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Progenitor aspherisities before core-collapse
Couch & Ott ’13, ’15, Couch+’15, Müller & Janka ’15, Müller+’16, ‘17
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�Lcrit ⇠ 22%



• Accretion 

• Shock crossing 

• Post-shock

Si/O shell

Qualitative Picture
Müller & Janka ’15, Müller+16, Couch & Ott ‘15
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Figure 2 Square root of the magnitude of the vorticity,
p

|r⇥ v|, for four of the simulations with 5123 resolution in a slice through the
middle of the x–z plane at the final time of the simulations (t = 100). The panels show simulations using PPM HLLE N512,
PPM HLLC N512, WENOZ HLLC N512, and TVD HLLC N512 clockwise from the top left. The direction of the anisotropic driving is up in
these figures. The colorcode goes linearly from 0 (no vorticity; dark colors) to 15 (light colors) and it is the same for all panels.

cations. To analyze this aspect we consider in Figure 5 the
energy spectrum of the velocity defined by equation (10).
The spectra are compensated by k

5/3 to highlight regions
with Kolmogorov scaling, which might be expected in the
inertial range. Since we want to focus on quantities that
do not depend (or depend weakly) on the nature of the en-
ergy injection at large scale, we show all of the spectra as
a function of a dimensionless wave number, 512 k�x. The
rationale behind this normalization is that, first of all, we
assume the Kolmogorov scale ⌘ to be proportional to the
grid spacing. Secondly, the 512 factor is introduced to have
the dimensionless k, 512 k�x coincide with the dimen-
sional one for the highest resolution runs. With this choice,
512 k�x = 512 corresponds to a wavelength of a single

grid point, 512 k�x = 256 corresponds to a wavelength
of two grid points and so on.

Looking at any of the groups of runs in Figure 5, one
can immediately notice that the spectra obtained at differ-
ent resolutions do not collapse into a single curve in the
dissipation region, as would be required by Kolmogorov’s
first similarity hypothesis [50] (cf., [60]). This lack of con-
vergence in the dissipation region could be due to the non-
linear viscosity of HRSC schemes. This, in turn, could re-
sult in an anomalous scaling of ⌘ with the grid spacing.
Such scaling has been reported in the past for ILES, but it
is not very well understood [52]. The good agreement be-
tween the three different groups of simulations employing
the HLLC Riemann solver seems to support this hypothesis
and suggests that the nonlinear viscosity introduced by the

?
Radice+16

Abdikamalov+2016 and Huete+2017



Linear Interaction Analysis 
Blokhintsev ‘40s, Ribner ’53, Moore ’54, Chang ’57, …, 

Wouchuk+’09, Huete+’17
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Linear approximation: 
validity region

h�Ma2i . 0.1(Ma2 � 1)
Lee et al (1993), Ryu & Livescu (2014)

In CCSN progenitors:

e.g., Müller et al (2016)

�Ma ⇠ 0.1, Ma & 5



Turbulent Fluctuations: 
decomposition 

Kovasznay (1953)
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grid point, 512 k�x = 256 corresponds to a wavelength
of two grid points and so on.

Looking at any of the groups of runs in Figure 5, one
can immediately notice that the spectra obtained at differ-
ent resolutions do not collapse into a single curve in the
dissipation region, as would be required by Kolmogorov’s
first similarity hypothesis [50] (cf., [60]). This lack of con-
vergence in the dissipation region could be due to the non-
linear viscosity of HRSC schemes. This, in turn, could re-
sult in an anomalous scaling of ⌘ with the grid spacing.
Such scaling has been reported in the past for ILES, but it
is not very well understood [52]. The good agreement be-
tween the three different groups of simulations employing
the HLLC Riemann solver seems to support this hypothesis
and suggests that the nonlinear viscosity introduced by the

Radice+16

Modes evolve independently in the linear limit for 
uniform mean flow.
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Radice+16
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Method: decompose turbulence into waves, calculate 
interaction for each wave, and integrate the result over all 

waves

Turbulent Fluctuations: 
decomposition 

Kovasznay (1953)
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“Direct injection” of  kinetic 
energy



Acoustic waves: ~2%

Vorticity waves: ~98%

Abdikamalov et al (2016)



Pturb ⇠ h��2i⇢

Explosion Condition
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Müller & Janka (2015)

Pturb ⇠ h��2i⇢

Explosion Condition

See also: Takahashi+2016, Mabanta & Murphy 2017



Explosion Condition

Ma / r(3��7)/4

Kovalenko & Eremin (1998)

�Lcrit ⇠ �12%
Abdikamalov et al (2016)

Ma ⇠ 0.1 e.g., Müller et al (2016)

Assuming “direct injection”:



Turbulence driven by buoyancy
Müller et al (2016, 2017)
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Entropy perturbations 
Huete, Abdikamalov, Radice (2017)
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Nuclear dissociation 
parameter from 1D 

simulations

GR1D [O’Connor & Ott ‘11] 

SFHo EOS [Steiner+’13]
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Other modes



" / �Ma8
[Lighthill 1952, Landau & Lifshitz 1959]

Acoustic Waves in 
Turbulent Motion

For subsonic turbulence, 
sound emission is negligible!



Acoustic waves during accretion
Kovalenko & Eremin 1998, Foglizzo 2001, Müller & Janka 2015 

�E ⇠ (h2 � h1)�m
Foglizzo & Tagger 2000

1. Entropy perturbations:

2. Vorticity perturbations:

Müller et al (2016, 2017)
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What’s next?

• Improved infall evolution 

• Acoustic waves 

• Non-uniform flow 

• Post-shock evolution


