BEHAVIOUR OF p—LAPLACIAN PROBLEMS WITH NEUMANN
BOUNDARY CONDITIONS WHEN p GOES TO 1

A. MERCALDO, J. D. ROSSI, S. SEGURA DE LEON AND C. TROMBETTI

ABSTRACT. We consider the solution up to the Neumann problem for the p—
Laplacian equation with the normal component of the flux across the boundary
given by g € L>°(9€). We study the behaviour of u;, as p goes to 1 showing
that they converge to a measurable function u and the gradients |Vup|P~2Vu,
converge to a vector field z.

We prove that z is bounded and that the properties of v depend on the size
of g measured in a suitable norm: if g is small enough, then u is a function
of bounded variation (it vanishes on the whole domain, when g is very small)
while if g is large enough, then u takes the value co on a set of positive measure.
We also prove that in the first case, u is a solution to a limit problem that
involves the 1—Laplacian. Finally, explicit examples are shown.

1. INTRODUCTION

In this paper we deal with the limit as p goes to 1 of solutions to the p-Laplacian
with non-homogeneous Neumann boundary conditions. To be more precise, con-
sider the following problem:

—div(|Vu,|P~2Vu,) =0, in Q,
(1.1) _o0u

[V |? 87; =9, on 0,
where p > 1 and v denotes the unit outward normal to 2. As far as the datum g
is concerned, it belongs to L>°(9), and verifies the compatibility condition

(1.2) / gdHN "t =0.

a0
In order to obtain a unique solution we impose the normalization
(1.3) / u, dHN " = 0.

a0

Our aim is to study the behaviour as p goes to 1 of the solutions u,. Thus,
we may assume without loss of generality p < N. If we argue formally the limit
lim,_,1 u, = u should be a solution to the following limit problem that involves the
1-Laplacian,

—div(&) -0, i Q,

| Dl
Du 5
|Dul’

(1.4)
=g, on 0f).

Key words and phrases. p—Laplacian, Neumann problem, 1-Laplacian.
2000 Mathematics Subject Classification 2010 : 35J92, 35J25, 35B65.

1



2 A. MERCALDO, J. D. ROSSI, S. SEGURA DE LEON, C. TROMBETTI

Note that one of the major difficulties to define a solution to this problem is to give a
sense to @—:‘L‘ when Du = 0. This difficulty was tackled for homogeneous Neumann
boundary conditions in [2] (where the correct concept of solution is introduced) and
also in [4], where the authors deal with a nonlinear boundary condition: —% ‘v E
B(u). However, up to our knowledge, this is the first time that inhomogeneous
Neumann boundary conditions are studied. For the equation in (1.4) with Dirichlet
boundary conditions and a nontrivial right hand side, see [7], [9], [10] and the book
[3]-

Our main result states that the functions u, converge pointwise to a measurable
function u whose features depend on the size of g. More precisely, there exists || - ||«
a norm in L>(9) (see Definition 2.3, this norm is actually equivalent to the usual

one in L*>(09)), such that,
If |lgll« < 1, then u(x) =0 for all z € Q.
If |lg|l« = 1, then u € BV (Q) is a solution to the limit problem.

If |lg|l« > 1, then |u| = co on a set of positive measure.

We point out that, as in in the case of Dirichlet problem (see [7], [6], [9]) our

methods can also be applied to study the behaviour of solutions of the problem

fdiv(|Vup|p*2Vup) =f, in Q,

_o0u

|vup|p 287; =9, on 897
with f € LY (Q) (or f in the Marcinkiewicz space LY>°(2)) and g € L>(95), but
then we have to consider a quantity that depends on the size of f and g. We just
restrict ourselves to (1.1) for the sake of simplicity.

This paper is organized as follows: next section is devoted to fix our notation
and introduce the precise norm that measures the size of g. The behaviour of the
solutions u, is studied in Section 3, we prove that w, converge to a measurable
function u whose main features depend on the size of g. In Section 4 we analyze
conditions under which the limit function v is solution of the limit problem. Finally,
in Section 5, we compute explicit examples of solutions u, and their limit.

2. NOTATION AND AUXILIARY RESULTS

Throughout this paper € will denote an open bounded subset of RV with Lip-
schitz boundary. Thus, there exists a unit vector defined on 0f2 that is outward
normal to : it will be denoted by v. This vector field is defined for #~ ~'-almost
every point of 9, where H~ ~! denotes the (N —1)-dimensional Hausdorff measure.

