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Abstract
In the present paper we study the behaviour, as p goes to 1, of the renor-
malized solutions to the problems
—div (|[Vup[P~2Vuy) = f in Q
(0.1)
up =0 on 0f),

where p > 1, Q is a bounded open set of RN (N > 2) with Lipschitz boundary
and f belongs to L' (£2). We prove that these renormalized solutions pointwise
converge, up to “subsequences”, to a function u. With a suitable definition of
solution we also prove that w is a solution to a “limit problem”. Moreover we
analyze the situation occurring when more regular data f are considered.
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1 Introduction

In the present paper we study the behaviour, when p goes to 1, of the renormalized
solutions to the problems

—div (|[Vu,[P™>Vu,) = f  in Q

(1.1)
u, =0 on 0f2,



where p > 1, Q is a bounded open set of RY (N > 2) with Lipschitz boundary and
f belongs to L*(Q).

The notion of renormalized solution was introduced in order to extend the clas-
sical setting of monotone operators (see [32]) and so be able to define a notion of
solution to problems whose data do not belong to the dual space W~ (Q) (as, for
instance, the case of L'-data). The main interest is not to get a solution to (1.1)
in the sense of distributions but to have a concept which allows to obtain existence
(see [10] and [11] to this end) and uniqueness. Renormalized solutions were adapted
to second order elliptic problems by P.—L. Lions and F. Murat in [33] (see also [36]
or [37]); both existence and uniqueness of such a solution are proved if the datum
f belongs to L'(Q) + W=7 (Q). In [19] and [20] such a notion has been extended
to the case where the right—hand side is a Radon measure with bounded total va-
riation; the authors proved an existence result and a partial uniqueness result. We
refer to [20] for an exhaustive treatment of renormalized solutions. An equivalent
notion, the concept of entropy solution, was introduced in [9] (see also [12]). For
such a solution both existence and uniqueness have been proved when f belongs to
LY(Q) + W=7 (Q). Other approaches to define suitable generalized solutions can
be found in [21] and [38] (see also [1] where symmetrization techniques are used).

Our purpose is to study the renormalized solutions u, with two objectives. First,
we will study the behaviour of u,, when p goes to 1, proving that, up to a subsequence
(considering that u, is a sequence),

Up — U pointwise in 2,

IVu,|P>Vu, = 2 in LY(Q), 1<¢< N1

Second we prove that this function w is a solution to the “limit equation” of (1.1),

namely:
—div <&): f, inQ;

| Dul (1.2)

u=0, ondf.

To this end, we need to introduce a precise formulation of such a solution. At least,
we will achieved a new point of view of the above issues which enable us to a better
understanding of what happens when more regular data are taken (see Theorem 4.2
below). A suitable notion of solution to (1.2) was introduced in [4] while dealing
with the equation

u — div (UZ;_Z|>: fe i), (1.3)

and a general Dirichlet boundary condition; equipped with such a notion of solution,

the authors are able to prove existence and uniqueness for such a problem. Their
: : : : Du : :

notion of solution gives sense to the quotient —— (recall that, in general, Du is

|Du

not a function but a Radon measure) through a vector field z satisfying
o 2 € L®(Q;RY) with || |2] |l < 1.

e —divz = fin D'(Q).



e (z,Du) = |Dul.

D
Observe that, formally, |||2][|.c < 1 and (z, Du) = |Du| imply z = ﬁ The
u

meaning of (z, Du) relies on the theory of L>-divergence-measure vector fields due
to G. Anzellotti [3] and to G.—Q. Chen and H. Frid [14] (their approaches, however,
are very different). This theory defines the pairing (z, Du) as a Radon measure,
where z € DM™(2) (see Section 2 for its Definition) and w is a certain BV —function;
it also provides the definition of a weakly trace on 9€) to the normal component of
z, denoted by [z, ], and guaranties a Green’s formula. Following [4] (see also [6]),
we will use [z, ] to include (in a very weak sense) the boundary condition in the
concept of solution to (1.2).

As it was mentioned, our second aim in the present paper is to show that the
limit function w, is actually a solution to (1.2). Hence, we will consider problem (1.2)
with data belonging to L*(£2); so that, in some sense, we are covering the stage from
regular data to L'-data, in the same order of ideas of [10], [9] or [33]. However, in our
situation there is not hope of finding a unique solution, and so we are not looking for
every solution of (1.2), just those solutions which are pointwise limits of u, (see also
Remark 4.6). We remark that in previous works, authors have considered problem
(1.2) with a datum in W=1°°(Q), typically in LY (Q) or LY (). Indeed, although
in [4] L'-data are considered in equation (1.3), the regularity enjoyed because of the
lower term, allow the authors to get a solution such that f —u € W=1°°(Q).

Let us briefly describe some features involved in the study of the limit equation
with L'-data. First of all we need a definition of solution to equation (1.2), which
should be an extension of the definition given in [4] (see also [34]) when the datum is
more regular. Of course, as in problem (1.1), we cannot expect that such a solution
u belongs to the energy space BV (2): only the truncations of the solution T} (u)
are there. Nevertheless, there are other difficulties arisen in our study that we spell
out below.

1. Not only the function limit does not lies in BV (), but it is typically infinite
on a set of positive measure, as was already shown in [34], Theorem 3.1, by
means of radial solutions (see also Exemple 4.1 below).

2. Unless the data are in the dual space W=1°(Q), the vector field z no longer
belongs to L>=(2;RY), as happens when the equation (1.3) is studied (see
Remark 4.4 below). Instead, we have to consider a family of “local vector
fields” zj, = 2X{juj<k} such that z, € L®(Q;RY) with || |z [ < 1.

3. One of the main difficulties in our investigation is just to find the equation
satisfied by z;. In the same way that v = T (u,) solves equation

—Apv = [X{jupl<k} + Ap

where )\, is a Radon measure concentrated on {|u,| = k} (see [18] and [19]),
we see that z; satisfies

—div 2z, = fX{|u|<k} + (Z, DX{|u|>k}) , In D,(Q) )



where (2, Dx{u>k}) is @ Radon measure defined in (4.5) below (see also Step
4 in the proof of Theorem 4.1 and Proposition 6.3, where it is seen that it is
concentrated on {|u| = k}).

4. Under these conditions, we already have the approach by G.—Q. Chen and H.
Frid to make sense of the pairing (zx, DT%(u)). However, we will need to apply
the inequality

| (2, DT () < | [24] l|oo| DTk ()] (1.4)

(see Proposition 5.4 below) while in [14] it is only shown that the Radon
measure (zx, DT (u)) is absolutely continuous with respect to |DTy(u)|. On
the contrary, in Anzellotti’s approach [3] (see also [6]) the above inequality is
proved, but only when T} (u) is a continuous function. Hence, we will need to
extend the Anzellotti approach.

5. Actually, we will extend even further this Anzellotti’s theory to give meaning
to pairings such as (z, DT (u)) or (2, Dx{ju/>k}) (recall that the vector field z
is not bounded). We explicitly remark that the theory of divergence-measure
fields has been generalized to more general vector fields in [39] and [16] (see
also the survey [15] and references therein), but these generalizations cannot
be applied to our purposes.

