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EXISTENCE AND UNIQUENESS FOR THE INHOMOGENEOUS
1-LAPLACE EVOLUTION EQUATION REVISITED

MARTA LATORRE AND SERGIO SEGURA DE LEON

ABSTRACT. In this paper we deal with an inhomogeneous parabolic Dirichlet problem
involving the 1-Laplacian operator. We show the existence of a unique solution when
data belong to L'(0,T; L?(Q)) for every T' > 0. As a consequence, global existence and
uniqueness for data in L], (0, +o0; L?(2)) is obtained. Our analysis retrieves previous
results in a correct and complete way.

1. INTRODUCTION

The aim of this paper is to prove the existence of a unique solution to the following
evolution problem:

v —Aw = f(t,z) in (0,T) % Q,
(1) u =0 on (0,7) x 092,
u(0,2) = wup(x) inQ,

where € is a bounded open set in RY (N > 2) with Lipschitz boundary and 7" > 0.

Henceforth, the sign ’ stands for the derivative with respect to time variable ¢ while

A = div (ﬁ) is the so—called 1-Laplacian operator. As far as data are concerned, we

will take an initial datum uy € L*(2) and a source f € L'(0,T; L*(Q)).

The homogeneous problem, f = 0, was solved in [2] (see also [3, 4]). Using nonlinear
semigroup theory, authors were able to introduce a concept of solution and to prove
existence and uniqueness. Since the natural space to analyze the stationary problem is
the space BV () of functions of bounded variation, one of their crucial tasks was to make
clear the quotient %, for u € BV (Q), even if Du vanishes. The successful method was
to consider a bounded vector field z € L>(; RY) which plays the role of that quotient in
the sense that it satisfies ||z|| < 1 and (z, Du) = |Du| as measures. We stress that the
definition of (z, Du) relies on the Anzellotti pairing theory. Actually, (z, Du) is a Radon
measure which becomes the dot product z - Vu when u € W(Q). The inhomogeneous
case was addressed using the techniques of nonlinear semigroup theory in [I7] for data
feL*(0,T) x Q).

In recent years, a new approach to problem () has been developed. Following [6], it
was applied to parabolic problems involving the 1-Laplacian in [7] (see also [9, [§]). Its
main feature is that it uses a purely variational approach to deal with time dependent
problems, yielding the existence of global parabolic minimizers. The Anzellotti pairings
are not used and only the total variation operator is required. A comparison between the
two methods and a proof that both approaches lead to the same solutions (under natural
assumptions) can be found in [13].
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In addition to [I7], the inhomogeneous problem is studied in [15] in a different way.
The proof does not lie on nonlinear semigroup theory, although Anzellotti’s theory is also
involved. Instead of applying the Crandall-Liggett generation theorem, the solution is
obtained by approximation in two stages. Firstly one gets a solution for every source
belonging to L?((0,7) x Q) (the same setting of [I7]) and then goes beyond studying
sources in L'(0,T; L*(2)). Nevertheless, we consider that some steps of the proof need
further explanation. Let us briefly explain why.

In [I5, Proposition 2.9] is stated that existence of a time derivative £ of u satisfying
¢ = divz + f and Green’s formula imply that ¢t — [, u(t)®dz defines an absolutely
continuous function. In its proof it is assumed that if n € C5°(0,7T) is nonnegative, then

(2) lim /0 T% /t: (n(s) /Q (z(t,x),Du(s,x))) ds dt

exists and is equal to

/OTT](t)/Q(Z(t,x)’Du(t’x))dt'

This fact is valid when u € LY(0,7; W1(Q)), as shown in Remark [AZ5] but it is not
justified for a general Radon measure (z(t), Du(s)). The reason is that this device is not
a real dot product and we cannot split it into factors. Moreover, both this product and
the total variation |Du(s)| are just Radon measures and not L'-functions. Thus, the
proof is flawed and we are not able to correct it. Instead, we must polish the argument
to guarantee similar results.

Our aim in the present paper is to improve [15], correcting mistakes and providing more
details in order to regain the same results. We take as a starting point solutions to ()
having sources in L?((0,7) x Q)). This is so because, in this setting, solutions satisfy
u/'(t) € L*(2) for almost all ¢ € (0,7) and consequently [I5, Proposition 2.9] does hold.
Hence, we begin by writing this proposition in a way suitable to be extended and so handle
more general data (see Proposition B.7 below). Next, we use solutions having L?-sources
as approximate solutions and translate their main features to any limit solution.

Regarding the proof of existence, we follow the structure of [I5] Theorem 5.1], but
being more accurate. Several arguments are also taken from [I5] (actually some of them
go back to [2]) since we have to deal with similar difficulties. Indeed, it is easy to check the
existence of the vector field z € L°°((0,7") x 2; RY) but it is not obvious that divz is in a
suitable space to apply Anzellotti’s theory since we are just able to see that divz belongs
to LY(0,T; BV(Q) N L*(Q2))*. Following [2], we have to rewrite this theory in our setting
to define the Anzellotti pairings and the trace on the boundary of the normal component
of z as well as to see that a Green’s formula holds. In addition, we also need that the
limit of approximate solutions can be taken as a test function in problem () in order
to show that it is, in fact, a solution. Furthermore, the identity (z(t), Du(t)) = |Du(t)|
which holds as measures for almost all t € (0,7") is not longer as easy to check and we
must analyze a limit similar to (2)) studying the Lebesgue points of a related function (see
Remark B.6] below).

A remark on uniqueness is also in order. The fact that function given by t — [, u(t)* dx
is absolutely continuous for every solution u is essential in the uniqueness proof. Now we
cannot infer this property from the identity £ = divz + f satisfied by the time derivative
of the solution. Hence, to get uniqueness we have to consider condition (&) in our concept
of solution.
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Summarizing, the proof of [I5] Proposition 2.9] is not correct but the main results of
[15] hold true with slight modifications in the statements. Nevertheless, more cumbersome
arguments are needed to get them.

The plan of this paper is the following. Section 2 is devoted to introduce the notation
used through this paper and some preliminary results. In Section 3, we introduce the
suitable notion of solution to problem ([Il) and state our starting point. In Section 4 we
prove the main result on existence of this paper while in the next section we show the
uniqueness of solution. Finally, in an Appendix, we have collected some results from real
analysis that are essential over the paper.

2. PRELIMINARIES

We use this Section to introduce the notation and some preliminary results that will
be used over the course of this paper.

2.1. Notation. Henceforth, 7" will always be a fixed positive number. We denote by 2
a bounded open subset in RY, with N > 2. We also requiere that  has a Lipschitz
boundary and v will be the outer unit normal vector on 9Q a.e. in H¥1(dQ), where
HN~! stands for the (N — 1)-dimensional Hausdorff measure.

As usual, L1(€Q) and W19(Q) express the Lebesgue and Sobolev spaces respectively
(see, for instance, [10] or [12]). Given a Banach space X, the symbol L?(0,T’; X) denotes
the space of vector valued functions which are strongly measurable and g—summable. For
instance, we say that v € L9(0,T; LP(R2)) if v: (0,7) x 2 — R is Lebesgue measurable

and
q

AT<éwm@PM)pﬁ<+m.

To simplify the notation, in this case we often write v(t¢) instead of v(t, x).

d
Throughout this paper, notation ' = — will be used with the meaning v’ = w;, the

derivative of u with respect to t. For this derivative we mean both the derivative in the
sense of distributions and one of its extensions (see Definition below). On the other
hand, the symbol div denotes the divergence taken in the spatial variables.

We also make use of the truncation function defined as follows:

Ti(s) = min{|s|, k} sign(s) forall seR.
2.2. Functions of bounded variation. In what follows, BV (§2) will be the set of all

integrable functions in {2 whose distributional gradient is a Radon measure with finite
total variation. For v € BV(Q) the total variation of its gradient will be denoted as

fQ |Dv|. In general, we denote by / ©|Dv| the integral of ¢ with respect to the measure
Q
|Dv|. We recall that BV (€2) is a Banach space with the norm

Hﬂ:/wmﬁ/mm.
Q Q

On the other hand, the notion of a trace on the boundary can be extended to functions
v € BV(Q), so that we may write v} s Dy means of a surjective bounded operator
BV(Q) — L'(09). As a consequence, an equivalent norm on BV (Q2) can be defined:

lollsvi = / vl + / o] dHN T
Q o0
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When taking limits, we also make use of the lower semicontinuity of the total variation
with respect to the convergence in L().

