 = 5=), we get
{lu|>k} |u|
o .
o L IVTe + G E P de < 0+ o) (3.16)
N(2 - N(2 -
We note that it follows from 6 < ﬁ (see (3.14)) that s < ]577_;)
We go on by performing some simple computations on the gradient term I.
T=y [ ptdr<y [ (e Guwl) VG ) do
flul>ky vl {Jul>k}

6—1

7a(€ |Gk(u>|) z 1
= + |Gr(uw 1 VG (w)|?dx
’Y/{u|>k}(€ | k( >|) (5 |Gk(u)|) = q| k( )|

24 I e,
Ve L+ Gl T+ Guw) s,

where we have used that 0 < a and that € + |Gk (u)| < |u| holds; we remark that no singularity appears since

we deduce

asqa

we are integrating on the set {|u| > k}. Then, applying Holder’s inequality with (

q

reagi ([evewpr iz a) " ([werawyEre) . e

The next step is to estimate I in terms of the function

0+1

pE(u) = (e +|Gr(u)) =

To this end, we will apply Sobolev’s inequality taking into account Lemma 3.7. Indeed, the definition of 6
implies that the power of (e + |Gk (u)|) in the first integrand in (3.17) changes to

{1—29(]04] siq 9;1 s*. (3.18)
Therefore, estimate (3.17) becomes
<y (/ (e +|Gr()) T dx) Vet (3.19)
ESAVA =\WllLs (o)
00 Y
S (19w + 4] IV @I

Going back to inequality (3.16), we deduce

/Q VT (" () da

* s—q

ey +A(e>> 19k ()2

) + CQ(Tv S)”:u”/\/lb(Q)

<" |y Ci(r, s) <||V<P'§(U)|

being
O+1)208 (04 1)?
57=q Y, and Cy(r,s) = 0

Note that C;(r,s), i = 1, 2, continuously depend on r and s (besides depending on N, X and ¢). Using Lemma
3.12 it yields

Ci(r,s) = (3.20)

Vet @]y

1
k S—q 2—r

vcl<r,s>(|w’;<u>||zs(m+A<s>) IV @)L + Colr ity | -

S CO(Ta S)

for some c¢y(r, s) continuously depending on r and s, besides N.

18



Now recall we have taken s < N(2 T)
ously depending on r and s, JOlntly Wlth N and |Q], such that

IVeE @l < Colr, )| IVRE @] gy

, so that for each (r, s) there exists a positive constant Cy(r, s) continu-

Indeed, by (3.10), we have

N2-r) ¥ Ne-n—aven

C — 9] SN(2—1) .
o(r;s) (N(2T)5(NT)) it

N(2 T) , which is impossible once « is fixed. Hence,

Note that Cy(r, s) only blows up when s —
22

IV @E ()]l sy < Colr,s) [|Vek (u)]] Ne-n
1) IV +4©)) IV Iy + Catr il

< ¢o(r,8) Co(r,s)

IVt @) 7tq) + Ca(r )|l e

<771, 5) (nw’;(u)nzsm) i A<s>)

- +‘Z)2 v ﬁ
< AT (1, )| Vet (u HLS(Q) + Ca(r, s)l|pll 14y ) + Ble) s

* 8S—q 1
2

s—qg _1
s 2—r

(Ivek @l + 46)) S IVEE@I | IV @I

where

%}

B(e) = vﬁ Cs(r,s)

satisfies lim._,o B(¢) = 0. Now, denoting Y} . = ||V (u)||1(q), we have
1

1 (s* 2% 4q) 51 —r
Vie 775 Cylr )V T < Oy, 5) By + B

We explicitly note that the power of Yj . does not depend on either r or s. Indeed, it is straightforward
54 1 s(N-g 1
(S s +q)27"_ N—-s 2—r

and our definitions of 6 and r yield
2qN — sq — 2aN + 2as — Ns

r :9:2qusqf2o¢N+2ozsts and 7 —
2—-r s(N —q) (N —s)(q — 2q) ’
so that
s(N—q) 1 2qN — sq — 2aN + 2as — Ns
N—s 2—r r(N — s) a9
2N(q—o¢))

We define the family of functions (r > 0 and ¢ < s < Nt a

1 _

Frs(y) =y —~v>7Cs(r,s)y™",
each one satisfying the same properties of that considered in the previous theorems and having a maximum
at the point y .. We remark that we are not able to take limits when r - 0 & 0 - 0 & s — ?V]\jr(g:gg

M i .
since in this case the constants C3 and C; blow up. Choose p such that
My

< [ —
HMHMI)(Q C4(T,S) )
From now on, we fix such parameters r and s. Since lim._,o B(g) =0

y>0,

for some r > 0 and ¢ < s < %.
(note that B(e) also depends on r and s), it follows that there exists g > 0 such that
M. := Cu(r, s HMHM @ T Ble) <M,
for all 0 < € < gy.
Observe that the equation F; s(y) = M. has two roots:
with (Ys_)r,s < y:,s < (Y;)r,s,

(Y. )rs and (Y2, s,
that

and the continuity of F,. s leads to the continuity of the function & — (Y.7), s
Since the function k — Y} . is also continuous and goes to 0 when k — oo, it follows from F(Y} ) < M*

)r.s for all k > e. As a consequence,

Yk,s S (}/57
IVeE@)Le) < (Y s
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and so

0+1\° |Vul® 0+1\° VG (u)|® _
<T) / —os dr < < 9 > / (1-6)s dx < (Y;‘ )7"75
(ul>k} |u| 2 Q (e+|Gr(u)]) =

for all £ > e such that € < 1. Letting ¢ — 0, we obtain

[ e < (), (3.21)
{Jul>k}
1
for all & > 0. Here (Y 7), s stands for the smaller root of equation F,(y) = Cy(r, 5)”#”/2\;(;(9)- It is then
straightforward that
lim \V]u| =" | dz =0. (3.22)
oo J{jul>k}
Taking into account (2.4) and (3.19), it yields
1
/ g(uw)|Vul?dr <~ / | Vu|?dz
{lul>k) (lul>ky Ul

*s—q
S s

_ 21 k s E: k q
<Y (Ilws(u)llLs(erA(g)) IVeE W)L ) -

kS—4q

and so, letting € — 0,

/ ()| Vu]? dar <y S</ IV ]ul 57 d >+_ c
glu U T = S : u X = k-
{lul>k} (0 + 1) {lul>k}

This is the key estimate we are looking for. Now it is enough to choose Cy = limj_,0 C) (on account of the
estimate (3.21)) and to realise that limy_., Cx = 0 (see (3.22)).
It just remains to check that (3.13) holds. We take T}(u) as test function in problem (2.10). It follows that

)‘/Q|VTJ‘(“)|2CZ$SJ”Y/Qg(u)|v“|qd$+j”ﬂ”/vlb(ﬂ) <3(Co + lnlmy@)

and we are done. H

Remark 3.15. In contrast to what happens in Proposition 3.1 and Proposition 3.9, in Theorem 3.1/ we do not
provide any reqularity condition on the solution. It is worth finding the regularity that results in our problem
with measure datum. We point out that it is inadvisable to use (3.21) because the values of 0 and s do not
necessarily supply optimal regularity, besides they are not fully determined.

