Existence of solutions to a 1—Laplacian problem with a

concave-convex nonlinearity

Juan Carlos Ortiz Chata

E-mail adress: juan.carlosQunesp.br

Departamento de Matematica e Computacado, Universidade Estadual Paulista - Unesp
19060-900 , Presidente Prudente - SP, Brazil.
Marcos T. O. Pimenta

E-mail address: marcos.pimenta@unesp.br

Departamento de Matematica e Computacao, Universidade Estadual Paulista - Unesp
19060-900 , Presidente Prudente - SP, Brazil.
Sergio Segura de Ledn

E-mail address: sergio.segura@uv.es

Departament d’Analisi Matematica, Universitat de Valéncia

46100 - Burjassot, Valencia, Spain.

Abstract

In this paper, we analyze a “concave-convex” type problem involving the 1-Laplacian operator
in a general Lipschitz—continuous domain and prove the existence of two positive solutions. Owing
to 1-Laplacian is 0-homogeneous, the “concave” term must be singular. Hence, we should deal with
an energy functional having two non—differentiable terms: the total variation and that one coming
from the singular term. Due to these difficulties, we do not get solutions as critical points of the
energy functional defined in the BV () space. Instead, we study problems involving the p-Laplacian

operator and let p goes to 1.
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This paper is devoted to study multiplicity of positive solutions for an elliptic equation driven by the
1-Laplace operator which combines a singular term and a supercritical 'one. More precisely, we search

for positive solutions to problem

A
_ g—1 Q
) w T o (1.1)
u = 0 on 09,

where Q@ C RY is a bounded open set having Lipschitz—continuous boundary, N > 2, A > 0 and
0<v<1l<g<1*=N/(N-1). Our aim is to find two positive solutions to (1.1) for A small enough.

Here and in what follows, supercritical term means that its growth is bigger than the growth of the term that governs
the equation. For instance, if the equation is driven by the p-Laplacian, whose growth is p — 1, then u9~1! is a supercritical

term when p < gq.



In recent years problems involving the 1-Laplacian operator have been extensively studied. One of
the main interests for studying this kind of equations comes from the variational approach to image
restoration after the pioneering paper [34]. The suitable energy space to handle this type of equations is
BV (), the space of functions of bounded variation. The introduction of the proper concept of solution
is due to [19, 3, 4]; it consists of considering a vector field z that plays the role of “g—z‘ by means of the
identity (z, Du) = |Du| (the definition of (z, Du) as a Radon measure is due to [5]). As to the boundary
condition, it does not hold in the sense of traces, but in a very weak sense that involves the weak trace
of the normal component of z. For a precise statement of what we understand as a solution to problem
(1.1), we refer to Definition 2.1 below.

The study of stationary configurations of reaction-diffusion problems forms a relevant research area
in nonlinear partial differential equations. Within this field, a very active subject is that of problems of
concave-convex type. The model problem in a bounded domain © C R¥ consists of finding a positive

solution to
—Au= f(u) inQ
u=20 on 0f)

where f(t) = M" +¢° satisfles 0 < r <1 < s < %, that is, the reaction is made up of a concave
term and a convex one. The combined effects of these two terms leads to an interval (0,A) where if
A € (0,A), two positive solutions can be obtained, while only one positive solution exists for A = A and
there is no such a solution for A > A. Already in 1982 the bifurcation diagram for this problem is shown
in [25, Remark 1.7, Case 4]. A milestone to understand this diagram was a paper by Ambrosetti, Brezis
and Cerami [1], in which the authors get the second positive solution applying an interesting result by
Brezis and Nirenberg (see [13]). This paper [1] has been extended and generalized by a large number
of authors. Let us cite [21] in which the equation is driven by the p-Laplacian operator instead of the
Laplacian, and the source is made up of two terms: one subcritical and the other supercritical (that is,
exponents satisfy 0 < r < p—1 < s < p* — 1). It is in this paper that the existence of two positive
solutions in the whole interval (0, A) is called global multiplicity of positive solutions. We point out
that we do not reach a global multiplicity result but a local one.

With respect to singular elliptic equations, they have been widely studied. Let us cite the pioneering
work [16], which was followed by the analysis in [26] of a more specific problem:

h(z)
u”
u=~0 on 02

—Au= in Q

where h is a positive function and v > 0. The existence of a positive solution is established and it is
proved that regularity of the solution fails when + is greater than a certain threshold. This problem
was further studied by Boccardo and Orsina [12] for non continuous data, and extended to problems
governed by the p-Laplacian by Mohammed [29] and by De Cave [17] (see also [18] for the limiting case
p = 1). Since these singular terms have a subcritical growth, it was natural to analyze the features
of combining a singular term and a supercritical one (so that the reaction becomes f(t) = At~7 4 ¢*
with p < s +1 < p*). Indeed, this kind of problems has been studied by many authors. For problems
driven by the Laplacian, it was considered in [35, 23, 24, 11, 6, 7]. For the p-Laplacian case, we refer to
[10, 22, 31] (for a related problem, see [32, 33]).

Typically, to get multiplicity of positive solutions of concave—convex problems, the associated energy
functional I must be analyzed and solutions are critical points of it: a solution is a local minimum of
I, while the other is typically a saddle point obtained by applying the Mountain Pass Theorem. The
energy functional associated to (1.1) is I : BV(2) — R, given by

I(u):/ﬂ|Du|+/aQ |u|d7-[N’1—/QF(u)dx (1.2)



where F' is the primitive of the real function defined by

A 1.
F(s) = S—,YJrsq if s>0
0 if s <0.

It is worth noting that this functional includes the total variation [, |Du| and a singular term, and both
terms are not differentiable. We point out that the critical point theory for non—-smooth functionals will
not be applied. Instead we study singular problems of concave—convex type involving the p—Laplacian
and let p go to 1. Solutions to these problems are essentially known, but we have to obtain them from
the very beginning to have estimates that do not depend on p and thus be able to arrive at the limit.

