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Introduction

Let A and G be finite groups and assume that A acts on G via group automorphisms.
In the case when the orders of A and G are coprime and A is solvable, G. Glauberman
found in 1968 a canonical bijection between the set of irreducible A-invariant characters
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of G and the set of irreducible characters of the fixed point subgroup Cg(A). If A is not
solvable, another canonical bijection was found by .M. Isaacs in 1973. The mere fact
that the sets of A-invariant irreducible characters of G and of irreducible characters of
Cc(A) have the same cardinality has already important consequences. For instance, it
proves that the actions of A on the irreducible characters and on the conjugacy classes
of G are permutation isomorphic.

Let us now turn to the analogous question on (p-)Brauer characters (for a prime p),
that is an open problem proposed by G. Navarro (see [12]). K. Uno [17] gave a natural
map between the set of irreducible A-invariant p-Brauer characters of G and the set
of irreducible p-Brauer characters of Cg(A), when G is a p-solvable group. If G is not
p-solvable (and therefore, A is solvable by the Odd Order Theorem), no progress has
been made since 1983. The case where A is cyclic is a well-known consequence of the
so-called Brauer’s argument on character tables. In fact, this also proves the case when
G is a quasi-simple group, using the classification of finite simple groups (see [15]). The
general case, however, seems out of reach with those methods.

In this paper, we present a reduction of this problem to a question on finite sim-
ple groups. We prove that if the finite simple non-abelian groups satisfy the inductive
Brauer—Glauberman condition (see Definition 6.1), then the answer to Problem 5 of [12]
is affirmative. This is our main result.

Theorem A. Let G and A be finite groups. Suppose that A acts on G with (|A],|G]|) = 1.
Suppose that all finite non-abelian simple groups involved in G satisfy the inductive
Brauer Glauberman condition from Definition 6.1. Then the number of irreducible
p-Brauer characters of G fized by A is the number of irreducible p-Brauer characters
of Cg(A). Consequently, the actions of A on the irreducible p-Brauer characters and on
the p-regular conjugacy classes of G are permutation isomorphic.

In [15] the inductive Brauer—-Glauberman condition is checked for all simple groups
not of Lie type, as well as for simple groups of Lie type in the defining characteristic
case.

In contrast to other inductive conditions on simple groups coming from global/local
conjectures, the inductive Brauer—Glauberman condition splits into two parts. One part
can be seen as a stronger version of the main statement, since it requires the existence of
some equivariant bijection with some Clifford-theoretic properties, that can be seen as
analogous to those introduced in [8]. The second (and more surprising) part requires the
existence of a bijection which we call fake Galois action (Definition 4.4). In certain spe-
cific situations, the Glauberman correspondence is only explained by the action of Galois
automorphisms on ordinary characters. The fake Galois action required by the inductive
Brauer—Glauberman condition provides a tool to overcome the difficulty caused by the
fact that, in general, there is no action of the Galois group on the Brauer characters.

This article is structured in the following way: We introduce the notation on ordi-
nary and Brauer characters in Section 1. Afterwards, we collect some well-known results
about the Glauberman correspondence. In Section 3, we define a partial order relation
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on modular character triples. We introduce the notion of fake Galois conjugate charac-
ter triples in Section 4. Afterwards we study coprime actions on the direct product of
quasi-simple groups in Section 5. The aforementioned relations between character triples
play a central role in the definition of the inductive Brauer-Glauberman condition (see
Definition 6.1). In Section 6 we study some implications of the validity of the inductive
Brauer—Glauberman condition for central products of covering groups of simple non-
abelian groups. Finally, we conclude with the proof of Theorem A.

1. Notation

Unless otherwise stated, all groups considered are finite. We use the notation of [5]
for ordinary characters and [13] for Brauer characters.

Let us fix some notation for the rest of the article. We fix a prime p. Choose a
maximal ideal M in the ring R of algebraic integers with p € M, so that F = R/M is an
algebraically closed field of characteristic p. Write *: R — F' to denote the natural ring
homomorphism. This homomorphism can be extended to S = {r/s|r € R,s € R\M} by

(r/s)" =r*(s")7",

for every r € R and s € R\ M, see Chapter 2 of [12].

Let G be a group. The irreducible p-Brauer characters IBr(G) of G (with respect
to M) are defined in Chapter 2 of [13].

Let H C G and x € Irr(G). We write Irr(xg) to denote the set of irreducible con-
stituents of the restriction of x to H. Let ¢ € Irr(H). Then Irr(G|¢) denotes the set of
irreducible constituents of /¢, the induced character of 1) to G. We use the analogous
notation for Brauer characters.

We write G° to denote the set of p-regular elements of G, i.e., the set of elements of
G or order coprime to p. If x € Irr(G), we denote by x° the restriction of y to G, which
is a Brauer character by Corollary 2.9 of [13].

If a group A acts on a set A, we write Ay to denote the stabilizer in A of A € A. If a
group A acts on G, then A acts on Irr(G) and on IBr(G). We write Irr 4 (G) to denote
the set of A-invariant elements of Irr(G) and IBra(G) to denote the set of A-invariant
elements of IBr(G).

Recall that the Glauberman-Isaacs correspondence is a uniquely defined natural bi-
jection

T, ira(G) — Irr(Cg(A)),

that exists whenever a group A acts coprimely on a group G. (As we have mentioned,
the case where A is solvable was proved by Glauberman and the remaining case, where
|G| is odd, by Isaacs. T. Wolf proved in [18] that both correspondences agreed when both
are defined.) In this paper, we are interested in the case where A is solvable, but we do
prove some results in more generality for possible future use. According to Theorem 2.1
of [19] the Glauberman-Isaacs correspondence satisfies then
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T(G,A) = ™(T,A/B) © T(G,B)>

for any B < A, where T'= Cg(B).
2. Review on character counts above Glauberman-Isaacs correspondents

The main goal of this section is to count Brauer characters lying above characters of
normal p’-subgroups and their Glauberman correspondents.
We shall use the following.

Lemma 2.1. Assume that A acts on G, K 4G 1is A-invariant, (|G : K|,|A|) = 1 and
Ca/x(A) =G/K. Ifn € IBra(K), then every x € IBr(G|n) is A-invariant.

Proof. This follows from the same considerations as in Lemma 2.5 of [18]. O

Suppose that K <G and 7 is an irreducible G-invariant character of K. If ; is an ordi-
nary character, then |Irr(G|n)| can be determined by a purely group theoretical method
due to P.X. Gallagher. There is an analogous result for Brauer characters. If 7 is a Brauer
character we say that Kg € (G/K)° (or g) is n-good if every extension ¢ € IBr((K, g)) of
n is U-invariant where U/K = C¢/ i (Kg). Notice that 7 always extends to (K, g) since
(K, g)/K is cyclic (Theorem 8.12 of [13]). Also, U acts on IBr({K, g)|n) as (K, g) < U.
It is clear that if Kg € (G/K)° is n-good, then every G-conjugate of Kg also is, so we
can talk about p-regular n-good classes of G/K.

Theorem 2.2. Suppose that K <G and that n € IBr(K) is G-invariant. Then, |IBr(G|n)|
is equal to the number of p-regular n-good classes of G/ K.

Proof. See Theorem 6.2 of [7]. O
The following is basically a particular case of Theorem 2.12 of [19].

Theorem 2.3. Let A act coprimely on G. Suppose that K <4 G is A-invariant and G = KC,
where C = Cg(A). Then n € Irra(K) extends to Gy, iff ' € Irr(K N C) extends to C,y,
where ' € Irr(Cg (A)) is the Glauberman-Isaacs correspondent of 1.

Proof. Notice that G, N C' = C,y by Lemma 2.5(b) of [19]. Hence, we may assume that
n and 7’ are C-invariant.

Suppose that 1 extends to some x € Irr(G). By [18, Lem. 2.5] we see that x € Irr4(G).
Since [G, A] < K, by [19, Thm. 2.12]

0 =7k, (1) = 7,2 (XK) = (TG4 (X)) KnC-

Hence (g ay(x) is an extension of 7. Analogously we see that 7 extends to G, if 7/
extends to C. O
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Next, we need similar results for Brauer characters.

Lemma 24. Let K G, 0 € Irr(K) be G-invariant and suppose that K is a p'-group.
Then 6 extends to an ordinary character of G if and only if 6 extends to a Brauer
character of G.

Proof. Let € Irr(G) be an extension of 6 to G. Then (A)° is a Brauer character of G
extending 6. Suppose that ¢ € IBr(G) extends §. Let Q/N be a Sylow g-subgroup of
G/N for some prime ¢. If ¢ # p, then g is an ordinary character extending 6. If ¢ = p,
then 6 extends to @ by Corollary (6.28) of [5]. Hence 6 extends to G by Corollary (11.31)
of [5]. O

Theorem 2.5. Suppose that A acts coprimely on G. Let K <G be A-invariant. Suppose
that p1 |K| and G = KC, where C = Cg(A). Let n € Irr 4 (K) be G-invariant and write
7 € Irr(K N C) to denote its Glauberman-Isaacs correspondent. Then

[IBr(Gln)| = [IBr(Cly')l.

Proof. By Theorem 2.2 it suffices to show that for every ¢ € C, the element cK is n-good
if and only if the element ¢cK N C is n'-good. According to [9, Thm. 4.7] it suffices to
show that for every U with K < U < G and abelian U/K, n extends to U as a Brauer
character if and only if " extends to UNC' as a Brauer character. We apply Theorem 2.3
and Lemma 24 in U. 0O

Corollary 2.6. Suppose that A acts coprimely on G. Let K <G be A-invariant. Suppose
that K is a p’-group and G = KC, where C = Cg(A). Let N<G be contained in KN C
and let 6 € Irr(N). Then

[IBra(G|0)| = [IBr(C10)].

Proof. Let B be a set of representatives of the C-orbits of Irr4(K1f) and B =
{mx,4(m) | n € B}. Then B C Irr(K N C|#) by [19, Lem. 2.4] and B’ is a set of
representatives of the C-orbits of Irr(K N C|#). By Corollary 5.2 of [18], we deduce that
the bijection 7 4y is C-equivariant. Hence B’ is a set of representatives of the C-orbits
of Irr(K N C|6).

