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Abstract

We consider the evolution of a closed convex hypersurface under a volume
preserving curvature flow. The speed is given by a power of the m'™ mean
curvature plus a volume preserving term, including the case of powers of
the mean curvature or of the Gauss curvature. We prove that if the initial
hypersurface satisfies a suitable pinching condition, the solution exists for
all times and converges to a round sphere.
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1 Introduction and main results

Let M be a closed oriented n-dimensional manifold, with n > 2, and let
Xo : M — R™! be a smooth immersion of M into the euclidean space. We
consider a family of immersions X : M x [0,T7) — R""! which satisfies the

partial differential equation
0X
S = (D) — ()N, e [0,T) (11)

with initial value

X(+,0) = Xo(-). (1.2)
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Here N; is the normal to M; := X (M,t); when M; encloses a compact domain,
the orientation is chosen so that NV; points outward. In addition, ¢ is a symmetric
function of the principal curvatures of M; and h(t) stands for the averaged o:

h(t) = |M1t| /Mad,ut, (1.3)

where |M;| := [, dp; gives the area of M;. With this definition, the flow (1.1)
preserves the volume of the domain €2; enclosed by My, when such an §2; exists.

In this paper we consider the flow (1.1) with the speed o given by a power of

an m™ mean curvature, namely
o(ki, ... kn) = Hp(k1, ... k)" (1.4)
Here ky < --- < k, are the principal curvatures of M;; we recall that, for any
m=1,...,n, the m™ mean curvature is defined as
m!(n —m)!
H, = — Z ki ki, - - ki, . (1.5)

1<i1<...<tm<n

Observe that H; = H/n and H,, = K, where H and K denote the mean curvature
and Gauss curvature respectively; in addition, Hs coincides, up to a constant
factor, with the scalar curvature. Thus, the m™ mean curvatures can be regarded
as generalizations of these quantities. Various problems involving these functions
have been considered in the literature on geometric analysis, such as finding
hypersurfaces with prescribed H,, curvature, see e.g. [12, 21].

We consider a speed of the form (1.4) for some power 8 > 1/m. In this
way o is a homogeneous function of the curvatures with a degree mg > 1. Our
analysis is focused on the behaviour of convex hypersurfaces. Our main results
are summarized in the statement below.

Theorem 1.1 Given m € {1,...,n} and > 1/m there exists a constant
Cp = Cy(n,m,B) € (0,1/n") such that, if the initial immersion Xo satisfies at
every point

K> C,H" >0, (1.6)
then problem (1.1)—(1.2), with o given by (1.4), has a unique solution, which

satisfies the following properties:

(a) Inequality (1.6) holds everywhere on My for all t > 0 such that the flow
extsts.

(b) M; exists for all t € [0, 00).



(¢) The M;’s converge, exponentially in the C°°-topology, to a round sphere
enclosing the same volume as Mjy.

It is easy to check (see Section 4) that if K > CH"™ > 0 on a closed hypersur-
face then the principal curvatures are positive everywhere and satisfy k1 > ek,
for a suitable £(C) > 0 which increases with C'. Thus, condition (1.6) implies in
particular the convexity of My, but it is a stronger assumption; it can be regarded
as a pinching condition on the curvatures. Whereas we are not able to show that
convexity is invariant under the flow (1.1), we can prove that condition (1.6) is
preserved by the flow for a suitable C,. A similar pinching condition has been
considered by Chow [13] and Schulze [33] in the analysis of other flows.

There exists a wide literature about the behaviour of convex hypersurfaces
under geometric flows of the form (1.1) without the volume-preserving term h(t).
A classical result by Huisken [22] states that any closed convex hypersurface
evolving by mean curvature flow shrinks to a point in finite time, and it converges
to a sphere after an appropriate rescaling. This result was soon followed by similar
ones due to K. Tso and B. Chow, in the case where o is a power of the Gauss
curvature [36, 13] or of the scalar curvature [14]. After this, many other cases have
been investigated where o is a homogeneous symmetric function of the principal
curvatures.

Let us remark that an important role in the analysis of the case h(t) = 0 is
played by the degree of homogeneity of o. In fact, the result of [22] has been
generalized to a large class of o homogeneous of degree one (see in particular
[2]). When the degree is greater than one, the analysis is less complete and
often restricted to dimension two, see [6, 5, 34]; the results in general dimension
concern specific choices of the speed [13, 33, 1] and all of them require a pinching
condition on the initial hypersurface. The case where the degree is less than one
is even more difficult. In some case it is known that convex hypersurfaces shrink
to a point [7, 32], but some counterexamples show that in general the profile may
not become spherical after rescaling.

It is natural to investigate how this behaviour changes when we consider the
volume-preserving version of these flows, that is, when we add the h(t) term in
equation (1.1). Since in this case surfaces cannot shrink to a point, one expects
that the flow starting from convex data exists for all times and converges smoothly
to a round sphere. In the case of the volume-preserving mean curvature flow, this
property was proved, again by Huisken, in [23]. By a different approach, Escher
and Simonett [18] proved the same property when the initial hypersurface is a
small perturbation of the sphere (possibly non-convex). Andrews [3] studied the
anisotropic version of this flow, while McCoy [28, 29] studied mean curvature flows
which preserve other kinds of volume. Recently, the first author and Miquel [9]
considered volume-preserving mean curvature flow in hyperbolic space and proved
convergence to geodesic spheres.



On the other hand, speeds different from the mean curvature have been
treated only by McCoy [30] who proved the convergence to a sphere for a large
class of functions o homogeneous of degree one (including the case o = H,’% for
f = 1/m). In this paper we consider instead speeds with a larger degree of ho-
mogeneity. The class given by (1.4) is a natural choice, because on one hand it
includes the most significant examples and, on the other hand, it allows to use
some properties of the elementary symmetric polynomials (parts (b) and (e) of
Lemma 2.1) which are essential in the analysis of the PDEs associated to the
flow.

As in most of the literature quoted above, a fundamental step in our proce-
dure consists of finding a pinching condition which is invariant under the flow
(part (a) of Theorem 1.1). For the class of speeds we consider, we cannot follow
the procedure of [30]; instead, we apply the maximum principle to the quotient
K/H™, after a careful estimation of the gradient terms in the equation. Once
the preservation of the pinching condition has been established, we can prove by
similar arguments as in [30] that the curvature remains uniformly bounded as
long as the flow exists.

To prove long time existence of the flow (part (b) of Theorem 1.1), we then
need uniform bounds on all derivatives of the curvature. This is equivalent to
obtaining higher order derivative estimates for a suitable fully nonlinear parabolic
equation. Since the homogeneity of the speed is greater than one, the operator
is not concave in the second derivatives and the usual theory by Krylov and
Safonov [25, 27] cannot be applied. We use instead a technique introduced by
Andrews in [4] (see also [35]) based on a regularity result by Caffarelli [10] for
elliptic equations.

Another complication due to the higher degree of homogeneity, similar to the
one which was pointed out in [33], occurs in the analysis of the asymptotic be-
haviour of our flow (part (c) of Theorem 1.1). Since the coefficients of the second
order operator depend on the curvature, the equation may a priori degenerate
when time goes to infinity because we lack a positive lower bound on the curva-
ture which is uniform in time. To deal with this problem, we first estimate from
below the possible decay rate of the curvature. Then we rewrite the equation
satisfied by the speed as a suitable porous medium equation. Finally, as in [33],
we prove convergence to a sphere after applying a regularity result on degenerate
parabolic equations due to Di Benedetto and Friedman [16].

Some of the results of this paper, corresponding to the case o = Hf (ie. a
power of the Gauss curvature), were already obtained in [8].



2 Preliminaries

Let us fix some notation. We set X; := X(-,t) and we denote by M; both
the immersion X; : M — R™! and the image X;(M). Throughout the paper,
we shall use g = (-, -) and V to represent the metric and covariant derivative,
respectively, of R®*!. Then each immersion X; of M into R™*! induces the
following symmetric 2-covariant tensor fields:

e a metric g; defined by g = X*g, and
e a second fundamental form oy given by a(-, -) = (Vx, . N, X, ).

From here, we can also introduce the shape operator A (or Weingarten map)
of X as a(-, ) = g(A-,-); the eigenvalues k; < ... < k, of A are called
the principal curvatures. We say that M; is convez if k1 > 0 everywhere and
that it is uniformly convex if k1 > 0 everywhere. The mean curvature is given by

H = trga =), k; and the Gauss curvature by K = g‘zzog‘ = [, ki. More generally,

we call m*™™ mean curvature of a hypersurface the function H,, defined in (1.5),
that is, the m*" elementary symmetric polynomial of the principal curvatures, up
to a normalizing factor. Since H,, is homogeneous of degree m, the speed o is
homogeneous of degree mf in the curvatures k;.

