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Banach spaces Finite # of variables

The factor problem for polynomials

General statement

If (Pk , ∥ · ∥k) k = a, b, c are three spaces of scalar polynomials
with P · Q ∈ Pc for all P ∈ Pa, Q ∈ Pb, we search for constants
λ, µ > 0 such that

λ∥P∥a∥Q∥b ≤ ∥P · Q∥c ≤ µ∥P∥a∥Q∥b

for all P ∈ Pa and Q ∈ Pb.
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The factor problem in Banach spaces

Conventional notations

For a Banach space E :

1 Pn(E ): Space of bounded polynomials on E of degree ≤ n.

2 P(nE ): Space of bounded n-homogeneous polynomials on E .

3 Pn(E ) and P(nE ) are endowed with the usual sup norm over
the closed unit ball BE of E :

∥P∥ = sup{|P(x)| : x ∈ BE}.
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Products of arbitrary polynomials

Definition

If E is a B. s. over K, MK(n, k;E ) denotes the best constant in

∥P∥ · ∥Q∥ ≤ MK(n, k;E )∥P · Q∥

for all P ∈ Pn(E ) and Q ∈ Pk(E ).

Theorem (Beńıtez, Sarantopoulos and Tonge – 1998)

If E is any complex Banach space then

MC(n, k ;E ) ≤
(n + k)n+k

nnkk
.

Equality is attained for E = ℓ1(C) and

P((xj)
∞
j=1) = x1 · · · xn,

Q((xj)
∞
j=1) = xn+1 · · · xn+k .
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Products of arbitrary polynomials

Theorem (Araújo, Enflo, M., Rodŕıguez, Seoane (2021))

If E is any real B. s. then

MR(n, k ;E ) =
1

2
Cn+k,nCn+k,k ,

where

Cr ,s = 2s
s∏

j=1

(
1 + cos

(2j − 1)π

2r

)
for 1 ≤ s ≤ r .

Equality is attained when E = R and

P vanishes at the n roots of Tn+k closest to −1.

Q vanishes at the other k roots of Tn+k .
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Products of homogeneous polynomials

Definition

If E is a B. s. over K, Mh
K(n, k;E ) denotes the best constant in

∥P∥ · ∥Q∥ ≤ Mh
K(n, k ;E )∥P · Q∥

for all P ∈ P(nE ) and Q ∈ P(kE ).

Theorem (Pinasco – 2012)

If H is a complex Hilbert space then

Mh
C(n, k ;H) =

√
(n + k)n+k

nnkk
.

Equality is attained for H = ℓ22(C) and

P(z1, z2) = zn1 and Q(z1, z2) = zk2 .
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Products of homogeneous polynomials

Theorem (Carando, Pinasco & Rodŕıguez (2013))

If 1 < p < 2 then

Mh
C(n, k; Lp(µ)) =

p

√
(n + k)n+k

nnkk
.

Equality is attained for ℓ2p(C) and

P(z1, z2) = zn1 and Q(z1, z2) = zk2 .
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Products linear forms

Definition (Linear polarization constants)

If E is a B. s. over K then cK(m;E ) denotes the best constant in

∥L1∥ · · · ∥Lm∥ ≤ cK(m;E )∥L1 · · · Lm∥

for all L1, . . . , Lm ∈ E ∗.

Theorem

If E is a B. s. over K with dim(E ) ≥ m then

cK(m;E ) ≤ mm

with equality for E = ℓ1(K) and Lk((xj)
∞
j=1) = xk , 1 ≤ k ≤ m.

Beńıtez, Sarantopoulos and Tonge (1998) for K = C.
Révész and Sarantopoulos (2004) for K = R.
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Linear polarization constants

Theorem (Arias de Reyna – 1998)

If H is a complex Hilbert space with dim(H) ≥ m then

cC(m;H) = m
m
2 .

Equality is attained for

Lk(x) = ⟨ak , x⟩ (1 ≤ k ≤ m)

where {a1, . . . , am} is orthonormal.
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Linear polarization constants

On the calculation of cR(m, ℓ2)

It has been conjectured that cR(m, ℓ2) = m
m
2 .

Proved for m ≤ 5: Beńıtez, Sarantopoulos and Tonge (1998).

Proved for m ≤ 14. Pinasco (2022).

cR(m, ℓ2) ≤
(
3
√
3

e m
)m

2
, where 3

√
3

e ≈ 1.9115: Frenkel

(2008).

cR(m, ℓ2) ≤ m2m/4 ·m
m
2 = m(

√
2m)

m
2 for sufficiently large

m: M. Sarantopoulos and Seoane (2010).
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A few instances of interest

Common choices for the polynomial spaces

1 Polynomials on the real line of degree at most n and m and
coefficients in K.

2 Polynomials on the complex plane of degree at most n and m
and coefficients in K.

3 Polynomials in several variables of degree at most n and m
and with coefficients in K.

4 Even infinite series.

Common choices for the norms

1 Sup norm over [−1, 1] or D.
2 Lp like norms.

3 The ℓp norm of the coefficients.

4 Lacunary norms.
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Polynomials in several variables

Definition

P(x) =
∑

|α|≤n aαx
α, x ∈ CN , 1 ≤ p < ∞.

