THE DIRICHLET PROBLEM FOR A SINGULAR ELLIPTIC
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ABSTRACT. In the present paper we consider the Dirichlet problem associated with a
nonlinear singular elliptic equation, whose differential operator arises in the level set
formulation of the inverse mean curvature flow; namely, we study

) Du

We introduce a suitable concept of weak solution, for which we prove existence and
uniqueness of the homogeneous Dirichlet problem in a bounded open set of RN for
data f belonging to suitable Lebesgue spaces. Moreover, examples of explicit solutions
are shown.

1. INTRODUCTION

Let Q be a bounded open set in RY with Lipschitz continuous boundary 0€2. Let us
consider the problem
D
—div (—u) +|Du/=f in Q

(1.1) [Dul

u=>0 on 0f),

being 0 < f € LY(Q), ¢ > N. This differential operator appears in the level set
formulation of the inverse mean curvature flow ([12], see also [11], [17] and [18]).

The inverse mean curvature flowis a one-parameter family of hypersurfaces {I'; }1>0 C
RY (N > 2) whose normal velocity V,,(¢) at each time ¢ equals the inverse of its mean
curvature H(t). If we let 'y := F(T'y, t), then the parametric description of the inverse
mean curvature flow is to find F': Ty x [0,7] — R” such that
or v
ot H’
where v denotes the unit outward normal to I';.

(1.2) t>0,

The inverse mean curvature flow was originally introduced as a mathematical method
for proving well-known conjectures from the black hole theory such as Penrose Inequality
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(which says that the total mass of a spacetime containing black holes with event horizons
of the total area A should be at least \/A(167w)~! ). Huisken and Ilmanen in [12]
propose a level set formulation for the inverse mean curvature flow (1.2), and define a
weak notion of solution using an energy minimizing principle in such a way that the
generalized inverse mean curvature flow exists for all time. Using this result they then
give a proof of the Penrose Inequality for the particular case of a single black hole.

The level set formulation proposed in [12] is the following. Assume that the flow is
given by the level sets of a function u : RY — R via

[, =0FE, E, ={zecR" : ulx)<t}

Wherever u is smooth with Vu # 0, equation (1.2) is equivalent to

div (;—E) = |Vu|.

Thus, (1.2) give rise to the boundary value problem

div (é—il) =|Vu| in Q

u=0 on 0f),

(1.3)

where 0 = RN\ Ej.

Huisken and Ilmanen [12] define a weak solution of problem (1.3) as a locally Lipschitz
function v which minimizes

Ju(v) == /Q(|Vv| + |Vu|v) dx

for every locally Lipschitz function v such that {v # u} CC Q. They proved the
existence of weak solution by elliptic regularity. Afterwards, Huisken and Ilmanen in
[13] have proved regularity results for the inverse mean curvature flow and as conse-
quence that every weak solution is regular after the first instant where a level set is
star shaped. A different proof for the existence of weak solution of problem (1.3) is
given in [17], which is based on the observation that for p > 1, a logarithmic change of
dependent variable transforms the approximating equation div(|Vu[P=2Vu) = |Vul? to
the homogeneous p-Laplace equation.

Our aim is to prove existence and uniqueness of solutions for problem (1.1). Note
that when f = 0 problem (1.1) coincides with (1.3). Now, even if f = 0, there are
important differences between the two problems. One is that Huisken and Ilmanen
study the problem on other manifolds than RY. On the other hand, we assume that
() is an open bounded set, while Huisken, Ilmanen and Moser assume that it is an
unbounded one, since Ej is compact. Therefore we only consider the homogeneous
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Dirichlet condition u‘ 2 = 0 and they, besides it, need another condition at infinity. As
expected, this condition states that v must satisfy

lim wu(z) = +oc.

|z|—o00
Our approach to the existence is closer to the one followed by Moser, but our concept
of weak solution is different and follows the ideas developed in [3] (see also [4]) to study
the Dirichlet problem associated with the total variation flow. Indeed, our definition of
solution relies on the existence of a bounded vector field z which plays the role of %,
even if Du may vanish (see Definition 3.1 below). We prove that, given any nonnegative
f € Li(Q), with ¢ > N, there exists a unique nonnegative bounded solution to (1.1).
This solution belongs to BV (2), but it has a negligible jump part. We explicitly point
out that it is the presence of the gradient term in (1.1) which implies uniqueness and
leads to certain regularizing effects (see Remarks 3.9 and 3.10).

Let us briefly summarize the contents of this paper. In Section 2 we fix the notation
and give some preliminaries results that we need. The next section is devoted to
establish the existence and uniqueness results. Finally, in the last section we give some
explicit solutions of our problem.

2. PRELIMINARY RESULTS

In this section we introduce some notation and some preliminary results that we
need. Throughout this paper HY~! will denote the (N — 1)-dimensional Hausdorff
measure and £V the Lebesgue measure.

2.1. Functions of bounded variations and some generalizations. The natural
energy space to study the problems we are interested in is the space of functions of
bounded variation. Recall that if Q is an open subset of RY, a function u € L*(Q)
whose gradient Du in the sense of distributions is a vector valued Radon measure with
finite total variation in €2 is called a function of bounded variation. The class of such
functions will be denoted by BV (2). For every u € BV (Q2), the Radon measure Du
is decomposed into its absolutely continuous and singular parts with respect to the
Lebesgue measure: Du = D% + D%u. So D% = Vu LY, where Vu is the Radon-
Nikodym derivative of the measure Du with respect to the Lebesgue measure £V,

We denote by S, the set of all x € Q2 such that z is not a Lebesgue point of u, that
is, © € Q\S, if there exists u(x) such that

| 1 o
1;{{)1 ,CN(Bp([L')) /Bp(x) |U(y) - U(ZL‘)| dy = 0.

We say that = € Q is an approzimate jump point of w if there exist uy (z) > u_(z) € R
and v,(z) € S¥~1 such that

1
i [ )~ we@ldy =0
L0 EN(B;{(I, Vu())) B (z,vu(x)) ’
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1
lim / u(y) —u_(x)|dy = 0,
M IV, @) S gy Y )

where
B, (z,vu(x)) = {y € By(x) : (y—x,v(x)) > 0}
and
B, (z,vu(x)) = {y € By(x) = (y -z, v(z)) <0}
We recall that for a Radon measure p in €2 and a Borel set A C 2 the measure pl_ A is

defined by (uL A)(B) = u(AN B) for any Borel set B C ). If a measure p is such that
= L A for a certain Borel set A, the measure p is said to be concentrated on A.

We denote by J, the set of approximate jump points of u. By the Federer-Vol'pert

Theorem [2, Theorem 3.78], we know that S, is countably HY~!'-rectifiable and H¥~1(S,\ J,) =
0. Moreover, Dul_J, = (v — u™ )y, HV "' J,. Using S, and J,, we may split D*u in
two parts: the jump part D/u and the Cantor part Du defined by
D’y = D*ulJ, and D = D*ul(Q\S,).
Then, we have
Diu = (um —u ), HY L,
Moreover, if x € J,, then v, () = 2%

= TDul
Du with respect to its total variation |Du|.

(x), III;_Z\ being the Radon-Nikodym derivative of

The precise representative u* : Q\(S,\Ju) — R of u is defined as equal to @ on 2\95,
and equal to =2t on J,. It is well know (see for instance [2, Corollary 3.80]) that if
p is a symmetric mollifier, then the mollified functions u * p. pointwise converges to u*
in its domain.

For further information concerning functions of bounded variation we refer to [2],
[10] or [20].

2.2. A generalized Green’s formula. We shall need several results from [6] (see also
[4]) in order to give sense to the integrals of bounded vector fields whose divergence is
a measure integrated with respect to the gradient of a BV function. This theory was
also studied in [8] from a different point of view.

Assume that € is an open bounded set of RY with Lipschitz continuous boundary.
Let p > 1 and p’ > 1 be such that % + ]% = 1. We will consider the spaces

{z € L>*(Q,RY) : div(z) € L*(Q)}
and
{z € L*(Q,RY) : div(z) is a bounded measure in Q} .