We refer to [I] for further information on BV-functions.
In the present paper, we will widely use the space BV (Q) N L?*(€2), which is a Banach
space with the norm defined by

[o]} = max{[lvll sy, 0]z} -
The dual pairing of BV () N L?(Q) and its dual will be denoted as
(C,v)g with ¢ € (BV(Q)NL*Q)*, ve BV(Q)NL* Q).
In the case £ = ( + f, for ¢ € (BV(Q) N L*(2))* and f € L*(2), we will write

<<§,v>>sz=<c,v>g+/ﬂfvdx Yo € BV(Q) N L3 ().

2.3. Anzellotti’s theory. Following [2], we will use a vector field z € L*>°({; RY) sat-
isfying [|z||.c < 1 to play the role of the quotient ﬁ, even if |Du| vanishes in a zone
of positive measure. If z € L®(Q;RY) with divz € L*(Q) and v € BV (Q) N L3(9),

Anzellotti (see [5]) defined the pairing

(5. D)) = -

vwdivzdx—/vz-de:c
Q Q

for all w € C§°(§2). Under these conditions, the pairing (z, Dv) is actually a Radon
measure and it also holds

|(z, Dv)| < ||z||0o| Dv| as measures in €.

We will write the integration of ¢ with respect to this measure as / ©o(z, Dv).

Q

Anzellotti also defined a weak trace on the boundary 9€) of the normal component of
the vector field z (denoted by [z, v] € L>(02)) and proved that the following Gauss-Green
formula holds

/vdivzd:c + /(Z,Dv) = / vlz, v dHNt for all v € BV(Q)N L*(9).
Q Q o0

Remark 2.1. For solutions to problem (Il) having sources in L*((0,7T) x 2) the associated
vector field satisfies div z(t) € L*(Q2) for almost all ¢ € (0,T), so that the Anzellotti theory
applies. Nevertheless, for a general source f € L'(0,T; L*(Q)), we cannot expect that
solutions satisfy this property. Hence, we will consider both the pairing (z(t), Dv) for
every v € BV(Q) N L*(Q) and the weak trace on the boundary [z(¢), ] throughout the
existence proof and then check that Green’s formula holds. Hereafter, the symbol (z, Dv),
where divz € (BV(Q) N L?(Q))* and v € BV(Q) N L?(Q), stands for the distribution
defined as

(3) ((Z,Dv),w):—(divz,vw>g—/ﬂvz-dex,

for all w € C§°(Q2).
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2.4. Integration of vector—valued functions. In this subsection we collect the theory
of vector integration needed to our purposes. For more information, we refer to [I1].

Let X be a Banach space. A function f: (0,7) — X is said to be weakly measurable
if for each x* € X* the real function (z*, f): (0,7) — R is Lebesgue measurable.

We denote by L! (0,T; BV(Q)) the space of all weakly measurable maps

v: [0,7] — BV (Q)

such that fOT |v(t) || Bv(a) dt < oo. Obviously, L'(0,T; BV (Q?)) C LL(0,T; BV ()).

If f:[0,T] — X is weakly measurable such that (z*, f) € L'(0,T) for all 2* € X*,
then f is called Dunford integrable. The Dunford integral of f over a measurable set
E C (0,T) is written [, f(t)dt € X* and given by

(Afwﬁ)WU:AWiW»m.

In the case [, f(t)dt € X for every measurable set E C (0,7), f is called Pettis
integrable.

Obviously, both concepts coincide when X is reflexive. Since BV () is not reflexive,
these concepts may be different in our framework.

In [2 Lemmas 3-4], given v € L} (0,T; BV (Q)NL*(Q)) and n € C5°(0,T), the function
s +— n(s)u(s) is proven to be weakly measurable. Then, for every t € (0,7") and every
0 < e < t, the integral

(4) () = - / n(s)u(s) ds

—&
is defined as a Dunford integral; it satisfies the following features:

(1) it is actually Pettis integrable,

(2) W € C([0,T]; BV()),

(3) W.(t) € BV(Q) N L*(Q) for every t € [0,T].
Furthermore, if u € L>(0,T; L*(12)), it is easy to see that ||V, || L (o7:22(2)) < 11loollwe] Lo 0,7:22(02))
and so

(5) U, € L%(0,T; BV(Q) N L2(Q)) .

2.5. The time derivative. In our equation, both u’ and div z refer to derivatives in the
sense of distributions. Since we need to take test functions related with the solution,
extensions of these derivatives will be used. This subsection is devoted to clarifying what
our definition of time derivative is.

Definition 2.2. Let ¥ € L'(0,T; BV () N L>(0,T; L*()).
We say that U admits a weak derivative in LY (0,T; BV (Q)) N LY (0,T; L*(Q)) if there
erists © € LL(0,T; BV(Q)) N L0, T; L*(Q)) such that V(t) = ft@(s)ds, where the

0
integral is taken as a Pettis integral.

Having in mind the previous subsection, we have that the function W, defined in (H))
admits a weak derivative in L} (0,7; BV(Q)) N L'(0,T; L*(Q2)). Its weak derivative is

given by ©(1) = = [n(t)u(t) —n(t — <Ju(t — )]

Definition 2.3. Let v € C([0,T]; L*(Q2)) N L. (0,T; BV(Q)).
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We say that & € LY(0,T; BV(2) N L*(2))* + L' (0, T; L*(Y)) is the time derivative of u
if

(6) / (€0, (1)t = // ) d dt

for every function with compact support in time

U e L0, T; BV(Q)) N L>(0,T; L*(£2))
which admits a weak derivative © € L (0,T; BV (Q)) N L' (0,T; L*(Q)).
Remark 2.4. We explicitly remark that the dual L'(0,T; BV (Q) N L*(Q))* can be iden-
tified with L2%(0,T; (BV(Q) N L?(2))*), the space of all ¢: [0,7] — (BV () N L*(Q))*
which are *-weakly measurable (that is, the function ¢ — ({(t), v) is measurable for every
v e BV(Q)NL*(Q)) and satisty ||C(0)]|(sv@nrz) € L=(0,T) (see [14]). Two functions

(1 and (, are identified if ((1(¢),v)q = (((t),v)q ae. for all v € BV(Q) N L?(Q). The
duality is given by

(€,v) = / (€(t), o)) dt

forall ¢ € L%.(0,T; (BV(Q)NL*(Q))*) and allv € L'(0, T; BV(Q)NL*(Q)). Consequently
the left hand side in (@) makes sense.

It is worth specifying how this time derivative works. Consider the function W, defined
in @). Then ¥, € L>(0,T; BV(Q) N L*()) and

/0 (&(t), Ye(t) ) dt = —/0 /Qu(t, x) [n(t)u(t,x) —n(t—e)u(t — ¢, x)} dx dt .

3. OUR STARTING POINT

In this Section, we introduce the definition we will use of solution to our problem and
state auxiliary results that hold when the source belongs to L*((0,T) x ).

Definition 3.1. Let f € L'(0,T; L*(Q)) and ug € L*(Y). We say that u is a solution to

problem
u—Awu = f(t,x) in(0,T)xQ,
u = 0 on (0,T) x 082,
u(0,2) = wuo(z) inf,
ifu € LL(0,T; BV(Q))NC([0,T]; L*()) and there exist
(i) z € L>®((0,T) x Q) such that ||z|| < 1 and its distributional divergence divz
can be extended to L'(0,T; BV(Q) N L*(Q))* in such a way that, for almost all
€ (0,7), satisfies
e the weak trace of the normal component of z(t) is well-defined and verifies

12(2), V]lloe <1
e (z(t), Dv) is a Radon measure for every v € BV () N L*(Q) (recall @) );
e the following Green’s formula is fulfilled:

(divz(t),v)q + /Q(z(t), Dv) = /ag v[z(t), v] dHN

for every v € BV () N L*(Q).
(11) & € LY0,T; BV (Q) N L*(Q))* + LY0,T; L*(Q)), which is the time derivative of u
in the sense of Definition [2.3.
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Moreover,
(7) E=divz+ f

and conditions

(8) (/Q %u(t)de)/+/Q|Du(t)|+/aQ |u(t)|d7—[N_1:/Qf(t)u(t) da

9) [z(t),v] € sign(—u(t)) HY ta.e. on 09,
hold for almost every t € (0,T).

Remark 3.2. Applying the above Green’s formula pointwise to u, we obtain the following
identity for almost all ¢ € (0,7):

(div2(t), u(t))o — —/

Q

(z(t), Du(t)) + /m w(t)[z(t), V] dHN !
Therefore,

(1) (€(t), ut))o = — /

Q

(z(t),Du(t))+/ u(t)[z(t), V] d’HN_1+/Qf(t)u(t) dx

o0

holds for almost all ¢ € (0,7"), so that, in some sense, we may take u as test function.
Notice, however, that the measurability of these functions are not guaranteed since we do
not have v € L'(0,T; BV(Q)).

