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Figure 3. Slices showing the mass fraction XSi of silicon (left column) and the radial velocity vr (right column) at times of 270 s, 286 s, and 293.5 s (onset of
collapse) after the beginning of the 3D simulation (top to bottom). vr is given in units of km s�1. Note that wave breaking at the outer boundary of the oxygen
shell and the global asymmetry of convective motions become more conspicuous at late times. At the onset of collapse, a bipolar flow pattern emerges (bottom
row).

B. Müller+’16Couch+’15
Other works: Arnett & Meakin ‘16, Chatzapoulos+’16
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Figure 4. Turbulent kinetic energy spectra in spherical harmonic basis. The
top panel shows the turbulent energy spectrum for the 3D progenitor simulation
averaged over the 10 s prior to the start of core collapse averaged over a
spherical shell centered on 2100 km (i.e., the Si-burning convective region).
The middle panel show the turbulent energy spectrum during the collapse phase
around a post-bounce time t

tb

= 125 ms, averaged over a shell centered on a
radius of 300 km, i.e., ahead of the shock in the accretion flow. Two different
cases are shown: the 3D ICs (red) and the 1D ICs based on spherically-
averaging the 3D progenitor simulation (blue). This spectrum quantifies the
strength of pre-shock turbulent fluctuations that then influence the post-shock
turbulence once accreted through the shock. For the angle-averaged case (blue
lines), this gives an estimate of the perturbations introduced by the Cartesian
AMR grid. The bottom panel shows the turbulent energy spectra also during
the collapse phase, around 135 ms post-bounce, but for a shell situated in the
gain region.

excite waves that could have important implications for mass
loss and angular momentum transport just prior to core collapse
(Meakin & Arnett 2007; Quataert & Shiode 2012; Shiode &
Quataert 2014; Fuller et al. 2015). We find that the Si shell
burning in the minutes before collapse drives non-spherical
gravity waves that propagate both outward away from the core
and inward into the iron core. Previous multidimensional
studies of late-stage stellar burning (e.g. Bazan & Arnett 1994;
Meakin & Arnett 2007; Arnett & Meakin 2011) saw such
phenomena but lacked fully dynamic inner cores and were not
able to assess them accurately. Such waves persist throughout
the Si burning phase and are present at the point of collapse, as
evident in the spherically-averaged convective velocity shown
in Figure 2. The wave velocity amplitudes at the start of
collapse are tens of km s�1. The contraction, and ultimately
unstable collapse, of the iron core amplifies these waves (Lai
& Goldreich 2000) and they become quite substantial around
the moment of core bounce.

4. IMPACT ON THE SUPERNOVA MECHANISM

Our primary interest in simulating the final stages of stellar
evolution in 3D is to assess whether realistic multidimensional
progenitor structure has a significant impact on the CCSN
mechanism. In order to achieve the 3D simulation of the final
minutes of a massive star’s life up to the point of core collapse
we had to make certain approximations: (1) use of a simplified
nuclear reaction network and adjusted electron capture rates,
(2) simulating only the final moments of evolution after O shell
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Figure 5. Results of core-collapse simulations comparing the full 3D ICs
resulting from the 3D progenitor simulation (red lines) to the 3D simulation
using angle-averaged ICs constructed from the 3D progenitor simulation. The
top panel shows the average shock radius, the second panel shows the neutrino
heating efficiency, the third panel shows the total turbulent kinetic energy in
the gain region, and the bottom panel shows the diagnostic explosion energy
(see text for relevant definitions).

burning has ended (for this model), and (3) use of a 1D MLT
initial model. In this section we present a brief examination
of the impact of such idealized but fully 3D ICs on the CCSN
mechanism.

We carry out two 3D Newtonian simulations of collapse,
bounce, and shock-revival including approximate neutrino
physics. For one simulation, we use the full 3D progenitor sim-
ulation continued from the moment of collapse (t

3D

⇡ 160 s).
In the other, we angle-average the final 3D progenitor model,
washing away all non-radial velocities and non-spherical struc-
ture, to produce 1D ICs which are used in an otherwise fully
3D simulation. Our simulation approach is essentially identical
to that of Couch & O’Connor (2014) and Couch & Ott (2015),
with the only major difference being that our 3D simulations
here are carried out only in one octant, rather than the full star.
We use Cartesian coordinates with adaptive mesh refinement,
yielding a finest grid spacing of ⇠0.5 km and an effective an-
gular resolution of ⇠0.5�. Neutrino effects are incorporated
using a multispecies leakage scheme that includes charged cur-
rent heating and pre-bounce deleptonization is approximated
using the density-dependent approach of Liebendörfer (2005).
We enhance the local charged current heating rates by 6% in
both cases in order to yield explosions.