1 |P|p =
(∑

|α|≤n |aα|p
) 1

p
.

2 |P|∞ = max{|aα| : |α| ≤ n}.

3 [P]p =
(∑

|α|≤n

(
n!
α!

)p−1 |aα|p
) 1

p
.

4 ∥P∥p =
(∫ 2π

0 · · ·
∫ 2π
0 |P(e iθ1 , . . . , e iθN )|p dθ1

2π · · · dθN2π

) 1
p
.

5 ∥P∥∞ = sup{|P(e iθ1 , . . . , e iθN )| : θ1, . . . , θN ∈ R}.

Problem

Estimate the best λ, µ in λ∥P∥ · ∥Q∥ ≤ ∥P · Q∥ ≤ µ∥P∥ · ∥Q∥ for
various combinations of the norms above.
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Polynomials in several variables

Definition (Concentration)

P ∈ Pn(CN) has concentration d ∈ (0, 1] at degree k if

|P|k |1 =
∑
|α|≤k

|aα| ≥ d |P|1.

Theorem (Enflo – 1987)

There is λ(d1, d2, n
′, k ′) > 0 such that for every P ∈ Pn(CN) with

concentration d1 at degree n′ and every Q ∈ Pk(CN) with
concentration d2 at degree k ′ we have

|P · Q|1 ≥ λ|P|1 · |Q|1.
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0. Introduction 

In this paper we will present a new approach to the invariant subspace problem for 

Banach spaces. Our main result will be that there exists a Banach space B and an 

operator T on B such that T has only trivial invariant subspaces. We feel though that the 

ideas of the approach can be used also to prove results about existence of invariant 

subspaces. As an example of this, see [1]. In Section 1 we give the general ideas of the 

approach. In this section we also reduce the problem of proving our main result to the 

problem of proving Theorem 1.3. In Section 2 we prove an inequality which will be the 

basic tool in the construction. In Section 3 we first reduce the problem of proving 

Theorem 1.3 to the problem of proving 6 statements. These statements contain a 

parameter k. We first give lemmas and propositions which give these statements for 

k= 1 and k=2. We then give the induction hypothesis and the lemmas and propositions 

which give the statements for all positive integers k. In Section 4, finally, we give 

proofs of Theorem 1.2 of Section 1 and of the lemmas and propositions of Section 3. An 

outline of this construction was presented in Enflo [2]. This version is the same---ex- 

cept for some changes in the presentation--as was given in Enflo [3]. The author 

wishes to thank professor Enrico Bombieri for suggesting these changes. 

1. Outline of the proof 

We will below construct an operator with only trivial invariant subspaces on a Banach 

space. The Banach space in this example will be constructed at the same time as the 

operator and will be non-reflexive. There are very serious difficulties in carrying out a 

similar construction in a reflexive Banach space. So we feel that the construction gives 

some weak support to the conjecture that every operator on a Hilbert space has a non- 

trivial invariant subspace. We now turn to the basic considerations behind this ap- 

proach. It is clear that every operator with a cyclic vector on a Banach space can be 

14-878289 Acta Mathematica 158. Imprim~ le 28 juiilet 1987 
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Homogeneous polynomials in several variables

Theorem (Enflo – 1987)

There is λ(n, k) > 0 such that for P ∈ P(nCN) and Q ∈ P(kCN),

|P · Q|1 ≥ λ|P|1 · |Q|1.

Theorem (Beauzamy, Bombieri, Enflo, Montgomery – 1990)

If P and Q are homogeneous of degree n and k and 1 ≤ p ≤ ∞:

|P · Q|p ≤ 2
n+k
p∗ |P|p · |Q|p,

[P · Q]p ≥
√

(n + k)!

n!k!
[P]p · [Q]p.
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Polynomials in one variable

Definition (Lacunary sets)

(a) The 0-lacunary sets are of the form {k} with k ∈ N.
(b) Given k ∈ N and E ⊂ N, E is k-lacunary if for every positive

integer m, (m + E ) ∩ E is contained in a (k − 1)-lacunary set.

The set of all k-lacunary subsets of N is denoted by Ωk .

Definition (Polynomial lacunary norm)

|h|k−lac = sup
E∈Ωk

|h|E |1 for h =
∑

j≥0 hjx
j , h|E (x) =

∑
j∈E hjx

j .

Proposition

|q|1 = lim
k→∞

|q|k−lac ≥ · · · ≥ |q|k−lac ≥ · · · ≥ |q|0−lac = |q|∞ .
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Polynomials in one variable

Theorem (Araújo, Enflo, M., Rodŕıguez, Seoane – 2021)

Given n,C ,K , i , and Q > 1, there is a β = β (n,C ,K ,Q,i) > 0
such that for all polynomials h and q satisfying

|h|i−lac≤ Q |h0| ,
|h|1 ≤ K |h|i−lac ,

|q|1 ≤ C |q |n |1 ,

where h0 ̸= 0 is the independent term of h, we have

|hq|i−lac ≥ β (n,C ,K ,Q,i) |h|1 |q|1 .
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Thank you for your attention
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