In problems with measure data, the regularity one obtains is

Vul? M

RS T
o (1+ |ul)t+e P

here M is the same constant stated in (3.13). This inequality is easily deduced by taking

S(u) = ) sign(u)

1
(- oy
(1 + Jul)?
as test function (in the sense of Remark 2.6).

We now turn to analyze the limit case « = ¢q — 1.

Proposition 3.16. Let € Mp(Q2) and let « = g — 1. Assume (2.2), (2.3), (2.4) and that u is a renormalized
solution to problem (2.10) in the sense of Definition 2.11.
If there exists ¢ < s < 2 satisfying

., (2—35)2
Nst=1eo(s)(CEF) 9]0 5
where N %@g? N 7% N(2—s)
s 2N -37s s 2N =2 Nris
B _ Ns _Ns 2
00(8> <(N—2)(2—S)> +<(N_2)(2_3)> S2 ) (3 3)

then every such solution u satisfies the following estimate:
/ |VTy(u)|* de < Mk,
Q

and
| swivards <,
{lul >k}

20



for every k > 0, where M and Cy are positive constants which only depend on N, q, s, A, Q, ||pllam, ) and 7,
and limy_soo Cr, = 0.

Proof. Since we follow a similar argument that that of the previous proof, we just sketch the proof. Take s
such that ¢ < s < 2 and if we definer =2 — s and § = (2 — s)/s (i.e. r =260/(0+ 1)), then 0 < 6 < (s —q)/q.
Fix j > 0 and 0 < ¢ < k, and take again the test function ¢ (u) = Tj((c + |Gx(u)|)? — &) in problem (2.1).
Arguing as in the previous proof we also obtain (3.16) and (3.17). Nevertheless, we now have

{19 ] s 0+1

—5—q¢—q+1 =

S
2

s—q 2
instead of (3.18), and so (3.17) becomes

q

24 041 = .
slvultts <y 2 ([ e+ G de) T IV @I
/{|u>k} (0+1)7 \Jo eI
Applying the Poincaré—Friedrichs inequality (recall Lemma 3.7 and Remark 3.8) we deduce that
24
9(u)|Vu|?dz < (€71 (IVek @5 + Ae))
/{u|>k} (0 +1)a s VL)

and then (3.16) leads to

s—
s

IVik ()|

Y (329)

/ VT ()2 dx
Q

f+1)>1 . , - 0+1)°
e € (I96k Wl + 46)) 7 1960y + 5 Iilanco|

* S—q

<0 |y

Therefore, recalling that 2 —r = s, Lemma 3.12 gives

[vet@l]

N—2+s
0+ 1770 pryoma (g ()¢ v (0+1)
< ao(s) (vw@ 1=t (19 )5y + A@) 19650 + I e |
Taking on account Remark 3.13, we deduce that ¢o(s) is given by (3.23). Now observe that s < Niv—;ﬂ and so,
having in mind (3.10), there exists a constant Cy(s) > 0 such that
IVl < Cols) [[VeE@)]
N—2+s
and Cp(s) tends to +00 as s — 2; indeed,
1
N \* 2
Cote) = (325 ) 11
Hence,
IVE@)lze0) < co(s)Co(s)" [Vl (w)l] .
SRR . =
< co(8)Co(8)* Y —gga=g— (€T T IVRE@) Loy + Ale) ) V2@
(0+1)2
+ (0o A .
Thus, recalling that § = (2 — s)/s, we have obtained an estimate for
041 1
plu) =1+ fu) = —1=10+u)s -1
in W, *(Q) if
(2—23) (2 — 5)?

< A =A 2-s °
TS N (O ys=acy(s)Co (s)° Nsi=1eo(s)(CPF)s—a|Q|"F

Going back to (3.24), letting ¢ go to 0 and denoting ¢*(u) = (1 + |Gk(u)|)e#, we obtain

/ g(w)|Vullde <~
{lu[>k}

24 0+1
(CTF) Ve (w)]3 Svi_,(CfF)s’q/ [Vu| = °de,
Ls(Q2) (9 + 1)q s {ul>k}

(0+1)9
wherewith f{‘u|>k} g(uw)|Vul?dz < Cf, for certain Cj such that limg_oo Cx = 0.

Finally, since the gradient term is bounded in L!(Q), it follows that the remaining estimate holds. B
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Remark 3.17. It is worth remarking what happens when s — 2 (i.e. § — 0). Observe that it is not possible
to choose any 0 € (0, 2%‘1), so that the above proof does not apply. Furthermore, since lims_,5 co(s) = 1, it
follows that )

lim (2—5) — =0

572 Nsi=leo(s)(CLF) 4|~
Thus, no estimate is obtained for the equation

|V|“||2 + f(@)

when f € L1(Q) and v > 0. This is in total agreement with [25, Proposition 5.1].

—Au=

3.4. The sublinear case with measure data. When a > ¢ — 1, our problem lies in the sublinear setting.
Then we expect existence of a solution for each datum that is a finite Radon measure. To our knowledge, the
range ¢ — 1 < a < 1 is not covered in previous papers, so that it will next be studied. We remark that the
above proof can be extended to «a satisfying ¢ — 1 < a < 4 by choosing qua < s < 2. Nevertheless, it does not

work for v = . Hence, we will use very different test functions in the proof of the following result, which does
not, apply Lemma 3.12.

Proposition 3.18. Let p € My(2). Assume (2.2), (2.3), (2.4) and that u is a renormalized solution to problem
(2.10) in the sense of Definition 2.5.
If g —1 < a <4, then every such solution u satisfies the following estimates:

/ |VTy(u)|* de < Mk,
Q

and
/ g(uw)|Vul?dz < Cy,
{lul>k}
for every k > 0, where M and Cy, are positive constants only depending on the parameters of our problem, and
1imk_,oo Ck =0.