Every element of IBr4(G|0) lies over a unique element of B and also every element of
IBr(C|6) lies over a unique element of B’. Thus

IBra(G0)| = Y [1Bra(Gln)| and [IBr(C|0)| =Y [1Br(Clm(x.a)(1))]-
neB neB

By Lemma 2.1, for every n € B we have that |IBr4(G|n)| = [IBr(G|n)|. Hence, it suffices
to show that [IBr(G|n)| = [IBr(C|m(k, a)(n))| for every n € B. By the Clifford correspon-
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dence on Brauer characters, we may assume that n € B is G-invariant. Now, the result
follows from Theorem 2.5. O

3. Central isomorphisms of modular character triples

In this section we introduce a new order relation on modular character triples. It can
be seen as a modular analogue of the notion of central isomorphic (ordinary) character
triples introduced in [14]. Afterwards we record several results on the construction of
modular character triples respecting this new relation. Those results mainly follow from
an easy inspection of analogous results on the related order and equivalence relations
given in [14] and [16] on ordinary character triples. Although the consideration follow
the ideas in [14] and [16] we do not take into account p-blocks.

Let us start by recalling some facts on modular character triples. If N < G and
6 € IBr(N) is G-invariant, then the triple (G, N, 0) is called a modular character triple.
Isomorphisms of modular character triples (see Definition 8.25 of [13]) establish an equiv-
alence relation on them. If (o,7) : (G, N,0) — (T', M, ) is an isomorphism of modular
character triples, then 7 is an isomorphism G/N — T'/M and for every N < J < G o
yields a bijection o : IBr(J|0) — IBr(J"|p), where 7(J/N) = J" /M.

IfN<J<G, 9 €IBr(J|f) and g=gN € G/N, we define ¥9 € IBr(J?|6) by

Y9I (x9) = () for every x € J.
Note that this is well-defined. We say that a modular character triple isomorphism
(0,7): (G,N,0) = (I', M, ¢)

is strong if

(0s(¥)™ 9 = o9 (1)9),

for all g € G/N, all groups J with N < J < G and all ¢ € IBr(J|6).

Let (G, N,0) be a modular character triple. Let X be an F-representation affording
the Brauer character 6. According to Theorem 8.14 of [13], there exists a projective
representation P of G, such that Py = X. Moreover, we can choose P such that its
factor set « satisfies

a(g,n) =1=a(n,g),

for every g € G and n € N. In this situation, we say that P is a projective representation
of G associated to 6. Then « can be seen as a map on G/N x G/N (see the remarks after
Theorem 8.14 of [13]). Furthermore, if Proju(J/N,a~1) is a set of representatives of the
similarity classes of irreducible projective F-representations of J/N with factor set a~!
where N < J < @G, then
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Repp(J,0) = {Q ® Py : Q € Projp(J/N,a™ 1)}

is a set of representatives of similarity classes of representations affording a Brauer char-
acter in IBr(.J|6) (see for example [14, Thm. 3.1]).

Theorem 3.1. Let (G, N,0) and (H,M,0") be modular character triples satisfying the
following assumptions:

(i) G=NH and M =NNH,
(i) there exist projective representations P and P’ of G and H associated to 6 and 0,

respectively, whose factor sets a and o coincide via the natural isomorphism
7: G/N — H/M.

Now, for N < J <G, let 05 € Ch(J|0) — Ch(J N H|O') be the linear map given by
tr(Q® Py) = tr(Qinm @ Phay)

for any projective representation Q of J/N, whose factor set is inverse to the one of Py.
Then

(o,7): (G,N,0) — (H, M, )
is a strong isomorphism of modular character triples.
Proof. See Theorem 3.2 of [14]. O

In the situation of Theorem 3.1, we say that (o, 7) an isomorphism of modular char-
acter triples given by P and P’.
The following gives examples of (strong) modular character triple isomorphisms.

Lemma 3.2. Let (G, N, 0) be a modular character triple.

(a) If a: G — H is an isomorphism of groups, then (G, N,0) is strongly isomorphic to
(H,M, ) where M = a(N) and ¢ € IBr(M) is the character defined by o(a(n)) =
0(n) for every n € N°.

(b) If M<G and M < ker(0), then (G, N, ) and (G/M, N/M, 0) are strongly isomorphic,
where O(nM) = 6(n) for every n € N°.

(¢) Suppose that p: G — H is an epimorphism and that K = ker(u) < ker(d). Then
(G,N,0) and (H, M, ) are strongly isomorphic, where M = u(N) and ¢ € Irr(M)
is the unique character of M with p(u(n)) = 6(n) for every n € NY.

(d) Suppose that there exists some n € IBr(G) such that ny0@ = ¢ € IBr(N). Then
(G,N,0) and (G, N, ) are strongly isomorphic.
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Proof. The first two parts are straightforward from the definition, and the third is a
direct consequence of (a) and (b). To prove (d), let P be a projective representation of
G associated to 6. Write P’ = P ® D, where D is a representation of G affording 7. It is
straightforward to check that P’ is a projective representation of G associated to ¢ and
that the factor sets of P and P’ agree, since D is an actual representation. Now part (d)
follows by applying Theorem 3.1. O

Definition 3.3. Let (G, N,6) and (H, M,#’) be modular character triples satisfying the
following conditions:

(i) G=NH, M =NNH and Cg(N) < H.

(ii) There exist a projective representation P of G associated to § with factor set « and
a projective representation P’ of H associated to 6’ with factor set o such that
(ii.1) a|gxpg = o/, and
(ii.2) for every ¢ € Cg(N) the scalar matrices P(c) and P’(c) are associated with

the same scalar (notice that P(c) and P’(c) are scalar by Schur’s Lemma).

Let (o, 7) be the isomorphism of character triples given by P and P’ as in Theorem 3.1.
Then we call (o, 7) a central isomorphism of modular character triples, and we write

(G,N,0) =g, (H,M,0).
By Lemma 3.3 of [14], condition (ii.2) above is equivalent to

IBr(¢c, (n)) = IBr(os(¥)c,(n);

for every ¢ € IBr(J|f) and N < J < G. This is a modular analog of the relation ~,
defined in [14]. In particular, the fact that >p, . defines an order relation on the set of
modular character triples and is thereby transitive follows from Lemma 3.8 of [14].

We shall frequently use the following.

Lemma 3.4. Let (G, N,0) and (H,M,0") be modular character triples with

(G,N,0) =p,. (H,M,0).

(a) If P is a projective representation of G associated to 6 with factor set «, then there
exists a projective representation P’ of H associated to 6 with factor set o such
that

(ad) alpxg =o', and
(a.ii) for every ¢ € Cg(N) the scalar matrices P(c) and P'(c) are associated with
the same scalar.

(b) If P’ is a projective representation of H associated to 8" with factor set o/, then there
exists a projective representation P of G associated to 0 with factor set a such that
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(bi) a|lgxy =a’, and
(b.ii) for every ¢ € Cg(N) the scalar matrices P(c) and P’'(c) are associated with
the same scalar.

Proof. Let Q and Q' be projective representations as in 3.3. In the situation of (a),
by Theorem 8.14 of [13], there exists a unique map &: G/N — F* such that P(g) =
Q(g)¢&(g) for every g € G. Then P’ := Q' is a projective representation of H having the
required properties. Analogous arguments prove part (b). O

The following result analyzes the behavior of central isomorphic modular character
triples with respect to certain quotients.

Lemma 3.5. Suppose that (G,N,0) =g, . (H,M,8"). Let e: G — G1 be an epimorphism.
Write Ny = ¢(N) and Hy = €(H). Suppose that Z = ker(e) < Z(N) Nker(0) N ker(6')
and €(Cg(N)/Z) = Cg,(N1). Then

(G1, N1,61) =prc (Hi, My, 0Y),
where 01 € IBr(Ny) is such that @ = 01 o € and 0] € IBr(My) is such that 0’ =0} o e.

Proof. See the proof of Corollary 4.5 of [14]. Note that there the stronger assumption
Z < Z(G) is only used for the block-theoretic statements that are not relevant in the
context here. O

Let G; be finite groups for ¢ = 1, 2. Recall that IBr(G; xG2) = {61 x02 | 0; € IBr(G,)}.
The following lemma tells us how to construct central isomorphic modular character
triples using direct and semi-direct products.

Lemma 3.6. Let m be a positive integer. Suppose that (G;, N;,6;) = pr.c (Hi, M;,0;) for
1 < ¢ < m. Assume that all G;, H;, N;, M; are isomorphic. Write G = x*,G;,
H=x"H, N=x" N, M= x"™M,0 =20y x-x0, € IBr(N) and § =
0) x ---x 0 €IBr(M). Suppose that &, acts on G by permutation of the isomorphic
factors G;, inducing an action on N, H and M by permuting their factors. Assume
further (&) = (S )er. Then

(G % (G)o, N,0) =g (H X (Sp)g, M, 0).
Proof. Follows from the same arguments as in Theorems 5.1 and 5.2 in [16]. O

The following result is key, and lies deeper than the others already mentioned in this
section.

Theorem 3.7. Let (G,N,0) =p,. (H,M,0"). Suppose that N <Gy and G1/Cg,(N) is
equal to G/Cg(N) as a subgroup of Aut(N). Let Hy < Gy such that Hy > Cg, (N), and
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H,/Cq,(N) and H/Cg(N) are equal as subgroups of Aut(N). Then
(G1,N,0) =p,. (Hy, M,0").
Proof. This is, for Brauer characters, a particular case of Theorem 5.3 of [16]. O
The following nearly trivial observation will be useful later.

Lemma 3.8. Suppose that (G,N,0) =p,. (H,M,0"). LetT' with N <G <T and z €T.
Then (G*,N%,0%) =pr . (H", M, (8)").

Proof. According to Definition 3.3 one can obtain projective representations giving
(G",N*,0%) =pr. (H*,M*,(0')") by conjugation with = from those projective rep-
resentations giving (G, N,0) =g, . (H,M,0"). O

Next, we discuss the Brauer characters of a central product of groups and their relation
with Brauer central isomorphic character triples.

Lemma 3.9. Let N <G and T; with N < T; < G be such that G/N =Ty /N x---x Ty /N.
Suppose that [T;,T;] = 1 for every i # j. Given 8 € IBr(N) and ¢; € IBr(T;|0), there
is a unique x = @1 - ... i € IBr(G|0) such that xr, is a multiple of v;. Moreover, the
map

IBr(71]6) x --- x IBr(T|6) — IBr(G|0)
(@1, 08) P o1
is a natural bijection.