Now we briefly mention some articles that deal with issues similar to those stu-
died here. The asymptotic behaviour have been considered by [28], [17] and [34] (see
also [30] and [27]). In turn, several authors have focused their research on finding
solutions to the limit problem (1.2), the list includes [4], [5], [7], [8], [22], [23], and
references therein. Other related works are [31] and [26]. The interest in this fra-
mework comes out, on the one hand, from an optimal design problem in the theory
of torsion and related geometrical problems (see [29]) and, on the other, from the
variational approach to image restoration (see [6]).

The plan of this paper is as follows. After introducing our notation (see next
Section), we begin by studying the asymptotic behaviour of (u,) in Theorem 3.1. In
Section 4 we introduce our concept of solution and prove in Theorem 4.1 that the
limit function that was found in Section 3 satisfies its formulation. We also see in
Theorem 4.2 some consequences of Theorem 4.1 that illustrate the situation when
regular data are considered. Lastly, two appendix are included. In the first one,
the Anzellotti approach to the theory of divergence—measure fields is extended to
cover the case that the vector field belongs to DM™(Q2) and the function lies in
BV (Q)NL>®(Q). Appendix 2 is devoted to show some properties of (z, DTy (u)) and

(2, DX {ju|>k})-

2 Notation

In this Section we will introduce some notation which will be used throughout this
paper.

As it was stated in the Introduction, our aim is to study the convergence of w,
as p goes to 1. From now on, abusing terminology, we will say that u, is a sequence
and we will consider subsequences of it.



In the present paper, |z| will denote the Euclidean norm of z € RY. We will
denote by Q a bounded open subset of R with Lipschitz boundary. Thus there
exists a unit vector field (denoted by v) normal to 02 and exterior to €2, defined
HYN"1-a.e. on 9. Here HN~! denotes the (N — 1)-dimensional Hausdorff measure.
Here and in the sequel, |E| denotes the Lebesgue measure of a measurable subset E
of RV,

For 1 < ¢ < oo, the Lorentz space L?°°(€)), also known as Marcinkiewicz or
weak—Lebesgue, is the space of Lebesgue measurable functions u such that

supt [{z € Q : |u(z)] >t} < 400 (2.1)
>0

We define M(€2) as the space of all Radon measures with bounded total variation
on 2 and we denote by |u| the total variation of 1 € M(2). The space of all functions
of finite variation, that is the space of those u € L*({2) whose distributional gradient
belongs to M(2), is denoted by BV (€2). It is endowed with the norm defined by

ullBv i) = / |u| + |Du|(€2), for any w € BV (). Since © has Lipschitz boundary,
Q
if u belongs to BV (£2), then the function
u, in €2;

Uy =

0, in RV \ Q;

belongs to BV (RY) and [Dug|(RY) = [, [ul dHN ™' 4| Du|(£2). We explicitly point
out that | Dug|(RY) defines an equivalent norm on BV (), which we will use in the
sequel. Through the paper, with an abuse of notation, we still denote ug by wu.

We will denote by Sy, the best constant in the Sobolev inequality (cf. [40]),
that is,
lullye < Swapll [Vullly,  for all u e Wo™(€).

We will also write Sy instead of Sy ;. It is well-known (cf. [40]), that

lim SNJ, == SN . (22)
p—1
We will denote by W~1°°(Q) the dual space of W' (Q), its norm is given by

[l wr=1.00(0) = sup {(u, Phw oo @ Wi @) /Q V| < 1} : (2.3)

Following [14] we define DM () as the space of all vector fields z € L= (Q; RY)

whose divergence in the sense of distribution is a Radon measure, i.e.,
2 € DM™(Q) & divz € M(Q)N W 1>(Q).

Then p = div z satisfy the following condition: there exists a constant C' > 0 such
that

lu(B)| < CRN™? for all (open or closed) balls B C Q with radius R. (2.4)



It is well known that if |u|(B)] < CRN~! for all balls B C Q with radius R,
then x can be extended from W, (Q) to BV (Q), see [42], Theorem 5.12.4. (While
the extension of a functional is not necessarily unique, a particular extension to
BV (Q) will be singularized: namely, that given by the integral, with respect to p,
of the precise representative of each u € BV (), this representative is mentioned in
Appendix 1 below.) These measures are called David measures in [35].

3 The asymptotic behaviour
Consider the nonlinear elliptic problem

—div (|Vu,[P7?Vy,) = f, in €,
(3.1)
u, = 0, on 09,

where 2 is a bounded open subset of RY with Lipschitz boundary, p is a real number
p>1and f is a function belonging to L'().
In this Section, we will study the behaviour, as p goes to 1, of renormalized solutions
u, to problem (3.1).

For k > 0, denote by T} : R — R the usual truncation at level k, that is

s |s| <k,

Tils) = { ksign(s) |s| >k R

We may extend this definition to infinite values: Tj(+o00) = +k.
Consider a measurable function u : {2 — R which is finite almost everywhere and
satisfies Ty(u) € WyP(Q) for every k > 0. Then there exists (see e.g. [9], Lemma

2.1) a unique measurable function v : Q — R" such that
VT, (u) = vX{u<ky almost everywherein €, Vk > 0. (3.2)

Remark 3.1 We point out that although truncations can be applied to functions
that are infinite on a set of positive measure, its gradient cannot be defined by the
above expression.

Definition 3.1 Assume that 1 < p < N. Let u, : Q@ — R be measurable and
almost everywhere finite on (2. We say that u, is a renormalized solution of (3.1) if
it satisfies the following conditions:

Ti(uy) € Wy P(Q), Vk > 0; (3.3)
N(p—1)
luy| € L™~ °(Q); (3.4)

the gradient Vu, introduced in (3.2), satisfies:

N(p—1)

V| € L'¥(0), (3.5)
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1
lim —/ |Vu,|? = 0; (3.6)
n=F N S n<up|<2n}

and finally

[Vl wo+ [ Va2V, Vonw) = [ i, 30
Q Q Q

for every ¢ € WlP(Q) N L>(Q), for all h € WH>(R) with compact support in R,
which are such that h(u,)d € WyP(Q).

Remark 3.2 By standard arguments the following estimate for the truncations of
the renormalized solution w, to problem (3.1) holds true (see, for example, [9], [36]
or [20])

/ VT (up) [P < k|| fllzr@) for any k> 0. (3.8)
0

Remark 3.3 If u, is a renormalized solution to problem (3.1), then u, is also a
distributional solution in the sense that it satisfies the equality (see, for instance,
[20])

/ |Vu,|P*Vu, - Vo = / fo, for any ¢ € C5°(Q).
Q 0

The main result of this Section is given by the following Theorem

Theorem 3.1 For every fized p €|1, N[, let u, denote the renormalized solution
to problem (3.1). Then, there exist a measurable function u and a vector field z

belonging to L%’OO(Q;RN) such that, up to a subsequence,
u, —u  a.e in (3.9)

and

N

|Vu,|P~2Vu, — 2z weakly in LY (Q;RY),  for every 1 < q < N (3.10)
Proof: Step 1: A priori estimates

The first step consists in proving a priori estimates: the sequence (|Vu,|[P~'), is

bounded in the Marcinkiewicz space L%’C’O(Q). Such a proof is well-known and
contained in [9] (see also [20]). Here we need to include it in order to make explicit
the dependence on p.

