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ABSTRACT. The theory proposed by P.M and D. van Hiele
have given rise to a nodel of teaching and |earning
whose three main characteristics are discreteness and
hi erarchy of |evels and usefulness of the theory for
predi ction.

We present the results of an enpirical research which
deal s with the hierarchical structure and the predictive
property of the nodel. The conparison of results
obtained by admnistering three tests (on polygons,
measurenent and solids) to a group of preservice
el ementary teachers allows us to fornul ate the foll ow ng
concl usi ons:

a) Levels 1 to 4 forma hierarchy, but |evel 5 has sone
particularities that need an in deep investigation.

b) There is not relation between the individual results
in the different tests, so the assessnent of pupils’
level in a topic cannot predict their level in other
t opi c.

I NTRODUCTI ON

The theory developed by P.M van Hiele and D. van Hi el e-Cel dof
Is currently being considered with great interest in Mthematics
Education. This theory is based on the definition of several thought
| evel s, through which students progress while | earning mat hemati cs,
each | evel being characterized by a specific form of reasoning, a
vocabul ary and a kind of knowl edge. Briefly, the thinking abilities
acquired by students in the different |evels are:
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Level 1 (recognition): Students recognize the objects and

mat hemati cal concepts by their physical aspect and in a gl obal
way, W thout distinguishing explicitly their conponents nor
mat hemat i cal properties.

Level 2 (analysis): Students recognhize the conponents and

mat hemati cal properties of an object or concept. They are able
to establish relationships anong objects and/or conponents,
but only in an experinmental way. They can not establish
| ogi cal relationship nor make formal descriptions.

Level 3 (classification): Students nmake | ogical relationship between

mat hemati cal properties and they are able to follow sinple
deductive reasoning, but they still do not understand the
function of the elenments of a mathematical axiomatic system
(axions, definitions, proofs, etc.) and, therefore, they do
not know how to handl e them

Level 4 (deduction): Students wunderstand and nake deductive

reasoni ng, since they already understand the function of
axi ons, hypothesis, definitions, etc. However, students stil
have not acquired a global insight of axiomatic systens and
they do not understand the need for rigorous reasoning.

Level 5 (rigor): Students wunderstand the need for rigorous

reasoni ng, they are able to wite abstract proofs in different
axi omatic systens, and to analyze and conpare two axiomatic
syst ens.

More information about the characteristics of van Hele |levels
can be found in Usiskin (1982), Hoffer (1983), Fuys, Ceddes (1984),
Burger, Shaughnessy (1986), and van H ele (1986). The greater
interest of van Hiele theory is the possibility of using it as
framework to build a teaching nodel for geonetry, where each |eve
carries a formof activities, a | anguage and an organi zati on of the
| ear ni ng process hel ping students to reach next |evel. Exanples of
prograns based on the van Hele |levels can be found in the Soviet
Union, Holland and USA (Freudenthal (1973), Wrszup (1976),
Mat hemati cs Resource Project (1978), Hoffer (1983) and Fuys, Ceddes
(1984)).

If we analyze the theoretical structure of van Hiele nodel,
there are three characteristic that have to be deeply studied: The
di screteness of the levels, that is the way students nove from a
| evel to the next one, their hierarchical organization, and their
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globality, that is students’ capacity to transfer their |evel of
reasoni ng froma mat hematics topic to another one. During | ast years
I nportant research on each of the above nentioned characteristics
have been carried out (Usiskin (1982), Mayberry (1983), Fuys, Geddes
(1984) and Burger, Shaughnessy (1986)), whose nain results are
summari zed in Senk (1985). In spite of such intense research, it has
not been possible to determne in a satisfactory way the validity of
any of such characteristics of the nodel.

THE STUDY

In this paper we present the results of a study ained to
evaluate the validity of two theoretical characteristics of the van
Hiele | evel s: Their hierarchical structure, and their globality with
respect to several fields of geonetry.

Ub to now, nost experiences developed to determne the
properties of van H ele theory have been based on probl ens of plane
geonetry, alnost in every case related to polygons. The first part
of our research has consisted on designing three tests based on the
three nore inportant fields of geonetry: Plane geonetry (mainly
pol ygons), geonetric neasurenent (length, surface and volune) and
space geonetry (mainly pol yhedrons).