The first space is denoted as X,(€2) in [6] while the second (the space of divergence-
measure vector fields) is denoted as X,(€2) in [6] and as DM (€2) in [8]. From now on
we shall use the notation DM, (€2).
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Ifz € X,(Q) and w € BV(Q) N L' () or z € DM (Q) and w € BV (2) N C(Q) N
L>(€2), we define the functional (z, Dw) : C§°(§2) — R by the formula

(2.1) (2, Dw), ) ::—/Qw@div(z)dx—/gvvngodx.

In [6] (see also [4, Corollary C.7, C.16)) it is proved the following result.

Proposition 2.1. The distribution (z, Dw) is actually a Radon measure with finite
total variation.
The measures (z, Dw), |(z, Dw)| are absolutely continuous with respect to the measure

|Dw| and
[ @ow)| < [ @ 0wl < el [ 100
B B B

for all Borel sets B and for all open sets U such that B C U C €.
Denoting by
0(z, Dw,-): Q=R
the Radon—Nikodym derivative of (z, Dw) with respect to |Dw|, it follows that

/(z, Dw) = / 0(z, Dw, x) | Dw| for all Borel sets B C (2
B B

and
16(z, Dw, )| e (@ pw)) < |2]]oo-
Moreover, if f : R — R is a Lipschitz continuous increasing function, then

(2.2) 0(z, D(f ow),z) = 0(z, Dw, x), |Dw| — a.e. in Q

In [6], a weak trace on Jf) of the normal component of z € DM () is defined. More
precisely, it is proved that there exists a linear operator v : DM () — L*(99) such
that

17(2) |0 < Izl
v(z)(x) = z(x) - v(z) for all z € N if z € C'(Q,RY).
We shall denote ~(z)(x) by [z, v|(x). Moreover, the following Green’s formula, relating
the function [z, 7] and the measure (z, Dw), for z € X,(Q) and w € BV (Q) N L¥(Q) or
z € DM (2) and w € BV (Q) N C(Q) N L>®(Q), is established

(2.3) /Qw div (z) dx+/ﬂ(z,Dw) :/m[z,y]w AN,

Applying a Meyers—Serrin type Theorem, it was observed in [16] that it is possible
to get a Green'’s formula like (2.3) for z € DM (2) and w € BV (Q) N L>(2), that
is, without assuming the continuity of w. To do that, for z € DM () and w €
BV () N L*>(Q2) the functional (z, Dw) : C§°(§2) — R is defined by the formula

(2.4) ((z, Dw), @) ::—/w*npdu—/gu)mV(pdx

Q
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where p := div (z); which is well defined since |u| is absolutely continuous respect to
HNL (see [8, Proposition 3.1]). We explicitly remark that this definition depends on
the precise representative of u; if we change the representative, in general, we will get
a different definition (see another definition in (2.27) below).

With the above definition of (z, Dw), in [16] it is proved that (z, Dw) is a Radon
measure such that

(2.5)

/ <z,Dw>\ < llzll ey Dl (B)

for every Borel set B and for every open set U such that B C U C €2, and verifies the
Green formula

(2.6) / w* djs + / (2, Dw) — / (2, vJw dHN.
Q Q o0
Observe that for z € DM () and w € BV (Q) N L*(2), we have the following

equality as Radon measures
(2.7) div (wz) = (z, Dw) + w" div (z) ,

so that wz € DM (Q).

In principle it is not clear that (2.2) holds in the case that z € DM (2) and
u € BV(2) N L>(Q2). However, let us see that (2.2) holds if we assume the jump part
DI vanishes.

Proposition 2.2. Let z € DM (Q) and consider u € BV () N L>®(Q) with Diu = 0.
If f: R — R is a Lipschitz continuous increasing function, then

(2.8) 0(z, D(f ou),x) = 0(z, Du, x), |Du| —a.e. in §2
Proof. By the proof of (2.2) in [6, Proposition 2.8], it is enough to prove that
(2.9)  0(z,Du,x) = 0(z, DXg,,,z) |DXg,,| —ae. inQfor £' — almost all t € R,

where E,; := {x € Q : wu(x) > t}. We remark that the main ingredient to prove
the above formula is a “slicing” result that links the measure (z, Du) with the mea-
sures (z, DXp,,). This result can be stated as: for all ¢ € C§°(€), the function
t — ((z, DXg,,), ) is L'- measurable and

“+00

(2.10) (2. Du).p) = [ {2 DX, ) o).

—00

Given z, by results in [8], there exists a sequence z, € C*®(2; RY) N L>°(; RY) such
that

z, =z in L®(QRY) — weak®
and
div (z,) — div(z) and |div(z,)| — |div(z)] weakly-* as measures.
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Fix ¢ € C§°(§2). By the coarea formula we have

(2. D)) = [ 22(0) - Fin(@)e(o) [Dud
“+oo
(2.11) =/ (/an(rc)- |g§j’t|(w)so(w)leEu,tl) dt
- [t Dxn e
On the other hand,
(2.12) ((zn, Du), @) = —/ngo div(z,) dz — /Quzn -Vepd.

Now, by [8, Proposition 3.1], |div (z)| < HN"!, and since D/u = 0, we have up is a
bounded Borel function with compact support such that the set of its discontinuity
points is |div (z)|-negligible. Thus, from [2, Proposition 1.62], we can pass to the limit
in the first term of the right hand of (2.12). Since obviously we can pass to the limit
in the second term, taking limit in (2.12), we get

(2.13) ((zn, Du), ) — ((z, Du), ).

Next we will pass to the limit in the right hand side of (2.11). Observe that, since
DIy = 0, we have HN "1 (OE,; NOE, ) = 0 if s # ¢. Then, applying again |div (z)| <
HN-1 we have
|div (z)| (OEut NOE.s) =0 if s #t.
Therefore, there exists A C R numerable such that
|div (z)| (OEut) =0 if t € R\A.
Then we may apply the same argument as above to let n goes to 400 in

((zn, DXE,,), @) = —/ pdiv(z,) dx —/ z, - Vodx
Eu,t

Eu,t
and deduce that

(2.14) ((zn, DXp,,),¢) = ((z, DuXg,,), @) for all t € R\A.

Moreover, it is straightforward that

(2, DX ), )] < Ilzmlsclliloc / DX, | < C / DX,

for all n € N. By the Dominated Convergence Theorem, we obtain that

400 +o0
(2.15) | t@pxe )it [ (@ Dxn ) 0

o0

Finally, from (2.13) and (2.15), we get (2.10). O
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Proposition 2.3. If z € DM () and u,w € BV (Q) N L>*(Q) with D’u = Diw = 0,
then

(2.16) (wz, Du) = w*(z, Du) as Radon measures.

Proof. By (2.7), we have wz € DM (2) and also,

div (uwz) — u*w*div (z) = (wz, Du) + u* div (wz) — u*w*div (z)
= (wz, Du) + v*w*div (z) + u*(z, Dw) — u*w*div (z) = (wz, Du) + u*(z, Dw).
Interchanging the roles of v and w, we get
div (uwz) — u*w*div (z) = (uz, Dw) + w*(z, Du).
Hence, we obtain that
(2.17) (wz, Du) + u*(z, Dw) = (uz, Dw) + w*(z, Du).