We begin by estimate the sequence (Jup,|P~1),~1. For every fixed & > 0, denote
h = k'/®=Y_ Then, Sobolev’s embedding Theorem and (3.8) imply

[T (up) [
o oD =

{lupl”™" > K} = [{]up| > K7V} <

* * N

& Sy 1l 77
< WH VT (up)| |27 < o /(p 5 Ry Hf||L1 < sy <T> |




where Sy, denotes the best constant in the Sobolev embedding Theorem and p* =

N

N—p. Therefore
-p

{lup[P™" > K} < 8%, (”f”%) o (3.11)

Now we go on in proving the boundedness of the sequence (|Vu,[P~!),~; in the

Marcinkiewicz space L%’C’O(Q). Indeed, since for every fixed & > 0 and n > 0, we
have
{IVu, [Pt =0} € {|up| > K} U{|VTi(up) [P~ > n}.

Using (3.11) and (3.8), it yields

{IVu P~ 20} < Hlupl = kY + H{IVT(uy)] > 9PV}

N

< (Ml \ 7 VT (up) [P
7 4
= SN,P( Lp—1 Jr/Q np/(p=1)
. kN fll
< STy ey + L)
k N—p ’[’/P*l
Now choosing
_N _1 N-—p
k= 5N, I1fI Lrgyn®™=De=D
in the previous inequality, we obtain
N
g N-1
(19 2 < 2 (el T (312)
n
for any n > 0. From (3.12), since Sy = lim, .1 Sy, it follows that
N
Sy +1 N-1
{IVa, 7 > g} < 2 (< v+ VIS “L*m) , (3.13)
n

N
N—1’
subsequences, there exists a vector field z, belonging to L?({2; RY) such that

for p close to 1. For each 1 < ¢ < by estimate (3.13), we deduce that, up to

|V, [P2Vu, — 2z, weakly in LI(Q;RY).

Finally, by a diagonal argument we may find a limit that does not depend on g¢;
N
hence (3.10) is proved. Observe also that (3.13) and (3.10) imply z € L¥=1°(; RY).

Step 2: Pointwise convergence of (uy),

We will prove that, up to a subsequence,
u, —u ae. inQ, (3.14)

where u is a measurable function in §2.



Following [38], first consider ¥(s) = s/(1+|s|), which is a strictly increasing and
bounded real function. Moreover

’/OUP(W/(S))pds < /Oup| U'(s)ds = U(Ju,l) < 1.

So that if, for each k£ > 0, we take

Ty (up())
blx) = / (W' (s))? ds,

and
1, if |s| < mn;
ho(s) =4 —=[s|+2, ifn<|s| <2n;
0, if |s| > 2n;

in (3.7), then

-1 VuplP6 sign (uy) + / (T () [V T (1) o 1)

N J{n<|up|<2n}
- / Fha(ity) < / 7.

/Q V(T ()P = / U (T(u))? |V Ty P < / 5.

By letting n go to infinity and applying (3.6), we get

By Fatou’s Lemma, when k goes to infinity we obtain

| wwr < [ 1.

Thus, Holder’s inequality implies that the sequence (\If(up))p is bounded in

*-weakly in

Wy 1((2) and so a subsequence, also denoted by (\Il(up))p, converges
BV (). As a consequence, it also converges strongly in L'(Q) and a.e. Since ¥ is
strictly increasing, the sequence (u,), tends a.e. to a measurable function u. We

point out that, when lim, ,; ¥(u,) = £1, we have u = +oo

Remark 3.4 We remark that when the datum f is more regular, we may find better
regularity on z. Indeed it is well-known that, if f € L™(Q), with 1 <m < N, then
the sequence (|Vu,|[P~2Vu,), is bounded in L™ (;RY) and so 2 € L™ (Q;RY).
Observe also the regularity enjoyed by z in Example 4.1 below.

4 The limit problem

In this Section we will show that the limit function u whose existence has been
proved in the previous section is a solution (in the sense of Definition 3.1 below) to



a boundary value problem associated to the “limit equation” of equation in (3.1),
which can formally be written

D
—div (|D—Z|>: f, in €;

(4.1)
u =0, on 0f),

with f € L*(©2). We begin by introducing the notion of solution to such a problem,
which needs some preliminaries.
Let u : 2 — R be a measurable function on €, such that Ty (u) € BV (Q2) for any

k> 0. Let z € L%"X’(Q; RY) be a vector field satisfying
-div(z)=f inD(Q),

and
ZX{|u|<k} € DMOO(Q) , for all £ > 0;

i.e., denoting 2z = 2x{ju|<k} and py = div (z;) it holds
2, € L°(Q;RY) and 4 is a Radon measure.

With the above notation, we define the distributions

(20, DTy(1)) : C°(Q) — R (4.2)
(2, DXqlui>ky) : C5o(2) — R (4.3)

by
(20, DTu(w)), 6) = — / Ti(u) & dpsy — / Ty(u)z - Vo, (4.4)

for any ¢ € C5°(Q2). Since Ty(u) € L=(Q) N BV (Q) C LY(Q, ux) (cf. Appendix 1
below, we point out that a singular extension of i to bounded BV—functions has
been chosen), z, € LY RY), f € LY(Q), z € L¥1°(Q;RY) and ¢ € C(Q) all
terms in (4.4) and (4.5) make sense.

Definition 4.1 We say that a measurable function u : © — R is a solution to
problem (4.1) if the following conditions hold

Ti(u) € BV(Q), forall k> 0; (4.6)
there exists a vector field z € L%"’O(Q; R™) such that
—divz = f in D'(Q); (4.7)

for each k > 0, the distribution (2, Dx{ju/>k}) is a Radon measure and the vector
field zx = 2Xx{ju<k) satisfies
2] floo < 1, (4.8)
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—div 2z, = fxqu<ir + (2, DXgu>ky) in D'(Q), (4.9)
(zk, DT (u)) is a Radon measure, and

(zg, DTy (u)) = | DTk (u)| as measures in €2 ; (4.10)

/ Ty ()| dHN Y + / [2X{juf <o0y> V] T (w) dHN
o0 0Q

+ k / [2X fumrtoo), V] AHN T — k / [2X fuz—oo}, V] AHN T < 0. (4.11)
o9 09
As a consequence of (4.11), in the case where u is finite on 02, the following condition
holds true:
[z, V] = [2X{ju<oo}, V] € sign(—u) on 0. (4.12)

Remark 4.1 Observe that, as a consequence of (4.8), the vector field zx{juj<occ}
satisfies || |2X{juj<oc}| [lc < 1, s0 that the weak trace on 0f2 of its normal component
is well defined by the results in [3] (or [14]) and |[zX{ju/<cc}, V]| < 1, HY"1-a.e. on
09Q. A definition of [z, V], [2X{u=toc}, V] and [2X{u=—oc}, V] can be found in Appendix
3 below.