The main result of the present paper is stated as follows.
Theorem 1.1 There exist at least two positive solutions to (1.1) for each A small enough.

The plan of this paper is the following. In Section 2 we introduce our notation and present some basic
results on the space of functions of bounded variation BV (£2). In Section 3 we obtain two families of
approximate solutions by approximating problem (1.1) through p-Laplacian problems (see (3.1) below).
In Section 4 we show the convergence of the two families and check that their limits are different positive
solutions to problem (1.1).

2 Preliminaries

2.1 Notation

Hereafter, we deal with a bounded open set Q C RY, with N > 2 whose boundary is written
by 0Q. For a set E C RY, we denote by |E| its Lebesgue measure, while H¥~1(E) stands for its
(N — 1)—dimensional Hausdorff measure. We will always consider domains having Lipschitz—continuous
boundary. Thus, for Y ~1-almost all z € 9 there is an outward unit normal vector v(x).

We say that a function v : @ — R is nonnegative if u(z) > 0 a.e. in Q and we write v > 0, and it
is positive if u(z) > 0 a.e. in 2 and then we write u > 0.

We will make use of the usual Lebesgue and Sobolev spaces, denoted by L?(€2) (with norm ||-||,) and
WP (€) (whose norm is given by ||uHW01,p = ([ IVul? dx) 1/p)7 respectively. Recall that by Sobolev’s
embedding, there exists a constant S, > 0 satisfying Sy [[ul[p- < [[ull7,1, for all u € WyP ().

0

2.2 The energy space BV (Q2)

We say that u is a function of bounded variation, if u € L'(2), and its distributional derivative Du
is a vector Radon measure. We then write u € BV (Q). It can be proved that u € BV (Q) if and only if
u € L' (Q) and its total variation is finite, that is,

/ |Du| := sup{/ udiv ¢dz; ¢ € CHQ,RY), [0]loe < 1} < 400.
Q Q

The space BV (€2) is a Banach space when endowed with the norm

ull ;:/ \Du|+/ lulda.
Q Q



It can also be seen that a trace operator BV (Q) < L'(99) is well defined. Using this trace, we define

the norm
mvazzu/\Duw+/"|MdHN-%
Q onN

which is equivalent to || - ||. The space BV () is continuously embedded into L™ () for all r € [1,1*],
where 1* = N/(N —1). We denote as S; > 0 a constant satisfying Si||u1+ < ||u|| gy for all u € BV (Q).
We may assume that S; = lim,_,; S,.

A compactness result in BV (Q) will be used in what follows. It states that every bounded sequence
in BV (2) has a subsequence which strongly converges in L"(Q2) for all r € [1,1*) to a certain u € BV ().
To pass to the limit we will often apply that some functionals defined on BV () are lower semicontinuous
with respect to the convergence in L*(2). The most important are the total variation u +— [, [Du| and
the norm w — [, [Du| + [, [uldHY 1.

For a given u € BV (), in several arguments it is important to handle with its precise representative,
denoted by u*. It is defined H"¥ ~!-a.e. in Q and satisfies the following property: if (p)eso is a mollifier
family, then

ukpe—u* (ase—07) H¥ lae inQ. (2.1)

We point out that, as a consequence, if v > 0 a.e., then v* > 0 HN " '-a.c.

For further information on functions of bounded variation, we refer to [2, 9].

2.3 L*—divergence—measure vector fields

The theory of L°>°—divergence-measure vector fields provides, under some conditions, a “dot product”
of a vector field z € L>(Q, RY) and Du the gradient of a function of bounded variation, together with
a generalized Green’s formula. It was introduced in [5] and extended in [15] and it will be essential in
our notion of solution to (1.1).

Let us denote by DM (2) the space of all vector fields z € L>(Q,RY) whose divergence in the
sense of distribution is a Radon measure with finite total variation. It should be remarked that, for every
z € DM™(Q), a weak trace on 9 of the normal component of z can be defined (see [5]). It is denoted
[z,v] and satisfies ||[z, V]||oo < ||Z]|co. The symbol X (2); stands for the subset of those z € DM ()

such that divz € L'(Q). On the other hand, we denote by DM;s.(Q) the set of vector fields belonging
to DM (w) for all open set w CC Q.

The Anzellotti theory states that the pairing (z, Du) is a Radon measure if z € DM*(Q) and
u € BV(Q) N C(2) N L>(2). Moreover, the above pairing is a Radon measure when z € X(Q); and
u € BV(Q) N L>®(Q). It was extended in [15] for z € DM () and u € BV (Q) N L>®(Q) (see also [14,
Section 5] and [28, Apendix A]). A further extension z € DMy, (Q) and u € BV,(2) N L>®(§) can be
found in [18]

Let u € BV(Q) N L*>®(9) and z € DM™(Q). Note that, by (2.1) and the fact that |divz| < HN 1,
we have that
ux pe = u* |divz|-a.e. in 2 (2.2)

and so, the precise representative «* is |div z|-summable. Let u € BV,.(2)NL>(Q) and z € DM, (£2).
Define the distribution (z, Du) : C°(2) — R by

(@ Du)p) = - [

u*godivz—/uz-Vgodm Ve CrQ). (2.3)
Q Q

Since all the terms have sense, (z, Du) is well-defined. Notice, however, that this definition depends
on the precise representative of u; if we choose another representative, the above functional can be
different. Nevertheless, it is independent of the representative when z € X (2);.



Proposition 2.1 Letu € BVj,.(Q)NL>®(Q) and let z € DM, (Q). Then the functional (z, Du) satisfy

[((z, Du), )| < H<P|\oo||Z||L°°(A)/A\DU|, (2.4)
for all open set A CC Q and for all ¢ € C°(A). Hence (z, Du) is a Radon measure in €.

Corollary 2.1 The measures (z, Du) and |(z, Du)| are absolutely continuous with respect to the measure

|Du| in Q and one has
|(z, Du)| < [|z]|oc| Dul

as measures in €.