We shall often use the symbol ¢ to denote the vector (k1, ko, ..., k,) whose en-
tries are the principal curvatures or, depending on the context, a generic element
of R™. We denote by I';. C R™ the positive cone, i.e.

Ty ={t=(ki,....kn) : ki >0 forall i}.

While the polynomials H,, are defined for any ¢ € R™, o is well defined and
smooth for a general S only on the cone where H,, is positive; such a cone clearly
includes I' . for any m.

Observe that H, K, H,,, 0, may be regarded as functions of £, or as functions
of A, or as functions of a, g, or also as functions of space and time on M;. For
the sake of simplicity, we denote these functions by the same letters in all cases,
since the meaning should be clear from the context. We use the notation

. 80’ - 80
5= — d oY% := 2.1
o O and ¢ dar;’ (2.1)
and also
" do oo ..
tr(o) := = 4,
1“((7) i—1 8]{1 80&1']‘9

In addition, if B, B are matrices, we write

2
5(B) = ;O;Bij and (B, B) = 272

Hereafter, we use the Einstein convention of sum over repeated indices.

" B..B..
60&1']'80415 Gl
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2.1 Basic properties of the m*® mean curvatures

The following lemma gathers some properties of H,, which will be used re-
peatedly throughout the paper.

Lemma 2.1 For any m € {1,...,n}, the function Hy, satisfies:

OH,,
(2) 57

(8) >0 forallie{l,...,n} and t € T';.

(b) HY™ is concave in r,.

(c) tr(o) > mﬂal_%ﬁ.

H H\™
(d) Hnlq/m < —; equivalently, o < <>
n n

(e) Hp, as a function of yj, is also a homogeneous polynomial of degree m;

0H,
in addition, as a function on M, it satisfies V (6 m> =0 for any i €
(0771
{1,...,n}, where V is the covariant derivative on M.

Proof. Property (a) is a direct consequence of the definition of H,,. Part
(b) is a well known property (see e.g. [27, Theorem 15.16]). Statements (c) and
(d) follow from Lemma 4.2 and estimate (3.16) in [37] respectively. Property (e)
is also well known (see e.g. Proposition 2.1 (a)-(b) and Proposition 3.3 in [31]). O

2.2 Some estimates for convex hypersurfaces

We state here three auxiliary results on convex hypersurfaces. Henceforth we
shall denote by p the inradius of M = 92 and by D the outer radius, which are
respectively the radius of the biggest ball enclosed by M and of the smallest ball
which encloses M.

The first result was observed by Andrews in [2], Lemma 5.4 and Theorem
5.1; it shows that a pinching inequality on the curvatures implies a bound on the
ratio between outer radius and inradius.

Lemma 2.2 Let X : M™ — R"! be a smooth, uniformly convex immersion
of the compact manifold M™. If



for every x € M™ and for some constant By < 0o, then we have
D < Byp

for another constant By depending on n and Bi.

The next result is a particular case of the Alexandrov-Fenchel inequality for
convex sets (see e.g. [28], pp. 28-29, and the references therein).

Lemma 2.3 There exists a constant Cp, > 0 such that, for any bounded
smooth convex region Q C R™, we have

n+1
</ Hd,,L> > Cy vol ()" L
o0

Finally, we recall an algebraic property proved by Schulze in [33, Lemma 2.5].

Lemma 2.4 For any € > 0 there exists 6 = d(e,n) > 0 with the following
property: if we have k1 > eH > 0 at some point of an n-dimensional hypersurface,
then at the same point we also have

n|A|?> — H? 1 K
—_ > ——— . 2.2
H? -~ \n® H©" (2:2)

2.3 Holder estimates for nonlinear PDEs

In our analysis we need some a priori estimates on the Hélder norms of the so-
lutions to elliptic and parabolic partial differential equations in euclidean spaces.
We recall that, in the case of a function depending on space and time, there is a
suitable definition of Hélder norm which is adapted to the purposes of parabolic
equations (see e.g. [27]). In addition to the standard Schauder estimates for lin-
ear equations, we use in the paper some more recent results which are collected
here. The estimates below hold for suitable classes of weak solutions; for the sake
of simplicity, we state them in the case of a smooth classical solution, which is
enough for our purposes.

Given r > 0, we denote by B, the ball of radius » > 0 in R"™ centered at
the origin. First we recall a well known result due to Krylov and Safonov, which
applies to linear parabolic equations of the form

<aij(l',t)DiDj + bi(x,t)Di + c(x,t) — §t> u=f (2.3)



in B, x [0,T], for some T > 0. We assume that a”/ = a’* and that a¥ is elliptic;
that is, there exist two constants A, A > 0 such that

M2 < @ (x, t)viv; < Ao)? (2.4)

for all v € R™ and all (z,t) € B, x [0,T]. Then the following estimate holds [26,
Theorem 4.3]:

Theorem 2.5 Let u € C%(B, x [0,T]) be a solution of (2.3), where the coef-
ficients are measurable, satisfy (2.4) and

1], || < K foralli=1,...,n,
for some K1 > 0. Then, for any 0 <1’ <r and any 0 < § < T we have

lullca (s, <1y < C (lulles, o)) + 1| Lo B, x0.07))

for some constants C' > 0 and « € (0,1) depending on n, X\, A, K1, r, ' and §.

Next we quote a result for fully nonlinear elliptic equations, which is due to
Caffarelli. We consider the equation

F(D?u(z),x) = f(x), x € B,. (2.5)

Here F' : § x B, — R, where § is the set of the symmetric n x n matrices. The
nonlinear operator F' is called elliptic if there exist A > A > 0 such that

MIBll < F(A+ B,z) — F(A,z) < A[|B| (2.6)

for any z € B, and any pair A, B € § such that B is nonnegative definite.

Theorem 2.6 Let u € C%(B,) be a solution of (2.5), where F is continuous
and satisfies (2.6). Suppose in addition that F is concave with respect to D*u
for any x € B,.. Then there exists & € (0,1) with the following property: if, for
some Ko >0 and a € (0,&), we have that f € C*(Q) and that

F(A,z) - F(Ay) < Kole —y|*(|All+1),  z,yeB,, AeS
then, for any 0 < r’ < r, we have the estimate
[ullez+a(s,y < Cllullos,) + I fllcas,) +1)

where C' > 0 only depends onn, X\, A, Ko, v and r'.



The above result follows from Theorem 3 in [10] (see also Theorem 8.1 in [11]
and the remarks thereafter). It generalizes, by a perturbation method, a previous
estimate, due to Evans and Krylov, about equations with concave dependence on
the hessian. In contrast with Evans-Krylov result (see e.g. inequality (17.42) in
[20]), Theorem 2.6 gives an estimate in terms of the C*norm of f rather than
the C2-norm, and this is essential for our purposes.

Finally, we recall an interior Holder estimate, due to Di Benedetto and Fried-
man [16, Theorem 1.3], for solutions of the degenerate parabolic equation

ov y

D (a¥ d) —

T D; (a (x,t, Dv)Djv ) f(x,t,v, Dv), (2.7)
being d > 1.

Theorem 2.7 Let v € C%(B, x [0,T]) be a nonnegative solution of (2.7),
where al satisfy (2.4). Let c1,ca, N > 0 be such that

|[f(z,t,v, Dv)| < e1|Dv?| + e,

and

sup |[v(- »t)H%Q(BT) + HDvdH%Q(BTX[O,T}) <N.
0<t<T

Then for any 0 < 6 < T and 0 < r' < r, we have

[vllca(s,, x5.17) < C,s

for suitable C > 0, € (0,1) depending only on n, N, X\, A,d,c1,co,r and r'.

3 Short time existence and evolution equations

As far as short time existence is concerned, the properties of the volume-
preserving flows do not differ substantially from the ones of the standard flows
without the volume-preserving term, as the result below shows.

Theorem 3.1 Let Xo: M — R"! be a smooth, closed and uniformly convex
hypersurface. Then there exists a unique smooth solution X (-,t) of problem
(1.1)~(1.2), defined on some time interval [0,T) , with T > 0.