Remark 3.3. It is worth remarking that condition () can be written as

(fgurae) == fputon= [ ot o

for almost all t € (0,7). Notice that, owing to u € L'(0,T; BV (2)) N L>(0,
and f € L'(0,T;L*)), it follows that the right hand side belongs to L'(0,
consequence, the function ¢ +— [ %u(t)2 dz is absolutely continuous.

 L2(Q)

T
T). As a

Remark 3.4. Observe that conditions (§)—(d), jointly with (I0) and Green’s formula
imply

(/Q%u() ) /|Du \-1-/ u(t)] dHYt = /ft
(t))e — (divz(l), ut))e
— (), u(®)o + /ﬂ (0 Du) [ wl0lta) e

= (&), u(t))o + /Q(z(t), Du(t)) + lu(t)]| dHN

o9
for almost all ¢ € (0,7"). Hence,

oy ([ u0rar) + [ 10wl = oo+ [ oo, uo)

holds for almost all ¢ € (0, 7). This identity suggests that

(57 dw)/ — ((t), ult)ha
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[ 1putol = [ (ate). Dutt)

but we are not able to check it (see, however, Remark below).

and

Proposition 3.5. Let u be a solution to problem (Il) with time derivative £&. For every
nonnegative n € C§°(0,T), it is verified that

(12)  lm OT <<£(t),§ /t;'r](s)u(s) ds))_dt = /0 L) /Q %u(t)Qd:cdt,

and

(13) ygé/ / / ), Du(s ))dsdt:/OTn(t)/Q|Du(t)|dt.

PROOF. Let W_(t) = E/ n(s)u(s) ds. We stress that the integral
t—e

/0 ORI

:/OT<divz(t),i/t€ (s)u(s) ds ) dt+/ /f / n(s)u(s) ds d dt

is well-defined since divz(t) € L*(0,T; BV(Q) N L*(Q2))*, function

t— W (t) = 1/t n(s)u(s)ds

3

belongs to LOO(O T; BV(Q) N L*(Q)) (recall ([B) above) and f € L'(0,T;L*)). Here
1 ft 21 s)ds is actually a Pettis integral.
Slnce S is the time derivative of u, we obtain

/O<<£<)\If Mo dt = ——/ / n(t —eyu(t —))u(t) dz dt
:_E/o n(t)/ﬂ (1)? dazdt+1/0T77(t—s)/gu(t—s)u(t)dazdt

— 1/0 n(t)/ﬂu(t) (u(t—i—g) —u(t)) dz dt .

1

2"
1 2 1 2

u(t) (u(t +€) —u(t)) < éu(t +e)? — éu(t) :

1
Observe that inequality u(t)u(t + &) < =u(t +¢)* + §u(t)2 implies

Hence

/ (&), Te(t)hodt < = / / u(t +¢)? —%u(t)Q) da dt
/ / (i — )l — n(t)u(t)’) dxdtzé/oT (n(t—a)—n(t))/Q%u(t)dedt.

Next, we will compute fo E(t), ¥.(t))qdt in a different way. Indeed, we apply Green’s
formula to deduce
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1) =2 [ =) =) / Gty dedt < = [ (€. wt)ade

/ / d1vz (t),u (S)>Q+/Qu(s)f(t) dx] ds dt
= [ ][00 - [ i dan = [ e i asa
g/OTé/ttEn(s)[/Q|Du(s)|+/8Q|u(s)|d7-lN_1—/Qu(s)f(t)dx} ds dt

Our next concern is to take the limit on the right hand side of (I4]) as ¢ tends to 0. We
deal with the first and second terms thanks to Lemma m it is enough to consider the
functions given as 7(s) [, [Du(s)| and n(s) [, [u(s)] )| dHN 1. The remainder is handled as

follows
%/t:n(s)/gu(s)f(t) d ds é/;en(s) (/Qu(s)zdx)é </Q f(t)de); .
= ”f(t)”L?(ﬂ)%/tln(s) </Q u(s)zd;p)2 ds

< lllolluell zoe .22 1 (8) ]| 20

which belongs to L'(0,T). Hence, letting € go to 0 in (I, it yields

IA

(15) /0 7(t) /Q %u(t)dedtg—lim (E(), U (t) Vo dt

e—0 0

</ “oo] [ 1wl [ juwian = = [ uw s dd] a.

On the other hand, u is a solution to problem (). So, recalling Remark[B.4land inserting
that identity in (3], we obtain

/0 (1) /Q %u(t)zd:cdtg Ctim [ ), U)o dt < /0 (1) /Q %u(t)zd:cdt,

e—0 0

from where (I2) follows. Going back to (I4) and letting € go to 0, inequatilies become
equalities and it follows from condition (@) that limit (I3)) holds. m

Remark 3.6. Taken into account Lemma [A.6] we may understand G:II{I) as follows: value

t) Jo |Du(t)] is “almost” the approximate limit of n(s) [, (z( (s)) at s =t for every
n e Cse(0,T). (Note, however, that hrmt is not pointwise but in mean.) So, in some sense,
this result allows us to identify [ (z(t), Du(t)) = [, |Du(t)| for almost all ¢ € (0,T).

3.1. Source data in L*((0,7) x Q). In order to prove the existence of solution to our
problem, we need a previous result which appears in [I5], even though we will restrict our
analysis to data f € L*((0,T) x Q).

By [18, Theorem 4.1], for each f € L*((0,T) x ) and each ug € L*(Q) there exists
a solution to () which satisfies u € C([0,T]; L*(2)) N L*(0,T; BV (2)) as well as v’ €
L*((6,T) x Q) for all 6 > 0. So, divz(t) € L*(Q2) for almost all ¢ € (0,T) and Anzellotti’s
theory applies.
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As a consequence of the Green formula, it is obtained that u’ is the time derivative of
w in the sense of Definition Indeed, for every v € LY(0,T; BV(2) N L*(Q)), we get

/OT<divz(t) t))qdt = / / ), Du(t)) dt + / /BQ v] dHN " dt

which is well-defined and so «’ € L*(0,T; BV (Q) N L*(2))* + L*(0,T; L*(2)). The condi-
tion ([6]) is now easy to check.
Thus, to see that u is a solution to problem (III) in the sense of Definition B.1] it just

remains to show that satisfies (£(¢), u(t) = (fo ul de) for almost all ¢t € (0,7).
We check this condition in the following result We will also apply Proposition B.7in the
proof of Theorem [£.11

Proposition 3.7. For any u € C([0,T); L*(Q)) satisfying v’ € L*((5,T) x Q) for every
d > 0, the following identity holds for almost allt € (0,T):

%(/Qu(t)de)/:/Qu’(t)u(t) dx .

PROOF. We will check that the proof of [I5, Proposition 2.9] works in this case.

Let n € C§°(0,T) and let £ > 0 be small enough to perform the following calculations.
Observe that u'n € L*((0,T) x Q).

Making the same calculations that at the beginning of [15, Proposition 2.9] we get

_/OT/Q”@_S_);"@ dz dt = / / ult+e) — u®) u(t + e)n(t) du dt

+§/0/Q ”Z‘“ >u(t)n(t)dxdt:%(h+lz)-

1 t
We now consider the auxiliary function W (t) = — / n(s)u(s)ds, which is a Pettis
€ Jt—e

integral. Since W, € L®(0, T; L*()), it satisﬁes (( u’(t) . () Yo € L}(0,T). In addition,
[15, Proposition 2.9] also yields I, = fo ), V() Do dt.

1
We also consider ®.(t) = —/ n(s)u (3 + ¢)ds, which is a Pettis integral. Then
€ Ji—e

T
{(u'(t),®.(t) ) € L'(0,T) and it can be proved that I, = / (' (t), D(t) N dt.
0
Therefore, from (@) we deduce that

. / J ORI

5 ([ o vypade+ [ o aa)

Now, we take limits when ¢ tends to 0. The first term on the right hand side is handled
as follows.