The energy space to study problems (1.1) is the Sobolev space W1?(€2), while
the natural energy space for considering the limit problem is the space of functions
of bounded variation BV (€2). We refer to [1] for information concerning functions
of bounded variation and their features.

Along this paper we will always assume that a weak solution u, to (1.1) is
normalized according to (1.3). So we begin by proving the existence and uniqueness
of such a solution. Let us recall the definition of weak solution to problem (1.1)

Definition 2.1. We say that u € WP(Q) is a weak solution to (1.1) if there holds

/\Vu|p_2Vu-Vgoda::/ gpdHN 1
Q 09
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for every o € WHP(Q).

Theorem 2.2. Assume that g verifies (1.2), then there exists a weak solution to
(1.1). Moreover, the solution is unique if we normalize it according to (1.3).

Proof. The proof is standard. The result can be obtained minimizing the functional

F(u) = 1/ |Vul? dx—/ gudHN 1
pJa o9
in the space
S, = {u e whr(Q) : / wdHN T = 0}.
a0

Just recall that the usual norm of W'?(9) is equivalent to the norm [|Vu| s orn)
in S,. Hence, we have the compact Sobolev trace embedding S, — L"(992) when
r=p(N —1)/(N —p), therefore [, gudHN " is well defined for g € L>*(99) and
uesS, N

As for Sp, let us introduce

S = {u cwhl@Q) : / wdHN " = o}.
o0
We recall that in Sy the norm [|[Vul[1(qrv) turns to be equivalent to the usual
norm of Wh1(Q). We will use this space to define the norm | - ||, in L>(99).
Definition 2.3. For every g € L>(9N), we define
gudHN !
lol = sup | Jmge
u€eS1\{0} fQ ‘vu‘ dx

Now, our goal is to show that || - ||, is equivalent to || - ||, (aq). To this aim we
need the following lemma.

Lemma 2.4. There exists a constant A = A(Q) > 1 satisfying
/ Ju| dHN 1 gA/ |Vu| dz
o0 Q

Proof. By the continuity of the trace operator
S1 — L1(6Q) s

for every u € S.

we already know that this constant is finite and positive. We will prove A > 1.
Let u € WH1(Q) satisfy u # 0 on 9Q and [, udH™~* = 0. Applying a result
in [5], we may find a sequence (w,),, in Wh1(Q) satisfying

1
W, =u,. _, and Vw, dxg/ uldHN T+ =
EY EY /Q| | 6Q| | n

Hence,

A
/ lul dHN 1 < A/ |Vw,|dz < A/ lul dHN 1+ —.
o0 Q a0 n

Letting n — oo, we deduce A >1. ®
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REMARK 2.5. One may wonder if A = 1 could happen. This actually occurs in
one dimensional domains. Indeed, set  =]a,b[. Assuming, for definiteness, that
0 < u(b) = —u(a), we have

A = sup {|u(b)|+|u(a)} = sup {W : u increasing } .

2 | ues,
By Lebesgue’s version of Barrow’s rule, every quotient in the above expression is
equal to one. Therefore, A = 1.

This no longer happens in higher dimensions where A can be as large as we

want. A simple example in R? is as follows. Let Q =] — L, L[]0, 1[ and consider
the function defined by

-3, ifo<—3;

u(z,y) =< =, if —l<z<i;
% , if x > % .
Then )
/ udH' =0, /|Vu|dx:1and/ luldH" = L+ = .
Ty) Q a0 2
Hence,
Lo lul a1
A>=2— — =]+ —.
= o |Vu|dx ta
Proposition 2.6. | - ||« is a norm on L (90Q) such that

91l o) < llgll« < Allgllz~(o0)

for all g € L>(0Q). In other words, || - ||« and || - || L= (aq) are equivalent norms.