We remark that we have defined

/ [z, v]vdHN / [2X {u=toc}> V] ¥ dHYN™!  and / [2X{u=—o0c}, V] ¥ dHN !
o9 o0

o0

for v € Wlfé’q(aﬁ) N L>(0R2), with ¢ > N. If we extended those expressions to
every v € L*>(052), then (4.11) would be written as

/ | Ty (w)] dHN +/ [z, V] T (u) dHN 1 < 0.
o0 o0

Remark 4.2 Let us observe that Definition 4.1 coincides, when v € BV (Q2), with
the definition given in [4] (see also [34] Definition 4.1) for regular enough data (see
also Theorem 4.2 below).

Remark 4.3 Roughly speaking, it follows from (4.8) and (4.10) that z; coincides
with the vector field % on the set {|u| < k} for all £ > 0, and so the vector field

z plays the role of Ig_gl on the set {|u| < +oo}.

Remark 4.4 Let us observe that we cannot expect that in general the vector field z
belongs to L>=(2, RY) as the following simple argument shows. Consider f € L*(Q)
and assume that u is a solution to (4.1) with z € L>(2, R"). Then we have

Lol =| [+ ve| <l 196 oranoec.

Q Q Q

This distribution generated by f can uniquely be extended to ¢ € I/VO1 ’1(9); thus
f € W=L°°(Q), which is impossible for a general f € L'(2) when N > 2 (see also
Theorem 4.2 and Example 4.1 below).

11



The main result of this section is

Theorem 4.1 The limit function u given by Theorem 3.1 is a solution to problem
(4.1) in the sense of Definition 4.1.

Proof: We proceed dividing the proof in several steps.
Step 1: Ti(u) € BV () for all k > 0.

It follows from (3.14) that Tj(u,) — Tk (u) a.e for all £ > 0. On the other hand,
from Hélder’s inequality and (3.8), we deduce

) v T R
[ivnl <00 ([ 19nwr) <o iahes. @
Therefore, once k is chosen, (Tk(up))p is bounded in W, (), and consequently
Ty (up) = Ti(u) *-weakly in BV (Q); (4.14)
so that Ty (u) € BV(Q) for all k£ > 0 and (4.6) holds true.

Step 2: —divz = f in the sense of distributions.

Since u,, is a solution in the sense of distributions to problem (3.1) (see Remark
3.3), we have

[vunr2vu,vo= [o. voecr@)
Q Q

By Theorem 3.1, letting p goes to 1, we get

|=vo=[er weecr@)
Q Q
or, equivalently, —divz = f in the sense of distributions.

Step 3: the vector field 2y = zx{ju<x} belongs to L*(Q;RY) and || |z [Jee < 1

Here we repeat the same arguments used in [4] (see also [34]). For any fixed
k > 0, the sequence (|Vu,[P™" X{ju,<k})p is bounded in L%’W(Q,RN), by (3.13).
Thus, as p goes to 1, we have

]Vup]p_2Vup X{jup|<k} — Wi weakly in LY(Q; RN), (4.15)

for some vector field wy, € L*(€;RY). For every fixed k > 0, h > 0 and p > 1, we
denote

Bpny ={xr € Q:|VT(u,)| > h}. (4.16)

By (3.13), as p goes to 1, we have (up to subsequences)
|Vup|p_2Vup X By xn{lupl<k} — hk Weakly in LI(Q,RN), (4.17)
VPV X(@\By )0 {lunl<k} — frie weakly in - L'(Q,RY), (4.18)
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for some gnx € L'(RY) and fh, € LY(Q;RY). On the other hand, by (3.8) the
following inequality holds true

1 k
Bonal < 35 [ 19Tl < 25l v (119)

Therefore, by Holder’s inequality, (3.8) and (4.19), for any ® € L*°(Q,RY) such
that || |®] || < 1, we have

(r=1)/p
(/ |Vup|p_2Vup-<I>‘ < (/ |VTkup|p) | By /7 <
By, n kM {lup| <k} Q2

)(pfl)/p (k?HfHLl(Q))l/p _ k?||f||L1(Q)

< (k 1
< (kI flor T ;

By (4.17), for any fixed k > 0 and h > 0, this implies

k
[ 9] < Ul
Q h

for any ® € L>*°(Q, RY) such that || |®| || < 1. By duality, we deduce the following

estimate for g
k‘||f ||L1
Ig ,

for any fixed h > 0 and k > 0. Moreover, by definition of the set B, we have
‘|Vup|p_2Vup X(Q\Bp’h’k)m{\upkk}} < prt a.e. in .
This implies the following pointwise estimate for fj,

| frrl < liII% Pl =1, a.e. in §.
p—)
For any fixed h > 0 and k& > 0,

W = fh,k: + Gn.k (4‘20)
with y
||fh,k||oo S 1 and / |gh,k| S 7
Q

Therefore, we obtain (see [4], and also Step 3 of Proposition 4.1 in [34])
Ikl oo < 1, (421)
for all £ > 0. Since lim,_; u,(z) = u(x) almost everywhere in €, it follows that
X{lupl<k} = X{lul<k}> strongly in L°(€Q), forevery 1 < p < +o0,

for almost all & > 0. We point out that, since |Q2| < 400, the set of the values k
such that |{|u| = k}| > 0 is countable. Therefore, by (3.10) and (4.15), we conclude

Wi = 2 X{|u|<k} = ?k

13



for almost all £ > 0. Observe that, by applying

W = M ZX fjul<k} = ZX{Jul<+oo}, a.e. 1m
and (4.21), we deduce || |2 X{uj<k}| [lc < |12 X{jul<t+o0}| [loc < 1 for all k& > 0. This
proves (4.8).

Step 4: Proof of (z, Dx{ju/>k}) is a Radon measure and (4.9) holds.
Let us consider hy(u,)¢ as test function in (3.7), where ¢ € C3°(Q2) and hy(s)
is defined by

0, |s| >k +¢
hke(s) = 17 |$| < k,
kel k< s| <k+e

€

Then we have

1
a _/ |Vup|p¢ sign (“p) + / hkg(up)|Vup|p_2Vup Vo
{k<|up|<k+e} Q

::/th(uwf¢- (422

Letting p go to 1, we get

[ )z o= [ g+ tim [V, P sign (1)
Q Q

=L € Jik<iuy|<kte}

and therefore letting e go to zero

1
/ z-Vo :/ fo+limlim — |Vu,|P¢ sign (u,).  (4.23)
{lul<k} {lul<k}

Hence, since (4.7) holds, we have

1
lim lim — |Vu,|P¢ sign (u,) = / fo— / z-Vo,
TOPTLE€ S k< up| <hte} {lul>k} {lul>k}
that is, by Definition 4.5
o1 .
lim lim — [Vuy|P¢ sign (up) = (2, DX{juj>k}): @) - (4.24)
=0p=1 € Jik<|uy|<kte}
Since
1

_/ |Vup|p¢ sign (Up) < il
€ J{k<|up|<k+e}

/ |V, [P
€ {k<|up|<k+e}

ke [ 1700, ~ T < ol [ 15

€

14



for all p > 1 and all € > 0, we deduce from (4.24) that (z, Dx{ju>k}) is actually a
Radon measure satisfying

(5, Do) () < / 1.