[((u'(2), We(t) Dol S/QI‘I’e(t)IIU’(t)Idx

< < [CS meonmenas) dx)

NI

( / xsuppn|u’<t>|2dx)
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< (é /t;n(s)Q/Q\u(s)\Qd:cds)% (/Qxsupm\u’(t)\?d:c)é :

and both factors belong to L?(0,T). Moreover, applying Lemma A.1, we get that the

family
L[ ([ o) as

converges in L'(0,7T), so that the generalized dominated convergence theorem and the

1
pointwise convergence lir% — / n(s)u(s,z)ds = n(t)u(t,z) imply
e=0¢e Jio

(1), We(t) Do — /Q n(tyu(t)u'(t) dz,

where the convergence holds in L*(0, 7). Hence,

(18) lim [ (u/(8), Uo(t) Yo dt = /0 /Q n(tu(t) (t) do dt |

e—0 0

Similarly, we deduce that

(19) i [ (o (8), Do) Y = // ) de dt

e—0 0

Letting € go to 0 in (I7), by (DEI) and (I9), we get

_/0 <>/ du dt = // £) d dt

Since this identity holds for every n € C§°(0,7), it yields

(%/ﬂu(t)de)/:/Qu(t)u’(t) dx,

Remark 3.8. Reasoning as in the proof of Proposition B.7, we can also prove that
1 /
- (/ u(t)’w d:p) = / o (H)u(t) wdz
2 \Ja Q

Notice that solutions with source in L?((0,7) x ) are unique. To see it, just argue as
in the uniqueness proof of [I5] and take into account that the function

for almost all ¢t € (0,7). =

for all w € C§°(Q2).

t— / u(t)*dr s absolutely continuous in (0,7 .
Q

4. EXISTENCE OF SOLUTION IF f € LY(0,T; L*(Q))

This section is devoted to prove the existence of a solution to problem (I). We will
follow the proof of Theorem 5.1 in [I5], but trying to guarantee all details.

Theorem 4.1. If f € L'Y(0,T;L*(Q)) and ug € L*(Y), then there exists, at least, a
solution to problem ().
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PROOF. Since f € L'(0,T; L*(QQ)), there exists a sequence {f,} C L*(0,T; L*(Q)) such
that f,, — f in LY(0,7T; L?(2)). Furthermore, each approximating problem
u, — N, = fu(t,z) in(0,7)%xQ,
(20) u, = 0 on (0,7) x 092,
un(z,0) = up(z) inQ,

has a solution u, € LL(0,T;BV(Q)) N C([0,T]; L (Q)) whose time derivative satisfies
u, € LY0,T; BV(Q) N L*(Q))* + L'(0,T; L*(Q)) and u!, € L*((§,T) x Q) for all § > 0.
Moreover, there exists a vector field z, € L>((0,T) x ©; RN) with ||z, ||cc < 1 such that

(1) ul(t) = diva,(t) + fu.(t) in D'(Q),
(2) (zn(t), Du,(t)) = \Dun§ )| as measures in €,

) t
()[()]ESIgn( (1)),
(4) Joun(un(t) dz = § (foua(t) dz)’,
holds for almost every t € (0,7). This last identity is due to Proposition 3.7

Our purpose is to check that the sequence {u,} converges to a function u, which is a
solution to problem (l). We divide the proof in several steps.

4.1. Step 1: A priori estimates. We begin applying (8) and Holder’s inequality to get

- un()?dz ) + | |Dun,(t)| + | |un(®)|dHY = [ fo(t) un(t) do
() [jomin | s in = o
< (/Q fn(t)2d:c)§ </Q un(t)Qdaz>

Integrating now between 0 and ¢ € (0,7, it yields

;/ﬂunU dfc—%/ﬂun(O) dx+/ /|Dun )|ds+/0t Jun(s)| dHY ! ds
/ </fn dx) </Qun(s)2d:p)§ds.

Denoting 0, (t) = ||un(t)|| 12() and disregarding nonnegative terms, the previous inequality
becomes

S

on(t)? < 0,(0) + 2/0 | fa ()l 22) on(s) ds .

Now, due to Gronwall’s Lemma of [I8] (see also [19] for a slightly extension) and the fact
that all approximating problems have the same initial data, we get

t
on(t) < o (0) +/ 1fn ()l 2@ < lluoll ) + [ full L1 0riz20)
0

which is bounded because f, — f in L'(0,T; L*(Q2)). So there exists a constant C; > 0
such that
(21) ”un<t)HL2(Q) S HUOHLQ(Q) -+ ”anLl(QT;LQ(Q)) S Cl fOI' all t e [O,T] .

Moreover,

/ a(t) da:+2/ /\Dun \+/ [un(s)| dHN | d
0
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t
< / wn(0)? d + 2 / 1)l () | 2y ds
0

< / ug dz +2 Oy || full L oiz2@) = Co
Q

for all t € (0,7), and so

T
(22) max/un(t)2 d:p+2/ [/ |Dun(s)|+/ [un ()| dHN "t ds < Cy.
te0.1] Jg 0 Q 09

4.2. Step 2: Convergence of the sequence (u,), in L>(0,7T; L*(Q2)). We next check
that {u,}2, is a Cauchy sequence. We already know that {u,} is bounded in the space
L>(0,T; L*(Q2)) owing to [2).

Taking un(t) — Uy, (t) as a test in problem (20) for n and then taking it for m lead to

/ () () — tn(8)) dr + / (2(2), D(tn(t) — wn(£))
Q 9]
- / (tn(t) — () 2 (£), ] AHY " = / Fu8)(tn(t) — 1 (£)) d
o0 Q

and

[ )0 (0) = @) o+ [ (200 Dlaa(8) = (1)
Q

g )
- /Bﬂ(un(t) = U (1)) 2 (t), V] AHV T = /Qfm(t)(un(t) — um(t)) d .

Subtracting both expressions yields

/ﬂ (tn(t) — ti(t)) (tn(t) — 1 (8) d + / (@n(t) — 2 (£)), D(tn(t) — (1))

—/ (un(t) = () [20(t) — 20 (1), V] dH" /(fn(t) = Jin () (un(t) — um(t)) dz .
o) Q
and Proposition B.7] implies

1

5 ( /Q(un(t) — Up(1))? dx)/ + /Q((zn(t) =z (1)), D(un(t) — um(t))

—/ (Un(t) = Um () [2a(t) — Zm(t), V] dH" /(fn(t)—fm(t))(un(t)—um(t))dx-
o0 Q

Integrating between 0 and t € (0,7), dropping two nonnegative terms and having in mind
that the initial data are the same, we obtain

%/ﬂ( n(t) — d:c</ /|fn (E)| |t (£) — e ()| dz i
/ /\fn ()] [tin () — up ()] da dt .

Now the right hand side tends to 0 since f,, — f in L'(0,7; L*(Q2)) and {u,} is bounded
in L>(0,T; L*(©)). We conclude that {u,}>°, is a Cauchy sequence in L*°(0,T; L*(Q2))
and so there exists u € C([0,T]; L*(2)) such that

(23) u, —u in C([0,T]; L*(Q)) .
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As a consequence, the function u(t) is well-defined for all ¢ € [0, 7.

4.3. Step 3: Convergence u? — u? in L>(0,T; L*(€2)). This technical consequence
of the previous Step 2 will be used in Step 14. Recalling (22) and applying Holder’s
inequality,

/ (1) — u(t)?] dx = / n(t) — u(t) [un(t) + u(t)| dx

< ([t -t m) ([ ) 1 >|zdx) <20 ([ Iu _u>|2dx)l

Step 3 is now straightforward.

4.4. Step 4: u e LL(0,T; BV(Q)). Going back to [23), we deduce
U (t) — u(t) in L*(Q) for every t € (0,7T).

It follows from this convergence and the lower semicontinuity of the total variation that

/\Du |<hm1nf/ | Dy, (t)
n—o0

holds for almost all ¢ € (0,7). Applying Fatou’s lemma, we get

/ /\Du |dt</ hminf/|Dun( |dt<hm1nf/ /\Dun ) dt < Cs.
n—00 n—00

Thus, u(t) € BV(Q) for almost all ¢ € (0,7") and so [4, Lemma 5.19] implies the function
t— fQ | Du(t)| is measurable and u € L (0, T; BV (Q)).

4.5. Step 5: Existence of the vector field z € L>((0,7)xQ; RY). Our next objective
is to see that equation holds in the sense of distributions. To this end, we need to get the
vector field z € L>((0,T) x ;RY) which plays the role of Du/|Dul, and the element &
that plays the role of the time derivative of u. In addition, we establish the sense in which
z,, converges to z and u] converges to . The easy work corresponding to z will be done
in this Step, while the corresponding to & in Steps 6-7. Finally, in Step 8, we check that
the equation holds in the sense of distributions.

For every n € N, it holds ||Z,|/c < 1 then, up to a subsequence, z, — z in L>((0,7T) x
O RY) and ||z]|. < 1.