We claim now that

(2.18) u*(z, Du) = (uz, Du) as Radon measures.
Assume first that « > 0. Since, by Proposition 2.2,

(2.19) 0(z, Du?, z) = 0(z, Du, x), |Du| —a.e. in €,
we have

(z, Du?) = 0(z, Du?, )| Du?| = 0(z, Du?, v)2u*| Du|
= 2u*0(z, Du, x)|Du| = 2u*(z, Du).
On the other hand, by (2.7)
div (u’z) = (z, Du?) + (u?)* div (z).
Now, since D7u = 0, we have (u?)* = (u*)? up to a H"*-null set, therefore
2u*(z, Du) = (z, Du?) = div (uv?z) — (u?)* div (z)
= div (u®z) — (u*)?div (z) = u*(z, Du) + (uz, Du),

and the claim (2.18) holds when u is nonnegative. When the sign of u can change, we
apply the claim to u + [|u||e. It follows that

(uz, Du) + ||ullo (2, Du) = ((u + ||ulloc)z, D(u + [[ull))
= (u+ [Jullss)"(z, D(u + [Jullec)) = v (2, Du) + |[ulloc(z, Du) .
Simplifying, we get (2.18) in general.
Applying (2.18) to the function u + w, we obtain that
(u+w)*(z, D(u+ w)) = ((u+ w)z, D(u + w)),
from where it follows that

(2.20) u*(z, Dw) + w*(z, Du) = (uz, Dw) + (wz, Du) as Radon measures.
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Finally, from (2.17) and (2.20), we obtain (2.16). O

As noted after (2.4), our definition of (z,w) changes by changing the representative
of w. Since another definition will be useful in the sequel, we next introduce it. To this
end, we will need the following approximation of a BV —function by smooth functions.
Before giving the approximation result let us introduce the following notation. For each
w € BV(Q), we consider the representatives w., w_ : Q\(S,\Jw) = R of w defined as
equal to w on Q\S,, and equal to w,, respectively w_ on J,.

Proposition 2.4. For each w € BV (2) N L®(Q) there exists a sequence {wy,}, in
BV () N C*>(Q) satisfying

(2.21) w, — Wy, pointwise HY ' -a.e.
(2.22) |lwalloo < [|wlloo, for alln e N.
(2.23) sup/ |Vw,| < co.

neN JQ

A similar approximation holds for w_.

Proof. For each n € N, set F, = Q\{z —tv,(z) : 2 € J,, 0<t < 1} Observe
that Q = (J, 2, F,,. Let p be a symmetric mollifier supported in B;(0) and consider the
sequence defined by p,(z) = n" p(nx). We define

Wy, = pn* (WXE,) .

We will prove that w,(z) — w, (z) for all z € (Q\S,) U Jy; since HY (S, \J,) = 0,
we will deduce (2.21).
If x € Q\S,, then

171l e 11l ol —
S Q/m)¥ /B . [wly) = w(@)ldy < 7755 /B 1/n(z)| (y) — ()| dy

and the last term tends to 0 as n goes to co. On the other hand, if x € J,, note
that By,(x) N F, = B;“/n(m,uw(x)), at least for n large enough. Thus, an analogous
argument yields

unte) — )] < P [ futy) — e )]y,

(1/n)N L (@0 (2))

which tends to 0 as n goes to oo.
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Condition (2.22) follows easily from the definition of w,. To see condition (2.23), it
is enough to perform the following computations

limsup [ |[Vw,| < limsup/ |D(wXF,)

n—o0 (9] n—oo

:hmsup/ |Dw|+|]wHoohmsup/ |DXE, | </|Dw|+2|]w|]oo7{N Y Jw) -
Fy

n—oo
O
Now, given a C''-real function g and a < b, we write

1 b
][bg(s)dsz b—a/ g(s)dsa 1fCL<b7
' g(a)7 ifa=0.

For w € BV (Q) N L*>*(Q)), we denote

Note that g(w)* is a particular representative of g(w) € BV (Q) N L>(£2). It is equal
to the precise representative g(w)* of g(w) if ¢ is an affine function but, in general,
g(w)* # g(w)*. We point out that, by the chain rule BV (Theorem 3.96 in [2]), we
have

(2.24) Dg(w) = ¢'(w)*Dw.

In the next result we will see that g(w)* is H¥'-a.e. equal to a Borel measurable
function.

Lemma 2.5. For every w € BV (Q)NL>®(Q), there exists a sequence {vy, }, in WHH(Q)N
L>(Q) such that
(2.25) v, — g(w)*, pointwise HN 1-a.e.
2.25

v, — g(w)*, weakly-* in BV ().

Proof. Applying Proposition 2.4, we find two sequences {w!}, and {w?}, in BV (Q)nN
C>(92) satisfying

1 ~ 2 S N-1
w, = wy and w, — w_, pointwise H" ~-a.e.

|w! |oo < |w|loo, fori=1,2 and for all n € N.

sup/|wal| <oo, fori=1,2.

neN JQ
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We may assume that w? < w! without loss of generality; if necessary, we will take
wl vV w? instead of w! and w} A w? instead of w?. Defining

1

Un:][ ng(s)d‘sa

wj
it is straightforward that
v, — g(w)*,  pointwise HY 1-a.e.

and
[vnllc < sup [g(s)|, forallneN.

|s|<[lw]loo

Thus, as a consequence of Lebesgue’s Theorem, we obtain
(2.26) v, — g(w)*, strongly in L'(€).
On the other hand, performing easy computations, it yields

wh) — v,
Vv, = [—g( n) > X{wz<wl} +

1
Wl — w2 _g,(wa{w%:w}L}] Vwi

2

v — g(w?) 1 )
+ |: wl _ w2 X{wn<wn} + 2g ( )X{w’%:w’llL} vw’n
Using Taylor’s Theorem, we also obtain that
Un_g(wrlz) o L, Un _g<w721) . L,
ol | 5l9'(z1)] and ol | 5l9'(z2)]

for some z; € [w2,w}], i = 1,2. Therefore,
1
Vu,| <= sup  |g'(s)|[|[Vwp| + |Vw?]], forallneN,
Is|<[lw][o

and so

sup/ |Vu,| < oo.

neN

This estimate and (2.26) imply v,, — g(w)* weakly-* in BV (Q2); hence, (2.25) holds. [

Now we are ready to provide another definition of a pairing between z € DM . (Q2)
and g(w) € BV (Q) N L>*(Q), where g is a C'-real function. In fact, we introduce the
functional (z, Dg(w)*) : Cg°(Q2) — R by the formula

(2.27) (2. Dalw). ) === [ gtw)odu— [ glw)z-Vioda

where p = div (z). Having in mind (2.25) and |u| < HY™!, we deduce that g(w)* is
p—measurable and so (z, Dg(w)*) is well-defined.
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Moreover, by using again (2.25) and the arguments of [6], it follows that (z, Dg(w)*)
is actually a Radon measure such that

| @ Datwp)

for every Borel set B and for every open set U such that B C U C ().

(2.28) < |zl o )| Dg(w) |(B)

2.3. Functionals defined on BV. Let  be an open subset of RY. Let [ : Q x R x
RY — [0, 00[ be a Borel function such that

(2.29) C(z)|§| = D(x) < Uz, 2,§) < M'(x) + Mg

for any (z,2,£) € QxRxRY, |z| < R, where M is a positive constant and C, D, M' > 0
are bounded Borel functions Wthh may depend on R. Assume that C, D, M’ € L'(Q).

Following Dal Maso [9], we consider the following functional for v € BV ()N L>(2):

Ri(u) ::/Ql(a:,u(:v),Vu(a?))dx%—/Qlo (x,ﬂ(m),%(x)) | DCul

N / u ( / :()) zO(x,s,yu(x))ds> dHN " (x),

where the recession function ° of [ is defined by

(2.31) °(x,2,&) = lim tl (x,z, %) ,

t—0t

(2.30)

it is convex and homogeneous of degree 1 with respect to &.

Assume that [ : R x RY — [0, 00| is a continuous function convex in its last variable
such that

(2.32) 0<U(z,6) <MA+|E) V(2,8 eRxRY

for some constant M > 0 which may depend on R. Given a function u € BV () N
L>(§2), we define the Radon measure {(u, Du) in € by

(2.33) (i1, Du),6) = Raalu) & € CL()*.

If ¢ € C.(Q), we write ¢ = ¢T — ¢~ with ¢T = max(¢,0), ¢~ = —min(¢,0), and we
define (I(u, Du), ¢) = Ry+i(u) — Ryp-1(u).

