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Abstract: In mathematics education, technology offers many opportunities to enrich curricular
contents. Plane symmetries is a topic often skipped by primary teachers. However, it is important
and may be worked in attractive ways in dynamic geometry software environments. In any regular
classroom there are students with different levels of mathematical attainment, some needing easy
tasks while others, particularly mathematically-gifted students, need challenging problems. We
present a teaching unit for plane symmetries, adequate for upper primary school grades, implemented
in a fully interactive electronic book, with most activities solved in GeoGebra apps. The book allows
student to choose which itinerary to follow and attention is paid to different levels of students’
mathematical attainment. The research objective of the paper is to make a networked analysis of the
structure and contents of the teaching unit based on the Van Hiele levels of mathematical reasoning
and the levels of cognitive demand in mathematical problem solving. The analysis shows the interest
of networking both theories, the suitability of the teaching unit, as the Van Hiele levels and the
cognitive demand of the activities increases, and its usefulness to fit the needs of each student, from
low attainers to mathematically-gifted students.

Keywords: cognitive demand; educational e-book; mathematically gifted students; networking
theories; primary school; symmetries; technological environment; Van Hiele levels

1. Introduction

Along the last three decades, there is being a slow but constant change in the methods
of teaching mathematics at primary and secondary school levels, partly induced by the
appearance of new affordable technological tools that can be used in schools, like computers,
tablets, electronic boards, augmented reality, smartphones, etc. There are also new kinds
of software that take advantage of the possibilities of interaction offered by the modern
hardware to present mathematical contents in new ways, like dynamic geometry software
(DGS), computer algebra systems (CAS), podcasts, electronic books (e-books), web pages,
and so on. The fusion of hardware and software allows teachers and researchers create new
technological learning environments aimed to help students understand mathematics more
easily and intended to be more interesting and attractive than the traditional textbooks.

Although research published in the 1990s showed benefits of students programming
Logo in their learning of transformations, in particular symmetries [1] and, more recently,
it has been showed that students learning in dynamic manipulative environments (either
real or electronic) are more successful than those learning in static environments [2], there
is a lack of research on the application of the newly available technologies in the teaching
and learning of geometry [3], either as purely technological classes or blended learning [4].
Furthermore, the educational constraints to in person classes imposed by the pandemic of
covid-19 give an added value to technological teaching and learning environments that can
be used in virtual classrooms, so research on new electronic learning environments and
blended environments is still necessary. In this paper, we present a learning environment
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based on the abilities of an interactive Apple iBook to present Internet links, GeoGebra
files, and videos and self-evaluation questionnaires embedded in it.

Primary and secondary school mathematics curricula have a common core of content
around the world, mainly arithmetic with whole numbers, decimal numbers, and fractions,
polygons and circle geometry, measurement, equations, some types of functions, basic
trigonometry, and others [5]. However, in some countries, other mathematics topics are
only sometimes included in the curricula or are considered as “dispensable” by many
teachers, who feel free to skip over those topics when, allegedly, they are short of time,
one such topic being plane isometries [6,7]. Nevertheless, isometries are a very useful tool
for ordinary life and many areas of elementary, middle, and higher mathematics [8], with
symmetries being the most relevant one [9], since they have to do with regularities, which
are easily perceived by students. Thus, it is worth to start studying symmetries in primary
and secondary school [10–12].

The learning of symmetries has some obstacles and difficulties that should be taken
into consideration by teachers when preparing the classes, to try help students bypass or
overcome them. After the seminal research by Küchemann [13,14] on students’ difficul-
ties with plane symmetries, there is a knowledge of some typical errors that should be
prevented by designing specific activities, like the cognitive obstacle [15] induced by the
prototypical image of the axis of symmetry drawn vertically. Technological environments,
like those based on DGS, have proved to be helpful to prevent or remove this kind of
students’ prototypical images when they are allowed to manipulate the axes of symmetry
and get used to see them with any slope [16]. Then, although teaching and learning of
isometries have not been frequently explored by mathematics education research [7], an in-
teresting research direction is the design of technological environments where students can
manipulate geometrical objects (in our case those related to symmetries) to gain experience
and build on it a deep understanding of the related concepts and properties [2]. In this
paper we present a teaching unit for symmetries implemented as an interactive e-book [17]
that takes advantage of the possibilities of DGS played in computers and tablets.

Mathematically gifted students (m-gifted students hereafter) too often suffer a lack of
adequate attention by their teachers when these devote their efforts to prepare the classes
with only the slow learners and average students in mind. M-gifted students should be
provided by their mathematics teachers with special curriculum adaptations to let them
learn mathematics at their own pace, i.e., faster and deeper than their classmates [18].
Technological environments that can be designed to allow a diversity of learning objectives
and learning speeds are adequate for primary and secondary school mathematics teachers
to attend the diversity of pupils they usually have in their regular class groups [10,19].
Mathematical giftedness has not been a main focus of attention for researchers in mathe-
matics education [20], although there is an increasing number of publications reporting
research experiments with secondary school m-gifted students based on technological
environments, but there is a need of such kind of research with primary school m-gifted
students [21], since these students are ready to move from empirical tasks to abstract prob-
lems, and such transition poses troubles to them to gain deeper levels of understanding [2].
Most activities in the teaching unit we present are adequate for average students, but it
also includes activities that are aimed to provide a deeper knowledge of symmetries to
m-gifted students.

Mathematics education researchers have at their reach different theories that can be
used as theoretical ground for their research. When several theories can be selected, usually
none of them is “the best choice”, since each one has some strengths and weaknesses.
Then, a procedure that has proved to produce good results is the networking of different
theories to analyze a set of research results [22]. There is a broad consensus that the Van
Hiele levels of mathematical thinking are an excellent theoretical framework to organize
the teaching of geometry and scrutinize students’ ways of reasoning when performing
geometric activities [1]. Therefore, we have used the Van Hiele levels to ground the design
of the teaching unit on symmetries. On the other hand, when teaching m-gifted students,
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it is important to analyze their ways of solving problems and their learning trajectories,
which tend to be different from those of average students of their age or grade. Differential
characteristics of m-gifted students are that they tend to engage more, use higher-order
thinking more frequently, and be more successful than average students when solving
problems, which results in a faster attainment of the learning objectives [23–25]. It is
quite frequent that, as a consequence of their harder cognitive activity, m-gifted students
discover and learn concepts, properties, etc., before the moment planned by their teachers
for the average students [26]. We have used the levels of cognitive demand [27,28] as
the framework to analyze the potential of the activities in our teaching unit to induce
higher cognitive activity in m-gifted students. Consequently, we have networked in an
original way both theories to analyze the activities and the expected students’ behavior
when solving them.

We denote as tasks the diversity of assignments to students like exercises, problems,
evaluation questions, investigations, etc. Activities are tasks focused on a direct use, ex-
plicitly or implicitly, of a mathematical content or procedure, and problems are activities
where students, after reading the statement, have difficulties to solve them, because either
they do not have the necessary previous knowledge or they do not know a way to link the
knowledge with the statement to find a solution, the difficulties being intellectual rather
than computational or procedural [29]. A teaching unit is an organized set of activities,
not necessarily sequentially ordered, having a global learning objective and several local
learning objectives.

In this paper we present the results of a mathematics education research aimed to
design a teaching unit for plane symmetries, based on a DGS environment, which pays
attention to the diversity of students’ teaching needs, in particular of m-gifted students. The
teaching unit is adequate for upper primary or lower secondary school grades, depending
on the grade where symmetries are studied for the first time. The learning objectives of
the teaching unit include (1) the basic properties of plane symmetry, (2) procedures to
draw the symmetric of a point or shape respect to a given axis of symmetry and draw
the axis of two given symmetrical points or shapes, (3) the definition of plane symmetry,
and (4) products of two symmetries and decompositions of translations and rotations into
products of two symmetries. We present the teaching unit in the form of an Apple’s iBook
which takes advantage of the interactivity of e-books and some specific features of iBooks,
like the possibilities of modifying the sequence of activities to be solved by a student and
the availability of evaluation questionnaires.

The research objective of the paper is to make a networked analysis of the structure
and contents of the e-book based on the theoretical models of the Van Hiele levels of
mathematical reasoning and the levels of cognitive demand in mathematics problem
solving, to verify the adequacy of the teaching unit for the mentioned grades and average
and m-gifted students. The analysis is theoretical in the sense that it is based on the aims of
the activities and the expected students’ answers.

We present the analysis of selected examples of the different types of activities and
other elements of the teaching unit and a global analysis of the whole e-book from the
points of view of the two networked theories. We conclude that the set of activities designed
and their organization in the e-book is coherent with the mentioned theoretical models and
is adequate for the teaching to different kinds of students, from slow learners to m-gifted
students. The results of this research add information to current knowledge by mathematics
education researchers on a successful networked use of the Van Hiele levels and the levels
of cognitive demand, and also provide information to mathematics teachers on the teaching
to and learning by m-gifted students of plane symmetries in the technological environment
of an e-book with DGS, as an example of a teaching methodology good for virtual learning.

2. Review of Literature

The main components of the teaching unit we analyze in this paper are: use of DGS
in the teaching of geometry, teaching and learning of symmetries, use of e-books to teach
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mathematics, and attention to m-gifted students. Each of these topics could be the focus of
a wide review, but we have limited this review to mention relevant literature related to the
objective of our research and the teaching unit in the e-book. The last part of the review
also includes literature about the Van Hiele levels, and levels of cognitive demand, since
these theoretical models are the core of our theoretical framework.

The use of information and communication technologies (ICT) in teaching mathemat-
ics has proved to be fruitful in many teaching contexts in the different educational levels.
Tools like calculators, computers, tablets, videos, and other technologies offer teachers
possibilities to organize different ways of teaching mathematical contents adequate to
the characteristics of their pupils. The mathematics education research handbooks (e.g.,
the more recent ones [30–33]) show that the literature is plenty of publications, both by
researchers and practitioners, showing examples of mathematical classes including ICTs
for every curricular topic. These texts also make evident the evolution, from the 1980s
until nowadays, of the ways technologies have been used in the classrooms. According to
Sinclair et al. [3], there are several areas related to ICTs where research is necessary, the first
one being “the introduction and design of new technology, both hardware and software”
(p. 701). The research reported in this paper fits in this area, since we present the design of
an e-book as an example of an under-used but promising technology.

Research literature has demonstrated that, in the context of regular classrooms with
heterogeneous groups of students, DGS has proved to be useful to create teaching units
based on the methodology of guided discovery [34,35] allowing the coexistence of dif-
ferent students’ learning styles and needs, from slow learners or those not interested in
mathematics to m-gifted students willing to learn more [36]. The diverse ways of doing
and understanding dragging, all of them implicitly based on the transformational-saliency
hypothesis proposed by Battista [37], allow different students’ learning processes, from the
empirical discovery of mathematical facts to the generalization and abstraction of general
properties. These ideas grounded the teaching unit we have designed, since the activities
based on GeoGebra applets offer students different possibilities of learning, from visual
perception of regularities to identification of abstract geometrical relationships and proper-
ties. We have also designed the sequence of activities to improve students’ conceptions as
they advance in the solution of the activities and to allow m-gifted or interested students
go farther in the learning of properties of symmetries.