On the other hand, (4.23) becomes

/ 2, Vo = / I Xqul<ky® + (2, DX{ju>k})> D) 5
Q Q

and it yields (4.9). We explicitely observe that, since the right-hand side in (4.9) is
a Radon measure, we deduce that —div(zy) is a Radon measure in the dual space
W=12°(Q). Moreover, since the measure (z, Dx{ju>}) belongs to L*(Q)+W ~1>(Q)
and therefore (see Proposition 5.2 in Appendix 1) it is absolutely continuous with

respect to the Hausdorff measure H™¥ =1, then the precise representative (as mentio-
ned in Appendix 1) of every v € BV(Q2) N L>(Q) belongs to L' (2, (2, Dx{ju>k}))-

Step 5: Study of (zy, DTy (u))
As pointed out in the previous step, —divz, is a Radon measure. Therefore by
Appendix 2 Proposition 5.4,

|(zk DT (u))] < [ 2] lloo| DT (w)]
and, since || |2x| [0 < 1, we have
(2, DTy (u)) < [DTi(u)|, as measures in 2. (4.25)

Now we prove that in fact equality holds in (4.25). Denote, for every ¢ € C§°(£2),

(2, DX(usiy), &) = / fo- [ -ovs

{u>k} {u>k}

<(Z, DX{—u>k})7¢> = /{ - fgb — /{ . z - ng

By Proposition 6.3 in Appendix 2, these distributions are Radon measure concen-
trated in {u = k} and {—u = k}, respectively. Therefore, by (4.4) and (4.9), we
obtain

((zr, DTk (w)), ¢) = /{| o ka<u)¢+/QTk(u)¢d(zaDX{|u>k})_/{| - Ti(u)z-Vo.

(4.26)

Since

/{|u|<k} [Ti(u)g = /Qka(U)Cb— k/{u>k} f¢+k/{_u>k} fo.

/QTk(U)de(Z, DX{|u\>k}) - k’<(2’, DX{u>k})v ¢> - k<(2’ DX{fu>k})7 Qb)

and

. - : —k . k . .
/{|u|§k} Ti(u)z - Vo /QTk(u)z Vo /{u>k}z Vo + /{_wk}z Vo,

15



it follows that
(22, DT (u / FT(u)é — / To(w)z - V. (4.27)

Now, we denote

((z, DTj(u)), &) :/Qka(U)fb—/QTk(U)Z'V¢ ¢ € C5°(92). (4.28)

In Appendix 2, Proposition 6.1, we prove that the distribution defined by the above
expression is actually a Radon measure. From (4.27) we deduce that

(2, DTy (u)) = (2, DTk(u)) forall k >0, (4.29)
and thefore by (4.25)

(z, DTi(u)) < |DTp(u)| as measures in €2, (4.30)
Now we prove that
|DT}.(u)| < (2, DT(u)) as measures in 2. (4.31)
Denote for n > k
(0, |s| > k+2n;

(k + 2n — |s|)k sign s
n

hin(s) = , k4+n<|s|<k+2n;

\Tk(s)v |5|§]{7—|—’I‘L

Obviously hyg, tends to Ty (s) as n — +o00. Let ¢ be a nonnegative function belonging
to C§°(§2). By choosing hy,,(u,)¢ as test function in (3.7) and letting n go to infinity,
we get

/ IV T(uy)P 6+ / Vity P2Vt - Vo T (1) = / Ti(up)of.
Q Q Q

By Young’s inequality we have

|t < [ 1Vhre+ /¢

= [ Bt or = [ 902V, Vo Tiw) + 2= [ o

This implies

1
/Q |VTk(“p)| ¢+ ]_? /Q |Vup|p_2Vup : V¢Tk(up) <

S%/{)Tk(up)qﬁfﬂ%l/gqs.

16



Now we let p go to 1 and we obtain

[odptiw+ [ 2o tiw < [ Titwer.
Q Q Q
for every nonnegative ¢ € C3°(€2). On the other hand, by (4.28), it follows that

(DT(u)], ¢) < ((2, DTi(w)), 9),

for every ¢ € C5°(Q2) with ¢ > 0. This yields (4.31), and by (4.29) and (4.30) we
arrive to (4.10).

We explicitly observe that the previous arguments imply
lig [ VT = (2 DTi(w).6) = (DTula)l 0} Yo € CF(9).
—rJa

Step 6: Proof of (4.11).

We begin by observing that, since zx {juj<toc} € PM™(Q), by [3], [2X {jul<to0}s V]
is well-defined and satisfies |[2X {juj<+o0}s ]| < || [2X{jul<to0}| [[oo < 1. On the other
hand, the weak traces of [z, V], [2X{u=toc}, V| and [2X{u=—oc}, V| Will be introduced
in Appendix 3 below.

Fixed k > 0, our starting point is the equality

| 9T = [ 1w,

that holds for all p > 1. Applying Young’s inequality, we obtain
1 p—1 1 p—1
VT (u g—/VTup—i——Q:—/Tu +—1Q].
/Q\ k(up)| pQ! k(up)| p|| prk(p) pH
Now the inferior semicontinuity implies
DT + [ |Ti(w) dn¥ " < / To(w) = — / (dive)To(w).  (4.32)
o0 Q Q

Taking into account that z = 2X{juj<to0} T 2X{u=+00} T ZX{u=—oc}, We may split the
right hand of (4.32) into three parts. By the Gauss—Green formula (5.1), we deduce

- /Q (div (2X{juj<+o0})) Ti(w)
— [ Xtuiermy DT = [ [oxqucomy P1Tal) Y (439
Q o0

In order to compute (2X{ju/<toc}, DTk(u)) we have to perform some computations
are needed. For every ¢ € C5°(2), we have

<(ZX{\u\<+oo}, DTk (u))7 ¢>
B /{|u|<+oo} JTiu)e + /QT’“(U)(?CZ(% DX {juj=+oc}) — / Ti(u)z-Vo.

{lul<+o0}

17



Performing similar manipulations to those done in Step 5, we obtain

<(ZX{|u|<+oo}7DTk /ka; QZS /Tk A ng

Thus, [,,(2X{ul<+oo}, DTk(u)) = [o(2, DTp(u)) = |DTi(w)|(€2). From here and
(4.33), one deduces

- /Q (div (2X(Jul<to0y)) Ti(w)
DTy (w)[(Q) — /8 Xt AT () AR (434

The other two parts are easier of handling. Observe that, choosing v = 1 in the
definition of [2X {u=1oc}, ], We obtain

[ttt [ i)
o0 {u=+o0}
so that

_ /Q (div (=X guesoey) T() = /

ka(U) - / Tk(u) d(Z, DX{u:—I—oo})
{u=+o0} Q

= k[/ f_/ d<Z>DX{u:+oo}):|
{u=+o0} Q
= —k:/div (2Xfu=toc}) = —k/ [2X {u=to0}> V] dHN™! . (4.35)
Q G
Analogously, we have
—/ (div (2X fum—oo})) Th(u) = k‘/ [2X fuz—oo}, V] AHN T (4.36)
Q )
Having in mind (4.34), (4.35) and (4.36), inequality (4.32) becomes
DL@I® + [ [Tiu)|dre
o0
< IDTIE) = | (X ity VT ) dHY
_ k;/ [2X {u=to0}> V] dHN 1 + k‘/ [2X {u=—o0}, V] dHN L
) o0

from where (4.11) follows.
Finally assume that u is H"~!-a.e. finite on 9. Then

/ [ty VAP = / [2X fu=—so}, V] dHY T = 0
o0 o0

and so, by (4.11),

T K < = [ oxgugeroo) V) i) a2,
o0 oN

18



Since |[2x<soct: Yl < || [2Xqui<soep] oo < 1, this implies
Ty (w)| = —[2X{ju|<+o00)s V] Te(u)  HY'-a.e. on €.
Therefore, [2X{juj<too}, V] € sign (—u), HN'-a.e. on 99, and (4.12) is proved.