We remark that if u € BV(Q), then the measure (z, Du) has finite total variation.

Proposition 2.2 Letz € X(2); and v € BV(Q)NL>(Q) . Then the following Green’s Formula holds

/udivz—&—/(z,Du)z/ ulz, v] dHN L. (2.5)
Q Q 0

2.4 Definition of solution to problem (1.1)

The above subsections allow us to define what we mean by a solution of (1.1).

Definition 2.1 We say that u € BV (Q) N L™ (Q) is a solution of (1.1) if

a) u>0 ae. inQ,
b L e,

and there exists z € X(Q)1 such that ||z||c <1,
¢) —divz = 2 +ui~! in D'(Q),

d) (z,Du) = |Du| as mesures in €,

e) |z, v] € sign(—u) HNt-a.e. on ON.

3 An approximate singular problem driven by the p—Laplacian

In this section, we consider the following quasilinear elliptic problem

A
Ay = —4ul"t inQ,
u (3.1

0 on 09Q.

u

where A >0and 0 <y <1< g < 1"

To find positive solutions of (3.1), we must consider the energy functional associated to (3.1), defined
; 1.p
in Wy*(Q) by

°(u) :% /Q Vs — /Q Flu) da. (3.2)



where

5

%5177 + %sq ifs>0
F(s)=

0 ifs<0

which is the same function considered in the definition of functional I. The objective of this section is
to find two positive solutions u, and v, to problem (3.1), where w, is a local minimum of I?, while v,
is a critical point of IP.

In the next section we will study the convergence of families (u,) and (v,) as p goes to 1. We
have mentioned that the study of problems and functionals related to (3.1) and I? is an active area of
research. Hence, these solutions have already been obtained. Nevertheless, we have to get again the
above solutions since the convergence of both families lies in deducing estimates not depending on p (at
least for p close to 1).

3.1 Connecting the functionals /? and [

This subsection is devoted to analyze the connection between the geometry of I? and that of 1. We
prove that we can pass continuously from the parameters associated to I” to those associated to I.

Lemma 3.1 For each .

q—1

0<p< (ast01)

there exist \*(p), B(p) > 0 such that
I(u) = B(p),

for all 0 < A < A*(p) and noonnegative uw € BV (Q) with ||ul| gy = p.

Proof. From Holder’s inequality and Sobolev’s embedding for BV (£2), it follows that

1(u) > ullpv (1 %S”’ ! Sq )

_1
Note that if 0 < p < (qu\m%) " then

1—S—|Q| =11 > .

Now choose A*(p) > 0 such that

q
757‘Q| 1* q 1

=0

1— A*(p):;yflul 1*1
1=y

and take 0 < A < A\*(p). Then it is easy to see that

A _ 5!
I(u)2p<1—1_75? ' IQ\ ™ pt” 1>=ﬁ(p)>0,
for all nonnegative u € BV () such that ||ul|gy = p. O
Lemma 3.2 For each .
q q=p* \ 9P
o< < (G5t



there exist Ay(pp), Bp(pp) > 0 such that
IP(u) = By(pp)-

Moreover, we may assume that the families p,, Bp(pp) and X (pp) satisfy

plif%_ Pp =P pl_lfiﬂ Bp(pp) = B(p) and pl_lglJr Ap(pp) = X (p).

Proof. From Holder’s inequality and Sobolev’s embedding for W, (), it follows that

P>l | 12 e 5 |0l
Z lulyan | 5 =12 Wi wir
N =
Standard calculations imply that if 0 < p, < (457107 ) ™" then
1S
PR |Q| 7 pd P > 0.
Observe that, owing to lim,_,1+ S, = 51, we get
1 L
(Lo ) = (astiE) ™
tim (2sf017) ™ = (asti ,
so that p, can be taken in such a way that lim,_,;+ p, = p.
Then it is enough to choose A;(p,) > 0 such that
L Alon) g5 gt prere - S oy e g
p 14" fr q fr '
Hence, if 0 < A < A7 (pp), then
-9
1 A Sp?
IP(u) > pp ; - ﬁ ‘Q| 1 - |Q = Bp(pp) > 0,

for all u € W, ?(Q) such that Hu||WO1p = pp. We point out that 0 < A < A\*(p,) can be chosen to satisfy
0 <A < A5(pp) for all p close enough to 1 and so lim,,_,1+ 3,(pp) = B(p) holds. O

From now on, we fix 0 < A < A*(p) and assume that pg is such that, for every 1 < p < pg, we have
that 0 < A < )\;(pp). Later on, we will require further restrictions on the parameter A and py and we
will consider \* = X*(p), B = B(p), \;, = Ay(pp) and B, = Bp(py) if there is no confusion.

Lemma 3.3 Let ¢ € C°(Q2) be such that ¢ > 0 and ¢ # 0. Ift > 0 is small enough, then IP(t¢) < 0
and also 1(t¢) < 0.

Proof. If t > 0 is small enough, then we may write

p—1+4 qg—14~
mie0) = 0 (P ol - 2 [ T [ o) <o

and the same arguments apply to I. The result is just a consequence of lim,_,1 I?(t¢) = I(t¢). U




3.2 Critical points of (3.2)

In this subsection, we find two different nonnegative critical points of I? (named u, and v,) satisfying

IP(up) <0< By < IP(vp). (3.3)

First of all, let us define the well known Nehari manifold (even though it is not a manifold properly)
associated to (3.1)

N, = {u € Wy P(Q)\{0}; / |VulP de — / |u|? — )\/ lu|' ™7 dz = O} ,
Q Q Q

as well as some subsets of it

N;{ueNp; =149 [ [Vurdo— (=149 [ |u|q>0},
Q Q

Np_:{uENp; (p—l—i—v)/ |Vu|pdx—(q—1+'y)/ u|q<0}
Q Q
and

Nz?:{ueNp; (p—1+7)/|Vu|pda:—(q—1+7)/ u|q:0},
Q Q

For a given u € Wol’p(Q), u # 0, let us denote
ou(t) == IP(tu). (3.4)

It is straightforward to see that

Ny = {u e WEP@\ {0} (1) =0},
and also that
NS ={ueN,; ¢u(1) >0},
Ny ={ueN,y; ¢, (1) <0},
and

N ={ueN,; ¢i(1) =0}.