Proof. Fixed g € L*>(09), we define T : S; — R by

T(u) :/ gudHN L.
a0
So that |T'|| = ||g||«. We claim that
lgllze=0) < Tl < Allgll=(aq)-
Applying Lemma 2.4, we obtain
1T (u)| < [lgll > a02) /zm lul dHN 1 < Allgll Lo o0 /Q |Vuldz,

so that || T[] < Al|g|lpe(aq)- To see the other inequality, fix h € L' (9€) such that
[Ih]l1 < 1. Applying the same result in [5] as in Lemma 2.4, we may find a sequence
(wn)n in WHH(Q) satisfying

Wn|,, =N, and / \an|dx§/ |h|d”HN’1+l.
|8§Z Q o0 n
Thus,
1
[ anaw | =izl <171 [ (Vanlas <ol ([ e L)
a0 Q o0 n
that is,

< AIT(HR{ < [T

‘ / ghdHN 1
o0
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By duality,

: / |h|aHN L < 1} < |7
o

9l L~ 00y = Sup{ / ghdHN 1
09

3. CONVERGENCE OF u, AS p GOES TO 1

In what follows, abusing of the terminology, we will say that u, is a sequence
and we will consider subsequences of it, as p goes to 1.
We begin by establishing the following fundamental estimate:

Lemma 3.1. Let u, denote a weak solution to (1.1). Then the following estimate
holds

_1
(3.1) [ 1Vl da < 1177100,
Proof. Taking u, as test function in (1.1), we obtain

[ vubrds= [ gup < gl IVl oas.
Q o0

Theorem 2.4 and Hélder’s inequality yield

1 1 —
[ 9o < ([ 190l dz) 0100 < gl 711 g 07

Therefore,
1
( / |Vup|da:) < g7 o=/

and we conclude that (3.1) holds true. H
Next, we study the behaviour of u, in the case where the datum g is small, that
is flglls < 1.

Proposition 3.2. Assume that g € L (0Q) satisfies ||g||« < 1. Then there exists
u € BV (Q) and a subsequence of u,, not relabelled, satisfying

(3.2) Vu, = Du *-weakly in the sense of measures;
(3.3) up = u  a.e. in Q;
(3.4) u, —u in L'(Q).

Proof. 1t is a straightforward consequence of the previous Lemma, since then
/ |Vu,|de < |9 for all p.
Q
|
Corollary 3.3. If ||g|l« <1 then

up —+ 0

in the same topologies used in the previous result and strongly in L*(0Q).
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Proof. Tt is a consequence of (3.1) and the fact that

/ fuy| dHN 1 < A/ V| da
o Q

using the lower—semicontinuity of the functional

u%/ |Vu|d:17+/ lu| dHN L.
Q o0

Let us denote by T}, the truncation at level k, that is,

k s>k,
Te(s) =1 s -k <s<k,
—k s < —k.

Theorem 3.4. Let u, be the solution to problem (1.1), then there exists a measur-
able function u such that

Ti(u) € BV(Q), foralk>0,

and, up to subsequences,
Up = U a.e in €.

Proof. Following [11], consider ¥(s) = s/(1+|s|), which is a strictly increasing and
bounded real function. Moreover

Up [up|
‘/ (W(3))" ds| g/ W(s)ds = U(lu,|) < 1.
0 0
So that if we take
“p(w)
b(x) = / (W' (5))" ds,

as test function in (1.1), then

/ U (up)P |V |P doe = / gpdHN L.
Q o0
In other words

/|V\If(up)|pdx§/ gl dH 1
Q o

Thus, Hélder’s inequality implies that the sequence (\I/(up))p is bounded in
W1(Q) and so a subsequence, also denoted by (\I/(up))p, converges *-weakly in

BV (). As a consequence, it also converges strongly in L!(€) and a.e. Since ¥ is
strictly increasing, the sequence (up), tends a.e. to a measurable function u. We
point out that, when lim,_,; ¥(u,) = £1, we have u = £o0.

On the other hand, taken Ty (u,) as test function in (1.1), we have that

(3.5) / VT (up) [P < / 9T (up) dHN 7 < k:/ lg| dHN T
Q 0 o0
Young’s inequality implies that T} (u,) is bounded in W1(2) and, by the pointwise
convergence Ty (u,) — Tk (u), we obtain
Ti(up) = Tk(u) *—weakly in BV (Q)
Thus, Tix(u) € BV (). =
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To finish this section we study the convergence of the gradients. In the statement
of the next result, we deal with the weak trace on 02 of the normal component
of z, which will be denoted by [z,v]. It is a function belonging to L>°(92) whose
existence is guaranteed by the theory of bounded divergence—measure vector fields
of Anzellotti [5]. It is proved in [5] that if v € W(Q) and z € L>(Q; RY) satisfies
divz € LY (), then the following Green formula holds

(3.6) /vdivzdx+/z~Vvdx:/ [z,v]v dHN L.
Q Q o0

Theorem 3.5. Let u, be the solution to problem (1.1), then there exists a vector
field z € L (S, RYN) such that, up to subsequences,

(3.7) |V, P2V, — 2 weakly in L¥(Q) for all 1 < s < 400,
(3.8) —divz=0 inD'(Q),

(3.9) 2l 2o vy = llgll«

(3.10) [z,v] =g HY'-ae. on Q.