Remark 4.5 In [34], (Theorems 4.2 and 4.3), we have shown that, when the norm
of a datum belonging to W~1°(Q) is small enough, we find a solution to problem
(4.1) which is a function belonging to BV (€2). This situation does not hold for
general L'-data. Indeed, observe that |||z x{u<cc}| e < 1 and so, by the same
argument in Remark 4.4, 2 X{juj<sc} = # only when the datum belongs to W~1>(Q)
and its norm is small enough. We explicitly point out that if f € L'(Q)\IW~1°°(Q),
or f e Wt>°(Q) with || f|lw-re(@ > 1, then the set {|u| = 400} has positive
measure. This feature is stated more precisely in Theorem 4.2 below and illustrated
in Example 4.1, where data which do not belong to W~1°(Q) are considered.

Theorem 4.2 For every fized p > 1 let u, denote the renormalized solution to pro-
blem (3.1). If u is the pointwise limit of u,, and z is the weak limit of |Vu,|P~*Vu,,
as in Theorem 3.1, then the following statements are equivalent

(1) f € W=t(Q) with || fllw-10(0) < 1;
(2) uwe BV(2);

(3) w is almost everywhere finite in €);
(4) z € L®(RY) with || |2] |l < 1.

Sketch of Proof: (1) = (2) It is a consequence of the estimate [, |[Vu,| < |Q
for all p > 1 (see [34], Theorem 4.1).

(2) = (3) It is straightforward.

(3) = (4) Theorem 4.1 yields zx{juj<oo} € L(2;RY) with || [2X{juj<co}| |0 < 1.
So that |u(x)| < co a.e. implies condition (4).

(4) = (1) The argument is contained in Remark 4.4.

Example 4.1 For every 0 < A < 400 and 1 < ¢ < N, we consider the problem
—Apup = f, in Br(0);

u, =0, on 0Br(0);

where f(x) = —&—. Since f is a radial function and its decreasing rearrangement
i/ N as

is defined by f*(s) = I, the solution of our problem is given by (see [41])
CyRN

v [ 1/(p-1)
up () :W/ SNP </0 f (U)da> ds =

Cn|z|N

_ AL/ (p—1) E((CMMN)*% _ (CNRN)7%> =

cjpv//N(N_q)l/(p—l) q—p

() B0 ()
N (N=g)[z|7-P a-p R



)1/(f1—1)

Letting p go to 1, we point out that |z| < ( implies u,(x) — 400

A
N (N—-q)

1/(g=1)
) ! yields u,(z) — 0. Hence, for all A, the limit blows up

>(— 2
and |z| > (Cj{,/N(qu)
in a ball of positive measure. Furthermore, when A > (N — q)C’]qV/Nqul, the limit
blows up everywhere.

In this example, we may also compute the vector field z. Indeed,
A x

Vu,|P 2 Vu, = —
Vil TV (N — q)CY™ ||

for all p > 1, so that
A

YN =gl
Therefore, this vector field is not bounded, and it belongs to L%"’O(BR; RY). On
the other hand, we also point out that

it |z <1, then wu, — 0;

|2(2)]

(4.37)
if |z >1, then wu, — +o0.

Example 4.2 For every 0 < A < 400, we consider
—Apup = )\(50, in BR(O) )

u, =0, on 0Bg(0);

where Jy denotes the delta function concentrated on {0}.
The solution to this problem is given by

uy(x) = p—1 A/ (=) ( 1 B 1 )
? N —p (NCy)Ye=D\|z|N=p)/-1) — RN-p)/(-1) ) *

L/(V-1)
Thus, if || < (N%J , then u,(z) — +oo. Hence, for all ), the limit blows

up in a set of positive measure. Furthermore, when A > NCyRY ™!, the limit blows
1/(N—1)

up everywhere. On the other hand, if |z| > <N—éN> , then w,(z) — 0.

We also remark that

A x

NCy x|V

and consequently |z| = NLCN m% Hence,the vector field z and the limit function

u are linked as in (4.37).

|V, [P~*Vu, = forall p>1,

Remark 4.6 As far as uniqueness is concerned, if u is a regular solution to (4.1) and
h € C'(R,R) is strictly increasing, then h(u) is also a solution to (4.1) (for instance,
arctan(u) is a solution). Hence uniqueness in general does not hold. Indeed we
remark that only a “subsequence” converges.

However, the limit points are not general solutions to (4.1) since we have got
|u| = +00 in a subset of positive measure (unless || f||w-1.000) < 1). Therefore, not
every solution to problem (4.1) is the limit of a “subsequence” of (u,)p>1, in other
words, our limit points to (u,),>1 are some specific solutions to (4.1).
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5 Appendix 1: L>*—divergence—measure fields

In this Appendix we will study some properties involving divergence-measure vector
fields and functions of bounded variation. We will prove basic approximation results,
and we will give an extension of the Anzellotti’s theory proved in [3] (see also [6],

[31], [34]).

5.1 Approximation results

Let us begin by stating two basic results. In the first one every BV—function will
be approximated by smooth ones; its proof is a simple combination of Lemma 5.1
in [3] and [2] p. 175.

Proposition 5.1 Let uw € BV (Q) and let (p.)e be a family of positive symmetric
mollifiers. Define
wk pe(r), if v el
ue(r) =
0, if x ¢ Q.

Then,

(1) ue pointwise converge HN=1-a.e. to the precise representative of u
(2) / V| — [Dul(A)  if ACQ is open and | Dul(DA) = 0.
A

(3) Ifue BV(Q)NL>®Q), then lu(z)| < |lulle HN '-a.e.

The second basic fact is the following proposition, which is proved in [14]. It can also
be proved as a consequence of (2.4) and inequality in [25] p. 171 relating Hausdorff
measure and Hausdorff spherical measure.

Proposition 5.2 For every z € DM™(Q), the measure p = div z is absolutely
continuous with respect to HN=1. As a consequence, | < HNL

Consider now p = divz with z € DM>(Q) and let v € BV(€2). Since the
precise representative of u is equal HY¥'-a.e. to the Borel function lim,_,q u., then
one deduces from Proposition 5.2, that (the precise representative of) u is equal
p—a.e. to a Borel function. From now on, given u € BV(Q2), we also denote by u
its precise representative; and we will say that every BV—function is y—measurable.
Moreover, u € BV () N L>(Q) implies u € L®(Q, ) € L'(Q,1). On the other
hand, it also yields

/QUdPJ T /Q 2 V= (s Uy e, wi @)

for every u € Wy ().
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Proposition 5.3 Let u = divz with z € DM™>(Q). For each uw € BV (Q) N L>®(Q)
there exists a sequence (uy,) in WH(Q) N C>®(Q) N L2(Q) such that

(1) un —uin LN, )

2) / Vita| — | Dul(€).