Proof. We first note that the above result holds for the flow (1.1) without
the volume-preserving term h(t). In fact, it is well known (see e.g. [24, §3]) that

a flow of the form ax
E(at) :_f(vt)Nta (31)
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where f is any symmetric function of the curvatures k;, is parabolic on a given
hypersurface if the condition g—lfi > 0, with ¢ = 1,...,n, holds at every point.
Then, given any initial immersion X satisfying the parabolicity assumption,
standard techniques ensure the local existence and uniqueness of a solution to
(3.1) with initial value Xy. In our case we have f = o = HJ, and the condition

reads
Jdo 0H,,
ok; ok;

which is satisfied on any uniformly convex hypersurface, by Lemma 2.1 (a).

— BHS! >0, (3.2)

It is not difficult to extend this result to the volume-preserving flow (1.1).
As it is pointed out in [23], the h(t) term does not influence the parabolicity of
the equation and so one can repeat the proof of the previous case with minor
modifications. A more detailed argument is given by McCoy in [30, §7]; although
the assumptions on the speed in that paper are different, the proof applies to our
case as well. O

Remark 3.2 A closed hypersurface satisfying the pinching assumption (1.6)
for some Cy > 0 is uniformly convex. In fact, any closed hypersurface has at least
one point where all curvatures are positive. Since K > 0 by (1.6), the curvatures
cannot vanish and therefore are positive everywhere. This shows that the above
existence result applies to the class of initial data considered in Theorem 1.1.

The rest of this section is devoted to collect some basic evolution formulae
under the flow (1.1). The following lemma, as Lemma 3.5 below, can be obtained
by computations similar to those in Section 3 of [22] (see also [13, 30, 8]).

Lemma 3.3 If M; is a solution of (1.1), the following evolution equations
hold:

A9 .o g7 s

() 2 = 3(h ~ )a 1) 27 = a2 0)g''an,
ON

(C) W = VO'
0 d

(@) G =(h—o) Hdpr (@) M= [ (0=0) H d
ot dt v

where V denotes the covariant derivative induced by g.

Notice that the flow is defined so that we get the volume-preserving property:

Lemma 3.4 The enclosed volume satisfies V := vol(g) = vol(€) for all t
such that the solution of (1.1) is well-defined, i.e.

d
%Vol(ﬂt) =0, where O = M;.



11
Proof. Asin [8], we use 4vol(Q) = [;, (%X, N) duy = [,,(h—0)dp = 0. O
Hereafter, given any (2,0)-tensor a, we shall denote

A, :=d"V,;V; and |B|? := a” B; B;

(also A = Ayrand | - > = - |§_1). A tensor which occurs repeatedly in the

analysis of our flow is & = (/) introduced in (2.1). The following equations also
follow from a direct computation.

Lemma 3.5 Under (1.1), we have the evolution formulae listed below.

(a) %‘Z = Ao + (0 — h) trs(aA). (3.3)
(b) E;? =Asa+5(V.a,V.) + trs(ad) a + (h — (mp + 1)o)aA.

(c) %Ij = AsH +try1[6(V.a,V.a)] = (h+ (mB —1)0) |A]* + Htrs(aA).
(d) aalt{ = AsK — WK'Q + K (try[6(V.a, V.a)] — trs (V.07 V. 0y5))

— (h+ (mB —1)0) HK + nKtrs(aA),

where b := a1,

(e) For the position vector field X(-,t) — & (with origin T) on M;:

gt (X,N) = Ay (X, N) + trs(0d) (X, N) + (h— (mB+1)o).  (3.4)

Next, with the purpose of writing the evolution equation for H,,, we set

= ZZT. (3.5)
2]

Recall (cf. part (e) of Lemma 2.1) that the symmetric tensor c is divergence-free.
With this notation, we obtain

Lemma 3.6 If M; is a hypersurface in R™! evolving under (1.1), the m™
mean curvature H,, and its B power o satisfy the following evolution equations:

OH,, VHpl|?
5 = BHB 1 <ACHm + (8 — 1)|Hm‘> + (o0 — h)tr.(aA)

and 9 L
o o —
— = BHPA, (ad)o. .
Y BH., o+ . tre(aA) o (3.6)
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Proof. From (3.5), we can write ¢/ = BHg_lcij ; thus the evolution equation
for H,, becomes

0H,, 1 OJo
= — = Ao+ (0 — (aA). .
ot SHP 0t (33) o+ (0 — h)tre(aA) (3.7)

So the first formula in the statement follows by applying the product rule for A..
Arguing in a similar way, we obtain (3.6). O

In the next statement we use the notation ]T|C2L b = at b”blpTislTjrp for any
3-tensor T

Lemma 3.7 The quantity q := K/H"™ evolves under (1.1) satisfying

N (- (n—1) H™
E*Aoq—i_ nH <VH 7vq>(7 nk <VK7VQ>U @’vth

q ..
+ 2 |HVa — VH a]?,’b +qtry_ng- [ab(V'a, V.a)]

+ (h+ (mpB — 1)0)% (|A]>n — H?). (3.8)

Proof. The above formula follows from parts (c) and (d) of Lemma 3.5
by a straightforward computation similar to Lemma 2.2 in [33]. To express the
gradient terms in the desired form, we use the identity

VKV K 2 |HVa-VHal},

(n—1)|VK|Z H>™
_|_

K
nKk?2 nK?2 v

ki _
tro| —fez — F V.0 Viam | = Hr 2

&
which follows by taking traces with ¢% in the formula at the bottom of p. 121 in
[13)]. O

4 The pinching estimate and its consequences

In this section we prove a monotonicity property for the quotient ¢ = K/H".
Such a quotient, which was also considered in [13, 33], is a natural quantity to
deal with in the study of our flow. Observe that, by the arithmetic-geometric
mean inequality, we have ¢ < 1/n", with equality only if k; = -+ = k,, i.e.
at an umbilical point. Thus, the only hypersurfaces such that ¢ = 1/n" are
the spheres. In addition, a lower bound of the form K/H™ > C > 0 implies
a pinching condition on the curvatures of the form k; > ek, which has various
useful consequences for the analysis of our problem.

In order to apply the maximum principle to equation (3.8), we first derive
some preliminary inequalities. The following result, pointed to us by G. Huisken,
is a stronger version of Lemma 2.3 (ii) in [22].
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Lemma 4.1 If for some € > 0 the inequality o > eHg > 0 holds at a point
of a hypersurface immersed in R"1 then e < 1/n and at the same point we also
have

1
|HVa — aVH[? > ”T52H2|VA12. (4.1)

Proof. The assumption is equivalent to k1 > ¢H > 0. Using this, we first
observe that
H=k+ --+k,>nk >neH >0,

which implies that ¢ < 1/n. Again using that k; > eH, we also deduce

AANHY H < B2VH? < (JAP? = (n— 1)k})|VH|?

< (AP = (n— D@HA)|VHP < (1 - (n— 1)) AP|VH].
(4.2)

Now we can write
|HVa — aVH?> = |VAPH? + |VH|?|A]? — 2H (aV H, Va) (4.3)
whose last term, in local coordinates, is equal to
—2HV;a;ViHo! = —HV;a; <ViHaﬂ n ijo/‘l) ,

by the Codazzi equations. Taking this into account and using the inequality
(T, V) < 22|72 + mWP, with T = HV,a;, V = VIHo!' + VIHa' and

2
g/ = (n —1)e%, we estimate

2H (aVH,Va) < \ViH! + VIHo|?

2—¢
H2VAR + ———
; HIVAN+ 35—

6/
= <1 — 2) H2VA? +

— <|VH|2\A|2 + VZ‘HozlejHozil>

/
< <1 - 5) H2|VAP + |VH?|A]%,
(4.2) 2

which implies (4.1) by means of (4.3). O

We also need the following elementary property.

Lemma 4.2 Given any € € (0,1/n), there exists C = C(e,n) € (0,1/n")
such that, for any ¢ = (k1,...,ky,) € R™ with k; > 0 for alli=1,...,n, we have

K(t) > CH"(¢) = min k; > cH(¥),

1<i<n

where K(€) = ki---ky, and H(€) = k1 + -+ ky.



14

Proof. Given any ¢ € (0,1/n), we define
A.={t=(k1,...,kn) : 0< min k; <cH(¥)},

1<i<n
C.={tc A : |t|=1}.

We have H(£) > 0 on any nonzero element of A.; hence, the quotient K/H" is
defined everywhere on C.. Let us call M. the maximum of K/H" on C., which
exists because C. is compact. Observe that M, < 1/n". In fact, K/H" < 1/n",
with equality if and only if k; = - - - = kj,. Therefore, if ¢ is such that K/H"(¢) =
1/n™, then ¢ satisfies k; = H(€)/n for all ¢ and does not belong to C. because we
assume € < 1/n.