Proof. This is a natural adaptation of Lemma 5.1 of [8] to Brauer characters. 0O

Lemma 3.10. Let N < H < G. Let Z <G be an abelian group such that Z < Cg(N) and
ZNN=ZnM. Suppose that (H,N,0) =p, . (K,M,0"). Then

(HZ,NZ,0-v) = py. (KZ,MZ,0' -v)
for every v € IBryg (Z|\) where A € IBr(0znnr).
Proof. See Proposition 3.9(b) of [14] together with Theorem 3.7. O

Later in this paper, we will need to control the values of certain projective represen-
tations, see for instance Lemma 4.7. The following method for constructing projective
representations from representations given in [14] will be useful.

We recall that if e: G — G is an epimorphism with ker(e) = Z, then a Z-section
rep: G — G of € is a map such that e orep = idg and rep(1) = 1.
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Theorem 3.11. Let (G, N, 0) be a character triple with 0 € Irr(N). There exists a finite
group é, an epimorphism e: G — G with cyclic kernel Z < Z(G) and a Z-section
rep: G — G satisfying:

(a) N=NyxZ=eYN), Ny = N via €|y, and N1<9G. The action of G on N coincides
with the action of G on N via €.
(b) The character 6, = 0 o €|y, € Irr(Ny) extends to G. The Z-section rep: G — G

satisfies rep(n) € Ny, rep(ng) = rep(n)rep(g) and rep(gn) = rep(g)rep(n) for every
neN and g €G.

A

(¢) €(Ca(N)) = Ca(N).

In particular, if D is a representation of G such that D|n, affords 01, then the map P
defined for every g € G by

P(g) = D(rep(g))

is a projective representation of G associated to 6.
Proof. See Theorem 4.1 of [14]. O

Remark 3.12. The analog of Theorem 3.11 for modular character triples (G, N, ¢) also
holds.

4. Fake Galois action

We will start this section by reviewing how the Glauberman correspondence and a
certain Galois action on ordinary characters are naturally related. We then describe
the interplay between the projective representations associated with Galois conjugate
characters. Afterwards we introduce a new relation between modular character triples
which resembles Galois action. Finally, we investigate properties of this new relation.

Assume that a group A < &, is given, and let G > 1 be a group. Then A acts
naturally on G=Gx-xG = G™, the external direct product of m copies of G.
Furthermore, if A is transitive, then

A ={(g,--.9)€G | geG}
and an irreducible A-invariant character x of G has the form
xX=0x---x6

for some ¢ € Trr(G). The group Cz(A) is naturally isomorphic to G. Furthermore, if
(|A],]G]) = 1, then the Glauberman correspondent of x is some Galois conjugate of 6
viewed as a character of C(A). (See Proposition 4.2 below.)
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Notation 4.1. Let A™: G — G be the injective morphism defined by g — (g,...,g) for
every g € G. Then A™ defines natural bijections Irr(G) — Irr(A™G) and IBr(G) —
IBr(A™G), where A™@ is the image A™ (@), that is the diagonal subgroup of G. If from
the context m is clear, we omit the superscript m and write A instead of A™.

Whenever n is a natural number, we write QQ,, to denote the cyclotomic extension
of Q obtained by adjoining a primitive n-th root of unity to Q. For a fixed positive
integer m, let 7 be the set of primes dividing m. Let n be any positive integer, we denote
by 0., € Gal(Q,/Q) the Galois automorphism defined by

om (&) =&£7m = &L,

for every root of unity & € Q,,, where &, and &,/ are respectively the m-part and the
7’-part of £. This defines a Galois automorphism of Q,, for any n.
If x is any function taking values in a cyclotomic field, notice that xy°™ defined by
X7 (@) = x(2)7
is well-defined. For instance, if x is an irreducible character of a group G, then x?™ is an
irreducible character of G. However, this is not longer true if x is an irreducible Brauer
character of G.

Proposition 4.2. Assume that a solvable subgroup A < &,, is transitive. Let G be a finite
group with (|A|,|G]|) = 1. Let G be the m-th direct product of copies of G. Let 0 € Irr(G)

and let x = 0 x --- x 0 € Irrs(G). Then, the Glauberman correspondent of x is the
character X' = A(07™), where 8™ is the image of 0 under the Galois automorphism oy, .

Proof. This is essentially the content of Exercise 13.11 of [5]. To do the case where A
is cyclic of prime order, use Exercise 4.7 of [5]. The general case, follows by induction
on |Al. O

It is clear that the Clifford theory of two ordinary irreducible Galois conjugate char-
acters is related.

Proposition 4.3. Let N <G and 6 € Irt(N). Let m be an integer coprime to |[N|. Then 6
and 0’ = 0°™ satisfy:

(a) Gg = G@/.

(b) Assume G = Gy. There exist P and P’ projective representations of G associated to
0 and 0’ such that:
(b.1) the factor sets a and o' of P and P’ satisfy

a(g,g')7™ =a'(g,9")

for every g,¢' € G, and
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(b.2) for every ¢ € Cq(N) the scalar matrices P(c) and P'(c) are associated with &
and §7m for some root of unity § € Q|-

Proof. By Theorem 3.11 and [5, Thm. 10.3], there exists a projective representation P
of G associated to 6 whose entries are in Qj, for some k > 1. Choose P’ = P7. The
result follows from straightforward calculations. 0O

Let U be the subgroup of p’-th roots of unity of C* (the roots of order coprime to p).
Then the epimorphism * : S — F restricts to a group isomorphism *: U — F* by [13,
Lem. 2.1]. Let wy,: F* — F* be the map that o, induces via *: U — F*. We denote
by (“m the image of ( € F* under wy,.

As we have said, the Galois group Gal(Q|g|/Q) does not act in general on IBr(G)
(see page 43 of [13]). The fact stated in Proposition 4.3 motivates the following relation
between modular character triples, which characterizes when a pair of irreducible Brauer
characters behaves like Galois conjugates via o, with respect to the Clifford theory.

Definition 4.4. Let (G, N, ) and (G, N, ¢’') be modular character triples and let m be
an integer coprime to |N|. We write

(G, N.9)"™ =~ (G, N.¢),
if there exist projective representations P and P’ of G associated to ¢ and ¢’ such that:
(i) for every x,y € G the factor sets a and o of P and P’ satisfy
a(z,y) = d(z,y),
and
(ii) for every ¢ € Cg(N) the scalar matrices P(c) and P’(c) are associated with scalars

¢ and (¥™.

In the above situation we may say that ¢ is a fake m-th Galois conjugate of ¢ with
respect to N <« G.

We mention here some immediate consequences.
Remark 4.5. Let (G, N, ¢) be a modular character triple, m an integer coprime to |N]|.
(a) Then pm satisfies 7™ (n) = p(n™) for every n € N.
(b) If ¢ is linear, then 7™ = ™ € IBr(NV).

(c) Let ¢’ € IBr(N) and v € IBr(¢|z(ny). Then (N, N, )™ ~ (N, N, ') if and only if
IBr(¢'|zv)) = {»"}-
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We give an alternative reformulation for (G,N,¢)™ ~ (G,N,¢') in Lemma 4.8,
In a first step we show that for a Brauer character there always exists a projective
representation associated to it with particular properties.

Lemma 4.6. Let N<G and ¢ € IBr(G) with ¢ := ¢y € IBr(N). Then Cg(N)" < ker(p).

Proof. Let D be a representation affording ¢ and ¢ € Cg(N). Then D(c) commutes
with the irreducible representation Dy. By Schur’s Lemma, this implies that D(c) is
scalar. The map A: Cg(N) — F* given by D(c) = A(¢)I is a homomorphism. Hence
Cg(N)/ker(X) is an abelian p’-group. This proves the statement. 0O

Lemma 4.7. Let (G, N, ¢) be a modular character triple, m an integer coprime to |N|
and (F*),, the subgroup in F* of elements of order coprime to m. Then, there exists a
projective representation P of G associated to ¢ with factor set o such that:

(i) alg,9") € (F*)ms for every g,9' € G, and
(ii) for every c € Cg(N), P(c) is the scalar matriz associated to some & € (F* ).

Proof. Let m be the set of primes dividing m different from p, so that p ¢ .

First assume that ¢ extends to some x € IBr(G). In this case it suffices to prove that
there exists an extension of ¢ to G such that every m-element of Cg(N) lies in ker(y).
By Lemma 4.6, we may assume that Cg(N)’ = 1. Hence Cg(N) is abelian and the Hall
m-subgroup C of Cg(N) satisfies C < G. Then NNC =1 and NC = N x C. We want
to prove that there exists an extension of ¢ to G containing C' in its kernel. It suffices
to prove that the character @ € IBr(NC/C) given by ¢ extends to G/C.

Let ¢ be any prime. If ¢ € 7 and Q/N € Syl (G/N), then ¢ € IBr(NC/C) extends
to QC/C because of (¢,|[NC : C|) = 1 by Theorem 8.13 of [12]. If ¢ ¢ m and Q/N €
Syl,(G/N) we have that Q N C = 1. Then xq € IBr(Q) defines an irreducible Brauer
character of QC/C = @ that is an extension of @. According to Theorem 8.29 of [12],
this implies that ¢ extends to G/C, and we are done in this case.

Now, we consider the general case. By Theorem 3.11, respectively Remark 3.12, there
exists a central extension e¢: G — G of G with finite cyclic kernel Z and a Z-section
rep: G — G of € such that:

(a) N =N, x Z=¢"'(N), the groups N; and N are isomorphic via €|y, and N < G.
Moreover, the action of G on N coincides with the action of G on N via €.

(b) o1 = o€y, € IBr(Ny) extends to G. The Z-section rep: G — G satisfies
rep(n) € Ny, rep(ng) = rep(n)rep(g) and rep(g)rep(n) = rep(gn) for every n € N
and g € G.

(©) €(C4 ) = CalM).
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According to (b) the character ¢; extends to G. By the first part of the proof, there

is an extension ¢; € IBr(G) such that every m-element of C (V) lies in ker(¢1). Let D
be a representation affording ¢; and let P: G — GL(1)(F') be defined by

P(g) = D(rep(g)) for every g € G.