Proof. We will follow the arguments of Proposition 4.1 in [9].
Step 1: Proof of (3.7). Arguing as in the proof of Theorem 3.1, we obtain the
inequality (3.1),

1
/Q Yy de < [lg|77 192

Then for every s, 1 < s < p/, we have

(p—1)s/p p—1)s
/|Vup|(p71)sdx < (/ |Vup|pda:) |Q|1,< 2
Q Q

—1)s (p=1)s

(311) (p—1)s p/ 2=Ds B
<1Q7 gl Tt

= [9llgll% -

This implies that, for any s > 1 fixed, the sequence |Vu,|P~2Vu, is bounded in
L ( RN) and then there exists z; € L*(£; RN) such that, up to subsequences,

|Vup|P~2Vu, — 2z, in L*(Q;RY) forall 1 <s < +oo.

Moreover, by a diagonal argument we can find a limit z that does not depend on
s, that is

(3.12) |Vup|P~2Vu, — 2 in L*(Q;RY) forall1 <s< +oo.
Now by (3.11) we deduce

[V up|P 2 Vup || s (rry < 1Q|Y#||g]l for 1 < s < +oo and for p €]1, 5[ .
Therefore, by lower semicontinuity of the norm, we have

Lemyy < QY] forall 1 <s< +oo.

12|
Letting s — oo, we get that z € L>®(Q; RY) and
(3.13) 2|z vy < lgll« forall 1 < s < +oo.
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Step 2: Proof of (3.8). Since w, is a distributional solution to problem (1.1), it
follows that

/Q VP2V, - Vpdz =0, Vi € C5°(9).

Hence, using (3.12) we obtain

/Z~V<pdx:0, Yo € C5° (),
Q

that is (3.8).

Step 3: Proof of (3.10). Let 1 < p < 2 and consider v € W12(Q) as test function,
then we get

Vu,|P~2Vu, - Vodr = gudHN L.
P p
Q a0

By letting p to 1, we obtain

/z-Vvdx:/ gudHN L.
Q o0

By density, it follows that

/z-Vvdx:/ gudHN
Q o9

for every v € W11(Q2). Having divz = 0 in mind, we apply Green’s formula (3.6)
to the left hand side and obtain,

/ U[zw]dHN_l:/ gudHN T,
a9 a0

for every v € WH1(Q), hence

/h[z,u]dHN*I:/ ghdHN =1,
N o

for every h € L'(92). We conclude that [z,v] = g H¥ ~!-a.e. on 9.

Step 4: Proof of (3.9). We already know that ||z[| e~y < [|g]l«, by (3.13). The
reverse inequality follows applying Green’s formula (3.6). Indeed, given v € S; and
having in mind div z = 0, we have

/ UgdHNflz/ U[@y]dHN*l:/z-Vvda:S ||z||Lm(Q;RN)/ Vol dz .
o o0 Q Q

Since
Joq v9 dHN 1

[ Volds < |zl pee(omny, for all v € S1\{0},

we obtain [|g][« < [|z[|e(mr~). Therefore (3.9) is proved. =
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4. EXISTENCE OF SOLUTIONS TO THE LIMIT PROBLEM

In this section, we consider the limit problem to 1.1, that is

—div(ﬁ) -0, inQ,

| Dul

(4.1) Du .
|:|Du|,7/:| =49, on .

Firstly we need a notion of solution to (4.1). To understand the meaning of being
a solution to (4.1), we have to begin by giving a sense to the quotient ‘g—zl. This
can be done using the theory of L*°—divergence—measure vector fields developed by
Anzellotti [5].

Given z € L>®(;RY) with distributional divergence divz € LV (Q) and u €

BV (), we define the following distribution on Q: for every ¢ € C5°(2), we write

(e Du)o) = [

updivzdr — / uz-Vodz.
Q

Q
In [5] (see also [3, Corollary C.7, C.16]) it is proved the following result.

