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Let ϕ and ψ be faithful characters of a finite p-group P . What can be
said about the number of different irreducible constituents of the product
ϕψ? At first sight, it does not seem reasonable to expect strong restrictions
for the possible values of this number. However, in [1] it was proved that if
the number of constituents of this product is bigger than one, then it is at
least (p+ 1)/2. (The proof of this result depends on some of the ideas of [2]
and could be simplified following the argument of [2] more closely.)

It seems reasonable to ask what further restrictions can be found. In
p. 237 of [1] it was conjectured that if the number of constituents of the
product of two faithful characters of a finite p-group, for p ≥ 5, is bigger
than (p + 1)/2, then it is at least p. The goal of this note is to give a
counterexample to this conjecture.

Theorem. Let P = Cp o Cp for p ≥ 5. There exist ϕ,ψ ∈ Irr(P ) faithful
such that ϕψ has exactly p− 1 distinct irreducible constituents.

Proof. Write P = CA, where A is the base group, which is elementary
abelian of order pp. It is clear that the non-linear characters of P are induced
from characters of A. In particular, they have degree p. Fix any non-
principal character λ ∈ Irr(Cp). Then any character of A can be written
in the form ν = λi1 × · · · × λip for some integers ij = 0, . . . , p − 1. Thus,
we can identify the character ν with the p-tuple (i1, . . . , ip). It is clear that
νG ∈ Irr(G) if and only if not all the ij ’s are equal.

We have that Z(P ) = {(x, . . . , x) | x ∈ Cp} is the unique minimal normal
subgroup of P . Also, if νG ∈ Irr(G), it follows from Lemma 5.11 of [3] that
νG is faithful if and only if (x, . . . , x) 6∈ Ker νG. Notice that if λ(x) = ε for
a primitive pth root of unity, then

νG(x, . . . , x) = pεi1+···+ip .

Thus νG is faithful if and only if
∑p

j=1 ij 6≡ 0 (mod p).

Consider the characters of A associated to the p-tuples (1, 0, 0, . . . , 0)
and (1, 1, 0, . . . , 0). They induce faithful irreducible characters of P , ϕ and
ψ respectively. We claim that ϕψ has p−1 distinct irreducible constituents.

The character ϕA decomposes as the sum of the characters associated to
(1, 0, 0, . . . , 0), (0, 1, 0, . . . , 0), (0, 0, 1, . . . , 0), . . . , (0, 0, 0, . . . , 1). We can ar-
gue similarly with ψA. The product of two characters of A corresponds to the
componentwise sum of the associated p-tuples and two characters of A are
P -conjugate if and only we can go from the p-tuple associated to one of the
characters to the other by a cyclic permutation of the components. Now, it is
easy to see that the number of constituents of the character ϕψ is the number
of characters of P lying over the characters ofA corresponding to the p-tuples
(2, 1, 0, 0, . . . , 0), (1, 2, 0, 0, · · · , 0), (1, 1, 1, 0, . . . , 0), (1, 1, 0, 1, . . . , 0), . . . ,
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(1, 1, 0, 0, . . . , 1). Here we have p different p-tuples. The third of these p-
tuples and the last one correspond to P -conjugate characters of A, so they
induce the same character of P . It is easy to see that no other pair of
p-tuples are conjugate. The claim follows.

We have been unable to find any example where the number of con-
stituents of the product of two faithful characters of a p-group has more
than (p + 1)/2 distinct irreducible constituents but less than p − 1. So the
following modification of the conjecture could still be true.

Question. Let ϕ and ψ be faithful irreducible characters of a finite p-group
P . Assume that ϕψ has more than (p+1)/2 distinct irreducible constituents.
Does it necessarily have at least p− 1 irreducible constituents?
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