Now, we are going to analyze functions ¢, and deduce some crucial geometric and compactness
properties about these subsets of the Nehari manifold. In Figure 1 a typical profile of ¢, is shown.

Lemma 3.4 Let 0 < A < )\77, where

gt~y—1

Ap =5 Q77" Chqy,s

p@*fqﬂq+7*1)+q+7*1
P*q (¢g—p) q

O'p:

and

pty—1 aty—1 pty—1
c o _(pty=1lN v (ptay—dN [ g-p pry—1Y)
P qg+~v-1 qg+~v-1 qg+v—-1 qg+~v—1
Then, for each nonnegative u € Wol’p(Q), u # 0, there exist unique real numbers 0 < t+ < t~, such that
ttu € N; and t~u € ./\/pf. Moreowver,

Pty = P
IP(t U)—I{l;ig([ (tu)

and, for u e WyP(Q), t~ =1 if, and only if, u € N\



Figure 1: Typical profile of ¢,

Proof. Fix one of those functions u € W, (Q) and let ¢, be as in (3.4). Note that o, (t) = t=7n(t),
being

() = ullf P77 = [lul| T~ /\/ |ul' "V dz.
Wo a Q
It is straightforward that ¢} and n have the same roots. Main features of n are n(0) < 0 and

lim; oo n(t) = —oo for all p < pg < gq. Moreover, differentiating 1, we deduce it admits a unique
maximum point ¢, which is given by

_1
t_<@+7—1MW%W>“p

(¢ 47— Dullg

Simple calculations show that

- wip _
n(t) = Cpgy——1 — /\/Q |u\1 Tdx.

Now the Sobolev and Hélder inequalities imply

aty—1 p*—q g+~ at~y—1

n(t)2<0p,q,w5p” P A )nuw

and so this maximum point is positive, as far as 0 < A < A,. Then, taking our hypothesis into account,
we have that there exist unique real numbers 0 < t* < ¢ < ¢, such that n(t*) = n(¢t~) = 0, so that
@l (tT) = ¢l (t7) = 0. We also deduce that ¢!/ (t*) > 0 and ¢!/(t~) < 0. Hence, since o}, (1) = t2¢! ()
for all t € R, it follows that

tfue Nf and t"ue N, .

To end up with the proof, it follows straightforwardly from the definition of ./\/p_ and ¢, that t— =1 if
and only if u € N

Lemma 3.5 Let

1—

—~ — Qv — 2 -1 e —p—p(iz=a=p _g—
N, = q—p+2y p—1+~y o p(52 )|Q|13W,
g—1+~ g—1+~

where C,, is the best constant of the Sobolev embedding W, P () — L9(). Then for all X € (O,X;) it
holds that:

i) N =0;
it) N

» 15 a closed set in WyP(Q).

Proof. The proof just follows as in [8, Lemma 2.2]. O



Remark 3.1 Note that, asp — 17, X\, = A\; =: X and X;, — A=\

Lemma 3.6 Given u € Np’, there exist € > 0 and a continuous function h > 0 defined in
B.(0) € Wy*(), such that

h(0) =1, h(w)(u+w)eN,, Ywe B(0).
Proof. Just follow the proof in [8, Lemma 2.4]. O

Lemma 3.7 Let 0 < X < min{A;,Tp}, where A}, and )\7, are given as i Lemmas 3.2 and 3.4,

respectively. Then

inf IP(u) > B, >0,
ueEN,

where B, is given in Lemma 3.2.

Proof. Given u € N7, let t= > 0 be such that ¢t~ u € N and IP(t”u) = max;»q I”(tu), which exists
by Lemma 3.4. Let 8, and p, be as in Lemma 3.2. Then

it u) > 17 ppr—r— | > B,
[l

Lemma 3.8 Assume that there exists ug € Ny, ug > 0, such that
0 g/ |Vuo|P~2Vug - Vpdz — /\/ ug Y dx — / uwd ™ pdr, Vpe WyP(Q),¢>0.  (3.5)
Q Q Q
Then ug is a weak solution of (3.1).

Proof. Let ¢ € Wy P(Q) and € > 0, and define w € Wy (Q) by
w = (ug +€g) T

Using w as test function in (3.5) and taking into account that (I7) (ug)ug = 0, we obtain

0 < / (|Vu0|p72Vu0 Vw —uf " w — /\ua’yw) dx
Q
= /[ | (|Vu0|Pf2Vuo . V(UO + 6925) - ug_l(uo + 6(]5) _ /\ua’Y(uO + 6(25)) da
uo+ep>0
= (/ _/[ ]> (\VUOV’_QVUO -V (uo + €¢p) — ud ™ (uo + €d) — Mg 7 (ug + e</>)) dz
Q up+€ep<0
— / |Vu0|pdx—/ugda:—)\/ ué_vdx
Q Q Q
+€ (/ |VuolP2Vug - Vo — / ug_lgbd:r - )\/ ua'yqﬁdx)
Q Q Q
- / <|VU0\p_2VU0 -V (ug + €¢) — ud ™ (ug + e¢p) — Aug " (uo + 6(15)) de
[up+ep<0]
<

e( [Vl 90 Vo [ uodr—a | ua%dw)
Q Q Q

—e/ |Vug|P~2Vug - Vo da. (3.6)
[uo+ep<O0]

10



Since lim,_, o+ |[ug + €¢ < 0]| = 0 we have
lim |Vug|P~2Vug - Vo dx = 0.
€0 Jug+ep<0)

Thus, dividing (3.6) by € and letting e — 0, we have that
0< / |Vuo|P~2Vug - Ve — / ul™ ' da — )\/ uy " p d. (3.7)
Q Q Q

Since this inequality holds for every ¢ € I/VO1 P(Q), by taking —¢ as test function, we get the opposite
inequality and, thus, the equality itself. Therefore, ug is a weak positive solution of (3.1). (]

Now let us show the existence of two positive solutions for (3.1), one with a positive energy level
and another with a negative one.