Let us observe that in the special case

(2.34) 1°(2,€) = p(2)v° (&),
where ¢ is Lipschitz continuous and 1 is an homogeneous function of degree 1, by
applying the chain rule for BV—functions (see , we have

(2.35) Ro(u /¢> (u, V) dx+/gb (‘D ’> |D*Jp(u)],
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where J,(r) denote the primitive of ¢ given by

In this case,

(2.36) .00 =0 (5% ) 1070l

In [5] we have established the following result.
Theorem 2.6. Let | verifying (2.32) and (2.84), g € L=(0) and ¢ € C(Q)* be given.
Then, the functional F; : BV (Q) — R defined by

Fy(w) = Raaw) + | 017,00) = T ul®(vs) d™
is lower semi-continuous with respect to the L'— convergence.

For the particular case I(z,€) := |¢|, and ¢(z) = 1 for all € Q, by Theorem 2.6, we
have that the functional F9 : BV (£2) — R defined by

(2.37) FI(u) = /Q | Du| + /8(2 lg(z) — u(z)| dHN " (z)

is lower semi-continuous with respect to the L!'—convergence, which is a well known
result

For the particular case [(z, &) := e *[£|, g = 0, by Theorem 2.6, we have that for any
¢ € C(Q)*, the functional Fy : BV(Q) — R defined by

= [ oa)e @ Vul@)|d+ [ o D
Q Q

wt(z)
+/ o(z) (/ e’ ds) dHN M z) + ., o(z) e @ — 1| dHN ()

~(z)

(2.38)

is lower semi-continuous with respect to the L'—convergence.

For uw € BV (Q2), we define the Radon measure E(u) in Q by

(2.39) (E(u), ¢) := Fy(u) Ve C().
Note that for ¢ € C.(2), we have

/¢ e @ |V (x ydx+/¢ —i@) | Dey|
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[ o ( /:j ds> Y1 (2).

Now, applying the chain rule for BV—functions (see [2]), we have

|ID(1 —e™)| = e | Vu|LY + e %D + e — e " |HN L J,.
Therefore, we have obtained that
(2.40) E(u) =|D(1 —e™)| as Radon measures on Q.

Similarly, taking [(z,£) := z|¢| and g = 0, by Theorem 2.6, we have that for any
¢ € C(Q)*, the functional F, : BV (2) — R defined by

/¢> )|Vu(a >|d:c+/ﬂ a(x) | Dl
us (@) . 1 o N
+/u (/u_(x) sds) dHY " (x) + - o(z) 5“(@ dH" " ()

is lower semi-continuous with respect to the L!—convergence.

For u € BV (Q2), we define the Radon measure I(u) in © by

(2.41)

(2.42) (I(w), ) = Fy(u) Ve C().
Now, observe that for ¢ € C.(£2), we have

/ o Vu@)l ot [ 3|0+ [ 5 (@~ u(a)?) )

Q u
and Consequently we have that

(2.43) I(u) = u*|Du| as Radon measures on 2.

3. EXISTENCE AND UNIQUENESS OF SOLUTIONS
We introduce the following concept of solution to problem (1.1).

Definition 3.1. Let f be a non-negative function in L (2). We say that u is a weak
solution of problem (1.1), if 0 < u € BV (Q) N L>(Q) with D/u = 0 and there exists a
vector field z € DM (), with ||zl < 1, satisfying

(3.1) —div(z) +|Dul=f in D'(Q),

(3.2) (z, Du) = |Du| as measures in €2,
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and
(3.3) ulogn =0 HY ' —ae.

Remark 3.2. It is worth noting that if u is a solution to problem (1.1) in the sense
of the above definition, then it is also a solution in the sense of Huisken and Ilmanen:
namely, it minimizes a suitable functional. To see it, assume that u is a solution to
problem (1.1) in the sense of the above definition. Then there exists a vector field
z € DM () satistying [|z]l < 1, (3.1) and (3.2). Define

I,(v) = /Q(|D"U| + v*|Du| — fv).

We will see that u minimizes this functional among all v € BV () N L>(2) satisfying
Div = 0 and v|gq = 0. Indeed, fix one of those v, multiply (3.1) by v and apply Green’s
formula to obtain

(3.4) 0= /(Z,Dv) +v*|Du| — fuv.
Q
Since ||zl < 1, it follows that (z, Dv) < |Dv| and so we deduce that
0<I,(v).

On the other hand, taking v = w in (3.4) and having in mind (3.2), we get that
I,(u) = 0. Therefore, among all admissible functions, the minimum of 7, is attained at
u.

Remark 3.3. The condition D’u = 0 does not imply that u is a continuous function.
Nevertheless, then HY¥~1(S,) = 0 and so the points of discontinuity of its precise
representative «* make up a H"'-null set.

Remark 3.4. Let us see that if u is a weak solution of problem (1.1) and z € DM (),
with ||z]| < 1, satisfying (3.1) and (3.2), then

(3.5) —div(e™z)=e¢""f in D'(Q).
In fact, by (3.2)
0(z, Du,z) =1 |Du|—a.e. in €.
Then, by Proposition 2.2 we have
O(z,D(1—e"),2)=1 |D(1—e™")]—ae in Q,
and consequently, for all Borel sets B C (2,

/B(Z,D(l—e_“)):/B(‘)(Z,D(l—e_“),x)]D(l—e_“)| :/B|D(1—e_“)|.
Therefore

(3.6) (z, D(1—¢"))=|D(1 —e™)| as Radon measures in €.
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On the other hand, by (2.7), (3.6), (3.1) and (2.40), we have
—div(e™"z) =div ((1—e™")z) —div(z) = (z,D(1 —e™")) + (1 — e ")*div (z) — div (2)
— ID(1 = e = ()" div (2) = ()7 Du| — (™) (—£ + [Du]) = &~f,
and (3.5) hold.
We have the following existence result.

Theorem 3.5. Given 0 < f € L), with ¢ > N, there ezists, at least, one weak
solution u of problem (1.1).

Proof. To prove the existence of solution of problem (1.1) we approximate it by the
following problems related with the p-Laplacian.

—Ay(u)+|VulP=f in Q
(3.7)
u=20 on 01,
where, for 1 < p < N, the p-Laplacian operator A,(u) := div (|[Vu[P72Vu).
Now we proceed by dividing the proof into several steps.
Step 1. Existence of non—negative approximate solutions

It is well known (see for instance [7]) that for any 0 < f € L4(Q), ¢ > N, there exists
a weak solution of the problem (3.7), that is, a function u, € W, ”(Q) satisfying

(3.9) /Q IV, P2V, - Vi + /Q VP = /Q Fo Yw e WIQ) 0 LE(Q).

Moreover, this function is bounded, since ¢ > % and it is unique (it is enough to apply

the same argument used in [1]).
Taking in (3.8) w = —e"*u,, we have

/e“P\VupV’ = —/ fe "ru, <0.
Q Q

Hence, |Vu, | = 0 in €, and consequently, u, > 0.
Step 2. BV —estimate
For k > 0, we consider the truncatures Tj,(s) = sup(—Fk, inf(s, k)). Taking w = Zklu)

in (3.8), we get '
Ty (up) p Ty (up)
[l < [ < [

and, by Fatou’s Lemma, we may let & — 0% and obtain

(3.9) [wwrs 1.
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Applying Young’s inequality we get
(3.10) / Vu,| <C  Vp>1,
Q

where C' does not depend on p. Thus, {u,},~; is bounded in W (Q2) and we may
extract a subsequence such that w, converges in L'(2) and almost everywhere to some
u € BV () as p — 1T. Moreover, u > 0.