Proof. We take .

k
-]
R (A
as test function in (2.10); here k¥ > 1 and 6 is a positive parameter to be chosen. Then
[Vul?

A0 -_—
(uisky (L4 |Gr(u)[)1+o

do < / 0(w)|[ V) dz + |l e (3.25)
{lu|>k}

Vuft
o I b
ooy AT [Ge(@pe 2 T lllmee

In order to estimate the right hand side, we apply Holder’s inequality with exponents ( 5o q) getting

Tl [ Vul et
1:/ Vel = (14 |Ge () )= gy
utory T IGR@D® = Sy [0+ [Grtwyperap L 1GED

2—gq

< / S T dx ) / (1+ |Gk(u)|)(1+9)ﬁ_aﬁ dx 2
= \Jgusey 4 [Gr(u))1+o {Jul>k}

Now 6 is chosen to satisfy 0 < § < 1+ a — g, so that (1 +9)ﬂ — a— < 1 — 0 wherewith g := % > 1.

Holder’s inequality, now with exponents (3, '), and the Poincaré— Frledrlchs inequality lead to

'= </Q %W)% (/Q [+ |Gk(u)|)1;2"}2 dz>2_ 0|5

29 24 |VG;c u) 1012
<1005 7 ([ e de) ([ [va+icun’s

<o (357) NGO (La ﬁg:((;?“ =L ‘”)% (L7 |+V|g:<(z>)||>2l+9 ) "

Going back to (3.25) we obtain

[Vul?
)|)1+9 dx < ||:u’||Mb(Q)

A0 -_—
(ui>ky (L+[Gr(u
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2— 2—gq

2g 10\ 7 - VG (u)[? VG (u)[? 2
+ || 287 —_— CPF B (/—dl‘ /—dm—f—Al
o (557) T e (e o (L G () e 4+ A
and it follows from £ + 22;[;1 < 1 that there exists M; > 0 satisfying
VG (u)]?
IR e < M, forallk>1,
/Q L+ [Grluiee =7 8

where M; only depends on A, ¢, v, o, Q and [|/| a4, (). As a consequence of the above procedure, we also find
Ms > 0, depending on the same parameters, such that

VG (u)]?
————dx < M. forall k > 1.
/Q 1+ |Gr(u)])® ’

A further estimate can be obtained observing that

/ g(uw)|Vul!de <~ / L dx
{lul>k} - (uisky (1 +[Gru)])1+?

VGrwP
=7 (/ L+ [Grlu) )17 )
< Myl{[u| > K} 3 = Cy,

that holds, at least, for every k > 1.
Taking T} (u), for some k > 1 fixed, as test function in (2.10), we derive

A/ |VTk<u>|2dsz/ |Vu|q|u|1*adx+k/ 9 ()| Vaul? dz + Kl ey
Q {lu|<k} {lu|>k}

2—gq

2

[N

</ (14 |G+ 750 dx)
{lul>k}

2—gq

([ [+ iG] ae) ™ igul >0y

[N

< ki / VT ()| di + kCi + KLl ey e

< ki3 /Q VT ()] da + KCx, + K|l ey -

Then Young’s inequality implies an estimate of Ty (u) in H(Q2) for every k > 1 (and so for every k > 0). We
finally deduce an estimate of the gradient term in L(£2). Indeed, fix k > 1, denote g, = sup|s < |9(s)| and
split the gradient term as follows

/ 9(w)|Vul? dz = / o(w)|Vul? dz + / o(w)| Vult da
Q {|u|<k} {lu|>k}

<o [ [T do+ .
Q

Once the gradient term is estimated in L'(Q), the remaining estimate is easy. B

4. COMPACTNESS AND CONVERGENCE RESULTS
Let us consider the approximating problems
—div [A(x) - Vuy,] = H(z, upn, Vuy) + fo(z) in Q,
(4.1)
Up =0 on 082,

with f, = T,,(f). Proposition 2.9 implies that there exists at least a solution u,, € L*(Q) N H}(£2) such that

/[A(:c) -Vuy) - Vodr = / H(z,un, Vuy)pdx +/ To(f(x))pd Y € L*(Q) N Hy (). (4.2)
Q Q Q

We also handle measure data in Subsection 4.4 but considering different approximating problems for (2.10).
This Section is devoted to check that, up to subsequences, {u,}, converges to a solution to problem (2.1).

4.1. The case of solutions with finite energy.

Proposition 4.1. Let f € L™(Q) with ;25 <m < 5§, a = Na—1)=mq 5 _ (%:32;" and {u,}n be a sequence

of solutions of (4.1). Assume also (2.2), (2.3) and (2.4). ThenN72m
{{un|%}n s uniformly bounded in  Hy(S), (4.3)
{un}n is uniformly bounded in Hy(Q), (4.4)
and
{H(z,upn, Vup)un}n is uniformly bounded in L*(Q). (4.5)
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Furthermore, up to subsequences, there exists a function u such that
u, —u in Hy(Q), (4.6)
and

Up —> U a.e. in ). (4.7)

Proof. We apply Proposition 3.1 to (4.1) and deduce (4.3).
Taking ¢ = u, in (4.2) and recalling (2.2), (2.3) and (2.4), we get

)\/ |Vun|2d$§7/ |Vun|q|un|1_o‘d$+/ | f]]tn | de.
Q Q Q

We apply Holder’s inequality with indices ( 7 22q) and (m,m’), respectively, on the integrals on the right hand
side obtaining

2(1 a) QT
Mol @y = Tl ([ 10n85 ) ™+ W lemllonlomeco

QT 1 1
24 d:c) + |Q| T2 @

q 2(1—a)
< 7|‘unHHé(Q) 0 |un| 2=

2-gq
2(1—a) 2 11
< lunllgey ([ o 55 o) T+ ol

thanks, also, to Lebesgue spaces inclusion (indeed m’ < 2* by assumptions) and to Sobolev’s embedding. Then,
) and (2,2) yield to

(@ llunll 2 ()

twice applications of Young’s inequality with ( .

2_q_ 2(1 a) _l
M bl = 250 [l oy oy

We now take advantage of the power regularity in (4.3), namely: {up}, is bounded in L** (€2). Observe that

(N-m)z-q) _ Nm(2—q)
N —2m ~ 2(N —2m)’

Ime) - (4.8)

l-a=

owed to m > ]\2[12 Hence,
21 — ) < Nm 2%
2—¢ ~N-2m 2
so that the right hand side of (4.8) is uniformly bounded in n and this means that (4.4) holds. In particular we
deduce (4.6) and (4.7) too.