The teaching of symmetries has been an objective of mathematics education re-
searchers for decades. They have paid attention both to students’ difficulties and to
teaching strategies to prevent or overcome them. Early studies focusing on primary and
secondary school students’ behavior [13,38–41] identified some typical sources of students’
misunderstandings and errors, like the direction of movement (vertical, horizontal, slant-
ing), the distance between objects and axis, and the position of the axis (vertical, horizontal,
oblique), the last one being the most frequent and persistent error. More recent studies
have focused on the teaching and learning of symmetries from kindergarten to high school,
like those reported in [1,12,42], and pre-service teachers [43]. Some authors have explored
software environments for symmetry [1,12,42,44,45] and described primary school students’
improvements in their conceptions of symmetry from perceptual (Van Hiele level 1) to
geometrical (Van Hiele level 2) conceptions and from static to dynamic embodied ways of
reasoning [46,47].

There are scarce publications showing teaching experiments based on e-books, which
is an evidence of the need of new research on this issue and specific proposals of math-
ematics e-books. A remarkable study in this direction was made by Pepin et al. [48,49],
who tackled the question of defining an e-textbook and analyzing different related as-
pects. They identified three types of e-textbooks (integrative, evolving, and interactive,
our e-book matching the last type) and analyzed several e-textbook from the points of
view of their contents, structure, and changes observed in teachers and students’ inter-
actions with e-textbooks and standard textbooks. Pepin and colleagues also presented a
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conceptual framework to analyze teachers’ processes of designing electronic materials, in
particular e-textbooks.

A different focus was adopted by Fahlgren and Brunström [50], who presented some
principles for the design of problems to be solved with DGS or CAS, which are valid for
the design of e-book based teaching units. Their main principle is that there should be
open problems [51], i.e., problems allowing students to explore in the screen graphical
representations of the problems, generate conjectures, and prove them in different ways
(empirical or deductive) depending on students’ mathematical knowledge and abilities
to produce proofs. Another principle is that students should have a good knowledge of
the software, to let them develop different modalities of interaction depending on the
requirements of the problems. Related in some way to the previous research, Santos-
Trigo and Camacho-Machín [52] presented a conceptualization of mathematical e-books,
reflecting on the necessary coordination between the affordances and limitations of the
technological environment and the design of the tasks posed, including suggestions of
ways to transform routine textbook exercises into dynamic problems, with multiple ways
of solution whenever possible and able to induce students’ reflexive thinking.

Adequate attention to m-gifted students in their regular classes is an open mathematics
education question for both teachers and researchers. There have been different approaches,
all of them agreeing in that problem solving should be the core content of the classes.
Several researchers have identified as a desirable practice that all students in the classroom
work on the same tasks or sets of problems. To put this into practice, tasks or problems
have to be diverse enough to be adequate for the different students’ mathematical abilities
or interests. Piggott [53,54] proposed mathematics teachers to create rich tasks; these are
tasks made of several related questions or problems, starting with basic questions within
all students’ reach, which focus on the key contents to be learned, and continuing with
increasingly complex and challenging questions. The last kind of questions should be more
adequate for the m-gifted students in the classroom, who may deepen their mathematical
knowledge and improve their problem solving abilities. Rich tasks may be seen as bottom-
up tasks, since they start with a simple question and each new question is a bit more
complex or challenging than the previous ones. We have used this construct in previous
research [55,56] and, when designing the activities for the e-book, we also adopted the
spirit of rich tasks to design sequences of activities with a same teaching objective and
increasing challenge.

Leikin [57] applied a similar idea when she defined a stepped task as “a mathematical
activity that includes a complex mathematical problem, called the ‘target problem,’ which
is accompanied by scaffolding paths that include steps of different levels of mathematical
challenge. Each step includes a number of problems with a reduced level of complexity
with respect to the problems at the previous step.” (p. 173). Thus, stepped tasks are
top-down tasks, since they start stating a difficult question, which only a few students in a
classroom can answer, and continue offering students clues to be used if they cannot solve
the tasks with the available information or if they do not want to engage in solving them.

There are many publications showing applications of the Van Hiele levels of reasoning
to design and implement teaching units, and to evaluate students’ outcomes [1,37,58].
In particular, [43,46] used the Van Hiele levels to investigate preservice teachers’ and
grade 6 students’, respectively, understanding of plane symmetries. A difference between
both authors is that Son [43] used the generic characterizations of the levels while Della
Iacono and Ferrara [46] used a specific adaptation of the Van Hiele levels to the context
of their experiment. In Section 3.1 we present a particularization of the Van Hiele levels
to the specific context of the activities included in our e-book, to guarantee an accurate
and reliable evaluation of the activities and the hypothesized students’ behavior when
solving them.

Since the emergence of the levels of cognitive demand in the mid-1990s [28], they have
been used many times to evaluate mathematics teachers’ design and implementation of
activities or teaching units in their classes, paying attention to teachers’ intended levels
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of cognitive demand and the ways teachers acted during the classes to keep them or not.
Otten et al. [59] offer an analytic compilation of research publications about the levels of
cognitive demand. In previous research, we have used the levels of cognitive demand as
theoretical framework to make theoretical analysis of problems and analysis of students’
solutions in specific contexts of pre-algebra, geometry, and visualization [26,27,60,61]. In
this paper, we add a new approach by characterizing the levels of cognitive demand
in the context of plane symmetries, which is an innovative contribution to mathematics
education research.

3. Theoretical Framework

We present the two components of our theoretical framework, the Van Hiele levels of
mathematical reasoning and the levels of cognitive demand. The general characterizations
of both models are broad and generic, which makes difficult their use in a specific context
like the teaching and learning of symmetries. To avoid this obstacle, we have particularized
each model to this context. Then, we analyze the teaching unit from each model and net-
work both analyses to provide a final analysis of the electronic teaching unit of symmetries
we have designed.

3.1. The Van Hiele Levels of Mathematical Reasoning

The Van Hiele levels characterize the different types of mathematical reasoning used
by students of different ages and mathematical abilities when they solve mathematical
activities. The model includes five levels, although usually only the levels 1 to 4 are
considered when dealing with primary or secondary school students. In particular, in
this paper we only use levels 1 to 3, since we are focused to primary school average and
m-gifted students. The main characteristics of levels 1 to 4, particularized to the study of
symmetries, are [37,40,62]:

• Level 1 (visual recognition): geometric objects are recognized globally by their shape
and appearance, and classified or differentiated on a visual basis. Students can
name geometric objects, but they do not recognize their mathematical components or
attributes. Students can identify a symmetrical figure or a pair of symmetrical figures
by sight, folding a sheet of paper or using a mirror. They can use paper folding to draw
symmetries and to get axes of symmetry. They can also discover visual properties of
symmetrical figures, like equidistance to the axis or position at both sides of the axis,
and learn some mathematical terms, like axis, symmetry, or image.

• Level 2 (analysis): mathematical components and properties of geometric objects are
identified and used to describe and classify the objects. Students can discover ex-
perimentally the main properties of symmetrical figures and axes (equidistance and
perpendicularity respect to the axis) and prove them empirically. They describe infor-
mally transformations observed after dragging GeoGebra figures and mathematical
properties identified, and can verbalize a definition of symmetry as a list of known
properties. They can draw the image of a figure and the axis of a symmetrical figure or
a pair of symmetrical figures by using properties of the perpendicular bisector. They
can also obtain the image of a shape after a product of two symmetries. Students learn
to use geometric symbols when writing their solution or talking about them, like P, P’,
Se, and others, but cannot understand complex symbolic expressions.

• Level 3 (informal deduction): mathematical definitions of geometric objects (as minimum
sets of properties) are meaningful for students, and they are able to use different
definitions for the same concept; in particular, they can obtain and use the mathe-
matical definition of symmetry. Students can discover properties of symmetry or
symmetrical figures and prove them by assembling informal deductive arguments by
means of known definitions and properties. They can also discover and understand
the relationships between products of two symmetries and translations or rotations, in
particular that there are infinitely many decompositions of translations and rotations
into pairs of symmetries.
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• Level 4 (formal deduction): the algebraic structure of the group of the plane isometries
can be understood and properties of the group can be discovered, and students can
prove them by means of formal proofs.

3.2. The Levels of Cognitive Demand

Our starting point is the conclusion that a successful way for teachers to get the
highest meaningful learning from their pupils is to pose them activities that make students
engage in productive struggling (intellectual challenge) and high level of reasoning to
solve them [28,63]. This statement is valid for every student [64], but specially for m-gifted
students [20,65]. The cognitive demand of a mathematics problem is defined as the amount
of mathematical thinking called for by students when solving it [66,67] or, equivalently in
other words, the kind and level of thinking used by students to engage with the problem
and successfully solving it [68].

To operatize the construct of students’ cognitive demand, Smith and Stein [28] pre-
sented a graduation of levels of cognitive demand to characterize different complexities of
activities on the basis of both their relationship to the mathematical contents to be learned
and the expected or real students’ cognitive efforts when solving them. Smith and Stein
defined four levels of cognitive demand:

• Memorization: Activities only requiring the reproduction of previously memorized
definitions, properties, formulas, etc., which are explicitly and clearly mentioned in
the statement. There is no connection to the concepts or relationships to be learned.
The solution of these activities requires a minimum cognitive effort.

• Procedures without connections: Activities requiring algorithmic solutions, consisting
of following a previously mastered simple procedure that is explicitly called for or
is evident from the statement of the activity. There is no connection to the concepts
or relationships to be learned. The solution of these activities requires a limited
cognitive effort.

• Procedures with connections: Activities requiring algorithmic solutions, consisting of fol-
lowing a previously mastered procedure which, unlike the previous level, is complex
and requires students to be mindful and take some decisions. The way to follow the
procedure is not evident and, to succeed, students have to understand and use con-
sciously the mathematical contents or relationships to be learned which are implicit in
the activity. The solution of these activities requires a moderately high cognitive effort.

• Doing mathematics: Activities requiring non-algorithmic thinking, since they do not
explicitly suggest a way of solution. Students have to use the mathematical contents
or relationships to be learned implicit in the activity in innovative and original ways.
The solution of these activities requires a high cognitive effort.

Based on their experience on applying the levels of cognitive demand, Benedicto
et al. [27,69] modified the characterizations of the levels stated by Smith and Stein [28],
summarized above, to systematize, complete, and refine them. The characteristics of
each level of cognitive demand refer to the process of solution of an activity, its learning
objective, the cognitive effort required from students to solve correctly the activity, the implicit
(mathematical) content students have to put to work to solve correctly it, the explanations
required from students, and the ways of representation of the solution (systems of signs) used
in students’ answers. The representations used in the expected solutions to the activities
in our teaching unit are: graphical (use of external visual elements like manipulations,
dragging, drawings, etc.), geometrical (use of letters and geometrical symbols, to refer to
polygons, axes, movements, etc., or measure distances or angles), visual (use of mental
images) or verbal (verbal explanations with limited use of mathematical, graphical or
visual elements).