Step 3. L>®—estimate

Now, using the Stampacchia methods, we are going to prove that u € L*>(2). Since
q > N, then ﬁ > 1. Fix pg, such that 1 < py < ,(Ij\y ) and take p such that

1 <p < pp. For any k > 0 consider Gy(s) := s — T}(s), s € R. Taking w = G(u,) as
test function in (3.8) and using Holder’s inequality, we get

[ vl < [ 16w < 111, ( [ 161t )
< Il ( [ 1) ) g

AV ={z € Q 1 uy(x) > k}.
Hence, by Sobolev’s and Holder’s inequalities, we have

[ 196w < 11,5 ([ 196k ) 1471

U=

[

where

\\»—'

_N-1
N

< IflLSIols ( / \vekwp)\p) AL

and consequently

([ I9GumP) ™ < 1St g

On the other hand, by (3.10) and Sobolev’s inequality, we have HupHi < (C for all

p > 1, hence -

| ALl < Ck™ %1 for all p>1,
and consequently we get limy_,o |[A7] = 0 uniformly in p > 1. Then, if we fix a ko
sufficiently large such that

N—-1

(3.11) [ fllgS1AR I« ¥ <1 Vp el pl,
then

(/ rvckwpw) < (IS121 ) gt < (17,8142~ ) ™ o,
Q
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Therefore,

[veuwi= ([ !VGk(up)P); o

< (IS4 =) ™ ) = Clagm= G =%).

where C' does not depend of p. Then, applying again Sobolev’s inequality, we obtain

that o
([ 16172) ™ <5 [ 1¥am) < s (-7,
Q

[ 1Guu) ¥ < epag (),
Q

Then, if h > k > kq, we have

Hence

(h—k)¥=1|AP| < / 1Gi(uy)| 5 < &1 Az (wn ),
A}

from where it follows that

¢
(h — k)~

1 N
I 1 (g/(N—l)”) - b

by Stampacchia’s Lemma (see [19, Lemme 5.1] or [14, Lemma B.1]), there is d, such
that

|AP] < \Ai\ﬁl—l(q'ujvv—l)_l),

Then, since

| A}y ra,l =0 forall 1 <p < py,

being

d—QBlC |Ap|51)(N1).
Now, by (3.11), there exists a constant () depending on || f|,, but independent on p,
for 1 < p < pp, such that

Therefore, there exists a constant @ depending on || f||, and N, but independent on p,
for 1 < p < py, such that d, < ), and consequently

|A? | =0 forall 1< p < py,

ko+Q

from where it follows that

(3.12) [uplloo < Ko + Q forall1<p < pp,
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and so
(3.13) ]| oo < Ko + Q.

Step 4. Existence of the vector field z € DM (2) with ||z]|o < 1

Let us prove that {|Vu,|P~2Vu,},~1 is weakly relatively compact in L*(Q, RY). For
that, using (3.9) we observe that

[ ([ 1wwr) "ok <

where C' does not depend on p. On the other hand, for any measurable subset £ C (,

| [E Va2V,

Thus, {|Vu,|P"2Vu,},>1, being bounded and equi-integrable in L'(Q,RY), is weakly
relatively compact in L'(€2, RY). There is not loss of generality in assuming that the
whole “sequence” converges. Therefore, there exists z € L'(Q, R") such that

(3.14) |Vu,|P>Vu, =z asp— 1, weakly in L}(Q,RY).

p—1
< [ IVt <7 e,
E

Given 0 < ¢ € C§°(Q), taking w = ¢ in (3.8), we have

(315 A R R N
Q Q Q

Now, by the lower semi-continuity of the total variation, and applying Young’s inequal-
ity, we have

1 -1
/90|Du| §1iminf/<p|Vup|dx§hminf (‘/¢|Vup|pd:p+p—/goda:)
Q Pl Q pll P Ja P Q

= liminf/ ©|Vu,|? dx.
pll

Then, having in mind (3.14), if we take limit in (3.15), we get

(3.16) /z V@+/‘Du|gp</fgp

Thus,
(3.17) —div(z) +|Dul <f in D'(Q),
and consequently, div (z) is a Radon measure in 2.

The next step is to see that
(3.18) z € L(O;RY)  with ||z]je < 1.
On account of (3.10), this fact can be proved exactly as in [3].
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To finish the proof of this step, we will see that the Radon measure div(z) has
bounded total variation. To this end, it is enough to show that the Radon measure
v = f+div (z) is finite (observe that, by (3.17), v is actually positive). First note that
v defines a bounded linear map on VVO1 (), a consequence of the Holder and Sobolev
inequalities. Indeed, if ¢ € C§°(£2), then

\/QW! < !/QM—/sz] < ]HfHNH¢HNN1+HZHOO/QIV¢!]
<|sisly [ 961+ el [ 190 =C [ 941,

and this estimate holds for all ¢ € I/VO1 1(Q) by density. Now consider
wy, = Ty(ndist (z, 0N))

which defines an increasing sequence satisfying

[ 1wl = [ Vil
Q {z: dist (z,02)<1/n}

and sup w, = Xq. Thus,

n—oo n—o0

v(Q) = lim /wn dv < C liminf/ \Vw,| = CHN10Q).
Q Q

Hence, since v is finite, div (z) has bounded total variation, and consequently z €
DM (£2).
Step 5. The equation —divz + |Du| = f holds in D'(2)

Given ¢ € Ci°(92), taking w = e "¢ in (3.8), we have

/e“P|Vup|p2Vup Vo = / fe "o,
Q Q

Then, letting p — 1, we obtain that

(3.19) /Qe‘“z-VqS:/Qfe‘“cb,

consequently

(3.20) —div(e™z)=e¢""f in D'(Q),
and ez € DM (Q).
On the other hand, by (2.27),

(z, D(e™)*) = div (e "z) — (e7")*div (z) as Radon measures on ().
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Then, having in mind (3.17), (2.28), (3.18), (2.24) and (3.20), we obtain

—div(e™z) = —(e ™M) div (z) — (z,D(e ™))
< e f— (") |Dul - (2, D(e™")})
<e " f— (e |Dul + |D(e™")| = 7" f = —div (" 2)

Therefore, the above inequalities become equalities and so

(e7)* (—div (z) + |Du|) = e™*f, as Radon measures on (2,
from where it follows that
(3.21) —div (z) + |Du| =f as Radon measures on (.

Step 6. |Du| = (z, Du) as measures

Given 0 < ¢ € C°(9), taking w = u,¢ in (3.8), we have

62) oVl [uolVur+ [ oV, Vo= [ fue

By the lower semi-continuity of the total variation and the operator F, defined by
(2.41), and Young’s inequality, taking limit in (3.22) when p | 1 we have

[oout+ [ oniul s [vn-Sode < [ ouin

Then, applying (3.21), we get

/ngﬁ|Du|+/Qq§u*]Du|—|—/Quz-ngd:cg/Qéu*\Du]—/quu*d(div(z)),

from where it follows that
| 61l < (2 Dw). ),
and consequently
|Du| < (z, Du) as Radon measures on (.

Therefore, since ||z]|,, < 1, we obtain that

(3.23) |Du| = (z, Du).
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Step 7. Diu = 0.
Since S, is countably HN*-rectifiable and HN~1(S,\J,) = 0, there exist countably
many Lipschitz hypersurfaces I'y de class C* such that

HY <Su\ [j Fk> =0

(see [10, Theorem 12, Sec. 5.9] or [2, Theorem 3.78 and Chapter 2.9]). Therefore, it is
enough to show that

|Du|(Ty) =0 VkeEN.
Fixed k denote by v the unit normal to Iy, chosen in such a way that v(z) = v, (z)

for HN~'-almost all z € T';, N J,. Thereby the traces of u on ', N J, are given by
The proof of Step 7 relies on the following claim:

(3.24) For any xg € T there exists an open set U, with vy € U and |D?u|(UNT},) = 0.

In fact, take U to be a smooth open neighbourhood of z( satisfying U N I'y, C 2, set
no € N such that 0 < nlo < d(U NT,00) and consider

1
Un:{x—i-ty(a:) cxeUnNTy, \t|<—} C Q for all n > ny.
n

Then U, is an open generalized cylinder with Lipschitz boundary and

() U.=UNTy.

n>ng

Since —div (z) + |Du| = f in the sense of distributions, we deduce

—/ u*div(z)—l—/ uw*|Du| = fu.
n n Un

By applying Green’s formula and Step 6, it yields

(3.25) | Dul| —/ ulz, ) d’HN_l—l—/ u*|Dul = fu,
Un oUn, n Un

71 denoting the unit outward normal to OU,,.

