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The Leibniz bracket of an operator or{igraded algebra is defined and some of its
properties are studied. A basic theorem relating the Leibniz bracket of the commu-
tator of two operators to the Leibniz bracket of them is obtained. Under some
natural conditions, the Leibniz bracket gives rise {giaded Lie algebra structure.

In particular, those algebras generated by the Leibniz bracket of the divergence and
the Laplacian operators on the exterior algebra are considered, and the expression
of the Laplacian for the product of two functions is generalized for arbitrary exte-
rior forms. © 2004 American Institute of Physic§DOI: 10.1063/1.1738188

[. INTRODUCTION

In mathematical physics, some operators of interest are not derivations of the underlying
algebraic structures. Their complement to the Leibniz rule of derivation defines then a product,
called the Leibniz bracket. The Leibniz bracket of a linear operator on an algebra is thus a bilinear
form that gives rise to a new algebra, called the Leibniz algebra. Leibniz algebras present inter-
esting properties, and this work concerns them.

In particular, if the Leibniz bracket of an operatots adjoint action is a derivation, the
operator is of degree odd and its square vanishes or is also a derivation, then the Leibniz bracket
is a Lie bracket.

This is the case, for example, in the antibracket formalism contixtthe exterior derivative
considered as a second order differential operator on the differential forms of finite codimension:
the antibracket can then be defined as the corresponding Leibniz bracket, and some of its known
properties are simple consequences of the general results obtained here.

A similar situation occurs for the divergence operator over the exterior algebra, for which the
Leibniz bracket is nothing but the Schoutétbracket(in another different context, an equivalent
result has been obtained by KoshulThe expression obtained here relating the Schouten bracket
to the divergence operator is of interest in mathematical physics. It allows, for example, to express
Maxwell equations in terms of Schouten bracket and to stpibper variationsof Maxwell
fields>® It has been also used to express the electromagnetic field equations in a non linear theory
which solves, in part, an old problem concerning the existence and physical multiplicity of null
electromagnetic fields in general relativity.

The Leibniz bracket of the commutator of two operators admits a simple expression: It is the
commutator of the Leibniz bracket of every one of them with respect to the operation defined by
the Leibniz bracket of the other one. For the Laplacian operator, wapgearsas the(graded
commutator of the divergence and the exterior derivative, the above expression may be applied
directly to it, giving the following interesting result: The Leibniz bracket of the Laplace operator

@Electronic mail: bartolome.coll@obspm.fr
bElectronic mail: joan.ferrando@uv.es

0022-2488/2004/45(6)/2405/6/$22.00 2405 © 2004 American Institute of Physics

Downloaded 23 May 2005 to 147.156.125.102. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp


http://dx.doi.org/10.1063/1.1738188

2406 J. Math. Phys., Vol. 45, No. 6, June 2004 B. Coll and J. J. Ferrando

acting over the exterior algebra equals the Leibniz bracket of the exterior derivative acting over
the Schouten algebra. This gives an interesting generalization to the exterior algebra of the well
known expression for the Laplacian of a product of functions, and it has been applied in the
analysis of harmonic coordinates in General Relatfity.

Il. LEIBNIZ ALGEBRA OF A GRADED OPERATOR

(@) Let E=ad &, be a commutative graded group andx E—E an operation verifyingS,
°&,C &4 bsk - Although it is always possible to regradudtso that k vanishes, we shall retain the
above graduation to avoid confusion when using different operations, as we shall a; lsudll
be called thedegreeof the operatiory (with respect to this graduatin

The known propertieand concepjson a graded grouf concerning an operationof degree
zero admit an equivalent form, depending generically on the degree k, when an arbitrary gradua-
tion is considered. Thus, the k-graded operatios commutative(resp. anticommutative if it
verifies AocB= e(— 1)@TNETHBoA with e=1 (resp.e=—1), and it isassociativeif Ao(BoC)
=(AcB)-C.