(3) unloq = ulsq for alln € N.
(Here u|pn denotes the trace of u and not the trace of the extension uyg.)

(4) |un ()] < ||t |pt|-a-e. and for alln € N, and u, — u in L™ — weak" .
Moreover, if u € WHH(Q) N L>®(2), then
(2) up, —u in WH(Q).
instead of (2).

Proof: Fixed § > 0, we prove the existence of a function us € BV (Q2) N C*(Q)
such that

/|u—u5]d\,u\<(5, /]u—u5]<5 and /]Vu5]§|Du|(Q)+5,
0 Q Q

and if uw € WH1(Q) N L>°(Q), it also satisfies

/|VU5—VU|§5.
0

In order to prove such a claim, we denote by £, a sequence of open sets defined as
in the proof of the Meyers—Serrin theorem (see for instance [2], p. 122). Consider also
a partition of unity subordinate to this covering: ¢ € C§°(£2) such that supp ¢y C
U, 0<¢p<land ) ;- ¢r(x) =1forall x € Q. Moreover, let (p,), be a sequence
of positive symmetric mollifiers. Finally, let (dx), be a sequence of positive numbers
satisfying > 27, 0 < 6.

Since lim, o (pn * (¢ru))(z) = ¢p(z)u(z) for HV~'—almost all point z, one
deduces from Proposition 5.2 that lim, .o (pn * (¢5u))(z) = ér(z)u(z) for |u|-
almost all point x and so

lm [ |pp* (ppu) — ¢pu|djp] =0 for all k € N.

n—oo o)
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Thus, for each k£ € N, we can find ¢, > 0 such that

SUpp pe, * (dru) C U,

/ P, * (1) — el dlpa] < .

Q

/ |p6k * (gbku) - ¢ku| < 5k and
Q

When v € WHH(Q) N L>®(2) we may consider ¢, > 0 satisfying

/Q [Pew * V(ude) — V(ude)] < by

Defining us = > 3o P, * (uV ), we may next follow the proof of [2], p. 123.
m

5.2 The pairing (z, Du) and the Gauss—Green formula

In this Section we define a measure (z, Du) when u € BV (Q) N L>(2) and z €
DM™>(Q). Denoting p = div z, we first define a distribution by the following ex-
pression

<(z,Du>,¢>:—/szsdu—/ﬂuzw, beCE().

Every term is well defined since u € BV (2) N L>(Q) C LY(Q,u) N LYQ) and
z € L™(Q,RY).

Proposition 5.4 Let z, i and u be as above. Then the distribution (z, Du) is a
Radon measure on Q such that, for every open U C 2 and every ¢ € C(U), we
have

(2, Du), )| < |9 lloo [ 2] | ooy [Dul(U).
As a consequence,
| [ 0w < [ 16Dl < el limio IDul(B)
for every Borel set B C ().

Proof: Since u € BV (Q) N L>*(Q2), by Proposition 5.1 and Proposition 5.2, we can
find a sequence (u,), in C*(Q2) N WH(Q) N L>(Q) such that

Uy, — U || — a.e.,
lim,, .. / V| = | Du|(V)
14

jun(@)| < Julloo  [pul-a-e.,

23



for every open V' CC Q satisfying |Du|(0V') = 0.

Let ¢ € C§°(U) be fixed and consider an open set V' such that supp (¢) C V CC
U and |Du|(0V) = 0. Since (u,¢), is a sequence in L'(€, u) that converges to u¢
|u|-a.e. and |u,(2)d(2)| < ||@|loolltt|loo |il-a-e., it follows from Lebesgue’s Theorem

that
/un¢du—>/u¢du.
Q Q

On the other hand u,$ € Wy (Q) N L>(Q) implies
/Z-Vungb:—/unz-ngS—/ungzﬁdu foralln e N,
Q Q Q

and so the sequence (fQ z - Vuy, gb) tends to ((z, Du), ¢). Since

n

| [z Fund] < lollel ol =0y | (9,
Q |4
taking the limit as n goes to 400, we obtain

(2, D), @) < [[dllool [2] | oo 0y [Dul (V) < ool 2] ooy [Pul(U) . m

Lemma 5.1 Let z € DM™(Q) and u € BV ()N L>*(Q). If (un)n is a sequence in
BV (Q)NC>®(Q) N L>*(Q) that converges to u as in Proposition 5.3, then

/Qz-VunH/Q(z,Du).

Proof: The proof is similar to that in [3], Lemma 1.8. n

In order to get the generalized Gauss—Green formula, an easy step is still nee-
ded. By [3], we already have the normal trace [z, v] defined for all z € DM>(Q).

Moreover, it holds
/udu—i— / z-Vu :/ [z, VJu dHN !
Q Q o9

for every uw € WHH(Q) N C(Q) N L>(Q).

Theorem 5.1 For every z € DM™(Q2) and every u € BV (2) N L>(R2), it holds

/udu—i—/z‘Vu—/ [z, vjudH N,
0 Q o)

Proof: It is enough consider a sequence (u,), as in Proposition 5.3 and take the

limit in
/undu+/z-Vun:/ [z, V]u, dHN 7,
Q Q a0

as n goes to oo, by applying Lemma 5.1. [

where p = div z.
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6 Appendix 2: Properties of measures (z;, DT} (u))
and (Z, DX{|u|>k})

In this Appendix we study the properties of the distributions defined in (4.4), (4.5)
and (4.28); our main result is given by Proposition 6.3.
Let us recall the distribution defined in (4.28), i

((z, DTy (u /ka )b — /Tk Vo, Yoe C®(Q);

here u denotes the limit function and z the vector field whose existence have been
proved in Theorem 3.1. We begin by proving the following result.

Proposition 6.1 The distribution (z, DTy (u)) is a Radon measure.

Proof: Let u, be the renormalized solution to problem (3.1). As in Step 5 of the
proof of Theorem 4.1, we obtain

/ |Vu,[Pé + / Tk(“p)|vup|p_2vup Vo = / Ty (up) f -
{lup|<k} Q Q

Therefore letting p go to 1, we get

lim Vu,|Po = Tp(w)p — | Tp(u)z-Vo. = ((z, DT} (u)), o). 6.1
[Tl /Qf<>¢> / (w)z - Vo. = (= DTu(w)).0) . (6.1)

1
P8 H{luy |

Moreover it results:

[ v
{lupl<k}
and therefore by (6.1)

< 16l / VTe(uy) P = (6] / [Ti(up) < [0k / 7.

(2, DTu(w)), &) < [[6]lk / A1,

This yields the conclusion.

Remark 6.1 Actually in the same way we can define the distributions (z, Dh(u))
for all Lipschitz function A such that the support of its derivative is compact, that
is

(2, Dh(u /fh Yo — / wz-Ve, Yoe Q).

With the same arguments used in the proof of Proposition 6.1, we can prove that
(z, Dh(u)) is a Radon measure. In this way, for every & > 0 and n > 0, we obtain
that (z, DT} (u — T, (u))") and (z, DT} (u — T, (u)~) are Radon measures satisfying

(2, DTe( — Ty(w))*), 6)] < 6]k /{ N

and

(G DTG =T ) O < olok |11

respectively.
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Now we prove that the measure (z, DT, (u)) is concentrated on the set {|u| < k}.
To this aim we need some preliminaries.