As far as the L'-bound (4.5) is concerned, it is also a consequence of the inequality

« Ct) %Tq
/|Vun| |un|1 dx<*y||un|\H1(Q) (/ |Un| G= dz>

which we already know being bounded. B

Proposition 4.2. Let f € L™(Q2) with ]\2,12 <m< & a= W and {un}n be a sequence of solutions

of (4.1). Assume also (2.2), (2.3) and (2.4). Then,
H(z,un,Vuy,) is equi-integrable in  L'(9). (4.9)

Moreover, up to subsequences, we have

Vu, = Vu a.e. in ). (4.10)
In particular
H(z,un, Vuy) = H(z,u,Vu)  in L'(Q). (4.11)
Furthermore,
H(x,u, Vu)u € L'(Q) (4.12)
and

H(x,u,Vu) € L*/(%).
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Proof. We begin by showing that the sequence {H (x, un, Vuy)}, is uniformly bounded in Li (). In fact,

/ |H(x,un,Vun)|% dx < g]% / |V, |? dz —l—vg / |Vu,|? dz < (¢
Q {lun|<1} {lun|>1}

2 2
q q

+v49) C,

where ¢1 = {‘mlax} |g(s)] < oo, being g(-) a continuous function and for some positive constant C' depending on
s|<1

n (thanks to (4.4)). Therefore, (4.9) follows.
As far as the proof of (4.10) is concerned, we want to apply [0, Theorem 2.1 and Remark 2.2]. To this aim,
we need (4.6), (4.7) as well as the L'-estimate of {H (x,un, V) }n-

Having (4.9), (4.7) and (4.10), we are allowed to apply Vitali’s Theorem and conclude with (4.11). Finally
(4.12) follows from Fatou’s Lemma and the a.e. convergences (4.7) and (4.10). W

Theorem 4.3. Let f € L™(Q) with ]\2[—1_:_[2 <m< & anda= W%;;Lmq. Assume (2.2), (2.3) and (2.4). Then,

there exists at least a solution u € H(Q) of (2.1) in the sense of Definition 2.2 such that H(z,u, Vu) € L*/9(S),
H(z,u,Vu)u € L*(Q) and

/ lu|” 2| Vul? dz < M, (4.13)
Q

that is, |u|? € H}(Q).

Proof. We can take the limit in n — oo in the approximating formulation (4.2) thanks to (4.6)—(4.11),
recovering (2.7). The regularity (4.13) follows from (4.3). ®

Remark 4.4. Having in mind Remark 3.3, we have a similar a priori estimate when
N(g—1) —mq
N —2m
Thus, we may follow the proofs of Propositions 4.1 and 4.2 with this new exponent a. We point out that we
only need to check that

<a<qg-—1.

2(1—-a) 2%
— <
2—q — 2
which obviously holds with a bigger a. Therefore, the above existence result applies as well.
The limit case @ = ¢ — 1 also holds taking into account the a priori estimate stated in Proposition 3.5.

4.2. The case of renormalized solutions.

Proposition 4.5. Let f € L™(Q) with 1 <m < ]\27—12’ a= W and {un}n be a sequence of solutions of

(4.1). Assume also (2.2), (2.3) and (2.4). Then, up to subsequences, there exists a function u such that
Up = U a.e. in L. (4.14)

Proof. We claim that the uniform bound
[l VP do < 21 (4.15)
Q

holds. Indeed, Proposition 3.9 applies with the same test function evaluated in wu,,.
Now, set 1 < r < 2 to be determined. Then, the above inequality allows us to estimate

r

/|vun|deg (/(1+ |un|)‘7_2|Vun|2dac) (/(1+|un|)—“3f) dx)
Q Q Q

Requiring % = r* (that is r(22::) = %2%), we obtain r = 2 > 1since 1 < o < 2. Note that
r=m"= w which, for @ = 0, becomes the exponent of the gradient regularity in [18]. Since {u,} is

bounded in WO1 (), an appeal to the compact embedding allows us to conclude (4.14). ®

Proposition 4.6. Let f € L™(Q) with 1 <m < 225, a = Ng—l)=mg g {un}n be a sequence of solutions of

N+2’ N—2m
(4.1). Assume also (2.2), (2.3) and (2.4). Then,
H(z,upn, Vuy)  is bounded in L™(Q), (4.16)
and
H(z,un,Vuy,) is equi-integrable in  L'(9). (4.17)
Furthermore, up to subsequences, we have
Vu, = Vu a.e. in ), (4.18)
H(z,un, Vu,) = H(z,u,Vu)  in LY(Q), (4.19)
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and, for all j > 0.
Tj(un) — Tj(u) strongly in Hg(Q). (4.20)

Proof. Let us begin with the proof of (4.16). Again, due to the assumption (2.3) on H(z,t,£) and to the
regularity of f, we focus only on the gradient term. Observe that, for some 7y > ~, it holds that

bg(c—2)

qb(1 ——5
[l Vet do <y [ Tl 2y,
o & (11 [un)™ (1 + [un]) ™

bg—2

2 o2 %b bg(2—0) _ 2ab 2
<7 [Vun|“(1+ |un]) dx (1 + |up|) 2700 "2 dx (4.21)
Q Q

thanks to Holder’s inequality with (%, Q_qu). We impose

bq(2 — o) 2ab o0

2 — bq 2—-bg 2
and by (4.15), the integral (4.21) is bounded. Now, thanks also to the definitions of 0 = o(g, &) and m = m(q, @),
we deduce

No N(g—-1-a)
= = =m> 1.
g(N—-2+0)—a(N —-2) q— 2«

Once we have obtained (4.21), then (4.17) follows by observing that

3

/ g (un)|[Vun|? do < |E|w </ |9 (un) [ Vun|*]™ diﬂ)
E Q
for every E C €.

If, in particular, we take E = Q, then we have proved that the right hand side of (4.1) is uniformly bounded

in L'(Q2) and this fact yields to (4.18) thanks to [1] (see also [23, Theorem 2.1]). Note that the limit function
u satisfies |Vu| € L™(Q2) with the same r as in Proposition 4.5.

Having (4.17), (4.14) and (4.18), we are allowed to apply Vitali’s Theorem and conclude with (4.19).