In other previous research, we have successfully applied that new characterization of
the levels by particularizing them to different mathematical contexts, aiming to analyze
mathematics problems and students’ solutions [26,60,61]. Based on Benedicto [69], we
present in this paper an innovative and original characterization of the levels of cognitive
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demand for the context of initial learning of symmetries by primary or secondary school
students. Table 1 proposes the characteristics of each level of cognitive demand aligned to
the activities in our teaching unit.

Table 1. Characteristics of the levels of cognitive demand for the activities on plane symmetries.

Levels of Cognitive Demand Categories Characteristics of the Activity

Memorization

Process of solution
It is solved by observing shapes presented in the activity,
making actions that automatically produce the answer or
resorting to mental images or data recalled.

Objective
Identify visually regularities of symmetrical (pairs of) shapes
or reproduce elements (visual properties, etc.) previously
learned or recalled.

Cognitive effort

A successful solution requires a minimum cognitive effort.
The statement is not ambiguous and it only requires
observing the shapes to perceive their visual characteristics of
symmetry or following the given directions about what to do.

Implicit content
It has no connection to the mathematical definition,
properties, etc. of symmetries to be learned. Students do not
need to use such knowledge to get correct answers.

Explanations It does not require explanations.

Representation of the solution The representation used may be graphical or visual, but the
virtual environment may also induce verbal representations.

Procedures without connections

Process of solution

Depending on the activity, the procedure may consist of
observing the shapes showed in the activity to visually
identify (pairs of) symmetrical shapes, axes or properties, or
dragging or using DGS tools to obtain images or axes.

Objective

Produce a correct answer (visually complete symmetrical
shapes, or identify the axes of symmetry of the given shapes,
or construct images or axes with the DGS). Students do not
need to apply the underlying mathematical properties of
symmetry to be learned.

Cognitive effort

Solving it correctly requires a limited cognitive effort. Little
ambiguity exists about what to do and how to do it, because
the statement clearly states it and the environment offers the
adequate resources (DGS files, Internet links, etc.).

Implicit content

There are implicit connections between the underlying
properties of symmetries and the expected solution
procedures, but students do not need to be aware of such
connections since they may find the answer by using their
visual conception of symmetry or the data presented by
the activities.

Explanations
It requires explanations that focus only on describing the
procedure used. It is not necessary to explicitly connect the
answer to mathematical definition or properties.

Representation of the solution

Students use visual or geometrical representations, depending
on whether the activities ask to observe or draw symmetry
images or axes. Sometimes, they may prefer transmitting the
information verbally.
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Table 1. Cont.

Levels of Cognitive Demand Categories Characteristics of the Activity

Procedures with connections

Process of solution

The procedure consists of, depending on the activity,
considering the relative positions of the axis of symmetry and
the vertices and sides of the shapes showed in the activity, to
determine the position of the symmetric vertices or the axis,
or decomposing a translation or rotation into a product of
two symmetries.

Objective

Depending on the activity, guide students to note that the
metric properties of symmetries (equidistance of symmetrical
points from the axis and perpendicularity of the segment
joining the symmetrical points respect to the axis) are
characteristic of symmetry and it is necessary to use them as
tools to solve graphical activities, or note that the relationship
between translation/rotation and product of symmetries can
be reversed.

Cognitive effort

Solving it correctly requires a moderately high cognitive effort.
Students may use general procedures to draw images or axes
of symmetry, but they need to have some understanding of
the geometric characteristics of, depending on the activities,
symmetry or products of symmetries, and use them.

Implicit content
To solve the activity, students need to explicitly use the
properties of symmetries underlying the correct procedures
of solution.

Explanations
It requires explanations to justify the procedures applied in
the solutions. Such explanations may be abstract or based on
the specific shapes of the activity, depending on the activity.

Representation of the solution

Students may use visual representations to create an approach
to polygon images or axes asked and graphical
representations to improve the positions of image points
or axes.

Doing mathematics

Process of solution

It requires complex and non-algorithmic thinking. The
statement does not suggest any way to get the solution.
Students have to understand, analyze, and put to work the
properties of symmetry and products of symmetries they
have learned to produce a correct solution.

Objective

Analyze the solutions to previous tasks and possible
limitations to get conclusions and establish new links that
allow them to find multiple decompositions of a translation or
rotation into products of symmetries.

Cognitive effort

Requires a high cognitive effort, since students need to use
abstract reasoning to establish explicit links between adequate
parts of the underlying properties of symmetries to determine
an innovative way to proceed to solve correctly the activity.

Implicit content

Students have to access relevant knowledge and previous
experiences to make appropriate use of the underlying
properties of symmetries in working through the task to get a
correct solution.

Explanations Explanations consist of proving the correctness of the steps
done in the DGS to get the construction asked by the activity.

Representation of the solution The solution is based on geometrical representations of
figures, axis, etc. necessary to solve the activity.
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3.3. Networking Theories in Mathematics Education

When several theories are adequate to approach a given issue but provide different
solutions or focus on the issue from different points of view, researchers do not need
to restrict themselves to select one theory, but they can use two theories to get richer
analyses or conclusions than by using only one of those theories. According to [22,70],
networking theories is a research methodology aimed to establish relationships between
parts of different theories, maintaining the identity of each theory, that is, not trying to
modify or merge them.

There are different ways of networking theories, depending on the objectives aimed
and the strategies used for finding connections between them [22]: understanding, mak-
ing understandable, comparing, contrasting, combining, coordinating, integrating, and
synthesizing. The kind of networking we have used in our research to analyze the e-
book is combining theories, that “means looking at the same phenomenon from different
theoretical perspectives as a method for deepening insights into the phenomenon. . . .
Combining theoretical approaches does not necessitate the complete compatibility of the
theoretical approaches under consideration” ([22], pp. 119–120; italics in the source) and
is adequate for networking theoretical frameworks which aim “at the use of different
analytical tools for the sake of a practical problem or the analysis of a concrete empirical
phenomenon” ([70], p. 495). We have identified the Van Hiele levels of reasoning and the
levels of cognitive demand of the hypothesized students’ answers to each activity in the
teaching sequence, and have combined both classifications to get extra information about
the cognitive characteristics of the activities.

4. Methodology

In this section we describe and justify the process of designing the teaching unit and
implementing it in the resulting e-book [17]. We present and discuss the mathematical
contents aimed to be learned by students, the didactical criteria guiding the selection and
organization of the activities, and the types of activities included in the e-book. We will
denote hereafter the Van Hiele levels as VH (e.g., VH 2 for the second level) and the levels
of cognitive demand as CD (e.g., CD 3 for the level of procedures with connections).

4.1. Selection of the Mathematical Contents

Some mathematics curricula for primary school introduce students to isometries by
means of manipulation and drawing of simple cases, situated in the VH 2 of reasoning. Two
examples of this approach are the NCTM Principles and Standards [10] and the Spanish
mathematics curriculum [71]. In the upper primary grades and lower secondary grades
of different countries, the study of isometries may include the use of measurements of
distances and angles, the Cartesian plane, and products of isometries of the same type,
presented just manipulatively and stating the formal results of the products without any
justification other than a drawing, keeping the learning in the VH 2. For instance, the
most used Spanish textbooks teach in primary grades 4–6 (students aged 9–12) translations,
symmetries, and (sometimes) rotations informally, as movements and based on manipula-
tions and drawings, including the basic vocabulary of each movement. Secondary school
textbooks teach in grade 1 (students aged 12–13) the symmetries of polygons and they
make in grade 3 (students aged 14–15) a detailed teaching of translations, rotations, and
symmetries, including the mathematical definition and main properties of each isometry.
In this context, clearly there is room to pose m-gifted students activities like the ones in our
teaching unit, which help them gain a deeper knowledge of isometries.

Prototypical cases are frequent in textbooks, mainly horizontal vectors for translations
and vertical axis for symmetries. In this context, most m-gifted students in the upper
primary or lower secondary grades lose an opportunity to learn and understand isometries
according to their potential to reason in the VH 3 and to solve problems requiring from
them high levels of cognitive demand. The aim of our teaching unit was to help all students
understand and learn the basic properties of symmetries, those included in curricula and
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textbooks, and provide m-gifted students with an opportunity to go farther in deepening
their knowledge of symmetries, by learning some properties that are not usually included
in the textbooks. The mathematical contents of the teaching unit of symmetries are:

1. Visual approach to symmetries: visual identification of symmetrical shapes, pairs of
symmetrical shapes, and axes of symmetry.

2. Manipulative approach to symmetries: folding and cutting out to produce symmetri-
cal shapes and axes of symmetrical shapes (the electronic environment of the e-book
does not favor the use of a mirror).

3. Discovery of the equidistance of any two symmetrical points from the axis of symmetry.
4. Discovery of the perpendicularity to the axis of any segment ending in two symmetri-

cal points.
5. Equidistance and perpendicularity as the main characteristics of symmetries. Mathe-

matical definition of axial symmetry.
6. Accurate constructions with the DGS of the images of given shapes and the axis of

given (pairs of) symmetrical shapes.
7. Relationship between the axis of symmetry and the perpendicular bisector of any pair

of symmetrical points.
8. Symmetries of triangles, quadrilaterals, and regular polygons. Generalization of

the relationship between the number of sides of a regular polygon, its number of
symmetries, and the position of their axes.

9. Products of two symmetries with parallel axes.
10. Products of two symmetries with secant axes.
11. Creation of frieze patterns and rosette (dihedral) patterns.
12. Decomposition of translations and rotations into products of two symmetries. In-

finiteness of solutions.

We consider that the basic contents to be learned by all students are those guiding to
the discovery of the two properties which constitute the definition of axial symmetry, i.e.,
those contents described in 1–6 above. The expression of the definition of axial symmetry
may be more or less formal depending on the Van Hiele level of reasoning of students. Most
students in the upper primary school grades reason in VH 1 or 2 [3], so they are expected to
understand, read and write mathematical sentences with a small quantity of mathematical
symbols, but they would be unable to understand complex symbolic expressions. Then,
in the e-book, we present the standard mathematical definition of symmetry expressed
in an informal language which limits the use of mathematical symbols to the minimum
necessary and helps students understand the definition as a synthesis of the properties
they have discovered. The activities of products of symmetries and decompositions of
translations and rotations, described in 7–12 of the list above, require a higher and more
demanding level of reasoning, most of them in the VH 3 and CD 3 or 4, so they are more
adequate for m-gifted students willing to engage in solving more complex problems.