For every g,¢" € G we obtain

P(9)P(9") = D(24.9)P(99'),

PN

where z,, € Z < Z(G) is given by rep(g)rep(¢’) = z4,41ep(gg’). Since D(z4,4) is
a scalar matrix, P is a projective representation of G associated to ¢ with factor set
a: G x G — F* defined by a(g, ¢')I = D(z4,4) for every g,¢" € G. 1t is straightforward
to check that P satisfies the required properties. O

As a consequence of Lemma 4.7, we can reformulate Definition 4.4 in the following
convenient way.

Lemma 4.8. Let (G, N, ) and (G, N, ") be modular character triples, and let m be co-
prime to |N|. Then the following are equivalent:

(a) (G,N,p)™ =~ (G,N,¢"),

(b) there exist projective representations P and P’ of G associated to ¢ and ¢’ both
having the properties given in 4.7 and such that
(i’) the factor sets o and o of P and P’ satisfy

alg, g )™ =d'(g,9") for every g4’ € G,

and
(i") for every ¢ € Cg(N), the scalar matrices P(c) and P'(c) are associated with
scalars ¢ and (™ respectively.

Proof. Since (G, N, )™ ~ (G, N,¢') there exist projective representations Q and Q'
of G associated to ¢ and ¢’ having the properties listed in Definition 4.4. Let P be a pro-
jective representation of G associated to ¢ with the properties described in Lemma 4.7.
Then there exists a map £: G — F* with P = £Q, see Theorem 3.1(b) of [14]. Hence ¢
is constant on N-cosets in G. Let £': G — F with &'(g) := &(g)“™ for every g € G. Then
P’ = ¢'Q is again a projective representation of G associated to ¢'.

In order to verify that P and P’ satisfy the condition in (i’) let g, ¢’ € G. According
to Definition 4.4(i), the factor sets 8 and 8’ of Q and Q' satisfy 5(g,9")“™ = 5'(g,9").
By the definitions, the factor sets @ and o' of P and P’ satisfy

£(9)¢(d") §'(9)¢' (")

a(g,g’)=mﬁ(g7g’) and o/(g,9') = (99) 3'(g,9).
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This implies that a(g,¢' )™ = &'(g,¢’). By the choice of P, a(g,g’) is an m/-root of
unity in F*, hence o/(g,4") = a(g,¢’)™ also is. This proves that P and P’ satisfy the
condition (i’).

In order to verify that P and P’ satisfy the condition in (ii’) let ¢ € Cg(N) and
¢ € F* be the scalar associated to Q(c). According to Definition 4.4(ii), Q'(c¢) is the
scalar matrix associated with ¢“m. By definition P(c) and P’(c) are the scalar matrices
associated with (&(c¢) and ((&(c))¥™. By the choice of P, (&(c) is an m/-root of unity
in F* hence (¢£(c))“™ = (¢&(c))™ also is. Hence they satisfy the condition (ii’).

Moreover we see that P’ is a projective representation having the properties mentioned
in 4.7.

To prove the converse, just notice that the projective representations P and P’ in (b)
have the properties described in Lemma 4.7 and recall that w,, act on m’-th roots of
unity of F'* by raising them to its m-th power. It is then immediate that P and P’ give
(G,N,0)™ ~ (G,N,0). O

The notion of fake Galois conjugate character triples is important in our later appli-
cation, since it allows us to construct from Galois conjugate character triples new central
isomorphic character triples, see Theorem 4.10 below.

Notation 4.9. Let m be a positive integer. For groups H < G we denote by H™ the
external direct product of m copies of H, whenever the context is clear. For groups
K,H < G with K < Ng(H), we denote by AgK the group (H™, AK). Note that
(H™,AK) = H™(AK) in G™ because of K < Ng(H).

Theorem 4.10. Let (G, N, <p) and (G, N,¢") be modular character triples. Let Z = Z(N),
N:=N" G=A,G and N = AyN. Further let v € IBr(pz), p=@x--xp € IBr(N)
V=vx--xvelBr(Z) and p = Ay’ - v € IBr(N). Then the followz'ng are equivalent:

(i) (G.N, o)™ ~ (G,N.,¢),
()( (GNG )NSD)>'BTC(G>46WL7NSD)

Proof. We first prove that (i) implies (ii). Let Q and Q' be projective representations of
G giving

(G.N, )™ = (G,N.¢')
satisfying (b.i") and (b.ii’) of Lemma 4.8.
We construct projective representations Py and P) of N G and G associated to @ and

@ respectively. Note that NG =A ~G. Straightforward calculations show that the map
Po: NG — GLy1ym (F) given by

Po((n1, ..., nm)Ag) = Q(n19) ® - - - ® Q(nmg) for every (ny,...,n,) € N and g € G
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defines a projective representation associated to @. The factor set ag of Py satisfies
ao(iAg, 7 Ag') = B(g, g )™ for every i, € N and g¢,¢' € G,

where [ denotes the factor set of Q. Let 7 be an F-representation of 7 affording v where
Z = Z"™. The map P}: G— GL¢(1)(F) given by

Ph(ZAg) = 7(2)Q'(g) for every Z € Z and g € G

is a projective representation associated to . (The map is well-defined since IBr(vaz) =
IBr((A¢’)az).) The factor set afy of P satisfies

ag(ZAg,2’Ag’) = B'(9,9') = Blg,d" )™ = apn(ZAg,2' Ag')

for every g,¢' € G and 2,2’ € Z, where B’ denotes the factor set of Q. (Recall that
B'(g,9") = B(g,9')™ since Q and Q' satisfy Lemma 4.8(b.i")).

In the next step we extend Py and P to projective representations P and P’ of
(]\N/' é) % S,, and G x G,, with the required properties. Note that G,, has a natural action
on the tensor space ®F“"(1) by permuting the tensors. This induces a representation
R: &, — GLyym (F). The map P: ANG % 6, — GLy1ym (F) given by

P(zo) = Py(2)R(0) for every z € NG and o € &,,

is a projective representation of NGx&,, =N (é X &,,). Note that Pne,, is a represen-
tation, as defined in [4, Thm. 25.6]. By straightforward calculations using the definition
of R we see that the factor set o of P satisfies

a(iAgo, W' Ag'c’) = ag(iAg, 7' Ag') for every g,¢' € G, 7,7’ € N and 0,0" € G,y,.

In the next step we define P’ by extending Pj. Note that [AG,S,,] = 1. Hence
v and 7 are &,,-invariant and the map P': G x &, — GLy/(1)(F) with P'(gzo) :=
Pi(g)7(Z) for every g € G, 7 € Zand o € &, is a projective representation whose
factor set o’ satisfies

o/ (go,g'0") = al(g, g') for every g,¢' € G and 0,0 € &,y,.

Altogether this proves that P and P’ have the property described in Definition 3.3(ii.1)

t Nﬁé)xem(N)' We have that
C(Né)xem(N) = AzCg(N). Then = ZAc for some zZ € Z and ¢ € Cg(N). Since Q(c)
and Q’'(c) are scalar matrices associated with some ¢ and (™, respectively by 4.8(b.ii’).
By definition P(ZAc) and P’(ZAc) are scalar matrices associated with 7(2)¢™. This
implies that P and P’ satisfy the property in Definition 3.3(ii.2).

In the last step we compare P(z) and P’(x) for x € C
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Using the definitions of the various groups we see that the group theoretic conditions
in Definition 3.3(i) are satisfied. This proves (i) implies (ii) according to Definition 3.3.

In the following we only sketch the considerations that prove that (ii) implies (i): we
start by choosing a projective representation Q of G associated to ¢ as in Lemma 4.7.
Then one can construct a projective representation P of N (é X GS,y,) associated to ¢ as in
the first part of the proof. Let P’ be the projective representation of G x &,, associated
to @ given by Lemma 3.4(a). Then P’|ag defines via the natural isomorphism AG — G
a projective representation Q' of G associated to ¢’ because P’|an affords Ay’. Tt is
easy to check that Q and Q' give (G, N, )™ ~ (G, N, ¢') using Lemma 4.8. O

Corollary 4.11. Assume the notation and the situation of Theorem /.10. Let H <G with
H < Cg(N) and write Gy = AyuG. Then

~

(N(él X 6m)7ﬁa¢) ™ Brc (él A 6m7N7¢)-

Proof. Note that ]Vél = ENHG and él = EHZG are well-defined. The group ENHG X
&,, induces on N the same automorphisms as AyG x &,,. Accordingly, the statement
follows from Theorem 4.10 through an application of Theorem 3.7. O

Also, as a corollary of Theorem 4.10, we obtain that (G, N, )™ ~ (G,N,¢') is a
property that only depends on the characters ¢ and ¢’ as well as the automorphisms
induced by G on N. The actual structure of G has no influence on the relation.

Corollary 4.12. Let (G, N, ¢) and (G, N,¢") be modular character triples. Suppose that
for an integer m coprime to |N|,

(G,N,)'™ = (G,N,¢').

Let Gy be a group such that N <Gy and G1/Cgq,(N) is equal to G/Cg(N) as a subgroup
of Aut(N). Then

(G17Na gp)(m) ~ (GlaNa gpl)
Proof. This follows from combining Theorem 4.10 and Theorem 3.7. O

We have defined the notion of fake m-th Galois conjugate character triples. We con-
clude this section by introducing fake m-th Galois action and verifying their existence on
p-solvable groups. Indeed, the fact that fake Galois actions do always exist on p-solvable
groups will lead to a simpler verification of the inductive Brauer—-Glauberman condition
defined in the subsequent Section 6, see Remark 6.2.

Definition 4.13. Let N<G. Let . < IBr(N) be a G-invariant subset. Let m be an integer
coprime to |N|. We say that there exists a fake m-th Galois action on . with respect
to G if there exists a G-equivariant bijection
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fm: S —> S
such that
(G, N, go)(m) ~ (Gp, N, fm(p)) for every p € 7.

Let N be a p-solvable group. Then the Galois group Gal(Q|x|/Q) acts on IBr(N), see
the proof of Proposition 4.15 for more details. In this case, we show that there exists a
fake m-th Galois action on IBr(N) for any integer m coprime to |N| and with respect
to any G with V a4 G. We first need a lemma.