The uniform boundedness in (4.15) implies that Tj(u,) is uniformly bounded in H}(Q2). We deduce the
compactness of Tj(u,) in Hg(Q) from the compactness of the right hand side in L!(Q2) (see [22] or [19]). m

Theorem 4.7. Let f € L™(Q) with 1 <m < 355 and let o = W. Assume (2.2), (2.3) and (2.4) as

well. Then, there exists at least a solution u of (2.1) in the sense of Definition 2.3 such that H(x,u, Vu) € L™(Q)
and

[ fuh 2 va ds < a1, (4.22)
Q
that is, (1+ |u])¥~'u € H{(Q).

Proof. Consider in (4.2) a test function of the kind S(uy,)p, where ¢ € HY(Q) N L>®(Q) and S : R — R is a
Lipschitz function having compact support, say supp(S(u,)) C [, j], and such that S(u)e € H}(2). Then

/[A(:E) - Vuy] - V(S(un)p) de = / H(z,un, Vuy)S (un)p dx +/ T (f)S (un)p dx.
Q Q Q

Due to the support assumption on S(u,,), the above equation only takes into account T} (uy,,), and so we rewrite
the approximating formulation as

/[A(x) - VT;(un)] - Vo S(uy) dz + / [A(z) - VTj(un)] - VT (un)S (un ) dx
Q Q

Q Q
The convergence of the right hand side follows from (4.19) and (4.14). Furthermore

/Q[A(:I:) - VT (un)] - Vo S(uy) de — /Q[A(:I:) -VT;(u)] - Ve S(u) de = /Q[A(x) -Vu] - Vi S(u) dz
and

[ [A(@) - VT )] VT (0)S' () d = /Q (A(x) - VT ()] - VT () (u) o da

= /Q[A(x) - Vu) - VuS' (u)p dz
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thanks to (4.14) and (4.20).
We point out that (4.16) and Fatou’s lemma imply that H(z,u, Vu) € L™(£2) holds.
The regularity (4.22) directly follows from Proposition 3.9 applied on (4.1). B

Remark 4.8. As in Remark 4.4, we may consider exponents satisfying

N(g—1)—mgqg

—1.
N —om <a<gq

Indeed, it is enough to have in mind Remark 3.10 and follow the proofs of Propositions 4.5 and 4.6 as well as
Theorem 4.7 with this new exponent a. We point out that now we have to check that
bq(2 — o) 2ab

— <27
2 —bq 2—bqg —

ol Q

which obviously holds with a bigger exponent b. Therefore, the above existence result applies as well.
The limit case o = g — 1 also holds taking into account the a priori estimate stated in Proposition 3.11.

4.3. The limit case. We have already analyzed the situation when ¢ > N+alN=2) with data fe L™

N—1
(m > 1). It remains to study the limit case ¢ = W, where existence of a renormalized solution with

L'-data should be expected. Nevertheless, this is not so as a variant of [13, Example 4.1] shows.
Example 4.9. Let q = W, and consider a nonnegative f € L' () and a continuous function g : R —
(0, +00) satisfying g(s) = s~ for s > ko > 0.
Assume that there exists a renormalized solution u to problem
—Au = g(u) [Vult + f(@) in ©,
u=20 on 082,

which is obviously nonnegative. Then g(u) |Vul|? € LY(Q), so that g(k+Gr(w)) [VGr(u)|? € LY(Q) for all k > 0.
Fizing k > ko, we deduce that

V(0 + Grlu)' =5 = 1177) ‘q e LY(Q),
that is,
(k+Gr(u)'™7 — k™% e W, 9(Q).

Hence, the Sobolev embedding implies (k + Gr(u))' ™4 € LNN_EG(Q) and consequently it follows from 0 < u <

k4 Gi(u) that u € L5 (Q), where q = Y4202 Opcorving that

N(g—a) N
N—-q¢ N-2’

it yields u € L~=s (Q). To get a contradiction, we just need to compare with the unique renormalized solution of

—Av = f(z) inQ,
v=20 on 0N,

which satisfies 0 < v < wu and sov € L~ (Q), but this summability does not hold for a general L*-data.

N+a(N-2)
N-1
to the Orlicz space L!((log L)™). However, since we are focus in the setting of Lebesgue spaces, we must
assume data f € L™(Q) (with m > 1) to deal with this limit case. Observe that it is enough to consider

N(g=1)

We may expect existence of solution to problem (2.1) when we take ¢ = and the datum belongs

l<m< — due to embeddings in Lebesgue spaces. In this situation we have existence for a problem with
exponent oy = W%m. Owed to Remark 4.8, then we obtain an existence result for
_Nae-1Y)-qg Ng-1)-mqg_
N -2 N —2m o

Therefore, we have proved the following result.

Theorem 4.10. Let f € L™(Q) with m > 1 and let 0 = ”}\;]_V;j) Take o = % and assume (2.2),
(2.3) and (2.4). Then, there exists at least a solution w of (2.1) in the sense of Definition 2.8 such that

1+ |ul)2~tu € HY(DQ).
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4.4. The case of measure data. We now discuss the case with measure data. Since we reason, as we have
done before, through approximation techniques, we make some comments on the approximating problem we
are going to consider.
Given p € Myp(92), we choose a sequence {p}, in L°°(Q) which approximates p as in [12, Section 3] and
satisfies

[t llzr@) < el vy o)-
Now consider the following approximating problems of (2.10):

—div [A(z) - Vuy) = H(z,un, Vuy) + pn, in Q,
(4.23)
Up =10 on 0f).
We already know that there exists solutions u,, € H}(Q)NL>(€2) to problem (4.23). We recall that the definition

of the sequence {y, }n in [12, Section 3] is made in such a way that the following result holds.