4.2. Didactical Criteria for Designing the Teaching Unit

Didactical criteria to organize teaching of mathematics may be very different, depend-
ing on the case. To design the teaching unit and the e-book, we have mainly considered
as didactical criteria: the frequent obstacles for learning symmetries, the advantages of
using a DGS environment, the complexity and cognitive requirements of the activities, the
possibility to offer several paths to advance in the e-book, and students’ metacognition. In
the following paragraphs we unfold each criterion.

Mathematics education research has showed that there are some prototypical figures
that hinder the learning of mathematical concepts, more frequently geometrical concepts
like some types of polygons and polyhedra [72], altitude of triangles [73,74], or isome-
tries [13], among others, making students create poor concept images [3,75]. For our
purposes, the most relevant are the prototypes related to the symmetry. Grenier [39] ana-
lyzed the influence of different variables that may hinder or facilitate the drawing of images
or axes: drawing on squared or white paper, calculating the images of points, segments or
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more complex figures, the orientation of the axis of symmetry respect to student’s horizon-
tal (horizontal, vertical, slanting at different angles), the distance of the object from the axis
(far, near, touching it, cutting it). A main result reported by several researchers [13,39] is
that the most prototypical position for the axes of symmetry are vertical axes, inducing in
students the concept image of reflection as a horizontal movement, even when the axis is
not vertical. Horizontal axes also induce a similar prototypical concept image, although it
is less frequent. Prototypical images make students base their solutions to the activities
on basic visual reasoning where shapes, positions, sizes, etc., are unduly relevant and,
therefore, students’ reasoning remain in VH 1 and CD 2. Taking into consideration the
obstacles students may suffer and adopting actions when designing the activities to prevent
or correct them is a way to make easier the transition of students from VH 1 to VH 2 and
CD 2 to CD 3.

Research in mathematics education has repeatedly showed the positive influence
of students’ use of DGS in promoting their observation of many different drawings of
a same figure [76] to isolate characteristic properties and construct good conceptions of
mathematical objects, dragging actions being the main element [3,37,77]. In line with such
results, we have been careful in including in the statements of the activities suggestions
asking students to drag points, figures, and axes whenever possible and as much as possible.
The easiness to change the orientation of axes in DGS helps prevent the mentioned students’
prototypical conceptions of symmetry, by helping students detach from a physical static
conception of symmetry, typical of levels VH 1 and CD 2, and start identifying its invariant
geometric properties [78], so moving to the levels VH 2 and CD 3. Anyway, we have taken
into consideration the didactical information about possible sources of students’ errors
and misunderstanding and we have been careful when designing the activities to present
the axes of symmetry in several positions. This is particularly important for activities
where the axes are fixed or students who do not feel necessary dragging them. The use of
GeoGebra should also help m-gifted students to solve the activities focused on learning the
characteristics of products of symmetries and decompositions of translations and rotations,
therefore promoting their progress from levels VH 2 and CD 3 to VH 3 and CD 4.

As the e-book is intended to be used by all students in regular classrooms, a criteria
for designing and organizing the teaching unit was that the learning of new mathematical
contents should start with basic introductory activities accessible by all students, requiring
low demanding reasoning in levels CD 1 and CD 2, and should advance up to complex
activities more adequate for m-gifted students, requiring high demanding reasoning in
levels CD 3 and CD 4 (low threshold and high ceiling [79]). The teaching unit pays
attention to several mathematical properties of symmetries, as described in Section 4.1. For
each concept or property, there is a set of activities of increasing complexity presenting
it, first isolated from other contents to be learned, as required by levels VH 1 and VH
2, which is done by means of simple manipulative activities. Next, several geometric
contents are integrated to present new properties, to promote a higher abstraction of the
more able students’ learning of definitions and properties of symmetries [80], adequate
to introduce students in informal deductive reasoning proper of VH 3. The teaching unit
also includes some reinforcement activities aimed to help average students understand the
basic mathematical contents.

In general, the activities try to induce students to use their high level thinking and
help them getting their higher expectations of sense making and understanding [66], but
some activities may be unnecessary for the m-gifted students and other activities may
be inadequate for average or slow students. To manage this diversity of interests, the
e-book includes some moments for metacognition, with comments suggesting students
to think on their progress and decide which activities solve next, i.e., although the e-book
presents a lineal sequence of activities, it suggests possibilities of going back to reinforce
understanding of difficult parts, jump over activities that may be very easy for m-gifted
students, and skip over activities that may be too difficult for some students (this issue will
be discussed at the beginning of Section 6).
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Our interpretation of the teaching methodology of guided discovery [81] by problem
solving includes teachers asking their pupils for explanations and justifications of their
processes of solution and answers, and giving them, when necessary, some clue or other
kind of help. This is difficult, or even impossible, to do really when students use the
teaching documents on their own, but it is possible in those on-line courses that include
interaction between teachers and students. Anyway, the spirit of the e-book is that students
should think on their solutions and should try to check their correctness. To induce the
former, the statements of some activities ask students to explain their solutions (not all
activities ask it, to avoid being repetitive). To induce the latter, whenever possible, the
activities offer students an alternative automatic way of getting the solution; for instance
(Initial window for activity 14), if an activity asks students to draw the symmetric of a
shape by hand with the GeoGebra tool Polygon, it also includes the tool Reflect Object in
Line, so students, after having drawn their shape, can use this tool to construct the correct
symmetric shape and compare it to their own one.

We have made some pilot experiments of the e-book with m-gifted primary school
students, but the iPads used did not allow screen capture, so we could not collect detailed
information of students’ interactions with the e-book, apart from the observations by the
researchers and their field notes. Thus, in this paper we focus on describing the e-book,
analyzing the organization of the mathematical contents, and presenting the didactical
structure of the e-book relative to the Van Hiele levels and the cognitive demand.

4.3. Structure and Components of the Electronic Book

iBooks are a specific kind of e-books designed to be played in the app Books. Like
most e-books, iBooks can play audio and video files, include links to web pages, and take
the reader to other place in the book with a click. A distinctive characteristic of iBooks is
the possibility of merging in the body of the book interactive documents (widgets) able to
do things like showing sets of pictures, playing keynote presentations, creating interactive
images or posing self-correcting multichoice or drag questionnaires. In our e-book [17],
available as Data Availability Statement, we have merged videos, links to web pages,
multichoice questionnaires, and links to other activities in the e-book. The solution of most
problems integrating our teaching unit is based on offering students the opportunity of
interaction with GeoGebra applets, so the e-book has many links to GeoGebra files, created
by its author, housed in the GeoGebra resources web page. Figure 1 shows the statement
of an activity based on GeoGebra. Students click on the figure to open the GeoGebra file,
which has the menu modified to show only the tools needed to solve the activity (Figure 2).
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Even for teaching methodologies based on students’ problem solving, there are some
moments where a presentation by the teacher is most adequate. We have included in the
e-book two short video clips to explain students how to get symmetrical shapes by folding
and cutting out and to summarize the basic properties of symmetry. On the other hand,
some types of activities are not adequate for solving them with GeoGebra; in these cases,
the e-book offers students several links to web pages presenting interesting activities for
the learning of symmetry.

To let students have some control on their self-learning progress, the teaching unit
includes several activities consisting of sets of multi-choice questions (Figure 3), to evaluate
students’ knowledge of the main results to be learned. The questionnaires let students
verify their answer to each question before going to the next one or have a summary of
correct and wrong answers after having answered all the questions. It is also possible to
erase the answers and start responding the questionnaire again.

To manage the issue of the different complexity of the activities in the teaching unit
and letting students self-control their progress, the e-book includes several points where
students are asked to reflect on their progress and success in a given set of activities, and
decide which is the best way for them to advance in the learning of the mathematical
contents. The e-book may suggest students having difficulties to go back to work again
on some activities or go ahead skipping over some difficult activities, while it suggests
m-gifted students to go ahead skipping over some easy activities. By clicking on the
adequate box, the e-book points at the next activity to be solved (Figure 4).
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5. The Contents of the E-Book for the Learning of Plane Symmetries

Table 2 presents a summary of the mathematical contents aimed to be learned and
the corresponding activities in the teaching sequence. Some activities may have several
related objectives. As mentioned in Section 4.1, the geometrical contents can be divided
into two parts: the first one is aimed to teach all students the definition and basic properties
of plane axial symmetry (activities 1–23), and the second part is aimed to teach, mainly to
the m-gifted students, the concept of product of symmetries and the main properties of the
products of two symmetries (activities 24–34). Finally, activity 35 asks students to write
a summary of the geometrical contents they have learned. In this section, we present a
sample of the different types of activities and analyze them from the networked points of
view of the Van Hiele levels and the levels of cognitive demand.
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Table 2. Learning objectives of the teaching unit and the corresponding activities.

Learning Objectives Activities

Visual approach to symmetries 1–10
Manipulative approach to symmetries 4
Discovery of the property of equidistance 6–15
Discovery of the property of perpendicularity 11–15
Mathematical definition of axial symmetry 14–19
Accurate constructions with the DGS 17–21
Relationship between axis of symmetry and perpendicular bisector 20–23
Symmetries of polygons 22–23
Products of two symmetries with parallel axes 24–27
Products of two symmetries with secant axes 28–29
Creation of frieze and rosette patterns 26, 27, 29
Decomposition of translations into products of symmetries 30, 31, 34
Decomposition of rotations into products of symmetries 32, 33, 34
Final synthesis of the contents learned 35

Activity 1 connects to a web page showing a sequence of photographs showing
symmetrical figures with one, two or more axes in vertical, horizontal and slanted positions.
The aim of this activity is to have a first contact with symmetry. It is purely visual (VH 1)
and it only requires from students a minimum cognitive effort to look at the figures and
identify their visual symmetry (CD 1).

Activity 3 connects to another web page which presents several patterns (Figure 5)
where students have to complete the blank side to make a pattern with vertical symmetry.
When a tile is connected to a wrong position, the app does not register the result and the
square remains blank. To solve this activity, students only need to use their concept image
of a figure with vertical symmetry to visualize the colors of the blank tiles (VH 1). To solve
the activity, students do not need to use equidistance or perpendicularity with respect to
the axis, since there is not explicit connection to the geometrical properties of symmetries,
so the cognitive effort necessary to solve it is limited (CD 2).
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Activities 1–5 are based on rigid shapes, since their focus are the visual characteristics
of symmetrical shapes or pairs of shapes, so students do not need to move or transform
the shapes, but next activities are based on dynamic DGS shapes. Activities 6 and 7 ask
students to move the axes of symmetry to position the rectangles (or the houses) in some
specific positions (Figure 6 presents the activity 7). To do it, axes have to be translated
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and rotated. The objective of these of activities is to visually introduce students to the
geometrical characteristic of symmetry of equidistance from a figure and its image to the
axis. To solve activities 6 and 7, students only need to use the visual aspect of symmetry,
without the explicit use of mathematical properties (VH 1) but they have to make some
cognitive effort to find the correct positions of the objects, although such effort is limited,
since students do not need to use geometrical properties to solve the activities (CD 2).
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conditions.