If £is a module and is bilinear, (&, ) is said a kgraded algebraA derivation of degree is
a r-graded endomorphisi on &, D(E,)CE, ., verifying the Leibniz ruleD(A°B)=DA°B+
(—1)@*Kr'ADB. An anticommutative k-graded algeb(&, [,]) verifying the Jacobi identity
(—1)@*+ErTA B],C]=0 is said a kgraded Lie algebraJacobi identity states, equivalently,
that the (a- k)-graded endomorphism Ad adA(B)=[A,B], is a derivation or&, [,]). If (£, o) is
a k-graded associative algebra, the commutator defines a k-graded Lie algebra.

Let £ be a graded group,a k-graded operation arftla p-graded operator. Whéhdoes not
satisfy the Leibniz rule, its “deviation” interests us. So we give the following definition: the
Leibniz bracketp(°) of P with respect to is the (pt+k)-graded operation given by

Le(2)(A,B)=AcP(B)+(—1)PATH[P(A)eB—P(A°B)]. (1)

Of course P verifies the Leibniz rule iff the Leibniz brackels(°) vanishes identically.

The Leibniz bracket of a linear operator with respect to a bilinear operation is a bilinear
operation, so thatwhen (£, ) is a k-graded algebra andP is a p-graded endomorphism
(&, L)) is a(k+ p)-graded algebraWe call it theLeibniz algebraof P on (&, ¢). If P andQ are,
respectively, p- and g-graded endomorphisms, their commuf&@]=PQ—(—1)PIQP is a
(p+0)-graded endomorphism. Then, taking into account that) and L(°) are, respectively,
(p+Kk)- and (g+k)-graded bilinear operations, and applying successively relétiprone obtains
the fundamental result:

Theorem 1: In a k-graded algebra(&, °), the Leibniz bracket of the commutator of two
endomorphisms is related to the Leibniz bracket of every one of them by

Lip,gi{e)=Lo(Lp(°)) = (—DPILKL(°))- (2

In Marx’s style® The Leibniz bracket of the commutatt®, Q] of two endomorphism® andQ
on the algebrd&, o) equals the graded difference between the Leibniz brack@tarf the Leibniz
algebra €,Lp(°)) of P and the Leibniz bracket d? on the Leibniz algebrag Lq(°)) of Q.

In particular, ad?=P-P is a 2p-graded operator, it follows thiatr any odd-graded operator
P, one has

Lp(e)=Le(Lp(°)) S

Let us note tha’p(x) may be thought aan operatorL, over any operation x of. In this sense,
theorem 1 says thatp o(X) =[ Lq,Lp](X), and relation(3) says thatCpz2(X) = (Lp) ().
Theorem 1 shows directly the well known result thaPiindQ are derivations or&, ©), so
is [P, QJ. Also, from (3), it follows:
Lemma 1: The squar@? of an endomorphisr® of odd degree is a derivation oi, °) iff P
is a derivation on(&, Lx(°)).
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On the other hand, if the operationis commutative or anticommutative, i.eAcB=¢€
(—1)@G+TBoA  one can find the following result:

Lp(o)(A,B)=¢(—1)ETKPIETEDTPL(0)(B,A), 4)

that is to say,for a k-graded commutative (resp. anticommutative) algeliéa °), the
(k+p)-graded Leibniz algebrd&,Lp(°)) is commutative (resp. anticommutative)Pifis even-
graded, and it is anticommutative (resp. commutatived i$ odd-graded

Let us denote, for simplicityA,B}p= Lp(c)(A,B). Then, when&, ) is a k-graded associa-
tive algebra and® an endomorphism, one has

{A,B°C}p—{A,B}peC=(—1)P"*H[{A:B,C}p—A°{B,C}p]. ©)

(b) Let (F,°) be a O-graded associative and commutative algebra generated by its sub-
module 7;, {,}p be the Leibniz bracket of the p-graded endomorphRron (F,°), {A,B}p
=Lp(°)(A,B), and adA}, be the adjoint of A in the Leibniz algebra#({,}p), i.e., adA}p(B)
={A,B}p.

From the commutativity of F,°) and relation(4), Eq. (5) may be Written{C,B}ad{A}P
=(—1)°a{A,B}ac{C}P. Then, it follows:for any p-graded endomorphisr in (F,°), one has

ad Clagqay,= (—1)°* " PadAlaycy,, - (6)

In particular, aflA}p obeys the Leibniz rule on the s¢€}x F iff ad{C}p does it on the set
{A} X F. Thus, iff adX}p is a derivation for ever)X e F;, adA}p verifies the Leibniz rule on
Fi X F. But an endomorphism that verifies the Leibniz rule®pF is a derivation on f,°), so
that one has:

Lemma 2: Ifad{ X} is a derivation on(F,°) for any X ofF;, thenad{A} is a derivation on
(F,°) for every A ofF.