Proposition 4.1. The distribution (z, Du) is actually a Radon measure with finite
total variation. The measures (z, Du), |(z, Du)| satisfy

‘/(Z,Du) g/ (2, Du)| < qumw)/ | Dul
B B B

for all Borel sets B and for all open sets U such that B C U C Q.
Denoting by 0(z, Du,-) : Q@ — R the Radon—Nikodym derivative of (z, Du) with
respect to |Dul, it follows that

/ (z,Du) = / 0(z, Du, x) |Du| for all Borel sets B C 2
B B

and
16z, Du, )@, 1pul) < [[2ll-
Moreover, if F': R — R is a Lipschitz continuous increasing function, then

(4.2) 0(z, D(F ou),z) = 6(z, Du, x), |Du| —a.e. in

Moreover, the following Green’s formula, relating the bounded function [z, v] and
the measure (z, Du) is established

(4.3) / u div (z) dz + / (z, Du) = / [z, v]u dHN .
Q Q o9
Now we are ready to introduce our notion of solution to problem (4.1).

Definition 4.2. We say that w € BV (Q) is a solution to (1.1) if the following
hold: There exists z € L= (S RY) satisfying

(4.4) 2/l Lo (rm) < 15

(4.5) —divz=0 inD'(Q);

(4.6) [z,v] =g HN'-ae on 0Q;
(4.7 (z, Du) = |Du| as Radon measures.
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By applying Green’s formula, one can easily deduce that the following variational

formulation,
Dl [ @00 = [ gu=w).
Q Q o0

holds for every v € BV ().

We point out that if u is a solution to (4.1) and we add a constant, then u and
u+C have the same gradient and so we obtain another solution to (4.1). Therefore,
adding a constant if necessary, we may always assume that our solution satisfies
the normalization condition |, 90w = 0. However this normalization does not imply
uniqueness as the following result shows.

Theorem 4.3. Given u a solution to (4.1) and F a Lipschitz continuous and
increasing function, then F(u) is also a solution to (4.1).

Proof. The same vector field z will do the job. Indeed, the only condition that
remains to check is (z, DF'(u)) = |DF(u)| as measures. Since (z, Du) = |Dul, the
Radon—Nikodym derivative of (z, Du) with respect to |Dul is identically 1. By
(4.2), the Radon—Nikodym derivative of (z, DF'(u)) with respect to |DF(u)] is also
identically 1 |Dul|-a.e. Hence, we deduce (z, DF(u)) = |DF(u)| as measures. N

As far as the existence concerns, we prove that problem (4.1) has a solution if
llgll« < 1; such a solution is the limit function of w,. In contrast, if | g||« is large
(4.1) has not a solution, since in this case the limit function of u, is not in BV (Q).

Theorem 4.4. Assume that g € L (0Q) with ||g|l. < 1. Then there exists, at
least, a solution u to problem (4.1). In particular if ||g||« < 1, then v = 0.

Proof. By applying Theorem 3.2 and Theorem 3.5, we obtain v and z satisfying
(4.4), (4.5) and (4.6) in Definition 4.2. We proceed to prove (4.7), the last condition
of Definition 4.2.

We now choose u, ¢, with ¢ € C§°(2) and ¢ > 0, as test function in (1.1). Then

/ ©|Vu,|P dx —|—/ | Vup|P~2Vu, - Vo dr = 0.
Q Q

We apply Young’s inequality and let p goes to 1 to obtain

/<p|Du|+/uz-Vnp§0.
Q Q

It follows from Green’s formula that
| #lDul < (. D))

for all p € C§°(Q) satistying ¢ > 0. Hence,
|Du| < (z, Du) as measures.
Equality follows since

(z, Du) < |[z]| g (ryy|Du| < [Dul .
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Theorem 4.5. Assume that g € L*°(9Q) with ||g||« > 1 and, for each k > 0,
denote zk. = zX{ju|<k}- Then the following conditions hold

(4.8) 2kl oo (irvy < 15

(4.9) —diVZk = (ZaDX{|u\2k}) in D/(Q) .

An immediate consequence of this theorem is that the limit u cannot be finite
a.e when ||g|l. > 1.

Corollary 4.6. If ||g]l. > 1 then |u| = +00 on a set of positive measure. Hence,
u ¢ BV(Q).