Figure 5 summarizes our investigation of the impact of 3D
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Goal: the (linear) physics of

• Infall 

• Shock crossing 

• Post-shock
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Figure 2 Square root of the magnitude of the vorticity,
p

|r⇥ v|, for four of the simulations with 5123 resolution in a slice through the
middle of the x–z plane at the final time of the simulations (t = 100). The panels show simulations using PPM HLLE N512,
PPM HLLC N512, WENOZ HLLC N512, and TVD HLLC N512 clockwise from the top left. The direction of the anisotropic driving is up in
these figures. The colorcode goes linearly from 0 (no vorticity; dark colors) to 15 (light colors) and it is the same for all panels.

cations. To analyze this aspect we consider in Figure 5 the
energy spectrum of the velocity defined by equation (10).
The spectra are compensated by k

5/3 to highlight regions
with Kolmogorov scaling, which might be expected in the
inertial range. Since we want to focus on quantities that
do not depend (or depend weakly) on the nature of the en-
ergy injection at large scale, we show all of the spectra as
a function of a dimensionless wave number, 512 k�x. The
rationale behind this normalization is that, first of all, we
assume the Kolmogorov scale ⌘ to be proportional to the
grid spacing. Secondly, the 512 factor is introduced to have
the dimensionless k, 512 k�x coincide with the dimen-
sional one for the highest resolution runs. With this choice,
512 k�x = 512 corresponds to a wavelength of a single

grid point, 512 k�x = 256 corresponds to a wavelength
of two grid points and so on.

Looking at any of the groups of runs in Figure 5, one
can immediately notice that the spectra obtained at differ-
ent resolutions do not collapse into a single curve in the
dissipation region, as would be required by Kolmogorov’s
first similarity hypothesis [50] (cf., [60]). This lack of con-
vergence in the dissipation region could be due to the non-
linear viscosity of HRSC schemes. This, in turn, could re-
sult in an anomalous scaling of ⌘ with the grid spacing.
Such scaling has been reported in the past for ILES, but it
is not very well understood [52]. The good agreement be-
tween the three different groups of simulations employing
the HLLC Riemann solver seems to support this hypothesis
and suggests that the nonlinear viscosity introduced by the

?
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Linear Interaction Analysis 
Ribner (1953), Moore (1954), Chang (1957), …
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Linear approximation: 
validity region

h�Ma2i . 0.1(Ma2 � 1)
Lee et al (1993), Ryu & Livescu (2014)

In CCSN progenitors:

e.g., Müller et al (2016)

�Ma ⇠ 0.1, Ma & 5



Linear Interaction Analysis 
Ribner (1953), Moore (1954), Chang (1957), …
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Turbulent Fluctuations: 
decomposition 

Kovasznay (1953)

Entropy 

Vorticity 

Acoustic

(�⇢, �T )

(r · �� = 0)

(�⇢, �p, r⇥ �� = 0)
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cations. To analyze this aspect we consider in Figure 5 the
energy spectrum of the velocity defined by equation (10).
The spectra are compensated by k

5/3 to highlight regions
with Kolmogorov scaling, which might be expected in the
inertial range. Since we want to focus on quantities that
do not depend (or depend weakly) on the nature of the en-
ergy injection at large scale, we show all of the spectra as
a function of a dimensionless wave number, 512 k�x. The
rationale behind this normalization is that, first of all, we
assume the Kolmogorov scale ⌘ to be proportional to the
grid spacing. Secondly, the 512 factor is introduced to have
the dimensionless k, 512 k�x coincide with the dimen-
sional one for the highest resolution runs. With this choice,
512 k�x = 512 corresponds to a wavelength of a single

grid point, 512 k�x = 256 corresponds to a wavelength
of two grid points and so on.

Looking at any of the groups of runs in Figure 5, one
can immediately notice that the spectra obtained at differ-
ent resolutions do not collapse into a single curve in the
dissipation region, as would be required by Kolmogorov’s
first similarity hypothesis [50] (cf., [60]). This lack of con-
vergence in the dissipation region could be due to the non-
linear viscosity of HRSC schemes. This, in turn, could re-
sult in an anomalous scaling of ⌘ with the grid spacing.
Such scaling has been reported in the past for ILES, but it
is not very well understood [52]. The good agreement be-
tween the three different groups of simulations employing
the HLLC Riemann solver seems to support this hypothesis
and suggests that the nonlinear viscosity introduced by the
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Turbulent Fluctuations: 
decomposition 

Kovasznay (1953)

Modes decouple in the linear limit for 
uniform mean flow.
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[Lighthill 1952, Landau & Lifshitz 1959]

Emission of  Sound by 
Turbulent Motion

For subsonic turbulence, 
sound emission is negligible!



Emission of  sound waves during infall
e.g., Kovalenko & Eremin 1998, Foglio & Tagger 2000, Foglizzo 2001, … 

Other works: Lai & Goldreich 2000, 
Takahashi & Yamada 2014



This talks:  
incident vorticity and 

entropy waves
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Acoustic waves: ~2%

Vorticity waves: ~98%
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Role of  Turbulence

Order-of-magnitude estimate using LIA:

Pturb ⇠ h��2i⇢



Explosion Condition

Ma / r(3��7)/4

Kovalenko & Eremin (1998)

�Lcrit ⇠ �12%

Recent review: Müller 2016

Abdikamalov et al (2016)

Ma ⇠ 0.1
e.g., Müller et al (2016)



What’s next?

• Improved infall evolution 

• Acoustic waves 

• Post-shock evolution