Activity 10 (Figure 3), like other activities along the e-book, poses students a set of
multichoice questions to assess the knowledge they have acquired in the previous questions.
This activity shows some pairs of congruent or similar figures and asks students to decide
if they are symmetrical or not. This activity checks the visual understanding of symmetry
gained in the previous nine activities, so answering it requires only visual reasoning (VH 1),
without the need of using geometrical properties and having to make a limited cognitive
effort (CD 2) to solve it.

Activities 11–13 add to the visualization of pairs of symmetrical shapes and points the
measurement of distances to the axis. For instance, activity 13 (Figure 2) shows several pairs
of symmetrical points with their distances to the axis of symmetry measured. Students are
asked to transform the construction by translating and rotating the axis and to pay attention
to the equidistance of symmetrical points from the axis of symmetry. They are also asked
about the angles between the axis and segments joining points and their symmetric ones.
We have included the tool Angle in the menu to allow students measure angles if they
want. These activities intend to move students from the purely visual context of previous
activities to a combined visual and geometrical context (VH 2) while maintaining a limited
cognitive effort, since students still cannot apply geometrical properties of symmetries, as
these are the targets to be discovered (CD 2).

To induce students to apply the properties they should have discovered and learned
in the previous activities, activity 14 (Figure 7) asks them to draw by hand (by using only
the tool Segment or Polygon) the symmetric to the given polygon. Slow learners may solve
the activity by placing the vertices of the symmetric polygon just by sight, putting to work
their concept images (VH 1), but we expect that average and m-gifted students will solve it
by using their intuitive geometrical knowledge about perpendicularity and equidistance to
decide the position of the vertices (basic VH 2). To solve the activity correctly, students have
to pay explicit and simultaneous attention to the two required properties (perpendicularity
and equidistance), which requires from them a moderately high cognitive effort (CD 3) to
be successful.
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After activity 14, the mathematical definition of axial symmetry is presented in a
verbal style, with the minimum indispensable of geometric symbols, adequate for students
reasoning in VH 2. To reinforce the learning and understanding of the definition, the
teaching unit includes activities 15 (a video demonstrating properties of symmetries),
16 (a quiz to identify pairs of symmetric shapes or points), and 17–19 asking students
to construct symmetric figures or axes of symmetry by using the adequate tools, like
Midpoint, Perpendicular Line, or Perpendicular Bisector. The statement of activity 18
(Figure 8) is similar to that of activity 14 (Figure 7), but now students have more elaborated
geometrical knowledge, so we expect them to construct the symmetric images by using
the properties in the definition of symmetry (advanced VH 2), i.e., by measuring distances
and constructing perpendicular lines. The expected correct solutions of activities 14 and
18 require VH 2 reasoning, although the reasoning necessary to solve activity 18 is more
sophisticated than the one for activity 14 because students are expected to use consciously
and explicitly the characteristic properties of symmetry to choose the tools and construct the
symmetric polygon. Furthermore, both activities demand from students level 3 of cognitive
demand since students have to use the same geometrical properties and relationships in
similar ways.

Activity 20 asks students to compare the graphical representations of two symmetrical
points with their axis and a segment with its perpendicular bisector. This activity is aimed
to complete the basic knowledge we consider can be acquired by most students in any
average classroom. Activity 21 (Figure 9) asks students to draw the axes of symmetry of
several pairs of symmetrical shapes. The statement of this activity is similar to that of
activity 17, except that the expected solutions are different: In activity 17, students are
expected to construct the axis based on the definition of axial symmetry, but in activity 21
they are expected to construct it by using the tool Perpendicular Bisector. Both activities
require the sequential use of the adequate geometrical properties, without the need of
logical connection between them (VH 2), but students have to understand the meaning
of the properties to select the adequate ones and connect the abstract formulation of the
properties with the specific application, which requires from them a moderate effort (CD 3).
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After activities 22 and 23, focused on learning the relationships between axes of
symmetry and perpendicular bisector of regular polygons, activity 24 opens the second
part of the teaching unit, devoted to products of and decompositions in pairs of symmetries.
The activities are organized into two similar sets, one for parallel axes and the other for
intersecting axes. Here we analyze the activities for parallel axes. Before trying to solve
these activities, students should be able to visually recognize translations and rotations,
and should have learned their definitions, at least operatively, i.e., to know how to apply
the characteristic properties of translations and rotations to make those movements with
points and polygons; otherwise, a complementary teaching unit about translations and
rotations should be necessary before continuing with the e-books. On the other hand, we
assume that students have never made a product of movements, so activity 24 has the
double aim of introducing students to the concept of product of symmetries and presenting
them, as a practical case, the product of parallel axes.
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Activity 24 (Figure 10) introduces the concept of product of symmetries. Firstly, it
shows the two axes of symmetry, leaf A, and the little square “Image in Line 1”. When the
square is clicked, the leaf A’ and the square “Image in Line 1” appear. Students have to click
successively on this square and the one appearing next, to finally obtain the construction
shown in Figure 10. Then, students are asked to move the axes and analyze the changes in
the construction. To solve this activity, students have to follow the steps and finally observe
the relationships between the leaves (VH 2). To do it, students are only required to do a
limited amount of cognitive effort, since they do not need to be aware of the geometrical
properties underlying the graphical manipulations; even they are not asked to abstract
such relationships from the dragging of the construction (CD 2), but only to note that leaves
A and A” are related by a translation. Activities 25 and 26 reinforce the concept of product
of symmetries by asking to calculate images of shapes by products of symmetries with
parallel axes.

Mathematics 2021, 9, 832 20 of 30 
 

 

 
Figure 10. The three steps of activity 24. 

To conclude the set of activities devoted to the product of parallel symmetries, activ-
ity 27 first presents a frieze pattern (Figure 11) where students can drag the vertices of the 
base polygon and rotate and translate the axes of symmetry. The second part of the activ-
ity presents a white screen with the same set of axes, and students have to create a base 
polygon and the other polygons to create their own frieze pattern. To solve this activity, 
students have to differentiate the role of each axis in creating new copies of the base pol-
ygon, but they do not need to make any logical or deductive relationship (VH 2). The 
solution is quite algorithmic, and requires a limited cognitive effort, since students only 
need to select adequate shape and axis to create a new copy, they do not need to explicitly 
use the concept of product of symmetries nor its properties (CD 2). 

 
Figure 11. Activity 27A presents a draggable frieze pattern to observe the constancy of symmetry 
relationships between the shapes. 

Figure 10. The three steps of activity 24.

To conclude the set of activities devoted to the product of parallel symmetries, activity
27 first presents a frieze pattern (Figure 11) where students can drag the vertices of the
base polygon and rotate and translate the axes of symmetry. The second part of the activity
presents a white screen with the same set of axes, and students have to create a base polygon
and the other polygons to create their own frieze pattern. To solve this activity, students
have to differentiate the role of each axis in creating new copies of the base polygon, but
they do not need to make any logical or deductive relationship (VH 2). The solution is
quite algorithmic, and requires a limited cognitive effort, since students only need to select
adequate shape and axis to create a new copy, they do not need to explicitly use the concept
of product of symmetries nor its properties (CD 2).

Activities 28 and 29 are devoted to the product of intersecting axes and have the
same organization as activities 24–27, ending with an activity where students are asked to
construct some rosette patterns. The introduction of products of two symmetries (activ-
ities 24–29) ends with a summary of the discoveries made by presenting to students the
mathematical characteristics of the products of two parallel and intersecting symmetries.
As for the definition of axial symmetry, we have used a VH 2 language, by presenting a
verbal description of the results of the products with two figures representing each product
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and avoiding the use of geometric symbols in the text. We have not tackled the case of the
product of a symmetry with itself (S◦S = I) because we consider that it is too abstract for
the target students of the e-book and fully understanding it requires VH 3.
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Activities 30 and 31 (32 and 33) focus on the decomposition of a translation (rota-
tion) into a product of two parallel (intersecting) symmetries. Activity 30 (and similarly
activity 32) presents a pair of translated polygons, the vector of the translation and a
straight line (Figure 12a). The green polygon can be modified and the line can be translated.
Students have to use the give straight line to construct a pair of parallel symmetries whose
product is equivalent to the given translation. The app offers students a bunch of tools to
choose their way to solve the activity, since it can be solved in several ways, with different
GeoGebra tools and grades of complexity. We expect that m-gifted students will solve this
activity by calculating the symmetric of the green shape with the given axis (Figure 12b)
and then constructing the second axis with the tool Perpendicular Bisector (Figure 12c).

Activity 30 requires the use of logical relationships to reverse the steps of calculating
the result of a product of two symmetries and also to make some deductions to combine
adequately the given axis and the axis to be found (VH 3). This activity demands of
students a moderately high cognitive effort, since the activity is new for them and requires
the explicit use of properties of symmetries and their product learned in the e-book.
However, the axis of symmetry given in the statement connects this activity with activities
24–27, giving students a clue on how to solve the problem (CD 3).

Activity 31 (Figure 13) first states the same question as activity 30, but the data do not
include any axis of symmetry nor the vector of translation. Then, when students have found
a solution, the activity asks them to think on the possibility of finding another solution. The
answer to this question should activate on some m-gifted students the idea that the pair of
parallel axes can be placed anywhere in the GeoGebra window, eventually leading them to
discover that there are infinite solutions. From the point of view of the Van Hiele levels, this
activity requires the same level of reasoning as the previous activity (VH 3). However, the
cognitive effort necessary to solve this activity is significantly higher than that of activity 30,
since primary and lower secondary students are not used to deal with the infinite. Solving
this activity requires from students to produce new ideas that have not been presented,
nor even suggested, in previous activities. Furthermore, the statement does not suggest
how to solve the problem. Students have to understand, analyze, and use the properties of
symmetry and products of symmetries in an original way, by using abstract reasoning to
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make explicit connections between adequate properties of symmetries (in particular the
solution of activity 30) to imagine an innovative way to solve the activity (CD 4).
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The teaching unit ends with a quiz about products and decompositions (activity 34)
and the final activity 35 asking students to write a summary of the concepts and properties
they have learned.
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6. Discussion: Analysis of the Mathematical Content of the E-Book

After having analyzed a representative sample of specific activities of the e-book (the
whole e-book is available as supplememntary material), in this section we offer a global
view of the characteristics of the whole teaching unit from the mathematical and cognitive
points of view. We have presented in Section 4.1 the teaching objectives of the e-book,
by stating the mathematical contents to be learned. We have also presented in Section 5
(Table 2) the distribution of activities between the objectives.

One of the methodological characteristics of the e-book is that it offers students the
possibility of self-regulating their progress by deciding, in some moments, which way
continue solving the activities. Figure 14 shows a flow diagram of the whole sequence of
activities and the positions and different types of bifurcations.