If P is a derivation on its induced Leibniz algebr&,{,}p), the Leibniz rule may be written
[P,adA}p]=adP(A)}p. Then, applying theorem 1 it follows that {g&}, is a derivation on
(F.{,}p) when adA}r and adP(A)}p are derivations onf,°). From this result and lemma 2 one
has:

Lemma 3: IfadX}p is a derivation on(F,°) for any Xe F; and if P is a derivation on
(F4,}p), thenadA}p is a derivation on(F{,}p) for any Ae F.

For p odd, lemma 1 states tHais a derivation on f,{,}p) iff P> do it on (F,°). On the other
hand, it follows from relatior{4) that (#,{,}p) is a p-graded anticommutative algebra. But under
this condition Jacobi identity says equivalently thafAlg is a derivation on £,{,}p). All that
and lemma 3 lead to the following result:

Theorem 2: For p odd, ifP? andad{X}p, for any X inF;, are derivations or(F,°) then the
Leibniz algebra(F,{,}p) is a p-graded Lie algebra

Ill. SCHOUTEN BRACKET, DIVERGENCE OPERATOR, AND LAPLACIAN

(a) Let AP (resp.A*P) be the set of p-form&esp.p-tensorsover the differential manifold/,
that is to say, the set of completely antisymmetric covaria@sp. contravariahttensor fields.
Then, A= AP (resp. A*=® A*P) with the exterior product] is a 0-graded associative and
commutative algebra over the function ring= x(M): the exterior covariant algebraresp. ex-
terior contravariant algebra We shall denote by, B3, y the elements of\, and byA,B,C those
of A*, with corresponding degreesb,c.

Denote the interior produd{A) B, [i(A)Blp—a=(1/al) A%B, ,_, if a<b, by (A,B) and put
(B,A)=(—1)2P~"3(A B). WhenXeA?!, one has the usual interior produdtX) which is a
derivation of degree-1 on (A, ). Moreover, one has

(yv,AOB)=((A,v),B)+(—1)3%((B,y),A) if c=a+b—1, (7)
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(AOB,y)=(B,(A,y)), (7,AOB)=((y,B),A) if c=a+tbh. €)

Suppose now tha#l is a n-dimensional and oriented manifold, and 4#ebe a(covariang
volume element,»* being its (contravariant dual: np,n,pn*p"”*p=e(n—p)*lég',e=i1.
Then, the Hodge operators are given BA=(7,A), *a=(7",a) and verify ** A=¢
(—1)3"=3A, Therefore, ifa+b=<n,

*(AOB)=(*B,A),  *AUB=*(B,A) . ©)

The set of real number® being a sub-ring of the set of functions (A, 0) and (A*,0) are
x-algebras andR-algebras. The exterior differentiatiahis a 1-gradedR-derivation on(A, [),
and the codifferentiatiodivergence up to signis a (— 1)-gradedR-endomorphism given by
=¢€(—1)"®dx. Then, from(9) it follows,

S(A,B)=(8A,B)+(—1)'(A,dB), r=a—b>0. (10

(b) It is known that forX,Y e A*1, §(XOY)=(8X)Y—(8Y)X—LyY, whereLy denotes the
Lie derivative operator with respect to the vector fi¥ldSo that the operatafis not a derivation
on (A*,0). Thus, it is possible to consider the Leibniz bracket} ; of the codifferential operator
on the exterior contravariant algebra{(,0J),

(—1)2[A,B} 5= SAOB+ (—1)*A08B— 5(ADB) . (11)

Taking into account relation&), (8), and(10), it is not difficult to show that, for anya+b—1)-
form vy, one has

(=D ({A,B}s)y=(d(y,B),A)+(—1)*"(d(y,A),B)—(dy,ATB) . 12

The Schouten brackét } of two contravariant tensdfss a first order differential concomitant
that generalize the Lie derivativesor p-tensorgantisymmetric contravariant tenspthis bracket
is defined by its action over the closed forfis({A,B})y=(d(y,B),A) +(—1)2°(d(y,A),B).
Comparing this relation an@L2), it follows {A,B}=(—1)*A,B}s, and one has the following
form of the Koszu result:

Theorem 3: The Schouten bracket is, up to a graded factor, the Leibniz bracket of the
operator & on the exterior contravariant algebreA*,0): {,}=(—1)¥,}s. Explicitly:

{A,B}= SAOB+ (—1)*A0SB— S(ACB), (13)

This result justifies that we namleeibniz-Schouten brackethe Leibniz brackef,} s of the op-
erator 6 on the exterior contravariant algebra. Is is worth pointing out that both, the Schouten
bracket and the Leibniz—Schouten bracket, define on the exterior contravariant algebra two
equivalentstructures of {- 1)-graded algebra, which we name, respectiv@ghouten algebrand
Leibniz-Schouten algebraAlthought equivalent, it is to be noted that the Schouten algebra does
not satisfies the standard writing of a Lie algebra properties, meanwhile the Leibniz-Schouten
algebra does. Let us see that.

It is not difficult to see tha¥ X e A*!, VA A*P, one hagX,A}=LyA; that shows how the
Schouten bracket generalizes the Lie derivative. Let us JAiB}=L,B, VA,Be A*; as it is
known, Ly,Xe A*1, is a derivation ands is a (—1)-graded endomorphism on the 0O-graded
associative and commutative algebra*P,[0) such thats?=0. As a consequence, the Leibniz—
Schouten bracké } 5 satisfies the hypothesis of theorem 2 andteo LeibnizSchouten algebra
(A*{}5) is a(—1)-graded Lie algebrathat is,{A*3 A*P}sC A*3*P~1 and

{A,B}s=—(—1)@De-Lig A}, 45 (=)@ DEDIABY,; Cls=0. (19
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The Schouten brackéf} also satisfie§A*2,A*P}C A*3*P~1 and the properties of the Leibniz—
Schouten Lie algebrél4) can equivalently be written in terms of the Schouten bracket as

(ABI=-D™BAL (-~ (ABLCI-0. (15

Let us note that these last relatiofi) satisfied by the Schouten algebra do not reduce, by any
regraduation, to the standard ones of a Lie algebra.

Jacobi identity equivalently states, the following generalization for the Lie derivative with
respect to the Lie bracket:

Liag=—(—1)%La,Lgl.

Also, from lemmas 1 and 2 and taking into account the properties of the codifferential operator, it
follows that: (i) The codifferential operatob is a R-derivation on the LeibnizSchouten algebra

—8{A,B}={5A,B}+(—1)A, 5B}.
(i) The operator L, is a R-derivation on the exterior contravariant algebra
LA(BOC)=L,BOC+(—1)°@~VBOL,\C.

The property(i) gives the generalization of the commutator of the codifferential and Lie derivative
operators:

[5,LA]E5LA+(_1)aLA5: _L5A'

On the other hand, Eq10) may be written[i(8),5]=i(dB). Buti(w) is a derivation on
(A*,0) for any 1-form w. Then, taking into account theorem 1, we hawe({}s
= Li(dw)(0). In particular, wherw is a closed 1-form, thei(w) is a derivation on the Leibniz—
Schouten algebra.

(c) Suppose now endowed with gpseudoyRiemannian metrig, allowing to identify (A,
0) and (A*,0). The Laplacian operator is then tlggaded commutator of the differential and
codifferential operators:

A=[d,s]=ds+4d .

It is known thatA is not a derivation on the exterior algebra. From theorem 1 its Leibniz bracket
is given by:

Theorem 4: The Leibniz bracket of the Laplacian operator on the exterior algebra equals the
Leibniz bracket of the exterior derivative on the LeibfSzhouten algebral ()= Ly{{}s)-
Explicitly:

Aa0B+a0AB—A(a0B)={da,B}+(—1)H{ a,dB} + d{ a, B}, (16)

wherea and B are arbitrary a- and b-forms, respectively
This theorem gives the generalization to the exterior algebra of the expression for the
Laplacian of a product of function&f.h+f.Ah—A(f.h)=2(df,dh).
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