4.6. Step 6: Convergence divz, — divz in L'(0,7; BV (Q) N L*(Q))* for some

subnet {z,}.c;. Let v € LY(0,T; BV(Q2) N L*(2)). Since for almost every t € (0,7,
divz,(t) € L*(Q), it follows from Anzellotti’s theory that

(24) —/Qv(t)divzn(t) dx:/Q(zn(t),Dv(t))—/an(t)[zn() v dH™

for almost every ¢ € (0, 7). Then, integrating between 0 and T, it becomes

v(t)div z, (t) du, dt' < /OT{/Q|(zn(t),Dv(t))|+/aQ |v(t)||[zn(t),u]|dHN_1} dt
<t [ { [10001+ [ poj =} a
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T T
< / o)y dt < / O] r—s
0 0

and so the sequence {divz,}°° is bounded in L'(0, T; BV (Q)NL?*(2))*. Therefore, there
exists p € LY(0,T; BV(2) N L*(©2))* and a subnet such that

divz, = p in L'(0,T; BV(Q) N L*(Q))*.
Let w € C§°(2) and n € C§°(0,T). Due to (24)), we already know that

/OT/Q’rz(t)wdivza(t)dt:_/OTn(t)/Qza(t).vwdajdt7

and taking limits in o € I the equality becomes

/OTn(t)<p(t)’w>th:—/OTﬂ(t)/QZ(t)-dexdt

which implies (p(t),w)q = (divz(t),w)q for almost every ¢ € (0,7) and every w €
Cr(Q).

Observe that divz can be extended uniquely to an element of L'(0,T; W, (Q) N L*(Q))*
and we have proven that p is one of the further extensions of divz to the bigger space
LY0,T; BV(Q) N L*(Q))*. Since this extension not need to be unique, from now on, we
will identify divz with this specific extension.

Now, we define the element which performs the role of the time derivative of u:
(25) ¢ =divz+ f € LY(0,T; BV(Q) N L*(Q))* + L'(0,T; L*(9)) .
4.7. Step 7: Convergence u/, = ¢ in L'(0,T; BV () N L*(Q))* + LY(0,T; L*(2)). We

start taking a test function v € LY(0,T; BV (Q)NL?(Q))NL>(0,T; L?(Q2)) in the equation
ul, = divz, + f, to obtain

// t) dv dt = // (t)div za(t) dxdt+/ /fa t)dx dt .

Taking limits in o € I and considering convergences divz, — divz in the dual of
LY0,T; BV(Q) N L*(Q)) and f, — f in L'(0,T; L*(2)) we get the desired result:

1;2}// t)de dt = /OT(dlvz( dt+/ /f t) de dt
- / (), v(E)hadt .

4.8. Step 8: For almost all ¢t the equation holds in the distributional sense. Let
now w € C3°(Q2) and n € C3°(0, 7). We take the test function n(t)w in u), = divz,(t) + fa
to get

[0 [wtodar= [ [ dra
:/OTn(t)/QZa(t)-VWd?Udt+/OTU(t)/Qfa(t)wdxdt,
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Since uq — w in LY((0,T) x Q), u!, = & in LY(0,T; BV () N L*(Q))* + L'(0,T; L*(Q)),
Zo — 7 in L2((0,T) x Q;RY) and f, — f in L'(0,T; L*(Q)), taking limits in o € I we
arrive at

—/OTn’(t)/Qu(t)wda;dt:/OTn(t)«g(t),w»th

:/OTn(t)/Qz(t)-dexdtJr/OTn(t)/Qf(t)wdxdt

for all n € C§°(0,7T), which implies

(/Qu@)wazx),:«f(t)aw»ﬂZ/Qz(t)~de:c+/Qf(t)wdx

for almost every t € (0, 7).

4.9. Step 9: (z(t), Dv) is a Radon measure in ) for a.e. t € (0,7) and for all
v € BV(Q)NL*(Q2). The actual aim of this Step (and the following three ones) is to check
that a Green’s formula is available for z(t). We point out that these vectors fields does
not satisfy the assumptions of [5] since we cannot assure that its divergence is a Radon
measure.

Fix v € BV(Q) N L*Q), and consider w € C(Q) and n € C5°(0,T) with n > 0.
Recall that divz,(t) € L*(Q) for almost all ¢ € (0,7) and for all «; consequently, due to
Anzellotti’s theory, (z,(t), Dv) is a Radon measure which satisfies

[ (20, D0)| < el [ 100
Q Q

for almost every ¢t € (0,7T) (recall that ||z.||cc < 1). Moreover, the following Green’s
formula holds

—(divza(t),vw)g—/ﬂvza(t)-de:p:/ﬂw(za(t),Dv)

which implies

dt

[ (@), D0)
Q
T
< lellimey [ @) [ 1Dolde < 400,
0 Q

/OTn(t) [(divza(t),vw>n+/gvza(t)'dex} dt‘ = /oTn(t)

Now, we take limits in o € I to get

/OTn(t) [<divz(t),vw>g+/ﬂvz(t)-vwdx] dt‘ < Jwllz= @) /OTn(t)/Q|Dv\dt,

We deduce that for almost every ¢ € (0,7") it holds:

'(divz(t),vw)g+/vz(t)-de:p

< wllzmy / Dy,
Q

Q

‘/ ), Do)\ < llwll o /|Dv\

and so (z(t), Dv) is a Radon measure in §2.

from where it follows
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4.10. Step 10: Definition of the trace on the boundary of the normal component
[z(t),v]. For every v € WH(Q) N L>(Q), we define

(26) (2(8), 0 Yo = (diva(t), v)e —i—/Qz(t) Vvdz,

We point out that this value also depends on the extension p, which we have identified
with div z.
Now, let n € C§°(0,T) be nonnegative and consider

T T T
/ n(t){(z(t),v)aq dt :/ n(t)(divz(t),v)q dt—i—/ n(t)/z(t) -Vudxdt.
0 0 0 Q
Notice that if vy, vy € WHH(Q) N L>®(Q) satisfy v; = vy on 9L, then
T T
/ n(0)(divz(t), v, —02>th+/ n(t)/z(t) V(01— v9) da dt = 0
0 0 0

since we take divz(t) in the distributional sense and vy — vy € I/VO1 (). Therefore,
T T
| a0,y = [ ao)a(0), 02y e
0 0

T
and so / n(t){z(t),v)aq dt only depends on v through its trace.
0

On the other hand, given a € I, since divz,(t) € L*(Q) a.e., Anzellotti’s theory applies
and so

(2a(t), 0 )00 < [Za(®)lln / o] dHN < / o] dHN
o0 o0

wherewith

/OT n(t)(divza(t),v)odt + /OT n(t)/ﬂza(t) o dr dt

T
g/ n(t)/ o] AN dt < +oc.
0 o0

Taking the limit for o € I, it yields

/OTU(t)<divz(t),v>th+/OTn(t)/Qz(t).Vvdxdt' g/OTn(t) aﬂ|v|dHN_1dt,

and consequently we deduce that

[ wost.oma] < [Caw [ e

for every nonnegative test function n € C§°(2).
In the same spirit of [5], for each t € (0,7T), we define F;: L>°(02) — R by

Fy(w) = (z(1),v)o0
where w € L>®(02) and v € WH(Q) N L>(Q) satisfies v’m = w. We have seen that

/0 (8 Fy(w) dt
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is well-defined and

(ATn@ﬂ%@0d4fiATn@)thMdHN;Wt

for all n € C§°(0,T). Hence, for every w € L*>(09),

|ﬂwns/|wwﬂ*
o0

holds for almost all ¢t € (0,7). Note that the null set depends on w.
To go on we have to use a separability argument. Let V' denote a countable set which

is dense in W11(Q). Truncating functions of V, if necessary, we may assume that v €
WL Q) N L>(Q) for all v € V. We now get for almost all ¢ € (0,7):

IEWNS/IMMW*
o0

for every w € L*(092) satisfying w = v’m with v € V. Next fix one of these points ¢,
choose wy € L*>(09) and let vg € WHH(Q) N L*>°(Q) such that its trace is wy. Consider a
sequence (v,,), in V satisfying v, — vo in WH(Q). Tt leads to

(divz(t), vn)q — (diva(t), ve)a

Vv, — Vg in L (Q;R")
wherewith Fy(w,) — Fj(wg). On the other hand, v, — wvo in Wh(Q) also implies
w, — wo in L'(982). Thus, it follows from |Fy(w,)| < [, [wa|dHY ! for all n € N that
|Fy(w)| < [oq |w] dHN1. Therefore,

|Ft(w)|§/ w|dHYY Yw € Lo(09)
o0

holds for almost all ¢ € (0,7"). Taking one of these ¢t € (0,7), the functional F; may be
extended to a functional in L'(9Q)*, so that is represented by a L>®—function, denoted by
[z(t),v]. In other words, [z(t),v] € L>°(0R) in such a way that ||[z(t), V]|« < 1 and

Fi(w) = /aﬂw[z(t), v dHN YVw € L*(00)

for almost all ¢ € (0,7"). Moreover, we have deduced the following Green’s formula holds
for almost all ¢ € (0,7):

(27) (diva(t),v)q +/

Q

z(t) - Vudr = / vlz(t), v] dHN

00
for every v € Wh1(Q) N L>(Q).