The conparison of the levels reached by each student in the
three tests has permtted us to observe the correlation anong them
and, therefore, to decide on the globality or locality of the van
Hele levels. On the other hand, the independent analysis of each
test allowed us to evaluate the hierarchy of the |evels.

We have designed three tests based on the structure of the test
in Usiskin (1982). Each test consists of 25 nmultichoice itens, 5
Itenms measuring each van Hele level, with 5 possible answers for
each item only one of thembeing correct. To nake nore reliable the
conparisons of the results, the same grammatical structure has been
used in all the three tests. Respect to the nmathematical content of
the itens, it is easy to wite nodels of problens valid for both
pl ane (polygons) and space geonetry (polyhedrons), since they have
simlar conceptual structures and internal relationships, but the
field of nmeasurenent has a much nore sinple conceptual organization,
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making it difficult to maintain the structural simlarity with the
itenms in the two other tests.

On the other hand, the design of tests based on mathematica
concepts different fromthose related to polygons is useful to open
new research directions on the van Hiele nodel of reasoning to use
it in the teaching of nore geonetry topics.

THE SAMPLE

The tests have been admi nistered to 563 pupils fromthe three
courses of the Primary Teacher Training School of the University of
Val encia. Table 1 shows the nunber of students that answered the
different sets of tests.

Test P Test M Test S
Test P 409 276 232
Test M - - - 392 241
Test S --- --- 318
Tests P, Mand S 193

P = plane geonetry; M= neasurenent; S = space geonetry

Table 1

The answering of the tests took place in three different
sessions, with at | east three days between one and the next, though
I n nost cases this interval between the adm nistration of two tests
was of 1 or 2 weeks. The students had free tine to answer the tests
(average of 30 to 45 mnutes).

RESULTS AND CONCLUSI ONS

It is evident the inportance for the results and conclusions in
the research of the criteria adopted by researchers to assign the
mnimal |level to a student and to determ ne when to assign a |evel
or the next one. Usually, the criterion applied has been that a
student pass a level when 2/3 of the itens corresponding to the
| evel are correctly answered. |If we apply this criterion to our
tests, a student pass a level when 3 or 4 out of the 5 itens
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corresponding to the level are correctly answered. Qur previous
know edge of our pupils and other studies carried out with simlar
kind of students (Mayberry (1983) and Matos (1985)) induced us to
suppose that nost students in our sanple would be in levels 2 and 3
(the first level invan Hele nodel is level 1; we assign to |level O
those students who do not fit the criterion for level 1). For this
reason, we have used two criteria of assignnent of students to
| evel s to guarantee (Usiskin (1982), p. 23):

a) That, for the lower levels, students are not assigned to a |evel
under their real level. Therefore we use the criterion 3/5.

b) That, for the higher levels, students are not assigned to a | evel
over their real Ilevel because they give correct answers at
random Therefore we use the criterion 4/5.

We have defined two different criteria of assigned of students
to the levels: The criterion 33344 (that is, students pass levels 1,
2, and 3 if they correctly answer 3 of the 5 itens, and they pass
levels 4 and 5 if they correctly answer 4 of 5 itens) and the
criterion 33444. The only difference anong both criteria is the
assignation of students to |level 3. Furthernore, when a pupil passes
levels 1 and 2 and fails level 3, he has been assigned to |evel 2,
I ndependently of the results obtained in levels 4 and 5. Table 2
shows a summary of the | evels obtained by students in the sanple.