Lemma 4.14. Let N <G and 0 € Irr(N). Assume that 0 is G-invariant and 8° € IBr(N).
Let k = exp(G). Write L =Qy, and S, ={r/s | r€ RNL,s € RNL— M}. There exists
a projective representation of G associated to 6 with matriz entries in Sp,.

Proof. We notice that by Brauer’s Theorem [5, Thm. 10.3], L is a splitting field for G.
By Problem 2.12 of [13], let J be an Sp-representation of N affording 6. We check that
there exists a projective representation of G associated to 6 extending ) with entries
in Sr. For every g € G/N, the representation ) extends to a representation Vg of (N, g)
as in Theorem 8.12 of [13], where g € G with gN = g. Define D(g) = Yyn(g) for every
g € G. Then D is a projective representation of G extending ), by Lemma 8.27 of [13].
Hence, it suffices to control the matrix entries of the representations ),. In other words,
we only need to check the case where 6 extends to G.

Let 6 € Irr(G) be an extension of . Let X’ be a representation affording 0 with entries
in S7, (again such X does exist by Problem 2.12 of [13]). We have that X affords 6.
Hence, there is some 7' € GL,(L) such that Xy = T'YT. Write T = (t;;), where
ti; € L. By Lemma 2.5 of [13], since all ¢;; are algebraic over Q, there exists § € L
such that all 8t;; € R but not all St;; € M. Since Xy = (8T) ' Y(BT), we may assume
that t;; € R and T* # 0 (replacing T' by ST). By assumption, the F-representations
X% and Y* are irreducible. Moreover T* Xy, = Y*T™. By Schur’s Lemma, this implies
T* € GL,(F). In particular, we have that det(7T™) = det(T)* # 0 and so det(T) ¢ M.
Thus T € GL,(S1) and the representation TXT~! with entries in Sy, extends J. O

Proposition 4.15. Let N be a p-solvable group and m an integer coprime to |[N|. If N < G,
then there exists a fake m-th Galois action on IBr(N) with respect to G.

Proof. Let B,/ (NN) be the subset of Irr(N) defined in Section 5 of [6]. By Corollary 10.3
of [6], we have that B,/ (IN) provides a canonical lift of IBr(/N). Moreover, Aut(N) and
Gal(Qn|/Q) act on the set By (N). Thus, the bijection By (N) — IBr(N) given by
0 +— 6° commutes with the action of Aut(N). Consider o, as defined at the beginning
of this section. Let ¢ € IBr(N) and 6 € By (N) with ¢ = 6°. Since 87 € B,/(N), we
have that ¢ = (#°)° € IBr(N). Hence the map f,,: IBr(N) — IBr(N) defined by
© = @™ is an Aut(N)-equivariant bijection.
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Let ¢ € IBr(N). We want to prove that (G,, N,¢)™ =~ (G,, N,p°m). We may
assume that G = G,,. Let § € B/ (N) be the canonical lift of ¢. Then ¢ is G-invariant
and 07 is the canonical lift of p7™. Let k = exp(G) and write L = Q. By Lemma 4.14,
there exists a projective representation D of G associated to # with matrix entries in Sy, =
{r/s|r € RNL,s € RNL—MNL}. In particular, the map D is a well-defined projective
representation of G associated to 7 with matrix entries in Sr. It is straightforward to
check that the F-projective representations P = D* and P’ = (D™ )* associated to ¢
and 7™ satisfy the required properties of Definition 4.4. O

5. Coprime action on simple groups and their direct products

In this section we study the situation where a group A acts coprimely on the direct
product of isomorphic non-abelian simple groups. We describe the structure of A and
related groups.

The starting point of our considerations is the following consequence of the classifica-
tion of finite simple groups.

Theorem 5.1. Let S be a simple non-abelian group. Let B act on S faithfully with
(I1B],1S]) = 1. Then B is cyclic, Nau(s)(B) = Caut(s)(B) and

Z(Cx(B)) = Cx(B) N Z4(X), (5-1)

where X is the universal covering group of S and B acts on X via the canonical identi-
fication Aut(S) = Aut(X) from [1, Ez. 6, Chapt. 11].

Proof. We identify B with the corresponding subgroup of Aut(S). According to the
classification of finite simple groups the group S has to be a simple group of Lie type and
B is Aut(.S)-conjugate to some group of field automorphisms of S, see for example Section
2 of [10]. Accordingly B is cyclic. The structure of Aut(S) is described in Theorem 2.5.12
of [3]. Straightforward computations with Aut(S) prove that Nayu(s)(B) = Caut(s)(B)-

Let X be the universal covering group of S. For the proof of Z(Cx(B)) = Cx(B) N
Z(X) we may assume that B # 1 and hence by the above that S is a simple group of Lie
type. Arguing as in the beginning of Section 2 of [10] we see that the Schur multiplier
of S is generic or S = ?By(8) and B is a cyclic group of order 3.

Let us consider first the case where S = 2B5(8) and that B is a cyclic group of order 3.
Then X = 22.2B5(8) and Cx(B) = 2Bs(2). The group ?Bs(2) is a Frobenius group of
order 5 - 4 and has trivial centre. Accordingly Z(X) N Cx(B) is trivial as well.

Hence we can assume that X = X¥, for some simply-connected simple algebraic group
X and some Steinberg endomorphism F': X — X. We can assume that B is generated
by some automorphism that is induced by some Steinberg endomorphism Fj: X — X.
Without loss of generality we can assume that some power of Fj coincides with F.
According to Theorem 24.15 of [11] we see that
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Z(Cx(B)) = Z(X™) = Z(X)™ = (Z(X)")™ = (Z(X"))™ = Z(X) N Cx(B).
This is the equation. O

Notation 5.2. Let S be a non-abelian finite simple group, let X be the universal covering
group of S. Let r be a positive integer r and X := X", the external direct product of
r copies of X. Suppose A < Aut(X) with (J4],|X|) = 1. Let I' < Aut(X) such that
I < CAut(}(v)(A) and that I'A acts transitively on the factors of X.

In the following we identify Aut(X) with Aut(S)?&,, using that Aut(X) = Aut(S)
by Exercise 6 of Chapter 11 in [1] and Aut(X) = Aut(X)? &, by straight-forward
considerations. We use the notation introduced for elements of wreath products given
in [2].

Note that X is also the internal direct product of Xi,..., X,., where for i =1,... r,
the group X; is defined by

X,=1x---xXx---x1

with a non-trivial factor at the i-th position. The natural isomorphism pr;: X; — X
induces the epimorphism

pr,;: Aut(X)x, — Aut(X) with o — pr; L oalx, o pr; . (5.2)

Lemma 5.3. Assume the notation in Notation 5.2. Write B; = pr;(Ax,) for each i €

{1,...,r}.

(a) The groups B; are cyclic.
(b) IfTA acts transitively on {X1,...,X,}, then B; and By are Aut(X)-conjugate and
the A-orbits on the set {X1,...,X,} all have the same length.

Proof. Notice that B; acts on X with (|X|, |B;|) = 1. By Theorem 5.1, we have that B;
is cyclic. This proves part (a).

Now, since LA acts transitively on {X1,...,X,}, there is some «a; € ['A such that
X7 = X;. It is easy to check that B; = pr(Ax,) = Pr((Ax,)") = Blﬁi, where f5; €
Aut(X) is given by f; o pr; = pry oo{1

X+
Furthermore T' permutes transitively the A-orbits on {Xj,...,X,}. Hence these
A-orbits all have the same length. This concludes the proof of part (b). O

According to the classification of finite simple groups Schreier’s conjecture holds, i.e.
Out(S) is always solvable. In particular, if X is the universal covering group of the
non-abelian simple group S and 7 is the set of primes dividing |X|, then Aut(X) is
m-separable, and hence there are Hall 7’-subgroups in Aut(X).

Using this fact one can determine a convenient group containing A.
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Proposition 5.4. Assume the notation in Notation 5.2. Write B; = pr;(Ax,) for each i €
{1,...,r}. Suppose that TA acts transitively on {X1,...,X,}. Let m be the set of prime
divisors of | X|. Let H be a Hall 7’-subgroup of Aut(X). Then A is Aut(X)"-conjugate
to a subgroup of H16&,.. Also, B; = By for alli=1,...,r.

Proof. By the discussion preceding the statement of this proposition Aut(X) is
m-separable. Hence Aut(X)"A is also m-separable. Let K = Aut(X)"A N &,. Notice
that K is a 7’-subgroup of &,.. Moreover, H" x K is a Hall ©’-subgroup of Aut(X)"A.
Since A is a m’-subgroup of Aut(X)" A, there exist a € A and o € Aut(X)", such that

A =A< H " xK <H6G,.
For the latter part we may assume A < H1&,.. Now, By, B; < H are Aut(X)-conjugate
by Lemma 5.3(b). In particular |B;| = |Bi|. Since H is cyclic, by Theorem 5.1, this

implies B; = B;. O

Proposition 5.5. Assume the notation in Notation 5.2. Suppose that A < H1S,.. Write
B =pr(Ax,). Then A is H"-conjugate to a subgroup of B1&,.

Proof. It is enough to prove the statement in the case where A acts transitively on
{X1, -+, X,} by working on A-orbits.

If A< H G, acts transitively on {X,..., X}, then for every i € {1,...,r}, there
exist a; € A such that

X=X,
and h; € H such that for every z € X
(z,1,...,1)% =(1,...,2" ... 1) € X;.

Let h = (1H,h2_1,... h') € H". We claim that A" < B &,. First notice that

pr,((AM)x,) = pr((Ax,)") = B. Now, write a; = h™ta;h € A" < H 1 &, for each
i€ {l,...,r}. Then

for every z € X.

Let y € A". Then y = (y1,...,y-)p € H1&,. Let i € {1,...,r}. Write j = p~1(i), so
that

XY= X;.

Since
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(z,1...,1)8%8 " = (z%,1...,1) € X,

for every x € X, we have that aiyh\;1 € (AM)x,. Consequently y; € B. This argument
applies for every ¢ € {1,...,7}, hence the claim follows. O

Recall the notation from the previous section. In the m-th direct product G™ of G
and for U < G we write AU < G™ for the diagonally embedded group U. We denote by
A,U the group generated in G™ by the m-th direct product Z™ of Z and AU, whenever
U < Ng(Z). If we want to emphasize that AzU is constructed in G™ we write Z;U.