Lemma 3.9 The functional IP is bounded from below in B, (0), where B, (0) = {u €
1,
W (@) ullya s < o}

Proof. Note that, for nonnegative u € W, (Q) such that ||uHW01,p < pp, the Holder and Sobolev
inequalities imply

1 A 17 a—1+vy 1
I» < ZHull? - Q) Zlylle
[IP(u)] < p||UHW01,p+1_7||UHq 2" +q||u||q
1

IN

A il a—1+y c
_ p c—— q [¢) -
pIIUH + 1_VIIUIIWOMI T+ . [

q
WOLP WolvP

1 A 1= g—1+v Cpq
R e AP o b it 3
ppﬁ + 1_ vpp 12 +

O

From the last lemma, it is straightforward to see that I” attains a local minimum in B, (0). Hence,
there exists u, € B, (0) such that

IP(up) = o := inf  IP(v). (3.8)
UEB,,F(O)

By Lemma 3.3, we have o < 0. Moreover, fixing ¢ € C2°(0) and choosing ¢t > 0 in such a way that
||t¢>HWD1,p < pp and ||té|| gy < p, since IP(tg) — I(t¢), as p — 17, it follows that

IP(up) = ap < % <0, (3.9)
for p sufficiently close to 1, where o := I(t¢).
Lemma 3.10 u, defined as in (3.8) is a weak solution of (3.1)

Proof. As in [35], one can show that
—Ayu, >0 in €,

which, by the Strong Maximum Principle for this operator (see [36]), implies that w, > 0 a.e. in Q.
Again, as in [35], one can show that u, € NV, and also that

0< / |V, |P~2Vu, - Vdr — )\/ u, "¢ dr — / ugflgf)dx, Yo € Wol’p(Q), ¢ > 0. (3.10)
Q Q Q

Hence, from (3.10) and Lemma 3.8, it follows that w, is a weak solution of (3.1). O

11



Lemma 3.11 There exists a weak solution v, of (3.1) satisfying 5, < IP(v,).
Proof. Let us consider 0 < A < A, where A = %min{)\*,x, X} From Lemma 3.2 and Remark 3.1, there

exists pg such that A < min{)\;,)\T,, X;,}, for all 1 < p < po. First of all note that I? is coercive on N,,.
Indeed, if u € N, then Holder’s inequality implies that

1 1 1 1
<>WWHmA<>/WM1WM
P q Wo 1= 4q/ Ja

1 1 1 1
= )l = A —— = =) Clul),
(p q)nmwol,p (1_7 q) Jully

Hence, since 1 — v < 1 < p, it follows that I? is coercive on N,,.

17 (u)

v

Now, from Lemma 3.5, ./\/'p_ is a closed set in I/VO1 P(Q). Moreover, from the compact embeddings,
the Lebesgue Dominated Convergence Theorem and since p < g < g%, it follows that I? is lower
semicontinuous. Then, by Ekeland’s Variational Principle, there exists a minimizing sequence (v,) C

Np_ such that
o) < inf 17+ % (3.11)
and .
17 (u) Zl'p(vn)—ﬁ||u—vn||wo1,p7 Yu e N, . (3.12)

Moreover, we can choose v, > 0 in Q for all n € N, since I?(|u|) = I?(u), for all u € W,"*(£2). Since I”
is coercive on N, it follows that (v,) is bounded in W, P (€2) and so, there exists v, € W, (2) such
that, up to a subsequence, as n — oo,

v, = v, in WyP(Q)

vy, — v, in L7(Q), for all 1 <r < p*, (3.13)

where we have used the compactness of the embeddings of Wy *(€2).

A remark is in order. Our aim is to apply Lemma 3.8, so that we have to check v, € N}, v, > 0 and
that inequality (3.5) holds. We cannot infer that v, belongs to Np_, since it is just the weak limit of a
sequence in J\/p_ and Np_ is only closed with respect to the strong convergence.

To begin with, we are seeing that v, # 0. Note that the Sobolev and Hélder inequalities imply that

S,
p p
||,UTIHWULP Z |Q|0‘

””ana

where o = p(p* — ¢)/p*q. On the other hand, since v, € N, it yields |[v,[|Z > %anﬂsv(},p. Then

we obtain

Sp(p — 1+’7))}” (3.14)

(g — 1+~
Using (3.13) and passing to the limit as n — oo, we get v, # 0.

lonlly > [

From Lemma 3.6 with v = v, and w = t¢, ¢ € Wol’p(Q), ¢ > 0 and t > 0 small enough, we find
hin(t) := hy(to) such that
hn(0) =1 and  hy(t)(v, +te) €N, .
As in [35], one can prove that the right derivative A/ (0) is well defined and

IhF(0)] < C, VneN,

12



where C' > 0 does not depend on n.