Test P Test M Test S
Level | 33344 33444 | 33344 33444 | 33344 33444
0 4.40 4.40 | 24.74 24.74 | 45.28 45. 28
1 11.98 11.98 | 20.92 20.92 | 44 97 44.97
2 24.45 57.95 | 25.00 41.58 1.89 6. 29
3 56.72 23.47 | 22.96 8.67 7.55 3.14
4 1.71 1.71 2. 30 1.02 0. 00 0. 00
5 0.73 0.49 4.08 3. 06 0.31 0.31

Table 2: Distribution (% of the pupils by levels

To anal yze these results we have cal cul ated several statistical
coefficients. To check the hierarchy of the |evels, the coefficient
of reproductivity R from Guttman Scal ographic Analysis has been
used. Coefficient R evaluates the quantity of students that have
failed a | evel but have passed a higher one. It has been used in an
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effective way in previous research projects, |ike Mayberry (1983) or
the CS MS. Project of the Chelsea College (Hart and others
(1981)). Table 3 contains the values of R obtained fromthe answers
to the whol e tests.

Criteria Criteria
Test 33344 33444 Test 33344 33444
P 0. 940 0. 939 P 0. 976 0. 990
M 0. 868 0. 861 M 0. 959 0. 966
S 0. 853 0. 903 S 0. 858 0.935
Table 3: Coefficient R for Table 4: Coefficient R for
levels 1 to 5 levels 1 to 4

Usual ly, a hierarchy is considered as valid when coefficient R
is not lower than 0.90 (Mayberry (1983)) or to 0.93 (Hart (1981)).
Therefore, according to table 3, the hierarchy of van Hele |evels
in measurenent and solid geonetry should be rejected. However, a
nore detailed analysis of the results clearly shows a significant
i nfluence of itenms in level 5 in the previous values of coefficient
R Many students passed level 5 but failed a lower level, so
producing errors in the hierarchy. Table 4 contains the values of R
obtained fromthe answers only to the itens for levels 1 to 4.

Fromthese results we can conclude that van Hele levels 1 to 4
form a hierarchy, but that level 5 has sonme special features that
shoul d be studied in detail in order to re-state its characteristics
or to consider the convenience of elimnating it fromthe nodel, as
suggested by van H ele hinself (1986, p. 47).

To evaluate the globality of reasoning in the different van
Hele levels, we have calculated two coefficients. The Leik
consensus coefficient C neasures the degree of dispersion of the
| evel s reached by a person in the different tests, while the Kruskal
coefficient g neasures the correlation anong the answers of the
whol e sanple to two tests.

Coefficient C varies between 0 and 1, with C = 0 indicating
di sparity (maxi mumdi spersion), C= 0,5 indicating randomess, and C
= 1 indicating concordance anong the answers (no dispersion). W
have grouped the values of C in several intervals: 11=[0, 0.15]
| o=[0.15, 0.30[, 13=[0.30, 0.70[, 14=[0.70, 0.85[, and Ig=[0.85, 1].
The graphi cs bel ow show t he percentage of students in each interval.

A obality versus locality - 6 -



For each interval, the left colum corresponds to criterion 33344
and the right colum corresponds to criterion 33444.
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Coefficient g varies between -1 and +1 its neaning being the
usual for correlation coefficients. Table 5 shows the values of g

for each pair of tests.

Criteria
Test 33344 33444
Py M 0. 46 0.52
Py S 0. 45 0. 40
My S 0.41 0.44

Table 5: Coefficient g

Coefficient C and coefficient gindicate that:

1) There is not divergence anong the different tests.

2) There is certain degree of concordance anong the results of the
tests, but this is not sufficient to support the hypothesis of
the globality of the van Hele |evels.

Bot h our experience and the others cited before present very | ow
percent ages of students in levels 4 and 5, therefore we believe that
they are not valid enough to raise conclusions with respect to these
| evel s. A research direction that should be explored in the future
Is to design experiences with groups of students nost of them
reasoning in levels 4 and 5. Very likely, in this case positive
results about the globality of van Hiele I evels would be obtained,
since students reasoning in levels 1 to 3 have a fragnented |oca
vision of mathematics that inhibits their transfer of know edge and
reasoning skills from an area of mathematics to another. On the
contrary, those students that have reached |levels 4 and 5 have a
nore global vision of mathematics that facilitates their transfer.
Qur hypothesis respect to this question is that levels 1, 2 and 3
are of a local nature, so they do not allow students to have a
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gl obal reasoning, while levels 4 and 5 are of a global nature and
they all ow students to have a gl obal reasoning.
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