Now, we are going to analyze each term in the previous equation. It is straightforward
that

(3.26) lim [ (14 u")|Du| = / (14 u*)|Dul.

n= Ju, UNTy

Also, since £Y(T'},) = 0, we have

(3.27) lim/ fu:/ fu=0.
=0 Ju, Unry,
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To study the remainder term, we split the boundary 0U,, into three parts:
oUu,=EfUE, UE?,

where

1
E;[C{x—l——z/(x) : erﬂFk},
n

1
EnC{x——V(ac) : xEUﬂFk}

n
and E? denotes the lateral surface of the generalized cylinder U,,, namely that obtained
from O(U NT'). It satisfies

() ES=0UnTy).

n>ng

Thus,
lim ulz,n) dH ! = / uf [z, V] dHV T,
UNTy

lim ulz, n] dHY = / ur, [z, —v] dHN

n—eo Jp- UNlg

lim u[z,n] dHY "t =0,

n—00 0
Ey

this last equality holds since u and [z, 7] are bounded, and HY~1(O(U NT})) = 0. Tt
follows that

(3.28) lim ulz, ) dH" ' = / (uf, — ur, )z, V] dHN .
n=ee Jou, Unry,

Taking (3.26), (3.27) and (3.28) into account, if we let n goes to +oo in (3.25), then
we get

(3.29) / (14 u")|Du| = / (up, — up, )|z, V] dHN L.
UNTy UnT'y

Now, by [2, Proposition 3.92], both the absolutely continuous part D%u and the Cantor
part Du of the gradient vanish on sets which are o—finite with respect to HV~!. So
we know that

Hence,

|Du| LT}, = |D7u| LT .
[t =i ane | < [ et = [,
UﬁFk Uﬂl“k Uﬂl“k
and it follows from (3.29) that

/ (1+u*)\Dju|§/ D7l
UNly UNDg
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and consequently

/ u*|D'ul <0.
UNry

Since the measure appearing in the integrand is nonnegative, we actually have that it
vanishes:

(3.30) uw*| D)L (UNTy) =0.

Having in mind u*|D7u|L(U NT%) = L(uy + u)(uy —u ) HN LU N T, N Jy), we

deduce u; =u_ on UNT,NJ,, up to a H¥ 1-null set, from where (3.24) follows.
Finally, as consequence of (3.24), we obtain that any compact subset of Ty, is |D7u|-

null, and we get |D’u|(T) = 0.

Step 8. u =0 on 02

Finally let us prove the boundary condition. Taking w = u, in (3.8), we have

(3.31) [rvwl+ [ wvur = [ fu,
Q Q Q

By the lower semi-continuity of the operators F° defined by (2.37) and F, defined by
(2.41) with ¢ = 1, taking limit in (3.31) when p | 1, we get

/|Du|+/aﬂ (x)|d7-[N_1(x)+/Qu*|Du|—l—%/aQ () dHN /f

Hence, having in mind (3.21), (3.23) and using Green’s formula (2.6), we obtain that

/8(2 (|w(x)| + [z, v](x)u(z)) dHN " (x) + %/ u(z)? dHN () < 0.

o0

Then, since both integrand are non-negative, we deduce that ulpo = 0 H¥t-a.e. O

To prove the uniqueness, we need the following results which are of interest in them-
selves. Every z € DM (Q2) is determined up to sets of zero Lebesgue measure but, as
pointed out in [8], a precise representative may be defined. This precise representative
is given by

1 , .
(3.32) z(z) = J LN(B,(2) /B " z(y)dy, ifx ¢ S(z);
0, if x € S(Z) ;

where S(z) denote the approximate discontinuity set of z. If we deal with precise
representatives, every z € DM (£2) is pointwise determined. In the following result is
stated that the precise representatives of two vector fields differ in a |Du|-null subset
of the set of approximate continuity of both.
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Proposition 3.6. Let 1,29 € DM () satisfying ||zi]| < 1 and denote by S(z;) the
approzimate discontinuity set of z;, fori =1,2. Let u € BV (2) N L>®(Q) be such that
Diu = 0. If (z;, Du) = |Dul, fori=1,2, then

z1 =2y holds |Du| — a.e. in Q\(S(z1) U S(z2)).
Proof. Given u € BV (Q2) N L>(Q2), we define

(3.33) Z(u) ={z € DM (Q) : ||z|lo <1, (z, Du) = |Du| as measures }
An easy computation shows that
(3.34) Z(u) is a convex set.
We claim that, for every z € Z(u), up to a |Du|-null set,
(3.35) lz(z)| =1 for all x € Q\S(z).

Let z € Z(u) be fixed, actually we will consider its precise representative. Since
(z, Du) = |Dul| as measures, it follows that 6(z, Du,x) = 1 holds for |Dul-almost all
x € . On the other hand, for every p > 0, if we set

1
= —— d
() LN(By(z)) /Bp(x) =(y) dy,
by [6, Remark 2.5], we have

D
zZ, - ﬁ — 0(z, Du,-), in L5 (€, |Du|)-weak”
where % denotes the Radon—Nikodym derivative of Du with respect to the measure
| Du|. Thus, up to a |Dul-null set, we have
D
(3.36) 1 =0(z, Du,z) < limsupz,(z) - —u(x) <limsup |z,(z)|.
p—0t |Du| p—0+

Disregarding the |Du|-null set and having in mind that lim, o+ |z,(z)| = |z(z)| holds
for every x ¢ S(z) and that ||z]|. < 1, we deduce from (3.36) that |z(x)| = 1 for every

x ¢ S(z), hence our claim is proved.

Now we are ready to see that Z(u) has, at most, a vector field. Assume that z;,z, €
Z(u). By (3.34), we know that (z, + 22) € Z(u). By the parallelogram identity,

1
§(Z1 )

2 2

1 1 1
= §|Z1|2 + §|Z1|2 — ‘§(Z1 + Zg)

Then, having in mind (3.35), we have that the right hand side vanishes |Du|-a.e. in
O\(S(z1) U S(z2)), and consequently the left hand side so does. Therefore, z; = 2z,
| Dul|-a.e. in Q\(S(z1) U S(z2)). O

Proposition 3.7. Let z € DM () be such that ||z]|o < 1. Ifuy,us € BV(Q)NL>(Q)
satisfy (z, Duy) = |Duy| = |Dus| = (z, Dug), then Duy = Dus.
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Proof. First notice that

Uy +u 1 1 1 1
(Z,D( 12 2)) :§(Z,Du1)+§(z,Du2):§|Du1|+§|Du2|:|Du1|.

Thus, performing easy manipulations, we obtain

mi=(eo((252)) < (252)

1 1 1

and so all the inequalities become equalities. Therefore,

' D (Ul + UQ)
2
Applying the Radon—Nikodym Theorem we get two vector functions f;, fo, with

|fi| = 1 |Duql-a.e., | fa] =1 |Duyl|-a.e., and satisfying
Du1 :flyDU1|, DUQ :fQ‘DlQ’ :fgyDU1|

D <U1 —;UQ) _ (fl;‘fQ) \Duy .

Since |D (%H = |Duy|, it follows that !%‘ = 1 |Duy|-a.e. Thus, by the parallel-
ogram identity,

J1— f2 J1+ fa

2

1
5 25(\f1’2+|f2|2)— 5
Then f; = fo |Duy|-a.e. and so Du; = Dus. O

Theorem 3.8. Given 0 < f € L%(Q), with ¢ > N, there exists, at most, one weak
solution of problem (1.1)

Proof. Let u;, i = 1,2, two solutions of problem (1.1). Then, 0 < wu; € BV (Q2) N L®()
with u;]sq = 0 HV t-a.e. and D’u; = 0, and there exists a vector field z; € DM (),
with ||z;]|s < 1, satisfying

Hence,

2
=0 | Duy |-a.e.