Now we show that v, € N, and it is a weak positive solution of (3.1). From (3.12), we obtain

fn () = 1 [onllyar + tha (D)@l 20

S
Y

17 (vn) = 17 (hn(t) (vn + t9))

1
(R (0) = Dl + 200 (el = on + 1610, )

1
p
1 1
(0 = Dllon + 17+ 1 (o + 10l ~ o0l)
A
S0 @ -1 [ ot 9 e
1—7v Q
A
I / (Jom + t6[1™ = [ua] =) da.
1—7vJo

Dividing by ¢ > 0, calculating the liminf as ¢ — 07, recalling that h,(0) = 1 and taking into account

that v, € N, it yields

1
(O [onllyzs + [9ll3) (3.15)
n 0 0
> < Ol = [ [T0al 0, Vodo+ b Ofonly + [ of odo
Q Q
A n A+ to) T — vl
+ )\h’n*(())/ v ™7 da + lim inf / (vn +19) In gy
Q t—0t -7 Jao t
= —h,"(0) (Ilvnll” 1 = llonlld - A/ Ui‘”dm) _/ Vo, P2V, - Vo da
Wo Q Q
1—y _ ) 1—7v
+/ w916 da + lim inf — / (vn + t¢) Un
Q t—0t 1 —7 Jo t
= —/ |an|p_2an-¢dx+/ vi~ ¢ da
Q Q
A n 1=y _ pl=
+ liminf / (vn +19) Un g
t—0+ 1 — Y Jo
Note that, by Fatou’s Lemma, we get
1=y _ pl=
)\/ v, V¢ dr < liminf A / (vn +t¢) Un . (3.16)
Q t—0+ 17’}/ Q t
Using (3.16) in (3.15) we obtain
1
A/ v, ¢ dx < E(\h;+(0)|||vn||wg,p +||¢\|W01,p)+/ |Wn|1’—2wn-v¢dx—/ug—lqsdx (3.17)
Q Q Q
1
< E(Ccl + ||¢||W01,p)+/ |vvn|p—2vvn.v¢da:—/vg—qudx. (3.18)
Q Q
Now, calculating the limit as n — +oo and using once more Fatou’s Lemma, we have
)\/ U;"’qﬁdxg/ \va|p72va-V¢dx—/Ugflqﬁdx.
Q Q Q
Hence
/ |V, P72V - Vo d — / vi ¢ da — /\/ v, pdr >0, YoeWyP(Q),¢>0, (3.19)
Q Q Q

13



which implies that v, satisfies in the weak sense
—Ayvp, >0 inQ,
since v, > 0 and v, # 0 in Q. Hence, from the Strong Maximum Principle (see [36]), it holds

v, >0 inQ.
To apply Lemma 3.8 we still have to check that v, € N,. Note that, for ¢ = v, in (3.19), we have

lopliygo = gl [ 03 da. (3:20)

On the other hand, by the weakly lower semi-continuity of the norm,

loplyrn < lminfllon[|T., (3.21)
< limsup ||lv,|P
< tmsup el

Jim [||vn||g+)\/v711—"/dx}

HUPHZ_'_)\/QU;_’Y dz.

Thus, from (3.20) and (3.21), it follows that
lopliyg = lim onllyy = ol + % [ of do. (3.22)

Then, since Vv, — Vo, in LP(4RY) and [|[Vou,|l, — [|[Vupllp, the Radon-Riesz theorem implies
that in fact
v, — v, in WyP(Q), as n — 4oo. (3.23)

This, in turn, thanks to Lemma, 3.5, implies that v, € Np’ and also that

I?(vp) = inf IP. (3.24)
Ny
Therefore, from Lemma 3.8, (3.19) and (3.24), it follows that v, is a weak solution of (3.1). O

Hence, we have proved that there exist two weak solutions of (3.1), u, and v,, such that, by Lemmas
3.2 and 3.7 and by (3.9), it holds that

IP(uy) < % <0< g < B, < IP(v,), (3.25)

for all p > 1 sufficiently close to 1.

3.3 BV-estimates

In this subsection, we are checking that both families of critical points of I? are bounded in BV (2).

Lemma 3.12 The family (up)1<p<p, i bounded in BV (Q).

14



Proof. From its definition, ||up||W01,p < pp. On the other hand, since p, — p as p — 1T, then there
exists M > 0 such that

/ |Vup[Pde < M, for all 1 <p < po. (3.26)
Q
Then, by using Young’s inequality and (3.26),
lull = [ Vs
Q
1 -1
< o [ 1Vulae+ 220
pPJa p
< M+|Q =M (3.27)
and this proves that (up)1<p<p, is bounded in BV (). O

In order to show that the family (vp)1<p<p, is also bounded in BV (), let us follow the arguments
of [20], which was inspired by those in [30]. First of all, let us define

TP(u) = IP(u) + p%ﬁm. (3.28)

Observe that IP and JP have the same critical points. Moreover, by their definition,

JP(v,) = inf JP. (3.29)
it

P

By Young’s inequality, the following monotone property holds,
p1 < po = JPH(u) < JP2(u) Yu e WP (Q). (3.30)

Moreover, the statement of Lemma 3.4 also holds for J?.
Lemma 3.13 The family (vp)1<p<p, s bounded in BV (Q).

Proof. Let 1 < p; < py < N and consider v,, € W, " (Q) and v,, € W, () such that (3.29) holds
for JP* and JP2, respectively. Since py > p1, then VVOL]D2 Q) c I/Vol’p1 (Q). From Lemma 3.4, there exists
t > 0 such that

tvp, €N, (3.31)
Then, from Lemma 3.4 and (3.30), it follows that
JP? (Upz) Z JP? (tvpz)
> JP(tvp,)
2 Jp1 (Upl )
Then, for 1 < p < py, it follows that
JP(vp) < JPO(vp,) =: C. (3.32)

By (3.32), Holder’s inequality and the definition of S, leads to
C > JP(vp)

= () - gup)'(vp)vp

1 1 1 1
= (=== llvl* p—/\(—>/v dg
G- ity =2 (=== 1) [ 1o

1 1 P 1 1 x=1 P (pty—D+(1—y)(p* —p) 1—
Z_Z AN ——==1)58.7 |Q Pp* o 3.33
(p q) HUPHW(}J: (1 e q) Y ||Up||w(J » ( )

Y
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Then, since 1 — v < p, it follows that ||vp||W01,p is bounded and there exists M > 0 (which does not
depend on p), such that

/ |Vup[Pde < M, forall 1 <p < po. (3.34)
Q

Then, as in (3.27), it follows that (vp)1<p<p, is bounded in BV (£2). O

4 Convergence to positive solutions

In this section, we prove that the families of solutions (up)1<p<p, and (Vp)1<p<p, to (3.1) converge
to functions which are positive solutions to (1.1). Actually, in order to calculate their limits, we just
need that they are bounded in BV (). Hence, we just detail the convergence of (up)1<p<p,, since the
other convergence can be obtained by repeating the proof verbatim.