Proposition 5.6. Assume the notation in Proposition 5.4. Let B = By and let I’ =
Caut(x)(B). Suppose that A < B1 &, and that A acts transitively on {X1,...,X,}.
Then

A< (ARD) x &,.

Proof. Let ¢ € I'. Then ¢ = (c1,...,¢,.)p with ¢; € Aut(X) and p € &,. Let a € Ax,.
Then a = (by,...,b.)o with b; € B and o € &,.. The equation ac = ca implies that

b1 = c;lbp_1(1)cl € B.

This holds for every a € Ax,. Hence ¢1 € Npyy(x)(B). By Theorem 5.1, we have that
Naut(x)(B) = Caug(x)(B) = I'. Proceeding like this for elements a € Ax,, we conclude
ci €T for every i € {1,...,r}. Hence I' < T G,..

Now, for a € Awitha = (by,...,b.)0 € B1S, and ¢ € [ with ¢ = (c1y...,¢.)p € NG,
the equation ac = ca implies that

bica—l(i) = Cibpfl(i).

Hence 0071(1)0;1 € Bforeveryi € {1,...,r}. Since A acts transitively on {X1,..., X, },
we have that

-1
cjc; - € B,

for every j € {1,...,r}. This proves that (c1,...,¢.) € BTAT' = ApT. This proves that
I <(AgT)x&,. O

For our later application we consider the case where LA acts transitively.

Proposition 5.7. Assume the notation in Proposition 5.4. Let B = Bi and let I’ =
Caut(x)(B). Suppose that A < B1 &, and that T'A acts transitively on {X1,..., X, }.
Let m be the length of an A-orbit in {Xy,...,X,}. Then for some T € &, we have that

AT < (B16,)"™ and (TA)” < (A5T) x 6,)16 .
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Proof. By Proposition 5.6 the statement holds when m = r.

Let d = r/m. We may assume that the A-orbits on {Xi,...,X,} are exactly
{X1,. . X} AX@—1)mt1s - - Xam } after conjugating LA by some 7 € &,. (Notice
that A™ and '™ satisfy the same hypotheses as A and f) This proves the first statement.

Let a = (by,...,b)o € AT < (B16,)% and ¢ = (¢1,...,¢.)p € ™. Note that
o € (Gm)d, hence we can write ¢ = o1---04 where g, € &,, permutes the set
{(l—=1)m+1,...,Im}. The equation ac = ca implies that

bicg—l(i) = Cibp—l(i) and o =o.

Notice that o” = o implies that for every | € {1,...,d}, we have that o] = o}, for a
unique k € {1,...,d}. Proceeding as in the first paragraph of the proof of Proposition 5.6
we can prove that ¢; € I'. Also, arguing as in the second paragraph of the proof of
Proposition 5.6 we see that

CU—l(i)C;l eB

for every i € {1,...,r}. We can proceed like this for every a € A. Since A is transitive
on each {(I—1)m+1,...,lm} we conclude that

-1
cjc, €D

for every j € {({—=1)m +1,...,lm} and for every | € {1,...,d}. Hence (c1,...,¢) €
(BmAT) = (ALT)4.

Finally, since o” = ¢ for every o coming from an element a € A, we conclude that p
permutes the set {{({—1)m+1,...,im} |l =1,...,d} and also permutes the elements
of the set {(I—1)m+1,...,Ilm} for each I =1,...,d. Hence p € &,,1S,4. We conclude
that ¢ = (c1,...,¢.)p € ((ng) X6,)164. O

6. The inductive Brauer—Glauberman condition

In this section we introduce the inductive Brauer—Glauberman condition. Then we
outline some consequences for central products of covering groups of non-abelian simple
groups.

Definition 6.1. Let S be a non-abelian simple group and X the universal covering group
of S. We say that S satisfies the inductive Brauer—Glauberman condition if for every
B < Aut(X) with (| X],|B]|) = 1 the following conditions are satisfied:

(i) For Z := Z(X), I' := Cau(x)(B), Cp := Cx(B) and C := CpZ there exists a
I'-equivariant bijection

QB: IBI“B<X) — IBIB(C'>7
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such that for every 6 € IBrg(X)
(X X FQ,X, 0) >‘Br,c (C X F@,C, QB(Q))

(ii) For every non-negative integer m with (|X|,m) = 1, there exists a fake m-th Galois
action on IBr(Cy) with respect to Cy x I

The above condition can be divided into two requirements. Each of them has to be sat-
isfied for the universal covering group X and all groups B < Aut(X) with (|X|, |B]|) = 1.
In order to check the requirements in Definition 6.1 for all non-abelian simple groups some
simplifications are available. First we only need to consider B up to Aut(X)-conjugation.
Moreover the condition 6.1(ii) is true in all required cases whenever 6.1(ii) is true for the
universal covering group of every non-abelian simple group and B = 1.

Remark 6.2. Let S be a non-abelian simple group and X the universal covering group
of S.

(a) The group S satisfies the inductive Brauer—Glauberman condition, if the conditions
hold for some Aut(X)-transversal of subgroups B of Aut(X) with (| X|,|B|) = 1.

(b) Let B < Aut(X) with (|X|,|B]) = 1 and |B| # 1 and assume that Cx(B) is
quasi-simple. Then Condition 6.1(ii) holds for X and B, if for every integer m with
(m,|X|) = 1 there exists a fake m-th Galois action on IBr(X;) with respect to
X1 % Aut(X7), where X7 is the universal covering group of the unique non-abelian
composition factor of Cx (B).

(c) Let B < Aut(X) with (|X|,|B|) = 1 and |B| # 1 and assume that Cx(B) is not
quasi-simple. Then Condition 6.1(ii) holds for X and B.

Proof. For the proof of (a) we suppose that 6.1(i) and 6.1(ii) from Definition 6.1 are
satisfied for the universal covering group X of some simple non-abelian group and for
some B < Aut(X) with (|X|,|B|) = 1. Let a@ € Aut(X). Define Qpa(x*) = Qp(x)*
for every x € IBrp(X). Then Qpo is a ['*-equivariant bijection. By Lemma 3.8 we
have that condition 6.1(i) is satisfied for Qpa. Let m be an integer with (|X|,m) = 1.
Let fp: IBr(Cx(B)) — IBr(Cx(B)) give the fake m-th Galois action on IBr(Cx(B))
with respect to Cx(B) x I', as in Definition 4.13. Define f! (¢*) = fim(@)* for every
¢ € IBr(Cx(B)). It is easy to prove an analogue of Lemma 3.8 for m-th Galois conjugate
modular character triples via Lemma 4.8. This implies that f/ gives a fake m-th Galois
action on Cx (B%) with respect to Cx(B%) x I'*.

Now we prove parts (b) and (c). Let X be the universal covering group of some
non-abelian simple group S. Let B < Aut(X) with (|B|,|X]|) = 1. If B # 1, then the
group S is a simple group of Lie type and B is Aut(X)-conjugate to some subgroup of the
field automorphisms of X, see for example Section 2 of [10]. By part (a) we may assume
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that B consists of field automorphisms. By Theorem 2.2.7 of [3], the group Cx(B) is
either quasi-simple, solvable or Cx(B) € {B2(2), G2(2), 2F4(2),2G2(3)}.

Suppose that Cx (B) is not quasi-simple. Write Cy = Cx(B). If
Co € {B2(2), G2(2), *F4(2),*G2(3)},

then Out(Cy) is cyclic and Z(Cy) is trivial. Hence, it is easy to show that the identity
yields a fake m-th Galois action on IBr(Cy) with respect to Cy x Aut(Cy), for every
positive integer m with (|X]|,m) = 1. If Cy is a solvable group, then Theorem 4.15
guarantees that for every m with (|X|,m) = 1, there exists a fake m-th Galois action on
IBr(Cy) with respect to any G in which Cj is normal. This proves part (c).

In all other cases Cx(B) is quasi-simple and there exists some non-abelian simple
group S7 such that Cx(B) is a central quotient of the universal covering group X3
of S;. By assumption for every m with (|X1|,m) = 1, there exists a fake m-th Galois
action on IBr(X;) with respect to X; x Aut(X;). Since Cauyx)(B) < Aut(X;) this
gives the required fake m-th Galois action on IBr(Cx (B)) according to an analogue of
Lemma 3.5 for fake Galois conjugate modular character triples. We use that if m is such
that (|Cx(B)|,m) = 1, then also (|X1|,m) =1 by [1, 33.12]. This proves (b). O

Notation 6.3. Let S be a non-abelian simple group and X its universal covering. We
write Z 1= Z(X). If B < Aut(X), then we write Cy := Cx(B), C := CoZ and I :=
Caut(x)(B). For a positive integer r, let X =X".Z2=2",C:=C".Let A: X -+ X
be the map defined as in 4.1. We also continue using the constructions introduced in

Notation 4.9 and write C' := EZCO. For 1 <+i¢ <rlet X; and pr; be defined as in 5.2.
Our aim in this section is to prove the following.

Theorem 6.4. Let S be a non-abelian simple group satisfying the inductive Brauer—
Glauberman condition. Let X be the universal covering group of S, r a positive integer
and A < Aut(X) with (|A],1X]) = 1. Write I = CAut(;;)(A). Suppose that TA acts
transitively on the factors {X1,...,X,} of X. Then there exists a f-equivam’ant bijec-
tion

Qg 4 IBra(X) — IBra(C(A)2),

such that for every x € IBra(X) and x' := Q% ,(x)
(X % Ty, X, x) =5re (C5(A)Z x Ty, Cx(A)Z,X). (6.1)

We prove this result by first establishing a particular case and subsequently gener-
alizing to the above statement. In the following we use the identification Aut(X) =
Aut(X)16,. For A < Aut(X), write B :=pr;(4x,) < Aut(X).
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Proposition 6.5. If A acts transitively on {X1,...,X,} and A < B1S,., then Theorem 6./
holds.

First we determine the group C X(A)Z and some related sets of characters.

Lemma 6.6. If A acts transitively on {X1,...,X,} and A < B16&,., then

(a) Cx(A) = ACy =Cx(B16G;).