Proposition 4.11. Using the same notation as above, consider a Lipschitz—continuous function S : R — R such
that S” has compact support and denote by S(+00) and S(—o0) the limits of S(t) at +00 and —oo, respectively.
Take ¢ € WL (Q) N L*>(Q), with r > N, such that S(u)p € HL(Q).
If, for some function u,
un () = u(x) a.e. in
Vun(x) = Vu(x) a.e. in
Tr(un) = Ti(w) weakly in HY ()  for all k>0

Up — U strongly in Wol’S(Q) foralll1 <s< N1’

then
lim [ S(up)ppn de = /
Q

n—oo Q

S duo + 5(+9) [ pdut = S(-00) [ o
Q Q

Proposition 4.12. Let yp € Mp(2) have a norm small enough. Let % <a<q-—1and {uy}n be a
sequence of solutions of (4.23). Assume also (2.2), (2.3) and (2.4). Then, the a.e. convergences (4.14) and

(4.18), the equi—integrability (4.17) and the strong convergences (4.19), (4.20) and

Up —uin Wyt (Q) (4.24)

forall1§s<%.
Proof. Theorem 3.14 implies that

/ VT (un)|? de < Mk, for all k >0, (4.25)

Q
and then, using Lemma 3.12 we get
MN]\il
H{IVun| > k}| < C—F5—, forall k> 0.

kN—1
Hence, the sequence {u,} is bounded in W, *(Q) for all 1 < s < - and there exist u € Wy *(Q) and a
subsequence (not relabelled) such that

u, —u  weakly in W,*(Q), (4.26)
up, = u in L°(),
Up = u a.e. in . (4.27)

Moreover, condition (4.25) also implies that
VT (tn) = VTk(u) weakly in L2(Q;RY). (4.28)
To prove the equi-integrability of the right hand side we use that

/ g(un)|Vunl?der < Cjp forall k>0, (4.29)
{lul>k}
with limg_ 00 Cx = 0 (see Theorem 3.14). Thus, given € > 0 we may find ko > 0 such that

/ g(un)|Vu, | de < S forall k> ko and for all n € N.
{lul>k) 2

Let £/ C © and let k > ko be fixed. Denoting g = sup ;< |9(s)|, the following inequalities hold:

/g(un)|Vun|qd:E:/ g(un)|Vun|qu+/ g(un)|Vuy|? dx
B Ef{lun|<k} En{lun|>k}
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< / VT ()| i+ / () [V G ()¢ d
E {lu|>k}

< ( |VTk<un>|2dz> B
Q

q a &
< g (ME)? [E]'72 + 3,

which goes to 0 when |E| is small and so (4.17) is proved.
On the other hand, taking F = Q and applying [0, Lemma 1] we deduce (4.24). As a consequence we get

£
2

Vu, - Vu a.e. in Q,
9(un)|[Vun|? — g(u)|Vul?  in LY(Q).
This last convergence implies (4.19). Finally, appealing to the proof of [12, Theorem 3.4, Step 5], we deduce

(4.20).
|

Theorem 4.13. Assume % <a<q-1,(2.2),(2.3) and (24). If u € Mp(Q) has a norm small enough,

then there exists at least a renormalized solution to problem (2.10) in the sense of Definition 2.5.
Proof. We take advantage of the results contained in [12, Theorem 2.33].
Proposition 4.12 provides us with u € 75"*(Q) (by (4.28)), u € Wy*(Q) for all 1 < s < &5 (by (4.26)) and
H(x,u,Vu) € L'(Q) (by (4.19)).

Now, consider a Lipschitz—continuous function S : R — R such that S’ has compact support and a ¢ €
WLr(Q) N L (Q), with r > N, such that S(u)¢ € Hg(2). Since S’ has compact support, it follows that there
exists j > 0 such that S'(u,)Vu, = S (u,)VTj(un). As a consequence, we get

[ VSR = [ ') 9T () < 8o [ 1V (0n) P < o0
Q Q Q
and so
S (un)VTj(uy) — S’ (w)VT;(u)  weakly in L*(Q;RY). (4.30)
Taking S(uy)e as test function in problem (4.23), we have

/ ©S" (un)[A(z) - Vuy] - Vu, dx —|—/ S(un)[A(z) - Vuy,] - Vo dz
Q )

:/S(un)gaH(z,un,Vun)d:c+/S(un)cpundx. (4.31)
Q Q

The first term on the left hand side can be written as
/ 0S5 (un)[A(z) - Vuy] - Vu, dz = / 0S8 (un)[A(z) - VT (up)] - VT (uy) dx
Q Q

Hence, the strong convergence of A(x) - VTj(uy) to A(x) - VTj(u) in L2(Q;RY) (due to (4.20)) and the weak
convergence of S'(u,)VT;(uy) to S (w)VT;(u) (by (4.30)) imply the convergence of this first term to

/ ©S'(u)[A(z) - VT;(u)] - VT (u) dx = / ©S" (u)[A(z) - Vu] - Vudz .
Q Q

The convergence of the second term follows from (4.27), the boundedness of function S and (4.24).
As far as the right hand side of (4.31) is concerned, the convergence in the first term yields as a consequence

of S(un)—=S(u) in L>®(Q) and (4.19). We deal with the second term applying Proposition 4.11. Therefore, we
can pass to limit in (4.31) obtaining

/Q(,DS/(U)[A(,T) - Vu] - Vudz + /Q S(u)[A(z) - Vu] - Ve dz

- /Q S(u)pH (2, u, V) da: + /QS(U)soduowLS(JrOO) /Q pdpit — 5(—o0) /Qsodu;-

Since we have proved one of the equivalent definitions of renormalized solution stated in [12], we are done.
|

Applying Proposition 3.16 and Proposition 3.18 in Proposition 4.12, instead of Theorem 3.14, it leads to
Theorem 4.14 and Theorem 4.15, respectively.

Theorem 4.14. Let 1 € Mp(Q) and a = g — 1. Assume (2.2), (2.3) and (2.4), and 7 is small enough. Then,
there exists at least a renormalized solution to problem (2.10) in the sense of Definition 2.5.

Theorem 4.15. Let p € My(Q2) and ¢ —1 < o < 4. Assume also (2.2), (2.3) and (2.4). Then, there exists at
least a renormalized solution to problem (2.10) in the sense of Definition 2.5.
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5. RESULTS ON FURTHER REGULARITY

Throughout this paper, we have shown that the features of our problem can be shortened in the parameters
g and « and illustrated by a (g, a)-plane (recall pictures in the introduction). In this way, the linear setting
corresponds to the line a = ¢ — 1, whereas the superlinear one coincides with a triangle whose sides are that
line, & = 0 and ¢ = 2. In this triangle, points may be grouped according to the suitable summability of sources.
Thus, between lines « = q—1 and a = %q - %, we may take measure data. In the remaining triangle the
best line that enables data f € L™ () is given by

N-—-m N 1 N
TN T N—om’ sm<g-

The existence result also works if we have a bigger o (as was emphasized several times) or if a smaller ¢ is
considered. On the other hand, fixed ¢ and «, if we have more regular data, then existence is guaranteed by
embeddings between Lebesgue spaces. In this case, however, the solution should be more regular as well.