Some activities may be easy and repetitive for students having a previous knowledge
of symmetries or m-gifted students learning fast. This is the case of activity 3 and activities
6–8, making a visual approach to symmetry, so we offer students the possibility to skip
those activities if they think that they already recognize symmetries visually. On the
contrary, some mathematical contents and the related activities may be difficult for slow
learners and even average students. We believe that, in this case, it is convenient that these
students do not try solving by themselves the activities that they cannot understand or
do not know how to solve, and ask their teachers for help, so the teachers can give them
some advice, extra teaching, or decide that it is not necessary that the students try that
part of the teaching unit. This is the case of two sets of activities in the second part of the
e-book, devoted to learn the product of symmetries (activities 24, 25, and 27B–29) and the
decomposition of translations and rotations into products of symmetries (activities 30–34);
as we commented in Section 4.1, we designed activities 24–35 as extensions for m-gifted
students, but the adequacy of these activities is something to be decided according to the
characteristics (mathematical ability, interest, etc.) of each student.

The theoretical framework of this research design is integrated by the Van Hiele
levels of reasoning and the levels of cognitive demand. Figure 15 shows (blue dots) the
classification of the activities according to the Van Hiele levels of the expected solutions
and answers. The table shows an increasing progression in the level of reasoning, from
VH 1 for the introductory activities focusing on the visual approach to the symmetry to
VH 3 for the activities devoted to the decomposition of translations and rotations. The
teaching unit is mainly designed for students in upper primary or lower secondary school,
so it is adequate that most activities require from students reasoning in the VH 2, which is
the level of reasoning of most students in the mentioned grades.

There are a few exceptions to the increasing progression in the levels of reasoning
required by the activities. Activity 34 is a multichoice questionnaire that assess the knowl-
edge students have gained after solving the previous activities. The questions only require
identifying the conclusions taken from the activities, without the need of any deductive
activity, so VH 2 is sufficient to answer the questionnaire. Similarly, activity 35 asks stu-
dents to summarize the concepts, properties, and procedures they have learned, so the
summaries we expect from most students should be based on level 2 reasoning.

Other kinds of exception are the activities marked in Figure 15 with a red dot. We
have analyzed the activities based on the expected solutions, but a few activities may be
answered in a different level. As seen in Figure 14, after activity 19, the e-book suggests
students to decide how they want to continue: “If activities 18 and 19 have been difficult,
please try to solve them again, but using the tool Reflect Object in Line instead of the tools
Polygon or Segment. Click here to go to activity 18.” Solving activities 18 (Figure 8) and
19 drawing the symmetric shapes by hand, as asked by their statements, requires VH 2,
but solving them with the tool Reflect Object in Line only requires VH 1, since students do
not need to use mathematical properties, but only click on the appropriate objects.
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The typical answers we expect to activity 20 (described in Section 5) are based on
the visual similarity of the figures showed in the e-book representing two symmetrical
points with their axis and a segment with its perpendicular bisector, to conclude that
the axis of symmetry and the perpendicular bisector are the same line because they are
drawn in the same place (VH 2). However, some m-gifted students may pay attention
to the mathematical properties characterizing symmetry and perpendicular bisector, to
conclude that both lines are the same because they have the same relationship with a pair
of points (VH 3). Similarly, the expected solution to activity 21 (Figure 9) is to use the
tool Perpendicular Bisector (VH 2), but students having answered in VH 3 the activity
20 could use an ordered sequence of tools (e.g., Segment, Midpoint, and Perpendicular
Line) corresponding to the geometrical properties considered in activity 20 (VH 3). These
students could also answer activity 35 according to VH 3.

Figure 16 shows the classification of the activities according to their levels of cognitive
demand. Activity 15 is not assigned to any level of cognitive demand because it shows
a video where the properties of symmetries are summarized, but students do not have
any question or problem to solve. Like for the Van Hiele levels, some activities might be
solved by m-gifted students with a higher level of cognitive demand. Activity 16 presents
a questionnaire showing pairs of points or shapes and asking students to decide if they are
symmetric respect to the showed line. We expect that students will base their answers on
visual analysis of the figures (CD 2), but some m-gifted students might answer by referring
to the properties of equidistance or perpendicularity (CD 3). With respect to activity 20, the
same arguments we explained in the previous paragraph are valid to justify that we expect
answers with CD 2, but some students could work with CD 3.

The diagram in Figure 16 shows a global progressive increment in the level of cognitive
demand required to solve the activities, but, locally, an oscillation back and forth along
the teaching unit. This is typical of teaching units where new mathematical contents
are introduced since each new content requires opening activities in the lower levels of
cognitive demand. In our case, also the activities consisting of watching videos (4 and
15) or answering questionnaires (10, 16, and 34) require lower levels of cognitive demand
than the activities before or after these ones. The case is different from activity 24, because
this activity is the beginning of a set of activities with new learning objectives (product of
symmetries and decomposition of translations and rotations). We observe that activities
14–23 have the learning objective of introducing and reinforcing the definition of axial
symmetry and, as analyzed in Section 5, most of these activities require from students’
cognitive effort in CD 3. However, activities 24–29 introduce from scratch the product
of two symmetries, by means of quite automatic and simple manipulations in GeoGebra
apps only requiring CD 2. Next, activities 30 and 31 (Figures 12 and 13) introduce the
decomposition of translations in symmetries with increasing levels of cognitive demand,
as analyzed in Section 5 (and similarly activities 32 and 33 for rotations).

Figure 17 shows the graphs in Figures 15 and 16 superimposed. By doing it we do
not pretend to identify Van Hiele level n and the level n of cognitive demand, but to show
at the same time the information transmitted by each analysis of the teaching unit and
to make a networked analysis of the activities according to both the Van Hiele levels of
reasoning and the levels of cognitive demand.

Some results can be derived from the analysis of this graph. The most important
and interesting one is that the graph shows that style of mathematical reasoning and
cognitive demand are independent components of students’ cognitive activity when solving
mathematical problems. The Van Hiele levels of mathematical reasoning refer to the
“distance” between the mathematical reasoning used by a student to solve a problem
and mathematicians’ way of reasoning. The cognitive demand refers to the intensity and
complexity, of a student’s mathematical reasoning while solving a problem. A student’s
level of reasoning is independent on that student’s characteristics like age, school grade,
contents learned, etc., but the cognitive demand is relative to those student’s characteristics:
young primary school students may make highly cognitive demanding reasoning although
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they are just reasoning in the visual VH 1 or solving elementary arithmetic problems, but
undergraduate students or mathematicians may make formal reasoning in VH 4 to solve
a problem while needing low cognitive demand because the problem is quite rutinary
for them.
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Related to the previous result is that, in the context of a teaching unit or a sequence
of problems, the required level of cognitive demand may be quite variable, while the
Van Hiele level of reasoning to be used in the solution may be constant. In our case, the
requirement of students’ cognitive demand of the activities varied quite often, depending
on their learning objective, but the level of reasoning needed to solve the activities was
usually constant in each set of activities.

Then, we argue that analyzing geometrical problems or teaching units and the corre-
sponding students’ outcomes will be much richer if we take simultaneously into considera-
tion the different perspectives offered by the levels of cognitive demand and the Van Hiele
levels of reasoning.
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In this paper we have presented a teaching unit for plane symmetries, implemented
in an interactive e-book and adequate for students without previous school experience
with symmetries. The teaching unit is based on the guided discovery by problem solving
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teaching methodology and the sequence of activities leads students to progress in the
learning of visual and mathematical characteristics of symmetries. The first part of the
teaching unit is aimed to be adequate for all students in regular classrooms and the second
part is more adequate for more capable students, especially mathematically-gifted students,
who can handle more complex properties.

The research objective is to analyze the structure and contents of the teaching unit
to assess its adequacy for the mentioned grades and the m-gifted students. The analysis
we have made is based on a particularization to the plane symmetries of the models of
the Van Hiele levels [40,62,82] and the levels of cognitive demand [28,69]. We have used
the methodology of networking theories [22], making a simultaneous analysis with both
theories and integrating the results and conclusions derived from each theory.

The analysis made suggests that the design of this e-book is coherent with the intention
of producing a sequence of increasingly complex problems that helps all students progress
to learn the basic mathematical and practical properties of plane symmetries and allows m-
gifted students to gain a deeper and more complete knowledge of the topic (low threshold
and high ceiling [54]).

The analysis made also proves that the networking of the Van Hiele levels and the
levels of cognitive demand is adequate and useful, since it shows that these models
are different but compatible, as they provide different and complementary views of the
characteristics of each activity and the whole teaching unit.

A limitation of the study is that the analysis presented is theoretical, since we made
a piloting with m-gifted students, but the data obtained were not rich enough to be
used as support of this analysis. Thus, future objectives are to make new experiments to
obtain complete information of students’ solutions, analyze those data, and compare the
theoretical analysis presented in this paper with the analysis of the real solutions.

Author Contributions: The three authors contributed equally to all parts of this work. All authors
have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: The data presented in this study are available online at https://books.
apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1 (English version
of our e-book) and at https://books.apple.com/us/book/ense~nanza-de-las-simetrías-en-educación-
primaria/id1553394353?ls=1 (Spanish version of our e-book), both accessed on 10 March 2021.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Sinclair, N.; Cirillo, M.; de Villiers, M. The Learning and Teaching of Geometry. In Compendium for Research in Mathematics

Education; Cai, J., Ed.; NCTM: Reston, VA, USA, 2017; pp. 457–489.
2. Swoboda, E.; Vighi, P. Early Geometrical Thinking in the Environment of Patterns, Mosaics and Isometries; Springer: Cham,

Switzerland, 2016.
3. Sinclair, N.; Bussi, M.G.B.; De Villiers, M.; Jones, K.; Kortenkamp, U.; Leung, A.; Owens, K. Recent Research on Geometry

Education: An ICME-13 Survey Team Report. ZDM 2016, 48, 691–719. [CrossRef]
4. Roschelle, J.; Noss, R.; Blikstein, P.; Jackiw, N. Technology for Learning Mathematics. In Compendium for Research in Mathematics

Education; Cai, J., Ed.; NCTM: Reston, VA, USA, 2017; pp. 853–876.
5. Wu, H. Key Mathematical Ideas in Grades 5–8. In Proceedings of the National Council of Teachers of Mathematics Annual

Meeting, Anaheim, CA, USA, 4–6 April 2005.
6. Thaqi, X.; Gimenez, J. Geometrical Transformations in the Mathematics Textbooks in Kosovo and Catalonia. Univ. J. Educ. Res.