Proof. Since ||z]| g~y = [lgllx > 1 and [[2X{juj<toc} L= (@ry) < 1, it follows
from the previous theorem |u| = +00 on a set of positive measure. M

Proof of Theorem 4.5. Here we use arguments from [2] (see also [9]). By (3.11),
for any fixed k > 0, the sequence (|[Vup|?~" x{ju,|<k})p is bounded in L3(Q,RN).
Thus, as p goes to 1, we have

(4.10) |V, P2V, X{lup|<k} — Wk weakly in LY(Q;RYN),
for some vector field wy € L*(€;RY). For every fixed k > 0, h > 0 and p > 1, we
denote
Bp,h,k' = {:C €Q: |VTk(’U,p>| > h}
Applying again (3.11), as p goes to 1, we have (up to subsequences)

(4.11) |V, |P~2Vu, XByn i {lupl<k} — gk weakly in LY(Q,RY),
and
(4.12) [Vup P72V, X(\B, )0 lup|<k} — frp  weakly in  L'(Q,RY),

for some gy 1 € LY (Q;RY) and fi, x € LY(Q;RY). On the other hand, by (3.5) the
following inequality holds true

1 k
(413) Bonsl < 35 [ IVTlan)P < 3 llesomy

Therefore, by Hélder’s inequality, (3.5) and (4.13), for any ® € L>°(Q,RY) such
that [|®|| e~y < 1, we have

(p—=1)/p
‘/ V[P~ 2V, (I)dx‘ < (/ |V T up,|P dm) By |M?
By kN lup|<k} Q2

1/p
w-1/p (Kllgllr 0 kllgllt o0
< (k”g”Ll(GQ)) b b < hp( ) = %

By (4.11), for any fixed k > 0 and h > 0, this implies

k
‘/ghk~<1>dw‘ < ||g||L1(8§2)7
a h

for any ® € L°>(Q,RY) such that [l Lo vy < 1. By duality, we deduce the
following estimate for gpx

k
/ \gh.i] dz < M,
Q
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for any fixed h > 0 and k > 0. Moreover, by definition of the set B j j we have
Hvup|p_2Vup X(Q\Bp,hwk)m{|up\<k}| < prt a.e. in €.
This implies the following pointwise estimate for fj,

[ frk| < hm1 hPl =1, a.e. in Q.
g

For any fixed h > 0 and k > 0, we have
Wk = fok + Ghk
with
M

| frkllLoe(@ryy <1 and /Q|9h,k|d$ <5
Therefore, letting h — oo, we obtain
(414) ||wk||L°°(Q;]RN) <1,
for all k£ > 0. Now observe that, since || < +oo, the set of the values k such

that |[{|u| = k}| > 0 is countable. So it follows from lim,_,; up(z) = u(x) almost
everywhere in €0, that

X{lup|<k} = X{Ju|<k}, stronglyin LF(§2), for every 1 <p < +oo,
for almost all k£ > 0. Therefore, by (3.7) and (4.10), we conclude
Wk = 2 X{|u|<k} = %k s

for almost all £ > 0. Observe that, from

Iim wp= lim =z =z a.e. in
kostoo k kst oo X{|u|<k} X{|u|<+oo}s )

and (4.14), we deduce ||z X{ju|<k} | (@rN) < 12 X{jul<to0} Lo (@rr) < 1 for all
k > 0. This proves (4.8).

We still have to prove (4.9). This is a consequence of the following computations
(see [8, equation (2.7)]):

—div (2x{ju|<k}) = —div (2)gluj<k} — (2 DX{jui<k}) = (2, DX{ju>k}) -

5. EXAMPLES

In this section we will compute explicit examples of solutions to our problem
(4.1) as limit of solutions to (1.1).

5.1. Dimension 1. Set 2 =]—1,1[ and g(+1) = £A, with A > 0. The normalized

solution of
{ —(luplP~?uy,) =0, in]—1,1[;
—2 _ .
E|up (D) [P, (£1) = g(£1) 5
is given by u,(z) = AY®P~Dz. Letting p go to 1, we obtain three possibilities.
(1) When 0 < A < 1, lim,,; up(z) = 0.
(2) When A =1, lim,_,; u,(z) = .
(3) When A > 1,
400, ifx>0;
lim u,(z) =< 0, ifx=0;
Pl —o0, ifzx<0.
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Observe that in any case