4.11. Step 11: Convergence of the traces on the boundary of the normal com-
ponents. Let n € C5°(0,7) and w € L*(02). We will prove that

T

(28) lim | 7n(t) /an w(za(t), V] dHN "t dt = /0 n(t) /an w[z(t), V] dHN " dt .

ael 0

If v e WhH(Q) N L>(Q) is such that v’m = w, then for every a € I the Green’s formula
holds

/oTn(t>/QZa(t)~Vvdxdt+/0T77(t)/deivza(t) dxdt
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— /OTn(t) /m W[z (1), V] dHN " dt .

We can take limits in o € I on the left hand side to get

T
lim n(t)/ w(zo(t), V] dHN 1 dt
0 o0

= lin [/OTn(t)/Qza(t)-VvdxdtJr/OTn(t)/deivza(t)dxdt]

:/OTn(t)/Qz(t)-Vvda:dt—Ir/OTn(t)(divz(t),v>th
:/OTn@) /Bﬂv[z(t),u] d"HNldt:/OTn(t) /mw[z(t),y] dHN " dt

where we have used Green’s formula (27).

4.12. Step 12: Green’s formula. Let v € BV (Q) N L*(Q2). We are going to show that

(divz(t),v>g+/(z(t),Dv) :/ o[z (t), v] dHN

Q o9
holds for almost every ¢ € (0,7).

Consider n € C3°(0,T). Owing to (24)), for £ > 0 and for every a € I, it holds
T T
@) [ ) [ T dvaaw dedir [ o) [ (@0, D10 d
0 Q 0 0
T
= / 'r](t)/ Ty (v)[Za(t), v] dHN " dt .
0 B)

We remark the needed to use Tj(v) instead of v in order to handle the integral on the
boundary.

Our aim is to take the limit in o € [ in this identity. The limit in the first term is
consequence of divz, — divz in L'(0,T; BV () N L2(2))*. To deal with the second term
we may argue as in [5, Proposition 2.1] since

/OTn(t)/U\(za(t),DTk(v))\dtg/OTn(t)/U\DTk(U)Mt

for all open U C 2 and
T

lim n(t)/ﬁw(za(t),DTk(v))dt:/o n(t)/ﬁw(z(t),DTk(v))dt

acl 0

for all w € C§°(€2). Finally, on the right hand side, we may apply (28) and so we are able
to take limits in « € I, wherewith (29) becomes

(30) /0 n(t)(divz(t),Tk(v))thJr/O n(t)/ﬂ(z(t),DTk(v))dt
:/0 n(t) /aQTk(v)[z(t),y] dHN " dt .
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Having in mind that Ty (v) — v in BV(Q) N L*(2), we may let k go to oo in ([B0). Thus,

/OTTI(t)(divz(t),v>th+/OTn(t)/Q(z(t),Dv)dt:/OTn(t) /mv[z(t),y] AHN - at

for all n € C§°(0,T"), which implies

(divz(t),v)q + /Q(z(t), Dv) = /(99 v[z(t), v] dHN
for almost all ¢t € (0,7).

4.13. Step 13: ¢ is the time derivative of u in the sense of Definition Let
U e LY0,7; BV(Q) N L*(Q)) N L*>(0,T; L*(Q)) with compact support in (0,7") and let
© € LL(0,T; BV(Q)) N LY (0, T; L*(Q)) be the weak derivative of ¥. Since

// £) d dt = //u {) da dt

ul, = & in LY(0,T; BV(Q) N L2(Q))* + LY(0,T; L*(Q)) and u, — u in L>®(0,T; L*(Q)),
we can take limits in o € I to obtain

/OT((f(t), / / t)dxdt.

4.14. Step 14: Conditions (§) and ([@). To prove that u is a solution to problem (),
it remains to check that satisfies conditions (8) and (@) of Definition Bl
Let n € C§°(0,T) be nonnegative and define

1 t
Vi) =2 [ n(s)u(s)ds.
t—e
that is a Pettis integral. Reasoning as in the beginning of Proposition B3] we see that
e 1 4
B~ [ =) =nt) [ Juydedr <= [ (&0, vele) hact
T 1 t
— —/‘mﬂ@m Q+/f @ﬁ
0 € Jt—s

/ /t6 [/Q ), Du(s)) — /mU(s)[z(t),u] dHN ! _/Qu(s)f(t) d:p} ds di
< [ o] [1pwon - [ uoao o=~ [ woroa] asa

Having in mind Lemma and Corollary [A.4] we let & go to 0 to obtain

(32) /OTn%t)/; (t)? do dt
< [Cwo] [1puon- [ wome=t - [ s a
/ ‘/wu|+/|u|ﬂﬂl /()WMﬂﬁ.

On the other hand, taking n(t)u,(t) as test function in problem (20), it yields
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-/ L | gutravd+ | "] L ipun+ [ oo a
:/OTn(t)/Qun(t)fn(t)dxdt.

Applying Step 3, the lower semicontinuity of the BV-norm and Fatou’s lemma, we deduce
that

—/OTn’(t)/Q%u(t)Qd:cdth/OTn(t) [/Q\Du<t)|+/m\u<t)|dﬂf“] dt
/ /Q () (1) da d
Finally, having in mind (B2), it implies
(33) /OTn'(t)/Q%u(t)dedt
< [Cwo] [1puen - [ im0 - [ s a] a
/ /|Du |+/ lu(t)| dHN ! / ()f(t)dx} dt
s/o 77'(75)/02 w(t) da di.

It follows from (B3] that

—/0 n(t) /mu(t)[z(t),y] dH™ ™ dt:/O n(t) m|u(t)|d’H Tdt.

Since this identity holds for every nonnegative n € C§°(2), we get

/aQ (Ju®)] + u(t)[z(t), v]) dHN-1 —

for almost all ¢ € (0,7"), which implies the boundary condition ().
Another consequence of (33)) is the identity

/0 L0 /Q Su(t)? da di
:/OTn(t)[/Qwu(t)H/m |u(t)\dHN1—/Qu(t)f(t) daz] dt .

Notice that the arbitrariness of 1 leads to condition (§) and so Theorem (1] is now
completely proven. m

5. UNIQUENESS OF SOLUTION
In this section we show the uniqueness of the solution to problem ().

Theorem 5.1. For every f € L'(0,T; L*(Q)) and every ug € L*()), there exists at most
a solution to problem ().
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PROOF. Assume that u; and uy are two solutions to problem (). Then there exist &
and & which are the time derivatives of u; and wus, respectively, and there also exist the
corresponding vector fields z; and z,. We also point out that u;(0) = u2(0). To see that
uy = ug, we fix n € C§°(0,7T) such that n > 0. The proof is split into several stages.

Step 1: First we choose € > 0 so small for the following calculations to be held and
define
1 [ 1/
v =2 [ aueds, V0= [ asu)ds,
t—e t—e

3

which are actually Pettis integrals.
Since & and & are the time derivative of uy; and wus, respectively, and u; and wuy are
solutions, it follows from (I2) that

(34) tim [ (&0, 920 padt == [ 00) [ G2 dra
and
(3 i [ (e, 920 0= [0 [ Jutw?arar,

On the other hand, we have

/ 6 0) + E(0), W) + U0 Yo
_ __/ / £) +ua(t)) — n(t — &) (ur(t — &) + ua(t — e))) (ur(t) + ua(t)) do dt
=L [ [ no o) et [ ] aee) e -0 0 ) de
_ _/0 n(t)/Q (12 + (1)) ( (st 4 2) it +2)) = (wn(1) + wa(t)) )

3

Since (uy(t+ &) +us(t+2)) (ur(t) + ua(t)) < L (us(t+2) +us(t+2))° + 5 (ur(£) + ua(t))’
holds, it yields

/0 (6 (D) + (), T (1) + T2(1) Yo di

Jmo
J,a

~(u(t+e) + unlt +¢))° — %(ul(t) + u2(t))2) dz dt

<t
/ n(t — 2) (un(t) + ua(t))” = n(t) (ua(t) + uQ(t))2> da dt
_ g/OT
-1

Letting £ go to 0, we obtain

(n(t — <) —n(t)) /Q %(u1(t)+uz(t))2dxdt
(n(t — <) —n(t)) /Q [%ul(t)Q + %uQ(t)2 + ul(t)uQ(t)} dz dt

(36) limsup / (6(8) + Ex(1), UL(E) + T2(1) Yo dt

e—0
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< - /0 Tn’(t) /Q [%ul(t)z+%u2(t)2+u1(t)u2(t)] d dt .

Taking into account ([34) and (B3]), inequality (B6) becomes
(37)
timsup [ [(&(0), 90 o + (&0, 920 o] dt < = [0 (0) [ w(Ouatt) .