2016, 4, 1944–1949. [CrossRef]
7. Faggiano, E.; Montone, A.; Mariotti, M.A. Synergy between Manipulative and Digital Artefacts: A Teaching Experiment on Axial

Symmetry at Primary School. Int. J. Math. Educ. Sci. Technol. 2018, 49, 1165–1180. [CrossRef]
8. Seago, N.; Jacobs, J.; Driscoll, M.; Matassa, M.; Callahan, M. Developing Teachers’ Knowledge of a Transformations-Based

Approach to Geometric Similarity. Math. Teach. Educ. 2013, 2, 74–85. [CrossRef]

https://books.apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1
https://books.apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1
https://books.apple.com/us/book/ense~nanza-de-las-simetr�as-en-educaci�n-primaria/id1553394353?ls=1
https://books.apple.com/us/book/ense~nanza-de-las-simetr�as-en-educaci�n-primaria/id1553394353?ls=1
http://doi.org/10.1007/s11858-016-0796-6
http://doi.org/10.13189/ujer.2016.040903
http://doi.org/10.1080/0020739X.2018.1449908
http://doi.org/10.5951/mathteaceduc.2.1.0074


Mathematics 2021, 9, 832 28 of 30

9. Knuchel, C. Teaching Symmetry in the Elementary Curriculum. Math. Enthus. 2004, 1, 3–8.
10. NCTM. Principles and Standards for School Mathematics; NCTM: Reston, VA, USA, 2000.
11. Clements, D.H.; Battista, M.T. Geometry and Spatial Reasoning. In Handbook of Research on Mathematics Teaching and Learning;

Grouws, D.A., Ed.; MacMillan: New York, NY, USA, 1992; pp. 420–464.
12. Sinclair, N.; Bruce, C.D. New Opportunities in Geometry Education at the Primary School. ZDM 2015, 47, 319–329. [CrossRef]
13. Küchemann, D. Children’s Difficulties with Single Reflections and Rotations. Math. Sch. 1980, 9, 12–13.
14. Hart, K. Children’s Understanding of Mathematics: 11–16; John Murray: London, UK, 1981.
15. Herscovics, N. Cognitive Obstacles Encountered in the Learning of Algebra. In Research Issues in the Learning and Teaching of

Algebra; Wagner, S., Kieran, C., Eds.; Lawrence Erlbaum: Hillsdale, NJ, USA, 1989; Volume 4, pp. 60–86.
16. Yılmaz, G.K. The Effect of Dynamic Geometry Software and Physical Manipulatives on Candidate Teachers’ Transformational

Geometry Success. Educ. Sci. Theory Pract. 2015, 16, 1417–1435. [CrossRef]
17. Gutiérrez, P. Teaching Symmetries in Primary Education; Apple Books Store: Cupertino, CA, USA, 2021; Available online: https:

//books.apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1 (in English) (accessed on 10 April
2021). Available online: https://books.apple.com/us/book/ense~nanza-de-las-simetrías-en-educación-primaria/id1553394
353?ls=1 (in Spanish) (accessed on 10 April 2021).

18. Diezmann, C.M.; Watters, J.J. Summing up the Education of Mathematically Gifted Students. In Proceedings of the 25th Annual
Conference of the MERGA, Sidney, Australia, 7–10 July 2002; pp. 219–226.

19. Karatas, F.I.; Bostan, M.I. Mathematically Gifted Students’ Reflections on using History of Mathematics in Mathematics Class-
rooms. In Proceedings of the 11th International Conference on Mathematical Creativity and Giftedness (MCG 11), Hamburg,
Germany, 22–24 August 2019; pp. 191–196.

20. Sriraman, B.; Haavold, P. Creativity and Giftedness in Mathematics Education: A Pragmatic View. In Compendium for Research in
Mathematics Education; Cai, J., Ed.; NCTM: Reston, VA, USA, 2017; pp. 908–916.

21. Cyr, S.S. Can Distance Learning Meet the Needs of Gifted Gifted Elementary Math Students? Gift. Child Today 2004, 27, 42–51.
[CrossRef]

22. Bikner-Ahsbahs, A.; Prediger, S. Networking of Theories as a Research Practice in Mathematics Education; Springer: Dordrecht, The
Netherlands, 2014.

23. Greenes, C. Identifying the Gifted Student in Mathematics. Arith. Teach. 1981, 28, 14–17. [CrossRef]
24. Jaime, A.; Gutiérrez, A. La Resolución de Problemas Para la Enseñanza a Alumnos de Educación Primaria Con Altas Capacidades

Matemáticas. In Resolver Problemas. Estudios en Memoria de Fernando Cerdán; Gómez, B., Puig, L., Eds.; PUV: Valencia, Spain, 2014;
pp. 147–190.

25. Moya, J.A.; Gutiérrez, A.; Jaime, A. Discriminating Proof Abilities of Secondary School Students with Different Mathematical
Talent. In Proceedings of the 9th Conference of the European Society for Research in Mathematics Education (CERME9), Prague,
Czech Republic, 4–8 February 2015; pp. 171–177.

26. Benedicto, C.; Jaime, A.; Gutiérrez, A. Análisis de la Demanda Cognitiva de Problemas de Patrones Geométricos. In Investigación
en Educación Matemática XIX; Fernández, C., Molina, M., Planas, N., Eds.; SEIEM: Alicante, Spain, 2015; pp. 153–162.

27. Benedicto, C.; Gutiérrez, A.; Jaime, A. When the Theoretical Model Does not fit our Data: A Process of Adaptation of the Cognitive
Demand Model. In Proceedings of the 10th Congress of the European Society for Research in Mathematics Education (CERME10),
Dublin, Ireland, 2 January–2 May 2017; pp. 2791–2798.

28. Smith, M.S.; Stein, M.K. Reflections on Practice: Selecting and Creating Mathematical Tasks: From Research to Practice. Math.
Teach. Middle Sch. 1998, 3, 344–350. [CrossRef]

29. Schoenfeld, A.H. Mathematical Problem Solving; Academic Press: New York, NY, USA, 1985.
30. Gutiérrez, Á.; Boero, P. Handbook of Research on the Psychology of Mathematics Education; Sense Publishers: Rotterdam, The

Netherlands, 2006.
31. Clements, M.A.; Bishop, A.J.; Keitel, C.; Kilpatrick, J.; Leung, F.K.S. Third International Handbook of Mathematics Education; Springer:

New York, NY, USA, 2013.
32. Gutiérrez, A.; Leder, G.C.; Boero, P. The Second Handbook of Research on the Psychology of Mathematics Education; Sense Publishers:

Rotterdam, The Netherlands, 2016.
33. Cai, J. Compendium for Research in Mathematics Education; NCTM: Reston, VA, USA, 2017.
34. Baya’a, N.; Daher, W.; Mahagna, S. The Effect of Collaborative Computarized Learning using GeoGebra on the Development of

Concept Images of the Angle among Seventh Graders. In Proceedings of the 13th International Conference on Technology in
Mathematics Teaching, Lyon, France, 3–6 July 2017; pp. 208–215.

35. Ferrarello, D.; Mammana, M.F.; Pennisi, M.; Taranto, E. Teaching Intriguing Geometric Loci with DGS. In Mathematics and
Technology. Advances in Mathematics Education; Aldon, G., Hitt, F., Bazzini, L., Gellert, U., Eds.; Springer: Cham, Switzerland, 2017.
[CrossRef]

36. Liljedahl, P.; Santos-Trigo, M.; Malaspina, U.; Bruder, R. Problem Solving in Mathematics Education; Springer: Cham,
Switzerland, 2016.

37. Battista, M.T. The Development of Geometrical and Spatial Thinking. In Second Handbook of Research on Mathematics Teaching and
Learning; Lester, F.K., Ed.; NCTM: Reston, VA, USA, 2007; pp. 843–908.

38. Schultz, K.A.; Austin, J.D. Directional Effects in Transformation Tasks. J. Res. Math. Educ. 1983, 14, 95. [CrossRef]

http://doi.org/10.1007/s11858-015-0693-4
http://doi.org/10.12738/estp.2015.5.2610
https://books.apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1
https://books.apple.com/us/book/teaching-symmetries-in-primary-education/id1553392856?ls=1
https://books.apple.com/us/book/ense~nanza-de-las-simetr�as-en-educaci�n-primaria/id1553394353?ls=1
https://books.apple.com/us/book/ense~nanza-de-las-simetr�as-en-educaci�n-primaria/id1553394353?ls=1
http://doi.org/10.4219/gct-2004-135
http://doi.org/10.5951/AT.28.6.0014
http://doi.org/10.5951/MTMS.3.5.0344
http://doi.org/10.1007/978-3-319-51380-5_26
http://doi.org/10.2307/748577


Mathematics 2021, 9, 832 29 of 30

39. Grenier, D. Quelques Aspects de la Symétrie Orthogonale Pour des Élèves de Classes de 4ème et 3ème. Petit x 1985, 7, 57–69.
40. Jaime, A. Aportaciones a la Interpretación y Aplicación del Modelo de Van Hiele: La Enseñanza de las Isometrías del Plano.

Ph.D. Thesis, Universidad de Valencia, Valencia, Spain, 1993. Available online: https://www.uv.es/angel.gutierrez/archivos1
/textospdf/Jai93.pdf (accessed on 16 December 2020).

41. Jaime, A.; Gutiérrez, A. Connecting Research to Teaching: Guidelines for Teaching Plane Isometries in Secondary School. Math.
Teach. 1995, 88, 591–597. [CrossRef]

42. Pepin, B.; Gueudet, G.; Trouche, L. Investigating Textbooks as Crucial Interfaces between Culture, Policy and Teacher Curricular
Practice: Two Contrasted Case Studies in France and Norway. ZDM 2013, 45, 685–698. [CrossRef]

43. Son, J.-W. Investigating Preservice Teachers Understanding and Strategies on a Student’s Errors of Reflective Symmetry. In
Proceedings of the 30th Conference of the International Group for the Psychology of Mathematics Education; Novotná, J.,
Moraová, H., Krátká, M., Stehlíková, N., Eds.; PME: Prague, Czech Republic, 2006; Volume 5, pp. 145–152.

44. Thangamani, U.; Eu, L.K. Students’ Achievement in Symmetry of Two Dimensional Shapes using Geometer’s Sketchpad. Malays.
Online J. Educ. Sci. 2019, 7, 14–22.

45. Healy, L. Using the Transformation Tools of Cabri-Géomètre as a Resource in the Proving Process. In Actes du Colloque Européen:
Intégration des Technologies dans l’Enseignement des Mathématiques; Lagrange, J.-B., Artigue, M., Guin, D., Laborde, C., Lenne, D.,
Trouche, L., Eds.; IUFM Champagne-Ardenne: Reims, France, 2003; pp. 1–10. Available online: https://edutice.archives-ouvertes.
fr/edutice-00001334 (accessed on 14 December 2020).

46. Dello Iacono, U.; Dentice, E.F. Mathematical Walks in Search of Symmetries: From Visualization to Conceptualization. Int. J.
Math. Educ. Sci. Technol. 2020, 10, 1–19. [CrossRef]

47. Ng, O.-L.; Sinclair, N. Young Children Reasoning About Symmetry in a Dynamic Geometry Environment. ZDM 2015, 47, 421–434.
[CrossRef]

48. Pepin, B.; Gueudet, G.; Trouche, L. Refining Teacher Design Capacity: Mathematics Teachers’ Interactions with Digital Curriculum
Resources. ZDM 2017, 49, 799–812. [CrossRef]

49. Pepin, B.; Gueudet, G.; Yerushalmy, M.; Trouche, L.; Chazan, D. E-Textbooks in/for Teaching and Learning Mathematics: A
Disruptive and Potentially Transformative Educational Technology. In Handbook of International Research in Mathematics Education;
English, L., Kirshner, D., Eds.; Taylor & Francis: New York, NY, USA, 2016; pp. 636–661.