In this Section, we propose an analogous of the bootstrapping results contained in [18] in the case of being g
constant in (2.3), that is, when g(s) = for all s € R. It is worth comparing the results between the cases |
9(s) =] and ¢(s) < == below. In the constant case it is proved

— |S‘a

R1. we L>®(Q)if f € L*(Q), s > & (see [13, Theorems 3.8 & 4.9 points (i) & Theorem 5.8]), while solutions
to (2.1) are bounded even for f € L"(Q) with § < s <r;

R2. u € LUQ), d < oo, if f € L>(Q) (see [18, Theorems 3.8 & 4.9 points (ii) & Theorem 5.8]) while, if
(2.4) is in force, then the same holds for greater values of g;

R3. |u|z € HYQ) if f € L"(Q), 2* < r < & (see [18, Theorems 3.8 & 4.9 points (iii) & Theorem 5.8]),
while solutions to (2.1) with f € L*(2) and (eventually) 2* < s < r < & verify [u|2 € H}(Q) for T > ¢;

R4. (14 |u])z'u € HY(Q) if f € L7(), w < 7 < 2% (see [18, Theorems 4.9 point (iv) & Theorem
5.8] ), while solutions to (2.1) with f € L*(Q) (eventually) for w <s< w <r < 2% verify
(1+ |u))ztu € HH(Q) for 7 > t.

In our case, both R1 and R2 directly follow from Proposition 2.9. So we will focus on R3 and R4. Notice
that the assumption (2.4) (which generalise the constant case) in (2.3) allows us to get the same results of the
Theorems quoted above for lower data regularity/greater values of ¢ with respect to [18]. Indeed the values s
in Theorems 5.1 and 5.3 can be taken

)

N(g—1— N(g—1
(¢ a)<s< (¢-1)
q— 2« q

5.1. The case W > 2.

Theorem 5.1. Let f € L°(Q) with s > m = % and o2 + 2 41 < q <2 (ie. m > 2, and
”}\;Z_\’;j) = (N72)2(3q717°‘) >2). Assume also (2.2), (2.3) and (2.4). Then, solutions u to (2.1) in the sense

of Definition 2.2, verifying (4.13) and 2* < s < & satisfy [u|3 € H}(Q), u € L>7(Q) and

s(N —2)

N —-2s "

g =

|||U|%||H(}(Q) +lullpesr ) <M forT = (5.1)

The constant M depends on q, m, N, \, v, «, |Q] and on || f]|

Ls(Q)s ||U||L1(Q)~

m(N—-2)

N_—2,, Smce s> m.

Note that 7 > o =
Proof. We take ¢y, (u) = ©,(Gr(u)) in (2.7) with
B, (w) = / T(:)2dz, >0
0

Then, the assumptions (2.2), (2.3), (2.4) lead us to

A / VG () 2T (G ()| 2 dx

§7/Q VG (w)|7]®0 (G

|ul

Dl gy /Q F11®n(Gr(w)|dz . (5.2)

Observe that
2—q

B0 w)] < TG [ 1) G ) de < (7, (w) 2 ) ( / ’ |Tn<«s>|51ds) ol
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by Holder’s inequality with indices (ﬁ, ﬁ
hand side of (5.2) as

1~ [ [VGUEGu o,

e
|Gk (u)]
(VG @PIT G ) ( / |Tn<s>|51dg>

</
Q
2 2

We now apply Holder’s inequality with three indices (— %) in the right hand side above, so we get

). This fact allows us to estimate the first integral on the right

2—q

|Gk(u)|q1a‘| dzx .

q’2—q’ 2

* _2 *q

I< ( / |vck<u>|2|Tn<Gk<u>>|fde)% / ( / 'Gk(u)wn(s)ﬁld«s)? di

) ( / G|~ d””)
Q

Then, since

* 2—g

/Q </0Gk(u) |Tn(€)|51d§>2 dx - < S;%, (/Q|VG]€(U’)|2|T”(G]€(U))|T2 dx)T

by Sobolev’s embedding and N(%{;O‘) = 2*% (which is due to the definition of o), we rewrite

- AE
I1<5,? (/ VG (u) || Tn (G (u)) "2 dz> ( |Gr(u)]* 2 dz> . (5.3)
Q Q
Take kg such that
5 g 720 A
SQ 7H|Gk( | ||L2* (Q) § vk > kOa
so that combining (5.2)—(5.3) we obtain

A 2 T—2
5 /Q|vck<u>| Tu(Gulu) e < [ |719(Grla))] da

for k > ko.
Defining vy, (w fo |T,.(2)]2 71 dz, we are left with the study of

g 1Vt Gutu)P e < [ 1f110,(Gulu)]d,

and our current aim becomes finding the relation between ®,(-) and v, (-), in order to obtain an inequality
only involving ¢, (-). Using the definition of v, and considering the sets {|w| < n} and {|w| > n}, we get the
inequality [¢, (w)| > 2|T,(w)|2 ~!|w|. And then, since function |T},(z)|"~? is non-decreasing, we deduce

[Buw)] < )l < 17,2l () = [Tl ]

Hence,

T—1

@ (w)] < clton(w)* =

for some constant ¢, which does not depend on n. This estimate and Holder’s inequality with (s, s’) provide us
with

%/Q|an(Gk(u))|2 dzr < c/§z|f||¢n(Gk(u))|2%1 e

"

<l ([ 10n(Gr)P 7 )

Now, by Sobolev’s embedding and since the definition of 7 implies 25’ 7= 1 = 2%, we obtain
A . 25
75 (] 1on(Gu) do < ellfllieco- (55)
252 \Jq
We point out that 5+ — 25— = 22 (5.5) getting u € L % (Q).

We are now allowed to cons1der the limit n — oo in (5.4), deducing |u|?z € HZ(2). m
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Remark 5.2. The dependence of M in (5.1) on [[ul[z1(q) follows from the following fact.

Let us come back to (3.5). Recalling that the integral in the right hand side of (3.1) is evaluated over {|u| > k}
and proceeding as in the proof of Proposition 3.1, we get the same results with Cs|| f|x{ju|>} || zm(q) instead of
Cs| fllLm(e)- Thus, we rewrite (3.5) as

F(Yy) < GalllfIxqusmllzme — VE>0.
Observe that Holder’s inequality gives
||U||L1(Q) B
L=(£2) k

and this value will be less than M* for k large enough. This fact implies that the constants M in Proposition
3.1 depend (in this case) on ||ul|1(q) too.