By homogeneity, the inequality K < M.H" is also satisfied by the elements
of Ac. Therefore, if ¢ = (kq, ..., k) with k; > 0 for all 4 is such that K > M_H",
then ¢ does not belong to A;. The lemma follows by choosing C = M;. O

We are now ready to prove a pinching estimate for our flow, which is one of
the key steps in the proof of our main result.

Theorem 4.3 There exists a constant Cy = Cy(n,m,5) € (0,1/n™) with the
following property: if X : M x (0,T) — R"™ with t € (0,T), is a smooth
solution of (1.1)~(1.2), with o given by (1.4) for some 5 > 1/m, such that

e the initial immersion X satisfies (1.6) with the constant Cy,

e the solution My = X (M,t) satisfies H > 0 for all times t € (0,7,

then the minimum of K/H™ on M; is nondecreasing in time.

Remark 4.4 We will see later in Corollary 6.2 that the above theorem is still
valid without requiring that H > 0 fort € (0,T).

Proof. The assumption that H > 0 ensures that the quotient ¢(-,t) =
K/H"(-,t) is well-defined for ¢ € (0,T). Let us denote q(t) := minp; q(-, ).

Observe that it suffices to prove the theorem under the additional hypothesis
that all principal curvatures are positive on M; for any ¢ € (0,7). In fact, this
holds for ¢ = 0 by (1.6). If there exists a first time top > 0 at which k; = 0 at
some point, we have q(tp) = 0. On the other hand, if the theorem holds in the
convex case, q is nondecreasing in (0,%); so it cannot decrease from C, to zero.
Thus, we can assume that the curvatures of M; are positive.

Now recall the well known fact (see e.g. [15, §10.3]) that

.. Oq
D.q(t) > inf =2
+q()_/\1/rll(t)at
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where M(t) := {p € M/q(p,t) = q(t)} and D, denotes the lower right Dini
derivative. Since Asg < 0 and Vg = 0 on M(t), thanks to (3.8) we get

1 )
D.q>q <H2 |HVa - VH a!éb + trp_ng [6(V.a, Voc)])
1 2 no_qly.
> q (H2 [HVa —~ VHal2, - ‘b—ﬁg “o(VA,VA)\), (4.4)

where we have also used that the last term in (3.8) is nonnegative (by convexity
and the elementary inequality |A|? > H?/n).

We want to show that the above expression is nonnegative provided the second
fundamental form is suitably pinched. To this purpose we need to bound from
below the positive term. Doing computations at a point where we choose an
orthonormal basis which diagonalizes «, we first deduce

11
|HVa —VHalj, =) UZ?E (HViaj — a;ViH)?
i7j7l
1 iy
> W Z " (HV o — aﬂViH)2 , (4.5)
1:7j7l
since by convexity 0 < k; < |A| for all j.

We now use the property that each ¢* is positive in the interior of the positive
cone. More precisely, let us set, for any € € (0,1/n]

Ke:={t=(k1,...,kn) €eR" : lr<nj£1 ki >e(ki+ -+ kp) >0},

Mi(e) =min{s’(t) : 1<i<n, tek.,|t|=1}.

Observe that ¢° > 0 on K. for all i, by Lemma 2.1 (a). Therefore Mj(g) > 0,
being the minimum of a finite family of positive smooth functions on a compact
set. In addition, since the cone K. becomes smaller as ¢ increases, M;(e) is an
increasing function of €. By homogeneity, we conclude

glle) > My(e)|g™ =1, tek..

Substituting this in (4.5) and using Lemma 4.1 we obtain that, on a hyper-
surface satisfying a > ¢Hg, we have

n —

1
5 M (e)e?|A|™P 3 HYV A% (4.6)

|HVa —VHal}, >

We now want to estimate from above the term !&(VA, VA)‘. Observe that
the quantity 6(V A, VA) is homogeneous of degree mf3 — 2 in the curvatures and
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quadratic in VA. It is smooth as long as the curvatures are all positive, while
it may be in general not defined when one or more curvatures vanish. With an
argument similar to the previous one, we see that, for any ¢ € (0,1/n], there
exists a constant M (e) such that, at any point where o > eHg,

|6(VA,VA)| < My(e)| A2V AP (4.7)

The constant Mz (e) is decreasing in ¢, since it gives a bound from above.

To conclude, we show that ‘b - & g_l‘ is small if the second fundamental form
is pinched enough. Clearly, we have

n o _y 1 n n 1
_ < = _ o= )
‘b i’ ‘max{\/ﬁ<k1 H>ﬁ<H kn)}
If « > eHg for some € € (0,1/n], then ky > ¢H and k, < (1 —(n—1)e)H. It
follows

1 n H —nky 1—ne
<

kh H  kH ~ eH
n 1 nk,—H - (n—1)(1 —ne) < n(n —1)(1 —ne)
H ky  koH kn - H ‘
Since € < 1/n, we deduce that
3/2 -1
‘b—ﬁgfl‘ < (l—na)n (n—1) (4.8)
H
Plugging (4.6), (4.7) and (4.8) into (4.4), we obtain
-1 A
Diq> an |A|™P =3V A2 (M1(5)52 —2m3/%(1 — ng)‘H|M2(s))
> L A3y AP (Mi(€)e? — 20%2(1 — ne) M 4.9
> 5 1(e)e” =207 (1 = ne)Ma(e) ). (4.9)

To apply the maximum principle, we need that M (e)e2—2n3/2(1—ne) My (g) >
0 on our hypersurface. Since Mj(¢) is increasing and Ms(e) is decreasing, such
a quantity is a strictly increasing function of e; in addition, it is negative for ¢
close to zero and positive for ¢ close to 1/n. The optimal condition is obtained if
we fix € € (0,1/n) to be the unique value such that

My (e)e? — 2n%/2(1 — ne) My(e) = 0. (4.10)

By Lemma 4.2 there exists a constant Cy, € (0,1/n™) such that K/H"™ > C,
implies o > e Hg, with € given by (4.10). Then, if K/H" > C, everywhere on our
hypersurface, we have Dq > 0 by (4.9). By the maximum principle, this proves
that, for any C' > C,, the property K/H"™ > C is invariant under the flow. O
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Remark 4.5 The quantities Mi(e), Ma(e) introduced in the previous proof
depend, in addition to €, only on the dimension n and on the parameters m, 5
which appear in the definition (1.4) of the speed. Therefore the value of € such
that (4.10) holds, and the constant Cy, only depend on n,m, 3.

Theorem 4.3 states that inequality K/H"™ > C} holds for all t € [0,T); in
addition, by the definition of Cj, we have that

ki>eH on M x[0,T) for eachi (4.11)

with € given by (4.10). In particular, the solution is convex for all £ and therefore

satisfies
ki<H on M x][0,T) foreach j. (4.12)

Actually, property (4.11) implies the sharper inequality k; < (1 — (n — 1)e)H,
but for our purposes it will suffice to use the simpler one (4.12).

Another consequence of the theorem is a uniform double side bound for the
inradius and outer radius of the evolving hypersurfaces.

Corollary 4.6 Under the assumptions of Theorem 4.3, there are constants
¢i = ci(n,m,B,V), i€ {1,2}, such that

ca<pt <Dy <co for every t€[0,T). (4.13)

Proof. If we denote by £; the region enclosed by M;, we have by the volume-
preserving property of the flow and the definitions of p;, Dy,

1 1
wnt1pp T < vol() < wpp1 DY

where w;, 11 denotes the volume of the unit ball in R"*!. Since vol(;) =V, we
deduce

VvV o\
o < ( ) < D.. (4.14)
Wn+41

On the other hand, by (4.11) and (4.12), we have that k, < e~'k; on M,.
Consequently, Lemma 2.2 implies that Dy < Bp, for some constant B = B(e, n).
Combining this with (4.14), we reach the conclusion. ad

5 Uniform bound for the velocity of the flow

In this section we show that the pinching estimate implies a uniform bound
from above for the speed of the flow and for the curvature of the hypersurface.
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Throughout the section, we assume that the flow satisfies the assumptions of
Theorem 4.3. As usual, we denote by €; C R"*! the region enclosed by M;.
Following the procedure of [29, 30], we first prove a result about the existence of
a ball with fixed center enclosed by our hypersurface on a suitable time interval.