(b) IBry(X)={6x -- ><0\9€IB1"B(X)},

(¢) IBry(Z) ={vx---xv|velBrg(2)},

(d) IBrp(C) = {¢ -v | ¢ € IBr(Co) andv € IBrp(Z) with IBr(oc, ) =
IBr(vc,(p))}

(e) IBra(C) ={(px %) (vx-xv)|p€elBr(Co) and v € IBrp(2)},

(f) IBra(C) = {(Ap) - u1 | ¢ € IBr(Cy) and pu € IBra(Z)}.

Proof. Part (a) easily follows from Lemma 2.2 of [9]. The rest follows from straightfor-
ward considerations (use Lemma 3.9 for parts (d), (e) and (f)). O

Note that by Lemma 6.6(a), we have that C = A,Cp = CX(A)Z Before defining the
map Q % .4 We introduce the bijection fr: IBra(C) — IBra(C).

Proposition 6.7. In the situation of Proposition 6.5, let I := ApT andY = C'x (f xG,).
Then there exists a ATl -equivariant bijection

fr: IBr4(C) — IBra(C)

~

such that for every ¥ € IBra(C ) and ¥ = fr(zb) we have (CY C, {/;) >~ Br.c (371;70,17)).

Proof. Write Zy, = Z(Cy), Zo = Z§ and Co = C§. Note that the assumption that
A acts transitively on {Xi,...,X,} with (|X|,]A4|) = 1 implies (r,|X|) = 1. Since S
satisfies the inductive Brauer—Glauberman condition, there exists a fake Galois r-th
action on IBr(Cy) with respect to Cp x I'. Let f,. give a fake r-th Galois action as in
Definition 4.13.

Let {/; € IBr4(C). By Lemma 6.6(f), we have that ¢) = -7 for some $ = px -+ X ¢ €
IBrA(CO) and U = v x --- x v € IBry(Z) with IBr(¢|conz) = IBr(v|conz). We define

fr(1/1) := A(fr(®)) - 7. By this definition fr isa bljectlon Note that fr is AT'-equivariant
as f, is ['-equivariant. In particular, for 1/) fr (1/1) we have that Y~ = Ytz we have that
[Z, B] C ker(v).

Let ¢’ = fr(¢) and Yy := Cy x I'y. Since f, yields a fake Galois 7-th action on
IBr(Cp) with respect to Yy, we have that

(Y()?COv ) (YOvCO, ) (62)
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Let Co := Ay, Co, A € IBr(pz,), A=A x -+~ x A € IBr(Zy) and = Ay’ - X € IBr(Ch).
Write Yy := EZOBYO. Since ZpB < Cy,(Cy), by Corollary 4.11 we have that Equation
(6.2) yields

(Co(Yo % 6,),Co,3) =pre (Vo x6,,Co,p). (6.3)

According to Theorem 5.1, we have Zy = Z N Cy and consequently C=27 Co. Then
Equation (6.3) together with Lemma 3.10 implies

(0?1;’ C, w) > Br,c (?J), 617 ¢) O
We can finally prove Proposition 6.5.

Proof of Proposition 6.5. We define € := QEZA: IBr(X) — IBrg(C) by
QO x - x0) = f,(Q(0) x - x Qp(0)),

for every 6 € IBrg(X), where Qg is given by Definition 6.1(i) and £, is given by Propo-
sition 6.7. This map is well-defined according to Lemma 6.6. Also, by Lemma 6.6(e) this
map is a bijection since f, is a bijection.

Recall T’ = CAut()?)(A)' Write T = Apl' x &, = A['(B16,). By Proposition 5.6

F<TA<T.

In order to prove that Q is f-equivariant we show that € is actually Y-equivariant. In
view of the description of IBr,(X) and IBra(C) given in Lemma 6.6, it follows that
B S, acts trivially on those sets. Hence Qis B2 G,-equivariant. By definition, Qp is
T'-equivariant and by Proposition 6.7, fr is ATl'-equivariant. Hence Qis ATl'-equivariant,
SO f—equivariant.

It remains to prove that for every x € IBra(X)

(X Ty, X,X) =Brc (CxTy,C,Qx)).

Let x € IBra(X) and 0 € IBrg(X) with y = 0 x --- x 6. According to Definition 6.1(i),
0" := Qp(0) satisfies

(X x Ty, X, 9) > Br,c (C x Ty, C, 9’).
For ¢) = ¢ x --- x # € IBr(C), the equation above and Theorem 3.6 imply
(X % (D926,), X,x) =5rc (Cx (T916,),C,4).

Using T <I'!1 6, and T, <I'916, we deduce
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(X %Yy, X,X) = Bre (C % Ty, C1)). (6.4)

Let Y :=Cx T, ¢:= f,ﬂ({ﬁv) Then ¢ = ﬁ(x) By Proposition 6.7 we know

(CxYy,C,1h) =pre (Cx Y7, Cah). (6.5)

Since >-p, . is a partial order relation, > p, . is transitive, so Equations (6.4) and (6.5)
imply

~ ~

(X % Ty, X, %) =re (Cx Y5, C0).
Since fx <Ty=7;and = Q(X) this proves the statement. O

Remark 6.8. Assume the situation described in Proposition 6.5 as well as the notation
of Theorem 6.4. The proof of Proposition 6.5 actually shows that the conclusions of
Theorem 6.4 also hold with T = AgI’ ¥ &,. DI in place of T

Proposition 6.9. Let m be the length of some A-orbit on {X1,..., X, }. If LA acts tran-
sitively on {X1,...,X,} and A < (B1&,,)m, then Theorem 6./ holds.

Proof. Let A = {X1,...,X,} and Aq,...,Aq be the A-orbits on A. Notice that r per-
mutes the A-orbits transitively by hypothesis. Hence r = dm, where m is the length of
any A-orbit. We may assume A; = {X(_1)m+1,---, Xjm} for every 1 < j < d. Since
A < (B16,,)4, we know from Proposition 5.7 that

AC (A)=AL < T,

Aut(X)
where T := (Zgl" X 6,,) 1 6,.

For every 1 <j <dlet Xy, :=(Y | Y € Aj) and Zy, := (Z(Y) | Y € A;). Clearly A
acts on X, with (JA|,[X4,|) = 1. Let T; be the projection of Staby (X, ) into Aut(Xy, ).
Then Y, is isomorphic to E;;Ll" X &, By Lemma 6.5 (and using Remark 6.8), there is
a Yp-equivariant bijection

ﬁAl,AZ IBI‘A(XAl) — IBI‘A(éAl),

where éAj = CXAj (A)Zy, . Furthermore for every x; € IBrs(X,,) and X := (NZAl,A(Xl)
we have

~ ~

(XA1 X (Tl)X17XA17X1) ” Br,.c (CA1 X (TI)XNCAN\)Zl)' (66>
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For 2 < j < d we define T j-equivariant bijections
ﬁAj,A: IBTA(XAJ) — IBrA(é’Aj)

from QXAI,A via the permutation action of &4. For every x; € IBrA(XA].) and X; =
ﬁAij(Xj) we have

~

(Xa; % (T)x;» Xa,5X5) =Bre (Ca; % (T))x,,Ca,n Xy) (6.7)

by a transfer of Equation (6.6) via Lemma 3.8. Note that IBr A()N( ) is in natural corre-
spondence with IBrg(Xy,) X -+ x IBra(X,,) and C = CX(A)Z = éAl X e X éAd-
For x; € IBra(Xy,), the map (NZ)?’A: IBrA(f() — IBr(C) given by x1 X -+ X Xa —
(NZAMA(Xl) X oee X ﬁAd,A(Xd) is a well-defined (Y7 x -+ x T4)-equivariant bijection. By
definition SNI)? 4 18 Gg-equivariant, where & is identified with the subgroup of T acting
on the groups’ X, by permutation. Hence it is T-equivariant.

A straightforward argument proves that every character in IBra(X) is (Y1 X -+ X
T 4)-conjugate to some x = x1 X --- X Xxq where either y; and x; are &4-conjugate or
Xi and x; are not T-conjugate (again Sq is identified with the subgroup of T acting on

the X, groups by permutation). This implies that the stabilizer T, of x in Y satisfies

Ty =((T1)xy X (Ta)xa) ¥ (Ga)y-

The Equations (6.6) and (6.7) for 2 < i < d together with Theorem 3.6 imply that the
character x satisfies

(5(: X TX,)Z',X) >Br,c (é X Txaévx/)7

where X' := Q(x) = X1 X -+ X Xaq. Of course, since I <Y, we deduce

(X X FX7X7 X) >'BT,C (é X PXﬂ é»X’)~
By Lemma 3.8 this proves the statement. O

Proof of Theorem 6.4 . By Proposition 5.4 there exists some o € Aut(X)" such that
A® < B 6,, where B is the projection of Ax, on Aut(X). Let m be the length of
an A-orbit on {Xi,...,X,}. Since T acts transitively on the A-orbits, d = r/m is the
number of A-orbits. Let 7 € &4 be as given in Proposition 5.6. Then A*™ < (B Gm)d.
Let ﬁyﬁ,ﬂ QO
X = §~2)7’AM(X‘)‘T)(‘”)_1 for every x € IBrA()Z'). It is easy to check that Q)N(,A is a

be the f”—equivariant bijection given by Proposition 6.9. Define Q¢ , by

f—equivariant bijection. Use Lemma 3.8 to check the central character triple isomorphism
condition with respect to Q% ,. O

The above statement is relevant by implying the following two results.
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Theorem 6.10. Let A act coprimely on G. Let K <G be an A-invariant perfect subgroup.
Suppose that G = KCg(A). Write C = Cg(A) and M = KNC. Suppose further that A
acts trivially on N = Z(G) < K, K/N = S1 x --- x S, &2 8", where S is a non-abelian
simple group, and CA permutes transitively {S1,...,S-}. If S satisfies the inductive
Brauer—Glauberman condition, then there exists a C-equivariant bijection

Q' IBra(K) — IBr(M),
such that (Gy, K, x) »Br.c (Cy, M,X') for every x € IBra(K) and x" = Q'(x).

Proof. Because of G = KCg(A) the group C4(K) coincides with C4(G) and we may
assume that A acts faithfully on K, i.e. A < Aut(K). Let S := 57, Let X be the universal
covering group of S. Then, X is the universal covering group of S. Write Z := Z(X ).
Since K is a covering of S there exists an epimorphism 7 : X — K with L := ker(m) < Z
where Z := Z(X). In fact, X is the universal covering of K.