Similarly, we deduce

/0 (60(t)— Ealt), WH(E) — W2(t) Y i < ~ / (n(t—2)— (1)) / L (un(t) — ua()) dar it

e Jo 2
~2 [ =0 =) [ [Fu?+ 5u? - u@un] da
so that
imsup / (&u(t) — &(8), WL(E) — (1) Dot

< /0 ' i () /Q [%ul(t)z n %UQ(t)Q . ul(t)u2(t)] dr di |

Then (B4) and (33]) imply

@8) —timipt [ [(&0. 9200+ (0. 920 )] ar < [ w0 [ woun .

Gathering (87) and (38]), we conclude that there exists the limit and

= [0 [ @ dedr = tim [ [0 90 )0+ (&0, ¥20)a] @
which, together with (34]) and (B3], turns out that

(39) —/0 n’(t)/ﬂ%(m(t)—uz(t))dedt:lLr%

i (&(t) = &(t), Wi(t) — W2(t) Yo dt .

Step 2: Our next concern is to compute the limit, as € goes to 0, on the right hand side
of (B9) in a different way. To this end, we write

(40) / (6(1) — &(1), WL(t) — V2(t) Yo di

S R GURZCY S O ZOPY

- / (6(1), V2(t) Yo di — / (&(t), V(1) Yadt = 1° — I
where
. / (6 (1), WX (1) o dt + / (&(t), V() Yo dt
and
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We now use the identities &;(t) + divz;(t) = f(¢) for i = 1,2. With regard to I?, just
apply again condition ([I2]) to get

(41) lim It = —/OTn’(t)/Q [%ul(t)Q + %uz(tﬂ dz dt

- /0 ' n(t) {«&@), ur(t) o + (&(t), u2<t)>>n} dt
:/T ()[(leZ1<) uy(t))o + (divzo(t), us(t Q—i-/f (ur(t) + ua(t ))dx}d

/ /|Du1 |+/‘DU2 |+/ luy (1)) dHN 1 + / s (t) ‘dHN1
+/0 "i(t)/ﬂf(t)(ul(t)+u2(t))dxdt.

Notice that the existence of lim._,q I® is now guaranteed by ([39) and (&I]), having in mind

(Em).

On the other hand, we have

/0«61 gdt = / /t d1vz1 ), ua(s Q+/f us(s )da;]dsdt

Observing that

/ 5/ )(divzy (), us(s))q dsdt
0 t—e
g/ g/ /|z1 ), Duso(s |+/ |us (5)[z1 (1), V]| dHN ™ 1] dsdt
0 t—e
g/ _/ n(s) /|Du2(s)\+/ jus(s)| 4V ds
0 € Jte Q e}

we obtain that

/0 (6 (1), T2() Yo

[ o[t [ ot ]
* /0 Té /tln(s) /Q f(t)us(s) dz ds dt

and, appealing to Lemma [A.3] the right hand side converges to

(42) - /O ") [ /Q | Dus(t)] + m\u2<t>|dHN1] dt + /0 o /Q F(#)ua(t) da dt

as € goes to 0. Analogously, we infer that

/<<sz<> H(t) Yo dt

/ /t M'Dul(s)H/m |U1(S)Id’HN‘1] ds di
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T 1 t
+/ —/ n(s) / f()ui(s) da ds dt
0 € Jt—e Q
whose right hand side converges, as ¢ — 0, to

(43) —/OTW) [A|Du1(t)\+/89\u1(t)\dHN1} dt+/OTn(t)/Qf(t)u1(t) d dt .
Finally, it follows from (@I), [@2) and (@3) that

lim I° > lim I

e—0 e—0
Therefore, (A0) implies that
T
tim [ (€(0) — E(8), VL) — W(t) Yo dt = lim 2 — lan I° < 0.
e=0 /g e—0 e—0

Now, since ([B9) holds, it yields

o< | R [ )~ wto deie—— ") (5 [ - u2<t>>2dx)/ it

— lim I° — lim I®
€ €
e—0 e—0

for all nonnegative n € C§°(0,7"). Then,

0<— G /Q(ul(t) - u2(t))2dx)/

S2/Q(|Du1(t)|+|Du2(t)\)+2/a (ur(£)] + [ua(t)]) dHN

Q
=2([lur(t) | Bv @) + lu2(®)]lBv () € L'(0,T),

and we deduce that function ¢ — / (ui(t) — U2(t))2 dx is absolutely continuous in (0, 7).
Q

Conclusion: Since the function ¢ — [;, (ui(t) — u2(t))2 dzx is absolutely continuous with
nonpositive derivative, it follows that is nonincreasing in (0,7"). Then

/ (wi(t) — uz(t))zdx dt < / (u1(0) — uQ(O))Qd:E dt =0 for all ¢ € [0, T,
Q Q

and we conclude that u;(t) = uy(t) a.e. in Q2 for every t € [0,7]. m

As a consequence of this uniqueness result, each solution to problem (I can be obtained
as a limit of solutions with L?-data. It implies that every feature of these approximate
solutions can be transferred to a general solution to ([{l). Therefore, estimates involving
norms of data and comparison between two different solutions hold true (see [I5, Corollary
5.3, Corollary 5.4 and Corollary 5.5]).

APPENDIX A.

In this Appendix we want to explicit the results from real analysis we use. We will
begin with two well-known results which we state for the reader’s convenience. The first
one is a consequence of the Brezis—Lieb lemma, while the other is a generalized version of
the dominated convergence theorem (see, for instance [16]).

Lemma A.1 (Brezis-Lieb). Let {f,} be a sequence in L*(Q2). Then, the conditions



26 M. LATORRE AND S. SEGURA DE LEON

(1) fu(z) = f(x) a.e. inQ

(2) feLl(Q

(3) fQ|f :lmn%oofguﬁn‘
imply

fn— f  strongly in LI(Q) )

Lemma A.2 (Generalized Dominated Convergence Theorem). Let {f,} and {g,} be
sequences of measurable functions in €. If

(1) gn(z) = g(x) a.e. in Q

(2) fn — f strongly in L*(Q)

(3) |gn| < fn for alln € N
then

gn — g strongly in L*(Q).
Given f € L'(0,T), it follows from Lebesgue’s Theorem that

/ f(s)ds — f(t) pointwise a.e. in (0,7).
Our aim in the following results is to check that we actually have strong convergence in
LY0,T).

Lemma A.3. Let f € L'(0,T) be a nonnegative function with compact support. Then
1 t
—/ f(s)ds — f(t) strongly in L'(0,T) .
€ t—e

PROOF. Define F': [0,7] — R as F(t fo s)ds. This function is absolutely contin-
uous and F'(t) = f(t) a.e. Take e > O small enough to have f(t) = 0 for all ¢ € [0,¢].
Then

g%g//f ) ds dt = lim //f dsdt—lgng <F(t)—F(t—s)>dt
_g{l)g(/e F(t) dt — /8F(t—e)dt)—l%i(/eTF()dt—/oT_eF(t)dt)

i [ F(t)dt:F(T):/Tf(t)dt

T—e

Since * ft A ds > 0, it follows from the Brezis-Lieb Lemma that the convergence is
in Ll(O 7). m

Corollary A.4. Let f,g: (0,7) — R be measurable functions such that |g(t)| < f(t) a.e
n (0,T). Assume that f € L*(0,T) with compact support. Then

1/: g(s)ds — g(t) in L'(0,T).

3

PROOF. Applying Lemma to f, we know that

é/tef(s)ds%f(t) in L'(0,7).
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Our result is now a consequence of

I I
L[ swal <[ s

for all € > 0 and the generalized dominated convergence theorem. m

Remark A.5. It is worth noting that similar arguments apply to functions depending
on more variables. This fact allows us to justify the assertion stated in the introduction.

Let n € C5°(0,T) be a nonnegative function and assume u € L'(0,T; W (Q)) and
z € L>((0,7) x Q). Then the function

S 7}(3)/ |Vu(s,z)|dx

belongs to L'(0, T; RY). By Lemma [A3]

T
hIT(l]/ / /|Vu s,x)| drdsdt = / n(t)/ |Vu(t,z)|dedt.
E—> 0 9}

Since 111% n(s)|Vu(s,z)|ds = n(t)|Vu(t,z)| for almost all (t,z) € (0,7) x Q, it
€ Jt—e
follows from the nonnegativeness of all integrands that

(44) é /t_ n(s)|Vu(s, 2)| ds — n(t)|Vu(t,z)|  strongly in L1((0,T) x Q)

1 t
On the other hand, we also have lirré — n(s)Vu(s,x)ds = n(t)Vu(t, z) for almost all
eV Ji—e
(t,z) € (0,T) x Q, owing to n(s)Vu(s,z) € L*((0,T) x ), wherewith
t

lim1 n(s)z(t,z) - Vu(s,x)ds = n(t) z(t, z) - Vu(t, )

e—0 ¢ l—e

for almost all (¢, z) € (0,T)x. Observing that |n(s) z(t, z)-Vu(s, z)| < n(s)||z|le|Vu(s,z)]|
and applying (44]), the generalized dominated convergence theorem leads to

lig%/oTé/t;n(s)/Qz(t, x)-Vu(s,z)dxdsdt = /OTn(t)/Qz(t,:c) -Vu(t,z)dedt.