(3.37) —div (z) + |[Duy| =1 in D'(Q), i=1,2,
and
(3.38) (zi, Du;) = |Du;| as measures in 2, i =1,2.

Having in mind (3.38), since |(z;, Du;)| < |Duyl, for any ¢ € C.(Q)", we get

[ 6021~ 22, DGy — ) - /{ Ol1Dul + D] — (n, D) (s, D] 2.0,
Q ul>uU2

and consequently the Radon measure (z; — za, D(u; — u2)™) is positive.
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On the other hand, multiplying (3.37) by [(e7“2 — e ™*)]* and applying Green’s
formula (2.6), we obtain

[ @Dt =+ e = ey bl = [ f@le - o) d,

i = 1,2. From here, having in mind (3.6), we can write,

/Q F@)(e — ) () di = — /{ @ D)

+f @mpa—emys [ e pu- [ ey
{u1>ug} {u1>u2} {u1>ug}

. / (22, D(1 — ™) + / (]| Du|
{u1>u2} {U1>u2}

z)[(e™™ — e ") ¥ (2)dr = — Zo, D(1 — e "2
/Q F@)( 1 (@) /{WS ( )

+/ (ZQ,D<1—6—M))+/ [e—uz]*|Du2|—/ (e~ Du|
{u1>uz2} {u1>uz2} {u1>uz}

— —/ (zo, D(1 —e™ ™)) — / [e™ " | Duy.
{u1>u2} {u1>uz}

Therefore, we obtain that

[ e ripus [ i)
{u1>ug} {U1>“2}
— / (z1,D(1 —e™"2)) — / (z2, D(1 —e™"1))
{u1>u2} {u1>u2}
< / D(1— )| + / D(1— ¢
{u1>uz} {Ul>u2}

:/ [e‘“l]*|Du1|+/ [e™“2]*| Dus,
{u1>uz} {U1>U2}

and

and consequently,

(3.39) /{ ] }([e—uq* ~[e]) (|Dug| — |Dusl) > 0.

On the other hand, by (3.5), we have

(3.40) —div(e™"z;)) =e " f in D'(Q), i=1,2.
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Multiplying (3.40) by [(u; — ug)™|* and applying Green’s formula (2.6), we obtain

/Q(e_“izi, Dy — up)*) = / e () [(ug — un)*]F d, i = 1,2.

Q
Hence,
/(e“lzl,D(ul —ug)t) — /(€U2Z2, D(uy —up)™t)
Q Q
= [ =) f@l — ) de <0
Q
Therefore,
0 2/ (e7"2zy — e "'z, D(uy — uy))
{ur>uz}

(3.41) e " —e " )zg, D(uz — up))

{u1 >uz}

/ —u1 Z2—Z1),D(U2—U1)).
'u,1>uz}

Having in mind (3.38), (3.39) and Proposition 2.3, and since |(zy, Duy)| < |Duy|, we
have

/ (€7 — )z, Dlug — ) = / (€7 — ) (2, D(us — 1))
{u1>us} {u1>uz}

— / (€72 — e™")*|Dug| — / (e7"2 — e7")*(zg, Duy)
{u1>uz} {u1>u2}
> / (le]" — [e]") (|Dus| — | Dual) > 0
{ur1>u2}

Hence, from (3.41) and applying again Proposition 2.3, we get

/Q e )" (21 — 2, D(uy — uz)*) = / ()" (22 — 2), D(us — 1)) < 0.

{u1>u2}

Then, since the Radon measure (z; — 2o, D(u; — ug)™1) is positive, we obtain that
(21 — Z9, D(u; —uz)t) = 0.
Similarly, we get
(21 — 29, D(u1 — ug)”) = (22 — 21, D(ug —uy)") = 0.
Therefore,

(342) (Zl — Zo, D(Ul - Ug)) = 0.
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Now, from (3.42), and (3.38), since |(z;, Du;)| < |Du;|, we get
|Duy | + |Dug| = (21, Duy) + (22, Dug) = (21, Dug) + (22, Duy) < |Duy| + |Duy|,
from where it follows that
(z1, Duy) = | Dus|
and
(z2, Duy) = |Duy).

These equalities and (3.38) imply, applying Proposition 3.6 (and considering the
precise representatives of z; and zs, as defined in (3.32)), that z; # 2 just holds in a
null set with respect to both |Duy| and |Dusg| in Q\(S1(z1) U S2(2z2)). We next prove
that

(3.43) div (z1) = div (z2) as measures in €2 .

Denote A = {zy # z2} N (Q\(S1(z1) U Sa(z2))). If A C A is a Borel set, then we have
that |Du;|(A) = 0, for i = 1,2, and (3.37) hold, so that

div (2:)(A) = | Dy (A /f— /f |Dus|(A /f div (2)(A4) .

Hence, div (z1) = div (z2) as measures in A.

On the other hand, given € > 0, we may find a regular open set U satisfying A C U
and |divz;|(U\A) < € for i = 1,2. We point out that z;(z) = zy(z) for all x € Q\U.
Indeed, we already know that the points of Q\U where those vector fields may be
different make up a subset of S;(z;) U Sa(z2). As a consequence, z; = z, holds LN -a.e.
in the open set Q\U and so

Sl(Zl) N (Q\U) = SQ(ZQ) N (Q\U) .

On account of being both vector fields precise representatives, it follows that z;(x) =
zo(x) for all z € Q\U. As a straightforward consequence, we obtain that div(z;) =
div (z3) as measures in Q\U. Another consequence is

(3.44) 21 — 2o,v] =0  HY'-ae. on J(Q\U),

where v denotes the unit outward normal to A(Q\U). To prove it, we consider h €
L=(0(Q\U)) and take v € WHH(Q\U) such that h = V]p\m)- Applying Green’s
formula, it yields

/ hlzy — 7o, V] dHN_lz/ vdiv(z1—22)+/ (z1 —29)- Vo =0.
A(O\T) o7 o7

/ hlz1 — 2o, V] dH """ =0 for every h € L™ (9(Q\U)),
()

Since

it follows that (3.44) holds true.
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To go on with the proof of (3.43), fix ¢ € C5°(£2). On account of Q\U C {z;, = 7},
we have

/Q<z1_z2)-VQDZ/U(zl_ZQ)-vw/Q\U(zl_ZQ)-w:/U(zl_zg)-w.

Applying Green’s formula in both sides, it yields

(3.45) - / pdiv(z; —z3) = —/ pdiv (z; — z2) +/ olz1 — 29, o] dHY !,
Q U U

with 1y denoting the unit outward normal to OU. The last term can be split as

/ olz1 — 22, ] dHN 1
ou

— / olz1 — 29, 1] dHN 1 +/ olz1 — 22, ] dHN L.
AUNIN

AU\OQ

It is straightforward that / ©lz1 — 29, o] AHY ' = 0 since ¢ € C5°(Q). To analyze

oUNIN
the other term, observe that
/ olz1 — 20, o] dHN T = —/ oz — 20, V] dHYN 1 =0,
OU\OQ B(O\T)\OQ

due to (3.44). Hence, / ©lz1 — 29, 9] dHY 1 = 0 and (3.45) becomes

oU

—/ pdiv(zy — 2z9) = —/ pdiv(z, — z2) .
Q U

So that

/QOdiV(Zl—ZQ):/ QOdiV(Zl—Z2>,

Q U\A

since div (z1) = div (z3) as measures in A. It follows from the way U has been chosen,

that
/ pdiv(z1 — z9) / ediv (z1 — z2)
Q U\A

Thus, we deduce that
/ pdiv(zy —2z2) =0.
Q

Since it holds for every ¢ € C§°(£2), we have finish the proof of (3.43).