Proposition 5.1 Given any t € [0,T), let & € Qf be such that B(Z,p) C Q,
where p := pz is the inradius of Mz. Then we have

B(z,p/2) C for every t € [t,min{T,t+ 7}). (5.1)
for some constant T depending only on n,B,m,V.
Proof. Given z, p such that B(z, p) C €z, let us denote by X(-,t) = X(-,t)—

T the position vector field (with origin Z) on the evolving manifold M; and define
r(-,t) :=|X(-,t)|. Notice that r? evolves under (1.1) according to

20y —2(1 ) <20 o))

It is easy to check that Ar? = —2H (X, N) + 2n. Thus we can write

Hm,Bfl

nmb '

(5.2)

0
(&_HA>T = 2h (X, N}—Qnﬁ>2h<% N) —

where we have used part (d) of Lemma 2.1.

We set t1 = inf{t > ¢ /T & Q;} provided this set is nonempty; we set t; =T
otherwise. We then have

thih<T — =x€ Mt1 = 8Qt1. (53)

In addition, by convexity, we have (N, %) > 0 on M; for all ¢ € [t,¢1). Then the
evolution equation for 7 on [t,t;) becomes

0 o 1 /(0 o o 1o 9
(&_HA)T_Zr(o”?t HA>7" oV

> Lanyn-t <H>mﬁ_1 > <H>mﬂ_1. (5.4)

Next, we define t(t) := miny; r(-,t) for any ¢t € [t,t1) and set Y (t) := {p €
M /r(p,t) =¢(t)}. Now (5.4) allows us to deduce

or 1/ H\™ !
> >' — | — .
o G ew (1)



19

Observe that at any point where the minimum is attained the hypersurface is
tangent to an inball of radius t(¢), which implies that H < n/t(t) on any point
of Y(t). As, in addition, r(-,t) is constantly equal to t(t) on Y (¢), we conclude

1

D_;,_t(t) > — t(t)mﬁ .

Using a standard comparison principle (cf. [15, §10.3]), we obtain
t(t) > R(t), for teltty), (5.5)

being R the solution to R’ = —R~™ with the initial value R(f) = p. Notice that
R(t) can be regarded as the radius of a geodesic sphere 0B(Z, R(t)) contracting
under the ordinary Hj-flow (that is, (1.1) setting h = 0) with initial condition
0B(z, p).

Setting d := mpf + 1, from the explicit expression of R, we conclude that

1 _ d N d
_d d 1% . . _ 2%—=1/p
prg — — > — — < — .
R(t) (p d(t f)) >3 if and only if  t—t< y (2>

and thus

| d
if t—t< g (%) =T, (5.6)

where ¢; is the constant coming from the lower bound of Corollary 4.6.

R(t) >

[\l

To complete the proof, assume that t; < min{r 4+ ¢,7}. By (5.5), we have
T(Qvtl - 77) = ’X(qatl - 77) - 'Cz" 2 R(tl - 77) fOI‘ all q c Mtl—na n € (Oatl - ﬂ
Hence

0 = dist(My,,#) = lim dist(My,—,, %) > R(t1) > p/2 >0,
iy Ust(Mey, 7) = N, dist(My, —, ) > R(t) (5.6)/)/

which is a contradiction. In conclusion, ¢; > min{r + ¢,T} which, together with
(5.5) and (5.6), leads to

t(t) > p/2 on [t,min{t+ 7,T}),

which proves our assertion. O

The above result allows us to obtain a uniform bound on the speed of the
flow using a technique that was first introduced by Tso [36].

Proposition 5.2 There exists a constant C = C(n,m, 3, My) such that

Hp(,t)<C forall te€][0,T). (5.7)
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Moreover, the upper bounds
h(t) < CP and H(-,t) < Cy = C1(C,e) (5.8)
hold for every t € [0,T).
Proof. For any fixed ¢t € [0,T), let T and p be as in Proposition 5.1. For

brevity, let us set u = (X, N), where X is the position vector field with origin z.
Using (5.1) and the convexity of the M;’s, and choosing ¢ := p/4, we achieve

N
=

u—c> =c¢>0  on [t,min{t+7,T}), (5.9)

which ensures that the function W = is well-defined. A routine computa-

u—-c
tion (as in [29], [9]) using (3.3) and (3.4) gives

; (@A (A
<8_A{7> W:2(VI/V,VU)U +(mﬂ+1)W2—hW+trU(a )_thrg(a )
ot u—c u—c u—c

As strict convexity holds for each M;, we have that h, o and k; are all positive,
which together with (5.9) allow us to disregard the term containing h. In this
way, we obtain the following estimate:

2
(gt - A(-,> W < = (VW V), + (mf + DW?—cmBe HW?  (5.10)

on [t,min{t + 7,T}), where we have also used that

tre(ad) = dik? > ¢Ho'k; =emfBo
(4.11)

since ¢ is homogeneous of degree mp.

Using (5.9) and Lemma 2.1 (d), we have

mp
Wg"sl(H) :
C C n

which, together with (5.10), yields

(8 — A(,> W < 2 (VW,Vu), + (mﬁ +1-— e mnfe Wmiﬁ> w2,
ot uU—c

(5.11)
From (5.11), using a maximum principle argument as in Corollary 4.5 in [29], we
obtain (5.7).
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The bound (5.7) on H,, implies that h < C? by the definition of h. Next, by
homogeneity and the inequality (c¢) in Lemma 2.1, we have

mBo=¢&'k; > eHtr(o) >eHmpBo' /™5,
(4.11)

Then
1 1
H< —gt/mB = —gl/im (5.12)
€ €
and so H < e~ 1CY/™ =: O} again by application of (5.7). O

Since our hypersurfaces are convex, the bound on H we have just obtained
implies a bound on all principal curvatures. As a consequence, one can prove
that M; can be locally written as a graph with uniformly bounded C2 norm (see
e.g. the proof of Lemma 3.4 in [33]):

Corollary 5.3 There exist r,n > 0 (depending only on max H ) with the fol-
lowing property. Given any (p,t) € M x (0,T), there is a neighbourhood U of the
point T := X (p,t) such that MyNU coincides with the graph of a smooth function

u: B, xJ—R, for allt € J.

Here B, C T;Mjy is the ball of radius v centered at T in the hyperplane tangent
to My at T, and J is the time interval J = (max{t — 7,0}, min{t +7,7}). In
addition, the C? norm of u is uniformly bounded (by a constant depending only
on max H ).

For future reference, it is useful to recall here some basic formulae relating
quantities over M; with the function w giving the local parametrization of M;
as a graph over a hyperplane. Using D; to denote the derivatives with respect
to these local coordinates, and choosing as positive normal the one which points
below, we have (cf. [38], [17])

Diu DIy

9ij = 0ij + Diju Dju, g? =0~ s T TDuP’

(5.13)

and
Diju
= 5.14
Oél_] (1 + ‘DU/P)I/Q ( )

In addition, the Christoffel symbols have the expression:

D¥y Dl
k kl ..
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6 Long time existence

In this section we prove that the solution of problem (1.1)—(1.2) exists for
all times if the initial immersion satisfies the pinching condition (1.6). Let
us denote by [0, Tiax) the maximal interval of existence of the solution, with
Timax € (0,+00]. As usual, we shall prove that Tjax = +00 by a contradiction
argument, showing that, if Ti,.x is finite, then the solution can be continued for
some times larger than Ti,.«. To this purpose, we need suitable estimates on the
solution on any finite interval which guarantee that M; converges to a smooth
limiting hypersurface as t — Tihax. In addition, we have to show that the solution
remains uniformly convex on [0, Tiyax), to ensure that the limit still satisfies the
parabolicity assumption.

We first consider the issue of the preservation of convexity. Observe that
Theorem 4.3 implies the uniform convexity of our hypersurfaces; however, that
result was obtained under the additional apriori assumption that H > 0. Such an
assumption is certainly valid for ¢ close to zero, by (1.6), but there may be some
positive time at which both min K and min H go to zero, at a rate such that
K/H" remains bounded. To exclude such a behaviour, we have to complement
Theorem 4.3 with a lower bound on H on any finite time interval, which is given
by the next lemma.

Lemma 6.1 Under the hypotheses of Theorem 4.3, there exist Co,C3 > 0
depending on n,m, 3, My such that

min H > Oyt vt € [0,7T). (6.1)
t

Proof. Since we are under the hypotheses of Theorem 4.3, we know that
our hypersurfaces M; are convex for every t € [0,T). Here we want to show that
H satisfies the lower bound (6.1), which in particular implies that min H cannot
tend to zero as t — T.