First of all, let us recall that the BV —-estimate implies that there exists ug such that, up to
subsequences,
up, = ug in L"(Q), Vr e [1,1%). (4.1)

as p — 17. Moreover,
u, —~up inL'(Q) as p—1T. (4.2)

4.1 Comparison with a simpler singular problem

In this subsection, we connect critical points of functional I” with the positive solution of a simpler
problem, namely,

-Ayw = i in Q,
wY (4.3)

w = 0 on 0N

Existence and uniqueness to this problem has been studied in [17] (see also [18]); we next state its main
properties:
There exists a unique solution w, € W, ?(Q) N L>() to problem (4.3) in the sense that - € L'(Q)

wy
and

A
/Q |Vw,|P~2Vw, - Vodr = /Q o7 pdz, (4.4)
p

for every ¢ € VVO1 P(Q). Moreover, this solution satisfies the following positiveness feature: for every
open set w CC €2 there exists ¢, > 0 such that w, > ¢, a.e. in w.

Proposition 4.1 The inequality v, > w, holds for every p > 1.

Proof. Take (wy, — up)" as test function in both formulations and subtract them, then we deduce

/Q (VP2 Vw, — [Vutp|P~2Vy) - ¥ (1 — )"

1 1 _
_A/Q(wg_ug> (wp_“p)Jr_/ng Hwp = up) ™

Now it is enough to realize that the left hand side is nonnegative while the right hand side is nonpositive.
So, both sides vanish and we conclude that (w, —u,)" = 0. d

In [18] the family (wp)i<p<p, is considered. It is proved that there exists wy € BV (Q) satisfying
wo > 0, w%j € L'(Q) and

wp — W in L'(Q) foralll <r< N/(N-1).
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Corollary 4.1 Inequality ug > wo holds. As a consequence, ug > 0 and = € L'(Q).

1
U
4.2 L*™-estimate
This subsection is devoted to check that ug € L*(€2).

Lemma 4.1 Let ug be as in (4.1). Then

ug € L™ (Q) .
Proof. Taking G (u,) = (up, — k)™ as test function in (3.1), we get

1
/|VGk(up)\pdx:)\/ —WGk(up)dx—l—/uq_le(up)dm.
Q Q Up o’

Since Holder’s inequality implies that

1 1 il
[ L Guluy) de < 1G] e 0

/ng_le(up) dx < (/A

where Ay, = {z € Q; up(x) > k}, we have

Aoy
/lVGk(up)l”dxs Q¥ + </
Q kv A

Thus, by the definition of S; (see Lemma 3.1), Young’s inequality and (4.5), we have

and

b

N—-1

1
N
uéq‘”Ndm> G (up) ||

k,p

ugt = OV dx) 1Gr (up) | 2 - (4.5)

k,p

N-—1
(/ |G ()| 757 dm) < 5;1/ VG ()| da
Q Q

1 -1

< Sfl (/ VGk(up)|pda:+p|Q> (4.6)
P Ja p

STl A ~
< L - N (q_l)N N
= D k'y|Q| + </Ak,pu dx) ||Gk(up)H
1 .

p

or equivalently,

Sfl A 1
-2 =0
D k‘“*' |N+<-/Ak

We claim that, there exists kg > 0 and py > 1 such that

v St p—1
ulg=HN dx) G (up) | < %my (4.7)

sP

/ uz(,q_l)N dr <e Vk>ko,Vpe(1,po). (4.8)
A

k,p
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Indeed, since

A | < — N
kpl = N 4 Up Z,

kN-1 kop

we have, by (3.27) and Holder’s inequality, that

. (g=1)(N-1)
/ uli= DN g < (/ up da:) | Ay, |t~ @~ DN
Ak A

(g=1)(N-1)
NoT 1
< up - dx N-—(¢—)(N-1)
A k N-1 Ay

k,p

]_ _N
N—-1
N[I—(—DN-1] / up " dx
k N-1 Ay

1 1\7N1 N—-1
S N[1—(g—1)(N—1)] Sl </ |VUP| dx)
kT Q

1 -N N

N-—-1 N—-1
ST M T,

1-(¢g—1)(N-1)
N
up d:r)

sP

IA

<

M= D]
for all p € (1,po). Since ¢ < N/(N — 1) implies 1 — (¢ — 1)(IN — 1) > 0, it follows that

lim uz()q_l)N dr =0
k— oo Ak,p

uniformly on p and then (4.8) holds. Consequently, we can choose k; > 0 such that

/

Thus, by using (4.9) in (4.7) we get

g\
uz()q_l)N dz < (1)21) Vk>ki,pe(1,po)- (4.9)

k,p

1 ST STl p—1)
(3- 250 ) 16wl s, < 2P0 viztpem). @)
Now, if we take a larger ks > ki such that
1 SIIA 1
3 o 12 >0 VE>k (4.11)
then, by (4.10) and (4.11), we have that
LS 0 Sil(p—1)
0< (3-SR0 ) 16wl e, < S0l viz ke Ype ). @12

Therefore, letting p — 17 in (4.12), by Fatou’s Lemma, (4.2) and the definition of G, we obtain
uo < k a.e. in Q.