Proposition 6.2 The Radon measure (z, DTy(u — T, (u))") is concentrated on the
set {n < uw < k+n}t. Analogously the Radon measure (z, DTy(u — T, (u))”) is

concentrated on the set {n < —u < k +n}. In particular when n = 0, the Radon
measure (z, DTy (u)) is concentrated on the set {|u| < k}.

Proof: We only prove that the Radon measure (z, DT} (u—1T,(u))") is concentrated
on the set {n < u < k + n} since the second part of the proposition is obtained by
the same arguments. To this aim we have to prove that

(2, DTi(u — Ty(w)) ") w N {u >k +n}) = (2, DTj(u — Ty (u)) ") (w N {u < n}) =0
for any w open subset such that w CC 2.

Let us fix w CC 2 and consider a sequence of mollifiers (p,),. Denote by z, =
pnxz and f, = p, x f. Then f, = —div z, in w, for n large enough, and moreover

Zn — 2 in L'(w;RY) and fo— f in L'(w).

By the results proved in [3], we have

/ |z, DT (= Ty (u) )| < [ zn| oo DTk (u = Ty (w)) T (w O {u > &k +1})
wnN{u>k+h}

Thus, since |DTy(u — T,,(u))*|({u > k +n}) = 0, we obtain

/ (zn, DTy (u — Tn(u))+) =0, Vn.
wN{u>k+n}

In an analogous way we also obtain

/ (20, DTy(u = Ty(w)") = 0, Vn.
wN{u<n}

On the other hand, for any ¢ € C§°(w), we have

/wmu ~Ty(w)*z -V

< ’((z, DTy(u—T,)"), ¢>‘ +

[ =T re)

<2lollk [ 111,
{uzn}

Therefore for n large enough, it yields

\/UJTk<u—Tn(u))+zn.v¢\ gsuqsuook/ 7l

{u>n}
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We deduce that

(2 DTe( — Ty(w))*), 6)]
ok
< 3]0 /{ e

/ Ti(u — Ty(u))* fud

<dlolk [ .
{uzn}

Moreover, since

lim [ Ty(u—T,(w)" fup — / Te(u—T,(u)) 2, - Vo

~ [ Bw =Ty o - [ Tt Tz Vo,
we get

(20, DTk (u — Ty (u)) ") w — (2, DTp(u — T, (u))")| w  weakly-* as measures.

Therefore
/ (2, DT(u — T,(w)*) = lim (2ns DTi(u = Ty(w))*) = 0
wn{u>k+n} o0 Jwn{u>k+n}
and
/ (z, DTy (u — T;(u))") = lim (20, DTy (u — T, (u))™) = 0.
wN{u<n} =00 Jon{u<n}

Corollary 6.1 For any € > 0, the measure (z, DT.(u — Tj(u))*) is concentrated
on {k < u < k + €} and the measure (z, DT.(u — Tx(u))”) is concentrated on
{k < —u<k+e}.

Proposition 6.3 Let (z, Dx{usk}) and (2, Dx{—u>k}) be the Radon measures defi-
ned in (4.26). Then, for every ¢ € C5°(Q2),

(5 DXusiy): @) = lim ~((z, DT, (u — Tx(u))*). 6)

e—0 €

(2 DX (o). @) =i (=, DT, (1 — Te(w))"). 6).

e—0 €

Moreover, (2, Dx{usk}) is concentrated on {u = k}, while (2, DX{_u>k}) is concen-
trated on {u = —k}.
As a consequence, the Radon measure (z, DX {ju>k}) is concentrated on {|u| = k}.
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Proof: Let ¢ € C5°(Q2) and let u, be the renormalized solution to problem (3.1).
Arguing as in Step 4 of the proof of Theorem 4.1, we obtain

1
./ Tyl = (6.2
€ J{k<up<k+e}
1 1
=< [ Ty~ Tuluy)) 6 = ¢ [ Ty~ Tilw)) [Vl 2V, Vo
Q Q

Therefore, letting p go to 1 and € to zero, we have

lim lim Vu,’6 = (2 Dxusiy): ) - (6.3)

e—=0p—1 € {k<up<k-+e}
It follows from (6.2) that

lim - Wiy P = ~{(2, DT (u — Te(w))"), 6).

Pl € J{k<up<hte} €

By (6.3) and the above equality, we get

(2 Dxtuoty). €) = lim (2, DT — Tulw))") 6).

—0 €

Therefore, by Corollary 6.1, we deduce that the measure (z, Dx{u>}) is concentrated
on the set N2 {k <u<k+1}={u=k}.

In the same way we can prove the assertions concerning the measure (z, Dx{—u>k})-
The last statement is a consequence of (2, Dx{ju>k}) = (2, DX{usk}) + (2, DX {—usk})-

7 Appendix 3: Weak trace on 0} of the normal
component of z.

The aim of this Appendix is define [z,v], the weak trace on 9 of the normal
component of z, z denoting the vector field found in Theorem 3.1. Recall that it

satisfies z € L%’”(Q;RN) and —divz = f in D'(Q).
Letv € Wl‘%ﬂ(asz)me(aQ) for some ¢ > N. Then there exists w € W4(Q)N
L>(£2) such that w|sq = v. We define

(z,v)aQ:/Qz-Vw—/wa. (7.1)

The following result can be proved using similar arguments that those in [3] (see
also [14]).

Proposition 7.1 The value (z,v)sq, defined in (7.1), does not depend on the chosen

function w and the expression (z,-)aq defines a linear map on W'~ 29(9Q) N L>(09)
1

which is continuous in the space W'~ 29(9Q), for all ¢ > N.
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We will write [, [z, v] v dH" ! instead of (2, v)aq.
To define [, [2X u=rtoc}, Y] 0 dHN " and [, [2X u=—oo} Y] v dHN ™!, we need to

know an expression to —div (2x{u=toc}) and —div (2x{u=—oc}), respectively. It is
easy to check that

—div (ZX{u:+oo}) = fX{u:+<>0} - (Zv DX{u:—i-OO}) )
—div (2Xfu=—o0}) = SX{u=—o00} = (2 DX{u=-sc}) ;
—div (2X{ul<to0}) = X {lul< o0} T (2 DX {Jul=t00}) 5

holds in the sense of distributions. Thus, we may write
[ Xy v o ar
o9

- / ZX{u=+o0} Vw — / fw + / wd(z, DX{u:-i-oo}) )
Q {u=+o0} Q

and
/ [2X fuz—oo}, V] 0 AHN
o0

= / ZX{ue—oo} * VW — / fw+ / wd(z, DX fu=—oc}) ;
Q {u=—o0} Q

where v € Wlﬁ’q(aQ) N L*°(09), for some ¢ > N, and w € W(Q) N L>(Q)
satisfies w|gq = v. Moreover, it yields

/[z,l/]vdHN_lz/ [ZX{|U|<OO},I/]UdHN_1
a0 0

+ / [2X fuztoo}s V] 0 AHY T 4 / [2X fuz—oo}s V] 0 AHN T
B P

for every v € Wl_%’q(aQ) N L>°(09), with ¢ > N.
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