We first derive a bound from below for o. At a point where the minimum
s(t) := minys o(-,t) is attained, we deduce from (3.3)

D.s> (o — h)trs(@A) > —h HmfBs > —C°CymfBs =: —Cs,
where we have used that o tr;(aA) > 0 (by convexity) and the computation

trg(@A) = 6'k} < Ho'k; = Hmfo, (6.2)
(4.12)

which follows by homogeneity of o. Then, a scalar maximum principle leads us
to _
s(t) > s(0) e L. (6.3)
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By Lemma 2.1 (d) we conclude that

min H > ns(t)/™ > n(min o)/mBe=(C/mB)t
Mt M()

which implies the assertion. O

Corollary 6.2 Let X : M x [0, Tyax) — R be the solution of (1.1) with an
initial value which satisfies the pinching condition (1.6). Then, the hypersurfaces
M; are uniformly convex on any finite time interval; that is, for any T < 400,
T < Thax, we have

inf k; >0, Vi=1,...,n.
Mx[0,T)
Therefore, Theorem 4.3 is valid also without the hypothesis that H > 0 for t €
(0,T). The same holds for the other results that have been obtained until here
under the same assumptions of Theorem 4.35.

Proof. The pinching condition (1.6) implies that the initial immersion is uni-
formly convex. Therefore for T" small enough the corollary is true by continuity.
If the corollary is not true in general, there exists a smallest time T > 0 such that
inf a7 j0,1,) ki« = 0 for some curvature k;. But then H > 0 for ¢ € [0, Tp); therefore
we can apply Theorem 4.3 and Lemma 6.1 on this time interval to conclude that

inf k;>e inf H>e(Cy e CsTo > 0,
MX[O,T()) MX[O,To)

which is a contradiction. O

We now have to show that, on any finite time interval [0, T'), the hypersurfaces
M; satisfy uniform estimates on the curvature and all its derivatives, in order
to guarantee that, if Ti,.x is finite, then they converge to a smooth limit as
t — Thax- This part is technically more complicate. It will be convenient to
represent locally M; as the graph of a function v and obtain uniform estimates
on the derivatives of u. We already have a C? estimate on u coming form the
curvature bounds obtained in the previous section. It is well known that the
crucial step is to derive uniform C?® estimates for some o > 0, since such a
property allows us to deduce all the higher order estimates by using standard
linearization and bootstrap techniques. However, the parabolic equation solved
by our hypersurface is fully nonlinear and in this case C?® estimates are known
in general only for operators with concave dependence on the second derivatives
[25, 27]. In our case, instead, the operator is not concave, as it can be clearly
seen from the property that it is homogeneous with degree larger than one.

However, our operator is not too far from being concave because it is, roughly
speaking, a power of a concave operator. In fact, the speed ¢ can be written as
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the mpB-th power of H}n/ " which is a concave function, as we have recalled in
Lemma 2.1 (b). This allows us to use a technique inspired by the work of B.
Andrews [4], D. Tsai [35] and J. McCoy [30], where the crucial step is to prove
space regularity at a fixed time by applying Theorem 2.6. We prove this step
separately in the following lemma.

Lemma 6.3 Let M C R™™! be an embedded hypersurface satisfying at every
point Hy < H < Hy, k1 > €¢H for given positive constants Hy, Hi,e. Given any
p € M, let u be a local graph representation of M over a ball B, C T,M (as in
Corollary 5.3 applied at a fized time). Then u satisfies

[[ullczap,y < C(+|lo]|cas,))

for some C >0 and 0 < a < 1 depending only on n, Hy, H1,e and the parameters
B, m in the definition of o.

Proof. The hypotheses imply that the principal curvatures of M at every
point are contained between two fixed positive constants. We know from Corol-
lary 5.3 that M can be written locally as the graph of a function u with ||u||c2
bounded in terms of H;. To show that u satisfies a C*“ estimate as well, we want
to apply Theorem 2.6 to the function wu, choosing as F' the function expressing o
in the graph representation of M.

Let us observe that Theorem 2.6 is stated for operators defined for arbitrary
values of the hessian, while ¢ in general is well-defined and elliptic only if D?u
is positive definite. However, this is not a substantial difficulty since we are
assuming a priori uniform convexity of our hypersurface. An easy way to handle
this problem is replacing o by another function &, which is defined everywhere
and coincides with ¢ on a set containing the possible values of the curvatures of
M. To this purpose, let us first define

C:{E:(lﬁ,,k)n) . HOSH(E)SHL min ]CZZEH(P)},

1<i<n
which is a compact symmetric subset of the positive cone I'y. For simplicity of
notation, let us set ¢ := H}n/ ™. We know from Lemma 2.1 that ¢ is homogeneous

of degree one and is concave in I';.. This implies that, given any h, ¢ € 'y, we
have

¢(8) < ¢(b) + Do(h) - (€ —b) = Do(h) - £, (6.4)
since Do (h) -h = ¢(h) by Euler’s theorem on homogeneous functions. Let us now
define

o(t) =min Do(h) - &, tER". (6.5)

The minimum is attained for any ¢ € R" because C is a compact set. The
function ¢ is (positively) homogeneous of degree one, by definition, and is concave,
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since it is the minimum of linear functions. Using (6.4) and the property that
D¢(h)-b = ¢(h), we see that ¢ coincides with ¢ on C; in addition, ¢ is symmetric,
because ¢ and C are both symmetric. Let us also observe that, since d¢/0k;(€) > 0
for any € € C, and C is compact, there exist mg > mq > 0 such that

mlgagb/@kz({%)gmg, i=1,...,n, t€C.
This implies easily, using the definition of ¢, that
mal] < d(t+ 1) — p(€) < Vnmoll], for all &, € R™, [ >0, (6.6)

where [ > 0 means that all components of [ are nonnegative.

Now let u : B, — R be alocal graph representation of M over its tangent plane
at a given point, and let the coordinate in B, be denoted by x = (z1,...,x,).
Let us consider the function ¢(£(x)), where €(z) are the principal curvatures of
M at the point (z,u(z)). Since £(z) are the eigenvalues of a matrix depend-
ing on Du, D*u (see (5.13), (5.14)), we have that ¢(¢(z)) can be expressed as
®(Du(z), D*u(x)) for a suitable function ® = ®(p, A), with (p,A) e R" x S, S
being the set of symmetric n x n matrices. The dependence of ® on A is related
to the dependence of ¢ on k. In fact, it is well known (see e.g. (12, 38, 19]) that
the concavity of qﬁ with respect to ¢ implies the concavity of ® with respect to
D?u, and that (6.6) implies the ellipticity condition (2.6) for ®. In addition, ®
is homogeneous of degree one with respect to D?u.

Now let us further set F(z, A) := ®(Du(z), A) and f(z) = ®(Du(z), D?u(x)).
Then, u can be regarded as a solution of the equation

F(x, D*u(z)) = f(x), x € B,.

The above remarks show that all hypotheses of Theorem 2.6 are satisfied and
that there exists a € (0,1) such that

ullc2ras, ) < CL+|fllce(s,));

where C' depends on Hy, Hi,¢,8,n

By our assumptions, ¢(z) belongs for every x to the set C where ¢ and ¢ coin-
cide. Therefore, f coincides with H71n/ ™ = g1/P™ evaluated at €(x). Observe that
our assumptions on the curvatures imply that o is contained between two positive
values depending only on Hy, Hy,e,n,3. Therefore ||o/#™||ca is estimated by
||o||ce times a constant depending only on these quantities. This completes the
proof. O

The function ¢ was used also in [30], where it was called Bellman’s extension
of ¢. However, we have slightly changed the definition because of the following
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problem. In [30] the function  is defined as in (6.5) with C replaced by the pos-
itive cone. However, functions of the form H}n/ " are in general not differentiable
on the boundary of the positive cone. In fact, H,, vanishes at some points of
the boundary and the gradient of H,ln/ " becomes unbounded as such points are
approached. Consequently, if C is replaced by the positive cone the minimum in
(6.5) is in general not attained and ¢ is equal to —oco in some regions.