50. Fahlgren, M.; Brunström, M. A Model for Task Design with Focus on Exploration, Explanation, and Generalization in a Dynamic
Geometry Environment. Technol. Knowl. Learn. 2014, 19, 287–315. [CrossRef]

51. Pehkonen, E. An Alternative Method to Promote Pupils’ Mathematical Understanding via Problem Solving. In Problem Solving in
Mathematics Instruction and Teacher Professional Development; Felmer, P., Liljedahl, P., Koichu, B., Eds.; Springer: Cham, Switzerland,
2019; pp. 111–122.

52. Santos-Trigo, M.; Camacho Machín, M. La Resolución de Problemas Matemáticos y el Uso de Tecnología Digital en el Diseño de
Libros Interactivos. Educ. Siglo XXI 2018, 36, 21–40. [CrossRef]

53. Piggott, J. The Nature of Mathematical Enrichment: A Case Study of Implementation. Educate 2007, 7, 30–45.
54. Piggott, J. Rich Tasks and Contexts; NRICH, University of Cambridge: Cambridge, UK, 2011; Available online: https://nrich.maths.

org/5662 (accessed on 7 May 2018).
55. Jaime, A.; Gutiérrez, A.; Benedicto, C. Problemas Con Extensiones: Propuesta Para Estudiantes Con Alta Capacidad Matemática.

UNO 2018, 79, 7–14.
56. Benedicto, C.; Gutiérrez, A.; Jaime, A. Analysis of Mathematically Gifted Students’ Answers to Cognitively Demanding School

Tasks. In Proceedings of the 42nd Conference of the International Group for the Psychology of Mathematics Education, Umeå,
Sweden, 3–8 July 2018; Volume 5, p. 18.

57. Leikin, R. Stepped tasks: Top-down structure of varying mathematical challenge. In Problem Solving in Mathematics Instruction and
Teacher Professional Development; Felmer, P., Liljedahl, P., Koichu, B., Eds.; Springer: Cham, Switzerland, 2019; pp. 167–184.

58. Jones, K.; Tzekaki, M. Research on the Teaching and Learning of Geometry. In The Second Handbook of Research on the Psychology
of Mathematics Education, the Journey Continues; Gutiérrez, A., Leder, G.C., Boero, P., Eds.; Sense Publishers: Rotterdam, The
Netherlands, 2016; pp. 109–149.

59. Otten, S.; Webel, C.; De Araujo, Z. Inspecting the Foundations of Claims about Cognitive Demand and Student Learning: A
Citation Analysis of Stein and Lane (1996). J. Math. Behav. 2017, 45, 111–120. [CrossRef]

60. Gutierrez, A.; Benedicto, C.; Jaime, A.; Arbona, E. The Cognitive Demand of a Gifted Student’s Answers to Geometric Pattern
Problems. In Challenges and Strategies in Teaching Linear Algebra; J.B. Metzler: Stuttgart, Germany, 2018; pp. 169–198.

61. Gutiérrez, A.; Ramírez, R.; Benedicto, C.; Beltrán-Meneu, M.J.; Jaime, A. Visualization Abilities and Complexity of Reasoning in
Mathematically Gifted Students’ Collaborative Solutions to a Visualization Task: A Networked Analysis. In Broadening the Scope
of Research on Mathematical Problem Solving; J.B. Metzler: Stuttgart, Germany, 2018; pp. 309–337.

62. Gutiérrez, A.; Jaime, A.; Fortuny, J.M. An Alternative Paradigm to Evaluate the Acquisition of the Van Hiele Levels. J. Res. Math.
Educ. 1991, 22, 237–251. [CrossRef]

63. Schoenfeld, A.H. The Teaching for Robust Understanding (TRU) Observation Guide for Mathematics: A Tool for Teachers, Coaches,
Administrators, and Professional Learning Communities; TRU Project: Berkeley, CA, USA, 2016; Available online: http://map.
mathshell.org/trumath/tru_observation_guide_math_v5_20161125.pdf (accessed on 7 October 2020).

https://www.uv.es/angel.gutierrez/archivos1/textospdf/Jai93.pdf
https://www.uv.es/angel.gutierrez/archivos1/textospdf/Jai93.pdf
http://doi.org/10.5951/MT.88.7.0591
http://doi.org/10.1007/s11858-013-0526-2
https://edutice.archives-ouvertes.fr/edutice-00001334
https://edutice.archives-ouvertes.fr/edutice-00001334
http://doi.org/10.1080/0020739X.2020.1850897
http://doi.org/10.1007/s11858-014-0660-5
http://doi.org/10.1007/s11858-017-0870-8
http://doi.org/10.1007/s10758-014-9213-9
http://doi.org/10.6018/j/349451
https://nrich.maths.org/5662
https://nrich.maths.org/5662
http://doi.org/10.1016/j.jmathb.2016.12.008
http://doi.org/10.2307/749076
http://map.mathshell.org/trumath/tru_observation_guide_math_v5_20161125.pdf
http://map.mathshell.org/trumath/tru_observation_guide_math_v5_20161125.pdf


Mathematics 2021, 9, 832 30 of 30

64. Lloyd, G.M.; Cai, J.; Tarr, J.E. Issues in Curriculum Studies: Evidence-Based Insights and Future Directions. In Compendium for
Research in Mathematics Education; Cai, J., Ed.; NCTM: Reston, VA, USA, 2017; pp. 824–852.

65. Chamberlin, M.T.; Chamberlin, S.A. Enhancing Preservice Teacher Development: Field Experiences with Gifted Students. J. Educ.
Gift. 2010, 33, 381–416. [CrossRef]

66. Resnick, L.B.; Zurawsky, C. Do the Math: Cognitive Demand Makes a Difference. Res. Points 2006, 4, 1–4.
67. Malaspina, U.; Torres, C. Teaching of Discontinuous Functions of One or Two Variables: A Didactic Experience Using Problem

Posing and Levels of Cognitive Demand. In Proceedings of the 11th Congress of the European Society for Research in Mathematics
Education (CERME11); Jankvist, U.T., Van den Heuvel-Panhuizen, M., Veldhuis, M., Eds.; ERME: Utrecht, The Netherlands, 2019;
pp. 2578–2585.

68. Stein, M.K.; Smith, M.S.; Henningsen, M.A.; Silver, E.A. Implementing Standards-Based Mathematics Instruction: A Casebook for
Professional Development; Teachers College Press: New York, NY, USA, 2009.

69. Benedicto, C. Diseño y Aplicación de un Instrumento Para Valorar la Demanda Cognitiva de Problemas de Matemáticas Resueltos Por
Estudiantes de Enseñanza Obligatoria. El Caso de Las Altas Capacidades Matemáticas; Universidad de Valencia: Valencia, Spain, 2018;
Available online: http://roderic.uv.es/handle/10550/66468 (accessed on 5 November 2020).

70. Bikner-Ahsbahs, A.; Prediger, S. Networking of Theories-An Approach for Exploiting the Diversity of Theoretical Approaches. In
Theories of Mathematics Education; Sriraman, B., English, L., Eds.; Springer: Dordrecht, The Netherlands, 2010; pp. 483–506.

71. Ministerio de Educación, C.y.D. Real Decreto 126/2014, de 28 de Febrero, Por el Que se Establece el Currículo Básico de la
Educación Primaria. Bol. Of. Del Estado 2014, 52, 19349–19420.

72. Fujita, T. Learners’ Level of Understanding of the Inclusion Relations of Quadrilaterals and Prototype Phenomenon. J. Math.
Behav. 2012, 31, 60–72. [CrossRef]

73. Gutiérrez, Á.; Jaime, A. Preservice Primary Teachers’ Understanding of the Concept of Altitude of a Triangle. J. Math. Teach. Educ.
1999, 2, 253–275. [CrossRef]

74. Krajcevski, M.; Sears, R. Common Visual Representations as a Source for Misconceptions of Preservice Teachers in a Geometry
Connection Course. Inter. J. Math. Teach. Learn. 2019, 20, 85–105.

75. Vinner, S. The Role of Definitions in the Teaching and Learning of Mathematics. In Advanced Mathematical Thinking; Tall, D., Ed.;
Kluwer: Dordrecht, The Netherlands, 1991; pp. 65–81.

76. Laborde, C.; Capponi, B. Cabri-Géomètre Constituant d’un Milieu Pour L’apprentissage de la Notion de Figure Géométrique.
Rech. En Didact. Des Math. 1994, 14, 165–209.

77. Forsythe, S.K. Dragging Maintaining Symmetry: Can it generate the Concept of Inclusivity as Well as a Family of Shapes? Res.
Math. Educ. 2015, 17, 1–22. [CrossRef]

78. Battista, M.T. Development of the Shape Makers Geometry Microworld: Design Principles and Research. In Research on Technology
and the Teaching and Learning of Mathematics: Cases and Perspectives; Blume, G.W., Heid, M.K., Eds.; NCTM & Information Age
Publishing: Charlotte, NC, USA, 2008; Volume 2, pp. 131–156.

79. Lord, E. Going Deeper: Exploring Ways to Achieve ‘Mastery at Greater Depth’ in the Primary Mathematics Classroom. BSRLM
Proc. 2020, 40, 1–6.

80. Fritzlar, T.; Nolte, M. Research on Mathematical Giftedness in Germany-Looking Back and Ahead. In Proceedings of the 11th
International Conference on Mathematical Creativity and Giftedness, Hamburg, Germany, 22–24 August 2019; pp. 8–20.

81. Gerver, R.K.; Sgroi, R.J. Creating and Using Guided-Discovery Lessons. Math. Teach. 2003, 96, 6–13.
82. Teppo, A. Van Hiele Levels of Geometric Thought Revisited. Math. Teach. 1991, 84, 210–221. [CrossRef]

http://doi.org/10.1177/016235321003300305
http://roderic.uv.es/handle/10550/66468
http://doi.org/10.1016/j.jmathb.2011.08.003
http://doi.org/10.1023/A:1009900719800
http://doi.org/10.1080/14794802.2015.1065757
http://doi.org/10.5951/MT.84.3.0210

	Introduction 
	Review of Literature 
	Theoretical Framework 
	The Van Hiele Levels of Mathematical Reasoning 
	The Levels of Cognitive Demand 
	Networking Theories in Mathematics Education 

	Methodology 
	Selection of the Mathematical Contents 
	Didactical Criteria for Designing the Teaching Unit 
	Structure and Components of the Electronic Book 

	The Contents of the E-Book for the Learning of Plane Symmetries 
	Discussion: Analysis of the Mathematical Content of the E-Book 
	Final Remarks 
	References