We conclude that ug € L(Q). O

4.3 Existence of the vector field

In this subsection we obtain the vector field appearing in the definition of solution and we check
that the equation holds in the sense of distributions.
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Lemma 4.2 Let ug be as in (4.1). Then, there exists z € DM, (Q) with ||z]|co < 1 such that

A _
—divz > = +uf Lin D'(Q). (4.13)
0

Proof. Let us fix 1 < s < oo and consider 1 < p < s’. By Hélder’s inequality and (3.26), we have

/||vup|P—2vup\de:/ |V, 5P~ da (4.14)
Q Q
< (/ |Vup|pd:v>p Q' (4.15)
Q
<MV|QF, (4.16)

for all p € (1,pg). Then we may follow the proof of [27, Theorem 3.5] and show that there exists
z € L>®(Q,RY) such that ||z||s < 1. It also holds, up to a subsequence,

Vup[P?Vu, =z in L*(Q,RY), Vs € [l,+00), (4.17)
asp — 1T.
Using ¢ € C°(02) with ¢ > 0 as a test function in (3.1), we get

_ 1 _
_/Q|Vup|p *Vu, - Vodr = X nggodm—k/ﬂug Lod. (4.18)

Calculating the limit inferior, as p — 17, in both sides of the last expression, by (4.1), (4.17) and Fatou’s
Lemma, we obtain

1
/Z-V(,Dd.’L'Z)\/ —,Y<pdx+/ug_1g0dx20 VoeCr(Q), p>0. (4.19)
Q Q Ug Q

Thus, by the Riesz representation theorem, the functional ¢ +— / z-V dx defines a nonnegative Radon

Q
measure in ). On the other hand, this functional coincides with —divz in the sense of distributions.
Therefore, inequality (4.19) is just (4.13) in the sense of distributions. As a consequence —divz is a
Radon measure.

Moreover, by (3.26), (4.17) and Young’s inequality, we have that

0< —/godivz:/z-Vapdmz 1im/ |Vup|p_2Vup-V<pdx§M+/(\th|+1)p°,
Q Q r=ljg Q

for all ¢ € C°(Q2) with ¢ > 0. Observe that, at this point, one can only deduce that the total variation
of —div z is locally finite and so z € DM, (). O

The next step is to verify that the equation holds in the sense of distributions. On this issue we will
adapt and simplify the arguments in [18].

Lemma 4.3 Let ug be as in (4.1) and let z be as in Lemma 4.2. Then, the following identity holds

—uidive = My T +ud  in D'(Q), (4.20)

Proof. Since ug > 0, it follows from (4.13) that

—ugdivz > Mg Y +ul  in D'(Q). (4.21)

19



Let us prove the opposite inequality. Let ¢ € C2°(€Q) with ¢ > 0. Taking u,¢ as test function in
(3.1) we get

/990|Vup\p dz + /Q Uy |V, P2 Vu, - Vo dr = )\/Qu;_"*@ dz + /Q ugpdzr.
Thus, using Young’s inequality we have that
/ o|Vu,|dz + / uy|Vu, [P~ 2V, - Ve dr
Q Q
1 9 p—1
< — | o|VupPdz+ | up|Vup|P *Vu, - Vodr +—— [ pdx (4.22)
P Ja Q Db Ja

-1
S)\/u};”gader/uggaderL/gpdx.
Q Q b Ja

Now, we are going to pass to the limit above, as p — 1*. On the left-hand side, by (4.1) and (4.17), we
have

lim inf (/ |V, dx—l—/ Up| V[P ~2Vu, - Vgpdx) > / | Duy| +/ uoz - Vodr. (4.23)
Q Q Q Q

p—1t

On the right-hand side, by (4.1) and the Dominated Convergence Theorem, it follows that
lim ()\/ uy o d +/ ulp dx) = )\/ uy Vo dr +/ ulpdr. (4.24)
p—1+ Q Q Q Q

Thus, by (4.23) and (4.24), (4.22) becomes

/¢|Du0|+/u0z-Vgodm§)\/ué_npda@—&—/uggodx. (4.25)
Q ) Q )

But this implies, by (2.3), Corollary 2.1 and (4.25), that

—/ upedivz = / ©(z, Dug) +/ uoz - Vo dx (4.26)
Q Q Q
< / | Dug| +/ uz - Vodz (4.27)
Q Q
< )\/ ué_"’tpd:c—i—/ udode, (4.28)
Q Q
or equivalently,
—ugdivz < dug ' +ul  in D'(Q). (4.29)
Consequently, by (4.21) and (4.29), we infer (4.20). O

Finally, taking into account that ug > 0 a.e. (and so uj > 0 HN~!-a.e.), the division by ug is
allowed and we may arrive at the expected identity.

Corollary 4.2 Let ug be as in (4.1) and let z be as in Lemma 4.2. Then, the following identity holds
—divz =My +ul™t i D'(Q). (4.30)

As a consequence, divz € LY(), so that z € X(Q);.
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4.4  End of the proof of Theorem 1.1

In order to finish the proof of this theorem, let us show that ug satisfies the conditions (a)—(e) of
the Definition 2.1.

Conditions (a) and (b) were already proved in Corollary 4.1.

Condition (c) is just Corollary 4.2.

Conditions (d) and (e) can be proved as in [4]: take upp (with ¢ € C2°(Q) a nonnegative function)
and u, as test functions in (3.1), respectively; then in both (d) and (e) let p go to 1 and apply
Anzellotti’s theory.

Therefore, ug satisfies the conditions (a)—(e) of the Definition 2.1 and thus it is a solution of (1.1).

As mentioned, it can be proved in the same way that vy also satisfies these conditions and so vy is
also a solution of (1.1).

Now, it remains to prove that ug # vo. Indeed, by (3.25) and the fact that u,, v, € N,, we have

1 1 1 1
A(—)/ué"*dm—i—(—)/ugdm
p 1=7v/Ja p q) Ja
1 1 1 1
A()/U;deJr()/vgdx,
p 1=v/)Ja P 4/ Ja

for all p € (1,pg). Thus, calculating the limit as p — 17 in the last expression, by (4.1), it holds that

1 - 1 1 . 1
A1 - — /u 7dac+(1—)/uqu<)\(1—>/v Vdac—&—(l—)/qux.
( 1—V> Q 0 q Q 0 1—v Q 0 q Q 0

Then ug # vg and Theorem 1.1 is completely proved. O
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