Theorem 6.4 Let M; be a solution of (1.1), defined for t € [0, Tiax), with
initial condition satisfying (1.6). Then, for any 0 < 0 < T < Tynag, with T < 400
and any integer 1 > 0, there exists C = C(n,m, 3,1,8,T, My) such that

sup |V'A| <C.
Mx[6,T)

Proof. The case I = 0 follows from the curvature bounds of the previous
sections. To consider a general [, we write locally M; as the graph of a function
u as in Corollary 5.3. Then u satisfies the equation

9 _ T TDuP(o — h(t). (6.7)
ot

The function o depends on the Weingarten operator associated to M;y; hence,
in the coordinate system under consideration, it is a function of D?u and Du.
The right hand side is a fully nonlinear operator; as we have already observed,
it is an elliptic operator, thanks to property (a) of Lemma 2.1. The higher order
regularity does not follow by the general theory of Krylov and Safonov [25, 27]
because the operator is not a concave function of D*u. We use instead the
procedure of [4, 35, 30], which consists of proving first regularity in space at a
fixed time and then regularity in time.

We start by deriving a C'*-estimate for 0. To do so, let us denote by D; the
derivatives with respect to the local coordinates in the graph representation of
M;. Then equation (3.6) can be written as

B - .
(% =a"D;Djo +b'Dio +eo, (z,t) € By X J, (6.8)

with B,,J as in Corollary 5.3, and the coefficients given by
v =BHPA B =BHPLAITL and e = (0 — h)H, tr.(ad).
m ’ m lj m c

Since we have uniform bounds on the curvatures both from above and from below
on any finite time interval, equation (6.8) is uniformly parabolic with uniformly
bounded coefficients. Then we are in position to apply Theorem 2.5 and obtain

lollcaes, i) < Cllollcoarxpory) < C' (6.9)
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for any B,» C B,, and a suitable a € (0,1), where J* is the interval J minus its
initial part of length . By covering M; with graphs over balls of radius 7/, we
obtain an estimate on ||o||ca(arx[s,r))- Thus, if we fix any time ¢ € [, T'), we can
apply Lemma 6.3 to M; and conclude that any graph representation u(-,t) of M
satisfies a uniform C*® estimate in space.

From this estimate on u(-,t) for any fixed ¢, we can deduce a C*® estimate
for u with respect to both space and time following the procedure of [4, §3.3, 3.4]
or [35, Th. 2.4] to equation (6.7). Once C*® regularity is established, standard
parabolic theory yields uniform C* estimates for any integer k > 2. Since this
holds for any graph representation of M;, we deduce that any derivative |V'A| of
the Weingarten map is uniformly bounded on any finite time interval. O

With the above result, standard continuation techniques yield (see e.g. The-
orem 8.1 in [22]):

Theorem 6.5 Let M be a closed n-dimensional smooth manifold and X :
M — R be an immersion pinched in the sense of (1.6). If My = X;(M) is
the solution to (1.1) with initial condition Xo = X, then M, ezists on [0, 00).

The above result, together with Theorem 4.3 and Corollary 6.2, completes
the proof of part (a) and (b) of our main Theorem 1.1. It remains to prove the
convergence to a sphere, which will be done in the next section.

7 Convergence to a round sphere

Henceforth, M; = 09, stands for a solution of the flow (1.1) on [0,00), and
with initial condition satisfying (1.6). By our previous results, we know that
the solution is smooth and uniformly convex on any finite time interval, but we
cannot completely control its behaviour as t — oco. In fact, since the lower bound
for H given by Lemma 6.1 depends on ¢, we cannot exclude at this stage that
miny;, H — 0 as ¢ — oo so that uniform convexity is lost. Since the regularity
estimates depend on uniform convexity, some additional argument is needed to
ensure the existence of a smooth limit as ¢ — oo.

Our strategy will consist of showing first that, if a smooth limit exists, it has
to be a round sphere; the existence of the limit will be proved afterwards. To
address the first step, we consider again the quotient K/H" that we have used for
the proof of the preservation of pinching, and prove that it converges uniformly
to 1/n™, which is the value assumed on a sphere.
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7.1 Asymptotic behaviour of the quotient K/H™

In order to analyze the behaviour of K/H", we need to ensure that the global
term h(t) is bounded from below by a positive constant.

Lemma 7.1 There exists a constant hog = ho(n,m,3,V) > 0 such that h(t) >
ho for allt > 0.

Proof. As our evolving manifolds are convex, we can use Lemma 2.3 to
estimate

1
(Cnv“)"ilg/ Hdp; < 1/ (Hﬁ)mﬁ dp
M (5.12) € JMm

1
1 mpB _1
s(/ Hﬁﬂm) | My,
€ M

where V' = vol(€g) and we have applied a Holder inequality. Hence

1 mg
h— |/ HE dy > ™ (C VI1) 21 (M=, (7.1)
M

| M

Now, by (4.13), we know that the area of M; is not greater than the area of a
sphere of radius co. The use of this in (7.1) gives the desired lower bound for h. O

As we mentioned above, we are not yet able at this stage to exclude that
minys, H — 0 asymptotically. However, we show in the next lemma that min A
does not decay too fast, and this will be enough for our purposes.

Lemma 7.2 We have
o0
/ Honin ()t = +00, (7.2)
0
where we have set Hpyin(t) = miny H(-,t).

Proof. Let us first estimate s(t) := miny;o(-,t). At a point where the
minimum is attained, from (3.3) we get

Dis > (o — h)trg(ad).

As otrs(aA) is always nonnegative because M, is convex, we obtain

Dis> —hirs(ad) > ~CPmpHs > ~"Peisttas o Geltas,
(6.2) (512) €
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being C# the upper bound for h coming from Proposition 5.2. Now the applica-
tion of a maximum principle to the above inequality yields

AN
5z<co+ct> . with Cpi=s(0) 77,
mf

which, together with part (d) of Lemma 2.1, leads to

00 s S _ —1
/ Hun(8)dt > lim [ ns#(t)dt> lim | n (Co +C t) — o0,
0 0

s—oo Jq 5—00 mﬁ

Proposition 7.3 The quotient K/H"™ converges to 1/n™ uniformly on M as
t — oo.

Proof. We consider the evolution equation for ¢(-,¢) := K/H" given in
(3.8). First, applying Lemma 7.1, Lemma 2.4 and inequality (1.6), we estimate
the term containing h as follows:

|A|?n — H?
_— >

H? -
with B := hoCyd. Let us now define d(t) = supy; (n™" —¢q) (-,t). Then d is a
locally Lipschitz continuous function and satisfies

h%(]A\Qn —H?) > hoqH B Hypin(t) (0" = q) (7.3)

0

D*d(t) < sup o (n™" —q) = sup = (~q),
where M(t) ={p e M /o(t) =n"" —q(p,t)}, and DT stands for the upper right
Dini derivative (cf. [15, §10.3]). Using (3.8), we obtain

DT o(t) < sup [~BHuin(t) (™" — q)] = =B Hmin(t) 0(t),

(7.3) M(t)
since the sum of the gradient terms in the second row of (3.8) is nonnegative, as
shown in the proof of Theorem 4.3. By the maximum principle, we deduce that

¢
Ino(t) <Indo(0) — B/ Hpin(T)dT — —00,
0

where we have used Lemma 7.2. This allows us to conclude that lim;_,~, 9(t) = 0,
from which the proposition follows. O

The above result guarantees that the limiting hypersurface, if it exists, has
to be umbilical everywhere, and therefore is a round sphere. Accordingly, our
remaining task consists of showing that a smooth limit actually exists, by proving
that the principal curvatures cannot become zero in the limit.
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h

7.2 Interior Holder estimate for the m*™ mean curvature

In order to prove our result, an essential step is the derivation of some kind
of estimate on the curvature (e.g. a Harnack inequality, or a Holder estimate)
which is uniform in time. Such an estimate allows us to say that, if the curvature
is positive at a given point of our hypersurface, then it also satisfies a uniform
lower bound in a whole neighbourhood. However, there is a difficulty in deriving
this type of inequalities, which has been pointed out in [33] and is related to the
fact that the speed we are considering has a homogeneity degree larger than one
in the curvatures; namely, we cannot ensure a priori that the evolution equations
for the curvatures are uniformly parabolic. In fact, the operators A. and Ags
which appear in the equations, in contrast with the standard laplacian A, become
degenerate if the curvatures go to zero, and this is exactly the behaviour we are
not able to exclude at this stage.

Consequently, we will make use of the regularity theory for degenerate para-
bolic equations. Following [33], we will prove a uniform C®-estimate for the
m-th mean curvature H,, by means of Theorem 2.7, valid for equations of porous
medium type. The procedure here is more complicate than in [33]; in particular,
it is necessary to rewrite the evolution formula (3.7) for H,, in a particular form
(see the following lemma) which suits to the hypotheses of the regularity theorem.