The map 7 induces an isomorphism Aut(X);, — Aut(K). Hence, the groups A
and C = CCq(K)/Cq(K) can be seen as groups of automorphisms of X. In fact,
under this identification, the group AC < AC Aut X)(A) acts transitively on the fac-

tors of X. Because of (|A| |K|) = 1 we have (JA|,|X|) = 1 by [1, 3.3.12]. Write
r = CALLt(X)(fl) and C' := Cy %(A)Z. By Theorem 6.4, there exists a I'-equivariant
bijection  := Q% ,: IBr4(X) — IBra(C) such that

~ ~ ~ ~ ~

(X % Ty, X, %) =8re (C 1Ty, C,Q(x))
for every x € IBr A()? ). Since C < f, we have that €2 is C-equivariant and
(X %1 Cy, X,X) =pre (CxCy,C,x) (6.8)
for every y € IBr (X) and x' := Q(x). According to Equation (6.8) and Definition 3.3(ii)
QIBra(X | 1)) = IBra(C | 11).

Note that 7(C') = 7(Cx(A)Z) = Cx(A) = M and IBra(M) = IBr(M). Hence Q

defines, via 7, a C-equivariant bijection
Q' IBra(K) — IBr(M).

Notice that Cx, =(X) = ZW, m(Z/L) = N = Z(K) = Cy,io(K) and L < Z Nker(x) N
ker(x’) for every x € IBrs(X /L) and x' := Q(x) € IBr4(C/L). By Lemma 3.5, Equation
(6.8) implies that

(K X CXvKu X) > Br,c (M X CX’M?X/)
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for every x € IBry(K) and x' := Q/(x). Finally, a direct application of Theorem 3.7
yields

(Gy, K, X) = Brc (Cy, M, X'). O

Corollary 6.11. Let A act coprimely on G. Let K 4G be A-invariant. Suppose that G =
KCg(A). Write C = Cg(A) and M = KN C. Suppose further that A acts trivially on
N=Z(G) <K, K/N =51 x---x8. 28", where S is a non-abelian simple group, and
CA permutes transitively {S1,...,Sr}. If S satisfies the inductive Brauver—Glauberman
condition, then there exists a bijection

Q' IBra(K) — IBr(M),
satisfying (Gy, K, x) > gr,c (Cy, M, X') for every x € IBra(K) and x' = Q' (x).

Proof. Let Ky = [K, K]. Since K/N is a direct product of simple non-abelian groups,
it follows that K7 is perfect and K = K1 N. Let Ny = N N K;. Notice that Cg(K7) =
Cg(K). Also K is the central product of K; and N. Write My = M N K.

Let Qf: IBry(K;) — IBr(M;) be the bijection given by Theorem 6.10. Every x €
IBr4(K) has the form xi - p, where x; € IBra(K), p € IBr(N) and both characters lie
over the same Brauer character of Ny. Define ': IBr4(K) — IBr(M) by

X1 p= Q1 (xa) - pe

It is clear that €' is a C-equivariant bijection. Let x = x1-u € IBr4(K). By Theorem 6.10
we have (Gy,,K1,x1) =Bre (Cyx,, M1,Q1(x1)). A direct application of Lemma 3.10
implies

(va K, X) > Br,c (CX’ M, Q/(X))' g
7. A reduction theorem

We prove a relative version of Theorem A (relative to a normal subgroup) that allows
us to use a key inductive argument.

Theorem 7.1. Let A act coprimely on G. Let N < G be stabilized by A and write C =
Cg(A). Let 0 € IBry(N). Suppose that the non-abelian simple groups involved in G /N
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satisfy the inductive Brauer—Glauberman condition. Then
[IBr4(G|6)| = |IBr(C'N|0)|.

Proof. We proceed by induction on |G : N|.

Step 1. We may assume 0 is G-invariant.
Let T = Gy. Then CN NT = (CN)y. By the Clifford correspondence for Brauer charac-
ters [13, Thm 8.9

[IBr4(G|6)| = |[IBra(T|0)| and [IBr(CN|6)| = |[IBr(CN NT|6)|.
If T < G, then by induction hypothesis with respect to [T : N| < |G : N]|
[IBr4(T]0)| = [IBr(Cr(A)N|0)| = |[IBr(CN N T|6)|.

Step 2. We may assume that N < Z(GA) is a p'-group.
By Theorem 8.28 of [13], there exists a strong isomorphism of modular character triples

(o,7): (GA,N,0) = (T, M, )

such that M < Z(T') is a p’-group. Whenever N < H < G A, we write H” to denote
the subgroup of I" such that 7(H/N) = H”/M. Then A = 7(AN/N) = (AN)" /M, so
that (AN)™/M acts on G"/M as A acts on G/N and (AN)"/M acts trivially on M.
Therefore

(CN)"/M = 7(CN/N) = 7(Cg/n(A)) = Carm ((AN)" /M) = Ce- ((AN)T) /M.

By Theorem 8.13 of [13], 6 extends to AN, and hence ¢ extends to (AN)". Recall that
@ is a linear character since M < Z(T'). Let 7 be the set of primes dividing |A|. Write
¢ = @rpn . Recall that ¢, and ./, the m-part and n'-part of ¢, are powers of . In
particular, ¢, extends to (AN)7. If ¢ ¢ =, then by Theorem 8.13 of [13] we have that
¢ extends to Q for every Q/M € Syl (I'/M). Thus ¢, extends to I' according to [13,
Thm 8.29]. By parts (d) and (b) of Lemma 3.2, the modular character triple (I, M, ¢)
is strongly isomorphic to (I, M, ¢,/) and we may assume that ¢,/ is faithful. Write
¢ = po. We have that |M| = o(¢’) is a 7’-number. Hence M has a complement B in
(AN)T by Schur—Zassenhaus’ Lemma. Thus B acts coprimely on G™ and (CN)" /M =
Cg-(B)/M. Since (GA, N, 0) is strongly isomorphic to (', M, ¢’) we have that

[IBra(G|0)| = [IBrg(G7|¢")| and [IBr(CN|0)| = |IBr(Cg-(B)|¢)]

and the claim follows.
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Step 3. We may assume G = KC for every A-invariant K with N < K <G.

Let N < K <G be A-invariant. We have that C acts on IBr4(K|0). Let B be a complete
set of representatives of C-orbits on IBr4 (K |6). Let K < H < G and ¢ € IBra(H|0). We
have that H/K acts transitively on IBr(¢x) by [13, Cor. 8.7]. Also A acts on IBr(¢x).
Since (|Al,|H/K|) = 1, by Glauberman’s Lemma ([5, Lem. 13.8] and [5, Cor. 13.9])
there is some A-invariant character in IBr(¢ k) and any two of them are C-conjugate.
This proves that every ¢ € IBrs(H|0) lies over a unique element of B. By the previous
argument for H = G and H = CK we have that

IBra(G|6)| = [1Bra(Gln)| and [Bra(CK|6)| = > [IBra(CK|n)|.
neB neB

By the inductive hypothesis [IBra(G|n)| = |IBr(CK|n)| for every n € B. Since A acts
coprimely on CK/K and Cc gk (A) = CK/K, we have that IBra(CK|n) = IBr(CK|n)
by Lemma 2.1. Hence [IBry(G|6)| = |IBra(CK]|0)|. If CK < @G, then by induction
[IBr(CK|0)| = |IBr(C|6)|, and the claim follows.

Step 4. We may assume O,(G) = 1.
Write O = O,(G). If O > 1, then |G/O : NO/O| < |G : N|. To prove the claim use that
Cajo(A) = CO/O by coprime action, the fact that O < ker(p) for every ¢ € IBr(G)
[13, Lem. 2.32] and the inductive hypothesis.

Step 5. Every chief factor K/N of GA with K < G is a direct product of isomorphic
non-abelian simple groups and N = Z(Q).
Let K/N be a chief factor of GA with K < G. We may assume that G = KC by Step 3
and that K/N is not a p-group by Step 4. If K/N is a p’-group, then |IBra(G|0)| =
[IBr(C|0)| according to Corollary 2.6. Hence we can assume that GA has no abelian
chief factor of the form K/N with K < G. In particular N = Z(G).

Final Step. Let K/N be a chief factor of GA with K < G. By Step 4 we may assume
G = KC. By Step 5 we have that K/N = Sy x --- x S,, where the S; are simple
non-abelian groups. Notice that C'A permutes transitively the groups S; in K/N and
hence they are all isomorphic. Since S := S; is involved in G/N, then S satisfies the
inductive Brauer—Glauberman condition. Write M = C' N K. By Corollary 6.11 there is
a C-equivariant bijection

Q': IBra(K) — IBr(M),

such that (G, K,n) >pr.c (Cy, M,Q'(n)) for every n € IBry(K). Since N < Cg(K),
then Q' actually yields a bijection IBr4 (K |60) — IBr(M|0). Let B be a set of representa-
tives of C-orbits on IBr4(K|6). Every element of IBr4(G|6) lies over a unique element
of B as in Step 3. Since ' is C-equivariant, we have that B’ = {Q'(n) | n € B} is a set
of representatives of C-orbits on IBr(M|6). Hence

IBra(Gl6)| = Y [IBra(Gln)| and [IBr(C|6)| =) [IBr(C|€ (n))]-

nEB neB
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For every n € B, we have IBra(G|n) = IBr(G|n) by Lemma 2.1 and (G, K, 1) >Brc
(Cyy, M, Y (n)) by Corollary 6.11. Thus [IBr(Gy|n)| = [IBr(C,|Q'(n))| for every n € B.
The result follows then by using the Clifford correspondence [13, Thm. 8.9]. O

Corollary 7.2. Let T' be a group that acts coprimely on a group G. Suppose that every
simple non-abelian group involved in G satisfies the inductive Brauer—Glauberman con-
dition. Then the actions of I' on the Brauer characters of G and on the p-reqular classes
of G are permutation isomorphic

Proof. For every A < T, Theorem 7.1 with N = 1 guarantees that [IBrus(G)| =
[IBr(Cg(A))|. The map K — K N Cg(A) is a well-defined bijection between the set
of A-invariant p-regular classes of G and the set of p-regular conjugacy classes of Cg(A).
Hence the number of A-invariant irreducible Brauer characters of G equals the number
of A-invariant p-regular conjugacy classes of G. By Lemma 13.23 of [5], this proves the
statement. 0O
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