Lemma A.6. Let f € L'(0,T) with compact support and let g: (0,T) x (0,T) — R be a
measurable function such that |g(t, s)| < f(s) for almost every s,t € (0,T). If

lim/ / (t,s)dsdt = / f(t)dt,
e—0

lim/ / (t,s)— f(t)|dsdt =10,
e—0 l—e

ProoF. We define the auxiliary functions

[ s wd =1 [ seoas

By Lemma[A3] f. — f strongly in L'(0,7'). Hence,
T

lim (f-(t) = g=(t)) dt =0.

n—oo

then
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Observe that almost all ¢t € (0,T") satisfy |g(t, s)| < f(s) for almost all s € (0,7, so that
g-(t) < f-(t) holds a.e. It follows that f. — g. — 0 strongly in L'(0,7") and so

g- — f strongly in L'(0,T).
Notice also that for almost all ¢t € (0,7"), the inequality
lg(t,s) — f(t)] < |f(s)— f(t)|+ f(s) —g(t,s) holds for almost all s.
Therefore, almost all t € (0,7") satisfy

@) [ et = polds< 2 [ 1) - polds+ L [ pe) ot ds.

3

Our aim is to check that the left hand side of (@) tends to 0 strongly in L*(0,7). To
this end, we analize its right hand side. The first term goes to 0 pointwise for almost all
t € (0,7) due to Lebesgue’s Theorem. Moreover, we also have the estimate

- swlds <l [ s,

€
Thus, we deduce from the generalized dominated converge theorem that

1

B /t; |f(s) — f(t)|ds — 0 strongly in L'(0,T).

Since we already know that the second term on the right hand side of ([@3]) tends to 0
strongly in L'(0,T), it follows that

1

¢
—/ lg(t,s) — f(t)|ds — 0 strongly in L*(0,T)
€ Ji—e

as desired. m

Remark A.7. As a consequence of the previous result, we can find a subsequence

L etts) - r(0)]ds

En t—en

which converges to 0 a.e. Hence,

e—0 €

1 t
lim inf —/ lg(t,s) — f(t)|ds =0 a.e.
t—e

Nevertheless, we are not able to check that every subsequence tends to 0 a.e. and so we
cannot deduce that the approximate limit of g(¢.-) at t is f(¢).

FunDING

S. Segura de Leon has been supported by MCIyU & FEDER, under project PGC2018—
094775-B-100 and by CECE (Generalitat Valenciana) under project AICO/2021/223.



THE INHOMOGENEOUS 1-LAPLACE EVOLUTION EQUATION 29

REFERENCES

[1] L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free Discontinuity
Problems, Oxford Mathematical Monographs. Oxford: Clarendon Press (2000).

[2] F. Andreu, C. Ballester, V. Caselles and J.M. Maz6n, “The Dirichlet problem for the total variation
flow”, J. Funct. Anal., 180 No. 2 (2001), 347-403.

[3] F. Andreu, V. Caselles, J.I. Diaz and J. M. Maz6n, “Some qualitative properties for the total
variation flow”, J. Funct. Anal. 188, No. 2 (2002), 516-547.

[4] F. Andreu—Vaillo, V. Caselles and J.M. Mazén, Parabolic quasilinear equations minimizing linear
growth functionals, Progress in Mathematics (Boston, Mass.) 223. Basel: Birkhauser (2004).

[5] G. Anzellotti, “Pairings between measures and bounded functions and compensated compactness”,
Ann. Mat. Pura Appl., IV. Ser. 135 (1983), 293-318.

[6] V. Bogelein, F. Duzaar and P. Marcellini, “Existence of evolutionary variational solutions via the
calculus of variations”, J. Differ. Equations 256 (12) (2014), 3912-3942.

[7] V. Bogelein, F. Duzaar and P. Marcellini, “A time dependent variational approach to image restora-
tion”, STAM J. Imaging Sci. 8 (2) (2015), 968-1006.

[8] V. Bogelein, F. Duzaar, L. Schétzler and C. Scheven, “Existence for evolutionary problems with
linear growth by stability methods”, J. Differential Equations 266 (11) (2019), 7709-7748.

[9] V. Bogelein, F. Duzaar and C. Scheven, “The total variation flow with time dependent boundary
values”, Calc. Var. Partial Differential Equations 55 (4) Paper no. 108 (2016) 31p.

[10] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universitext.
Springer, New York (2011).

[11] J. Diestel and J.J. Uhl, Vector measures Mathematical Surveys. No. 15. Providence, R.I.: American
Mathematical Society (AMS) (1977).

[12] L.C. Evans, Partial differential equations, Graduate Studies in Mathematics, 19, American Math-
ematical Society, Providence, RI (1998).

[13] J. Kinnunen and C. Scheven, “On the definition of solution to the total variation flow” , (2021,
preprint)

[14] L. Schwartz, “Fonctions mesurables et *-scalairement mesurables, mesures banachiques majorées,
martingales banachiques, et propriété de Radon—-Nikodym”, Séminaire Maurey—-Schwartz (E. Poly-
technique) (1974-1975), exp. no. 4, 1-17.

[15] S. Segura de Leén and C.M. Webler, “Global existence and uniqueness for the inhomogeneous
1-Laplace evolution equation”, NoDEA, Nonlinear Differ. Equ. Appl. 22, No. 5 (2015), 1213-1246.

[16] D.W. Stroock A concise introduction to the theory of integration. 2nd ed., Oxford Mathematical
Monographs. Basel: Birkhduser (1994).

[17] J.M. Télle, “Convergence of solutions to the p-Laplace evolution equation as p goes to 1”7, (2011,
preprint)

[18] J.R.L. Webb, “An extension of Gronwall’s inequality”, Nonlinear Bound. Value Probl. 9 (1999),
196-204.

[19] J.R.L. Webb, “Extensions of Gronwall’s inequality with logarithmic terms”, in [Barletta, Elisabetta
(ed.), Lecture notes of Seminario Interdisciplinare di Matematica Vol. II. Potenza: Universita degli
Studi della Basilicata, Dipartimento di Matematica. (2003), 149-159].

MARTA LATORRE: MATEMATICA APLICADA, CIENCIA E INGENIERfA DE LOS MATERIALES Y TEC-
NOLOGIA ELECTRONICA, UNIVERSIDAD REY JUAN CARLOS

C/TULIPAN $/N 28933, MOSTOLES, SPAIN

ORCID 1D: 0000-0001-9859-3809

Email address: marta.latorre@urjc.es

SERGIO SEGURA DE LEON: DEPARTAMENT D’ANALISI MATEMATICA, UNIVERSITAT DE VALENCIA,
DRr. MOLINER 50, 46100 BURJASSOT, SPAIN

ORCID 1D: 0000-0002-8515-7108

Email address: sergio.segura@uv.es



	1. Introduction
	2. Preliminaries
	2.1. Notation
	2.2. Functions of bounded variation
	2.3. Anzellotti's theory
	2.4. Integration of vector–valued functions
	2.5. The time derivative

	3. Our starting point
	3.1. Source data in L2((0,T)) 

	4. Existence of solution if f L1(0,T;L2())
	4.1. Step 1: A priori estimates
	4.2. Step 2: Convergence of the sequence (un)n in L(0,T; L2())
	4.3. Step 3: Convergence un2 u2 in L(0,T; L1())
	4.4. Step 4: u Lw1(0,T;BV())
	4.5. Step 5: Existence of the vector field zL((0,T);RN)
	4.6. Step 6: Convergence divzdivz in L1(0,T;BV()L2())* for some subnet {z}I
	4.7. Step 7: Convergence u in L1(0,T;BV()L2())*+L1(0,T;L2())
	4.8. Step 8: For almost all t the equation holds in the distributional sense
	4.9. Step 9: (z(t),Dv) is a Radon measure in  for a.e. t(0,T) and for all vBV()L2()
	4.10. Step 10: Definition of the trace on the boundary of the normal component [z(t), ]
	4.11. Step 11: Convergence of the traces on the boundary of the normal components
	4.12. Step 12: Green's formula 
	4.13. Step 13:  is the time derivative of u in the sense of Definition 2.3
	4.14. Step 14: Conditions (8) and (9)

	5. Uniqueness of solution
	Appendix A.  
	Funding
	References