Lemma 7.4 In a local coordinate system, the evolution equation for the m

mean curvature Hy, under (1.1) can be written as

aat = D; <§Hm’" c”DjH,i> + 1% D HY, + (Hf, — h)tre(ad),  (7.4)

where d =+ mﬁfl and D; denote derivatives with respect to the coordinates.

Proof. First, the goal is to write the leading term of (3.7) in a divergence
form using the derivatives D;. To do so, let us begin by writing the laplacian A,
in local coordinates:

A, = (D,Dj - rng,> — Dy(¢'1D;) — (Dic¥)D; — 9T D,
= Di(c"Dy) + (T + T — Vic¥) Dy — T Dy
= Di(ciij) + FélCZij, (75)

where we have used part (e) in Lemma 2.1.

On the other hand, if we set d = 8 + =L, we have

m

1-m
Djo = BHP'D;H,y, = gHm’" D;HY. (7.6)
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Hence, by (7.5),
Aco = SDi (cinl_TijHgl) + Fﬁlclij o.

By substitution of this in (3.7), we reach formula (7.4) in the statement. O

It is useful to estimate the tensor ¢ introduced in (3.5). This is done conve-
niently in a coordinate system such that g is the identity and « is diagonal at a
given point. Then it is easy to see that

_ o0H,, 507
ok;
By definition of H,,, the derivative 0H,,/0k; is a sum of products of m — 1
principal curvatures. Hence we find, for any vector £ € R",
Bl ok < T6ig5 < By ke

= “m,nvn

c¥

for suitable constants B/

o BZW depending only on m,n. It follows

B, (e H)"He? < dige; < B H™ e
(4.11) (4.12)

For short, we express a double bound like the above one by writing ¢ ~ H™1¢%.
With this notation, we also obtain
1-m

Hy,™ o~ gY, (7.7)

because H ~ Hp™ by part (d) of Lemma 2.1 and (5.12). Another useful inequal-
ity related to c is

tro(0d) = k7 < B, ,H™ ' > k2 = B, JH™'A* < B, ,C7"!, (7.8)
A

which is true thanks to convexity and Proposition 5.2.

We also need the following lemma.

Lemma 7.5 We can find a constant C = @(n,m,B,Mo) satisfying

to >
/ / \VHE > dugdt < C(1+ 1ty — ty).
M

t

Proof. Let us begin by computing
m—1
[ IVH P [ IV H
M (77 Jm

d/ d d/ d
= — Vo,VH,,) duy = —— | Hy Acodpuy,
(7.6) B M< )cdi B Jm H
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where the last equality follows using integration by parts and Lemma 2.1 (e).
Next, we can use the evolution equation (3.7) to deduce

d OH! d
VH? 2 dpy ~ — / m_q / — h)H® tr.(aA)d
v~ ot [ e S [ (o= n (e a) du

scd/ HE dyyy + €
it |\

Notice that C’ comes from (7.8), (4.12) and the bounds in Proposition 5.2. Fi-
nally, recall that 0 < H,, < C and, by (4.13), M, is contained in a ball of radius
co; these facts can be applied (after integrating the above inequality on [t1, t2])
to achieve the estimate in the statement. O

Proposition 7.6 For any point (Z,t) € M x (0,00), we can find a space-time
neighbourhood, say U C M x (0, 00), whose diameter does not depend on the point
(Z,t) and such that

|| Hum <C,

oy
for some constants C = C(n,m, 3, My) >0 and « € (0,1).

Proof. We use the local parametrization of M; as the graph of a function
u: By x J — R"! coming from Corollary 5.3, where J = (max{t — 7,0}, + 7)
for 7 not depending on ¢. It is not restrictive to assume that ¢ > 7, since the C*
norm of Hy, on M x [0, 7] is clearly finite by the compactness of M.

If we consider tr.(aA) as a given function of z € B,, (7.4) can be regarded as
an equation of the form (2.7) for v = H,,, with
/B 1-m

a? =CSHy™ Y, an xz,t,v, Dv) = D, + — h)tre(aA).
V=oH J d f Dv) =1%,"D; Hy, + (Hy, — h A

Next, notice that

066 = GHA 6.8 & G forany €ER (19)

~
~

7.7

and, setting by := 2 C’I”HCB, a combination of (7.8) and Proposition 5.2 yields

f<?

< Slridim,r Dngl“f‘bQ ~ B’F]‘lghDngl|+b2 < bi|DHyp | + b,
ey dI I ( d J

77 d

where b; comes from (5.15) and the fact that u is C2-uniformly bounded (cf.
Corollary 5.3). Moreover, Lemma 7.5 implies

// |IDHZ|? dy; dt < C(7).
X J
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Therefore, we are in position to apply Theorem 2.7 with ' = r/2 and § = 7/2
to deduce that
||Hm||ca (B% X[{_g 7{4_% ]) S C

for suitable a € (0,1) and 0 < C < oo depending on n, My, m, (3. O

7.3 Exponential convergence to a round sphere

Theorem 7.7 Under the same hypotheses of Theorem 6.5, the M;’s converge
exponentially as t — oo to a round sphere in the C'°°-topology.

Proof. Let us take any sequence {7;} C [0,00) with 7; — oo. The uniform
bounds on the curvatures imply that there exists a subsequence (again denoted
by 7;) such that, up to translations,

X(, 1) — Xoo(+) in the C1*-topology for any a < 1,

and My, = Xoo(M) is a convex Cll-hypersurface. In addition, by (4.13), at
each time 7; we can find a point p; € M satisfying

n
H(pjﬂ']) > a
Then (5.12) yields
H,(pj,15) > ™ H™ (pj, 75) > (i:) =: C~’(n,m,ﬁ,V) >0 (7.10)

for each fixed j. Proposition 7.6 implies that H,, cannot decrease too fast in the
sense that we can find a § > 0 (independent of (p;, 7;)) satisfying

C

Hm‘Ba(pj)X[Tj—&TjJrﬂ = 9 (7.11)

If § is small enough, then M;NBs(p;) can be written as the graph of a function
uj for any t € [1;—0,7;+0] as in Corollary 5.3. Now, we can repeat the arguments
of the proof of Theorem 6.4 on any neighbourhood Bs(p;) x [1; — §,7; + 6], but
with upper bounds independent of time. In this way we obtain uniform C*°°-
estimates on the functions u; in suitable smaller neighbourhoods, say of radius
d/2. Therefore, we have that

By a(pj) N My, — Bs/a(poo) N Moo in C°,

where X (pj, 7j) = Poo € Mw.
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Recall that, by Proposition 7.3, the limit must be totally umbilic, and there-
fore is a portion of a sphere. By (7.10), the sphere has H,, curvature at least
C. Then, in the neighbourhoods Bj/(p;) x [1j —0/2,7j +6/2] the Hy, curvature

becomes arbitrarily close to a constant value not smaller than C. Using again the
uniform Hélder continuity, we deduce that (7.11) holds, for j large, in B(3/2)5(p;)
instead of Bs(p;). Thus we can extend the region where My, is known to be
spherical. After a finite number of iterations, we deduce that M, is a sphere,
whose radius is uniquely determined by the volume-preserving property.

Since the above argument can be applied to any sequence 7;, we conclude
that the whole famlily M; converges to a sphere as t — oo, possibly up to a
translation in space. This implies that H,, tends to a positive constant as ¢t — oo,
and therefore it is bounded from below by some constant 6 > 0 for long times.
Thus, we can repeat the argument in the proof of Proposition 7.3 using

ho=(|AP = nH?) > B (0" — q)

instead of (7.3). In this way we obtain that the rate of convergence of ¢(-,t) to
n~" is exponential. With this property, we can argue exactly as in the proof
of Theorem 3.5 in [33] to conclude that the second fundamental form of M;
converges exponentially in C' to the one of a sphere. In particular, the m-th
mean curvature satisfies an estimate of the form [HJ (p,t) — h(t)| < CeC't for all
p,t. Then we have, for any 0 < 7 < 79,

&X(a:,t)‘ it

max [ X (2,72) — X (2,71)| < max / >

T1

2 C / /
—C'r —C'T
gmj\f}x/T |h—Hﬂ|dt§a(e L—e V7))

1
which shows, by the Cauchy criterion, that X (-,¢) has a limit as ¢ — oco. Ac-
cordingly, the immersions converge to a round sphere with no need to add a
translation. The C*° convergence of the second fundamental form implies the
C convergence of the immersions and of the metric by standard arguments (see
33, 2]). O
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