C3lll fIxgrui> kil zm @) < Cslf]

5.2. The case 1 < W < 9.
Theorem 5.3. Let f € L*(Q) with s > m = % and 1 + N171 +a%:? <q< CYNJGQ n % 1 e
m(N-2) _ (N-2)
- 2

o (@=1=0) < 9). Then, solutions u to (2.1) in the sense of Definition

l<m<2,andl <o = -

2.3, verifying (4.22) and
(i) 2. < s < & satisfy |u|z € H}(Q), u € L¥ 5 (Q) and

s(N —2)

>9> 0
N_2s =~ 7

ul® ) + lull 25 o) <M forT=

(i) m < s < 2, satisfy (1 + |u|)2 " u € HY(Q), |Vu| € L5 (Q) and

s(N —2)
N —2s
The constants M above depend on q, s, N, A, v, «, || and on || f|| sy, |ullz1(o)-

1+ uD) 2l gy ) + V|

L) S M for T = € (0,2). (5.6)

Here, cases (i) and (i7) differ in how the interval (o, 00) is split by the parameter 7 as 7 > 2(> o) and
o < T < 2, respectively.
Proof. First consider a function ® € W°(R) satisfying

0 <@ (w) <L+ |w])7 2, L>0, (5.7)

and

M)

o] -
1B (w)| < C(D' (w)) /0 (@ (2) 2" dz,  C>0. (5.8)

We remark that Holder’s inequality yields

[N
wie

ol - Jwl .17
1B(w)] < (@ (w)) / (@'(2)) 5 dz < O(P (w)) [/ <¢>’<z>>zdz] a1 (5.9)

We take ®(G(u)) as test function. Note that the condition (5.7) is needed in order to make the test function
admissible. Recalling (2.2), (2.3) and (2.4), we have

3 [ (G )VeL @ s < [ g(Gu)IVG@e(Gw) o + [ ARG )lde.  (5.10)
Q Q Q

We use (5.9) and Holder’s inequality with indices (%, 22—;, Q—ZL]) to estimate the integral involving the gradient

term in the right hand side as

/Q o) | VG () 10 (G () dr <

o |ul®

<Cv </Q VG (u)]?® (G (u)) d$> q

)
S~
N
S~

Q
kol
=
KA
I\
-
ISH
I\
~
N
=¥
8
N

V)

—q
2—gq

: </ Gan)| 2 dx)
Q

<ovsy ([ enwPr G ) ([ Guls ar) T
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thanks to Sobolev’s embedding too. Now we choose kg such that

2*( >\
LZ*AEQ) S 5

vC Sy~ Gr(w) | Vk > ko .

Going back to (5.10), we have found that
5 [ 196 (Guta))do < [ 7118(Gulu))] da. (5.11)
If 7 > 2, we argue as in Theorem 5.1. Instead, if 7 < 2, we set
d(w) = /Ow(l + 12721 + T (2)|)" 7 dz.

It is straightforward that ® satisfies (5.7). We are showing that (5.8) holds as well. To this end, we study the
limits at 0 and at 4-oc:

lim | (w)] _T@2-g)+20 -1

w=0 (@ (w))# 1Y (@(2)) %5 dz 2(r—1)

lim |@(w)| _o2-9+2@-1)
I (@ (w)$ [y (@(2)) 5 d 20 —1)

Hence, (5.8) follows. We also consider
viw) = [ 0+ DT+ )T s

with 7 = s](vagi) >0 = W}V(]fi;fl) (i.e. 72* = (27 — 1)’ as in Theorem 5.1).
We are now considering the function
L o)
W (w)[*=
to check that it is bounded. It is easy to see that this quotient defines an even function which is increasing in
{0 < w < n} and decreasing in {w > n}. Since

Jo (1 +2)7"%dz ™25 1
li 0 — [ — .
s be 127 (2) T—1" (5.12)
[Jy 2]
it follows that
T—1

|(w)] < [T (w7

for certain constant ¢ not depending on n. Observe that the choice of the exponent involving 7 in (5.12) is
justified to argue as in Theorem 5.1. Indeed, an analogous inequality as (5.4) can be recovered reasoning in a
similar way.

We just remark that the regularity (1 + |u|)2 ~tu € HZ(Q) in point (i) implies that

*

/|vu|s* de < (/ |vu|2(1+|u|)f2dx) (/(1+|u|)2*5 d:c) ,
Q Q Q

Remark 5.4. An analogous of Remark 5.2 holds in this case.

so (5.6) follows. W

5.3. The case W < 1. In this Subsection, we consider the case m =1 = o.

Theorem 5.5. Let f € L*(Q) with s > 1 and%<a<q—l (ie. a+1<q<1l+ 5 +al=2).

Assume also (2.2), (2.3), (2.4) and that u is a solution u to (2.10) in the sense of Definition 2.5. Then
(i) 2. < s <& satisfy [u|? € H}(Q), ue L? 5(Q) and

T S(N* 2)
ol iy + 50y < M for 7= E 0 =2
(i) 1< s < 2., then (14 |u])?~tu € H{(Q), |Vu| € L¥(Q) and
s(N —2)

1+ D)2 ull ) + 1 Vulllpor ) <M for 7= €(1,2).

N —2s
The constants M above depend on q, s, N, A, v, «, || and on || f|| 1+, |ullz1(o)-
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Proof. The proof follows the same argument of Theorem 5.3, although some changes in the case 1 < 7 < 2
must be done. Indeed, we first choose 0 < p < 1 and consider the function given by

Y (14T, =1t
@(w):/ 0t L),
o (I+lzP)i+r
which is a bounded function and so can be taken as test function (in the sense of Remark 2.6). It can be checked
as in Theorem 5.3 that it also satisfies condition (5.8). Arguing as above, we arrive at the inequality

/Q (1) [V G () 1B(Gi () i <

2—gq

or ([ et Gy ( [ 160 57 )

N(g—1- 2%
(¢ o 2
2—q 2
and take into account Remark 3.15. So, an inequality similar to (5.11) may be deduced.
On the other hand, we set

Next, we use the fact that

w T—1+p
oy [ L IT(2)) ™
(w) = =
0o (14|
Contrary to what happens in the above theorem, now the function
P
Lo
(W (w)[* =

is increasing in the whole interval [0, +00). Nevertheless, it is not difficult to find a bound:
Z(T—lfl’%(Hn)T’l <(Z)2’ T—1+P[ 2% ] T
=1 p — = _ T _

(37 [aems a7 220 plrm 1) L2

T

and it does not depend on n. Hence, the analogous of (5.5) follows because 2s' 7= = 2*. m

=
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