Finally, it follows from (3.37) and (3.43) that |Duy| = |Dusy| as measures in 2, and
by Proposition 3.7 we obtain Du; = Dusy. Since u1|pq = us|sq = 0 hold HNL-a.e., we
conclude that u; = us, as desired. ]

< 2| loo -

We finish this section pointing out several differences between the problem we have
studied and the Dirichlet problem associated with the total variation flow.
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Remark 3.9. In [3] (see also [4]) we give the following definition of solution of problem

—div (%) =f, in Q;
(3.46) [Du

u=0, on 09Q;

with f € LY(Q). A function u € BV(f) is a solution of (3.46) if there exists a vector
field z € Xy (), with ||z]|. < 1, satisfying

(3.47) —div(z) =f in D'(Q),

(3.48) (z, Du) = |Du| as measures in (2,
and

(3.49) [z,v] € sign(—u), HY '-ae. ondQ,

where v denotes the unit outward vector. This condition (3.49) is a weak form of the
boundary condition; it is introduced since the trace on the boundary of solutions to
(3.46) does not always vanish.

It is known (see [16] and references therein) that there exists a solution to problem
(3.46) only when || f|| v is small enough. On the contrary, if || f|| 5 is larger, then problem
(3.46) has no solution (or alternatively, modifying a little bit the concept of solution,
solutions of (3.46) take the value oo in a set of positive measure).

Furthermore, as a consequence of (2.2), it is easy to see that if u is a solution of (3.46)
then, for every ¢ : R — R positive, increasing and Lipschitz continuous function, ¥ (u)
is also a solution of the same problem.

Therefore, the term |Du| produces a regularizing effect and without its presence,
solutions have no regularity (even may take the value oo), the boundary condition only
holds in a weak sense and there is not uniqueness at all.

Remark 3.10. In [3] we have proved existence and uniqueness of solution for every
datum (regardless of its size) if we deal with the problem

u—&v<21):f, in 0

(3.50) [Du

u=20, on 0f).

Thus the presence of the zero order term u has a certain regularizing effect. Neverthe-
less, solutions to (3.50) may jump and the boundary condition only holds in the sense
of (3.49). Let us show these features with some simple examples.

Let Q = Bg(0) C RY, with N < R. Consider f = Xp, (), with N < r < R; it is easy
to see that the function u = (1 — g) XB,(0) is the unique solution of (3.50) with vector
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field given by
- if = € B,(0)

—r¥lds i 2 € A\B(0).

Observe that the above solution u satisfies J, = {x € RY : |z| =r}.

On the other hand, if f = 1, then the constant function v = 1 — % is the unique
solution of (3.50) with vector field given by z(x) := —%. We remark that this solution
does not vanish on the boundary, but satisfies

7, 0] = —% : % = —1 ¢ sign(—u) .

4. EXPLICIT RADIAL SOLUTIONS

This section is devoted to find explicit radial solutions to the problem (1.1). Consider
Q = Bi(0) € RY, and f(z) := f(|z|), with f : [0, R] — [0, +oc[. We are looking for a
radial solution u(z) = g(|z|) such that g(r) > 0 for r € [0, R] and g(R) = 0. We will
not find an explicit expression of g.

Assuming that ¢’ < 0, we have Du(x) = —|g’(\x|)|‘%| and consequently z(x) = —%.
Then
N-1
—div (z) = ,
x|
and we arrive to the equation
~ N -1
(4.1 0< ~¢(r) = fr) - 2=
Hence,
N -1 ~

In summary, if % > f(r), then g'(r) = 0 and so Du(z) = 0. Now an expression of
z must be searched, taking into account that —div (z) = f have to be satisfied. On the
contrary, if % < f(r), then perhaps ¢'(r) < 0 holds. In this case we may apply (4.1),
to obtain
N

—1
ds,
s

o) = [ F) -

and deduce u(z) = g(|z|) and z(z) =
N

—1
T

||

< f(r) is necessary but not sufficient to obtain
L < f(r) and ¢’(r) = 0 can occur. So that, the set

of all points for which % < f (r) holds, must be split into two parts: the part where
¢'(r) < 0 and the part ¢'(r) = 0.

Nevertheless, the condition
g'(r) < 0. We point out that &

T
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In the following explicit examples, the main criterion that allow us to decide how to
split the zone where % < f(r) holds, is to get a continuous vector field z. For the
sake of simplicity, we will take R = 1.

Example 4.1. (1) Take f(x) := A. If 0 < A < N, we have that u = 0 is solution
with \
x

N
Assume now that A > N. Then, for & < < 1, (4.2) holds and we have

g(r):[ (f(s)—N_l) ds:/rl/\—N_lds:)\(l—r)+log(r)N1.

S S

z(x) =

Then, it is easy to see that in this case the solution is given by
N-1 .
A=) +og ()i el <4
u(x) ==
A1 —|z)) +log (l2)V it ¥ <z <1,
with \
x x
z(z) = —WXBQ(O)(@ - mxBl(O)\B¥(O) ().

(2) Take f(z) := iz with 0 < X and 0 < ¢ < 1. Then, f € L™(Q), for m < & If

T el
0 <A< N —gq, we have u = 0 is solution with
Az
z(r) = —————.
= gl
Assume now that A > N — ¢. Then, for (%)ﬁ <r <1, (4.2) holds and
we have
e N -1 A N-1
— — ds= | 2= — d
o= [ (Fo - as= [ 2T as
— L(1 — 7179 + log (7’)N71 )
l—gq
Then, it is easy to see that in this case the solution is given by
A
u(z) = T4 (1—[z|""%) + (N — 1) log ||,
with
—x
z(x) = —.
|z

In the case r < (%)q, we have ¢'(r) = 0 and

1 N -1 N —
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with N
z(x) = N gl
(3) Take f(x) := /\XB%(O). If 0 <A< 2N, we have u = 0 is solution with
—% if o <3
2(w) = A

Assume now that A > 2N. Then, for £ < r < 1, (4.2) holds and we have

0= [ (7= X o= [a- X g o (3r) romor

Then, it is easy to see that in this case the solution is given by

N-1 .
AG =8 +1og (BY) if |z <%
wr) =4 AG = lof) +log (22D i X < o[ <3
0 if 1<|z[<1,

AT T AT
z(x) = —Xey () — mXB%(O)\B% (%) ~ 5% N|x|NXBI<o>\B%<o> (2)-

Remark 4.2. We explicitly remark that, in the previous examples, the solution is
trivial (identically 0) when the considered datum f is small enough. This situation
occurs until the vector field z satisfies [|z]lc = 1. When the norm of the datum
increases, the gradient term |Du| absorbs the excess and so a finite solution can always
be obtained. This fact contrasts with what happens if the equation has no gradient
term. Then, once ||z]|, = 1 is attained, solutions blow up (see [16]). However, this
phenomenon of absorbing the excess is not new, since it was already remarked in the
case of an anisotropic equation (see [15]).

In the above examples, we have consider data belonging to L™(B1(0)), with m > N
and we have found bounded continuous solutions. When the condition m > N does
not hold, no bounded continuous solution must be expected, as shown in the following
example.

A
Example 4.3. Take f(z) := Tl and observe that f € L™(B1(0)) for all m < N. If
T

A> N —1, we have f(r) =2 > % and (4.2) holds. In this case, we have

T

1 _ 1y A—N+1
g(r):/ (f(s)—NS 1) ds:/ #ds:log (%) ,
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and the solution is
u(z) = =(A = N +1)log|z],
with .
z(x) = ——.
||
Now in the case A < N — 1, we have that the solution is v = 0, with
Ax

z(x) = ——7—.

(N = 1)|z]
We have prove that there exists a unique solution in the class of bounded BV -
functions whose jump part is empty. Outside that class is possible to find other distri-

butional solutions. Indeed, we already know that u = 0 is the weak solution to problem
(1.1) with datum f = 0. We now include an example of a non trivial solution.

Example 4.4. Let N = 2. Defining u(z,y) = log(z? + y?), we get

Duey) = 0 D= e e ey =2
Then 1 1
—divz(x,y) + |Du(x,y)| = N + V2t ¥ =0
and

1

(z(z,y), Du(z,y)) = \/Ty?
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= [Du(z,y)|.
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