—1; / p—=2,1 —
2(2) = lim up (@) (@) = A

5.2. Dimension 2. Take now Q = B;(0) in R? and let
A
cosf,sinf) = —(cos@ +sinf), with A >0.
9( ) ﬂ( )
The normalized solution to
—Apup, =0, in Q;
|Vu,[P~2Vu, - (cos,sind) = g(cos0,sinf), 6 € [0,2n[;
is defined by
AL/ (p—1)
Up(r,y) = —F——(@ +y).
p(2,Y) 7 (z+y)
As in the above example, we have to distinguish three possibilities.
(1) When 0 < A < 1, lim,_3 up(z,y) = 0.
(2) When A =1, lim,_1 up(z,y) = %(m + ).
(3) When A > 1,
4oo, ifx+y>0;
lirr%up(x,y): 0, ifx+y=0;
L -0, ifzr4+y<0.
Finally,

V2
2

[N}
=
~—

2(z,y) = lim |Vuy(z,y) [P~ 2Vu,(z,y) = A(
p—1
We point out that

b

|2(z,y)| < 1 for all (z,y) € Q& ;1311 |up(z,y)| < oo for all (z,y) € Q.

5.3. Dimension N. Consider A > 0 and 0 < Ry < R;. Let Q be the annulus
between the surfaces 0Bpg, (0) and OBg, (0). Let g; denote the flux through 0Bg, (0),
i=1,2: we take

g =ARTY Y and go= ARV,
We remark that with this choice,

/ g1 dHN 1 +/ g dHN 1 =0.
9B, (0) dBR,(0)

We look for radial normalized solutions to
—Apup, =0, in Q;
|Vu,|P~*Vu, - v; = gi, on dBg,(0);

so that u,(x) = ¢(|z|), with ¢ regular enough and nondecreasing. It is easy to see
that then

, _N-1
14 (T) = CPT Pl
and the Neumann condition implies that C, = A'/(P=1)_ Therefore,
p— 1 _N-—p

o(r) = K, — AV~ N _pr p1
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The value of K, can be computed by the normalization condition. Indeed, it
follows from

/ O(Ry) dHN ! +/ o(Ry)dHN "t =0
9Br, (0)

9B, (0)
that N N
N-1-H=p N-1-2=p
K _Al/(p*l)p_]‘ Rl ! +R2 !
p = — — .
N-—p RY™' 4+ RY!
Hence,
N-1-D=p N-1-2=p
( )_Al/(Pfl)p_l Rl 3 +R2 7| |—%
= N-—p RN 4 R ‘
1 2
N—p
N—1(Ry\ P 1 N-1 N—p
= (AR; WD) Dp P 1| (F) o (RZ) o
2 N-—p RY™' 4+ RYT! ||

Having in mind

Nop Nop
lim (&> " = lim (ﬁ) =0,
p—1 \ Ry p—1\ |z
it is straightforward to let p goes to 1, and then we get
{ 0, if A<RY™';

lim u,(x) =
! +oo, if A>RYL.

p—1
On the other hand,
. _ . 1 Z
#(z) = i [Vuy (@) P2Vt (2) = Jim o/ ()" 7 = A
Observe that
lz(z)| < lforallz € Qe A< |z|V ! forall z € Q

@ASRQI*I@li_>mlup(m):0f0rallm€§2.
P

REMARK 5.1. Throughout this paper, a normalization condition have been im-

posed, namely
/ u, dHN 1 =0.
o0

This is not the only possible normalization. One may wonder if the behaviour of
the sequence u, as p goes to 1 depends or not on this condition.
Assume that we change the normalization condition and impose

(5.1) /Qupdarz().

Note that in the first and second examples 5.1 and 5.2, our approximate solutions
u,, do satisfy this condition, but they do not hold in the third example 5.3. So we
are going to rewrite the computations in example 5.3. Observe that, in the last
example, (5.1) implies

Ry Ry Ro 1 v
0= / oV dr = KN -tdr — / AV e-) P TN g
Ry Ry R, N — P
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Hence
Ry R -1) P~ 1 ~NopiN NN
KP(N_N =AY p( v\ — R !
and it follows that
—1
r) = AY(@-1) p %
o(r) N _p
—1
(RéV_RfV) . (32 N Rl—’z_fw) e
N N (== tN)
Thus,
-1
o) = 3%
(2 Rf) . . o
-~ A P A P A p—1
N N R — | == RY | = (5=
(— o N | N) Ry~ RN-P rN=p

Hence again with this new normalization we get that

0, if A<RY™',
lim up,(x) =
p—1 400, if A>Ry™'.

Therefore, in this case, the critical value of A does not depend on the normal-
ization.
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