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~10. Invariant Subsganc«_:.s'

For a bounded operator T: X — X on un infinite dimensionul real Banach
space cstablish the following.

(1) The operator T has a non-zero finite dimensional invarinnt subspuce
if und only if the operntor Te: Xe — X likewise has « non-zero
finite dimensional invariant subspace.

(b) The operator T hns v non-zero finite dimensionnd hyperinvariant
subspace if and only if the opuerator Te: X+ Xc likewise has a
non-zero finite dimensional hyperinvariant subspace.

Let T: X — X be a bounded operator on a Banach spuce. If X is not

reflexive, then show that the double adjoint T 7 : X°* — X*° haw o non-
trivial norm closed T°*-invariant subspuce.

. Let © be o compact Hausdorfl space. Fix some ¢ € C(Q) and consider

the multiplication operator Al on C(£2). If 2 is u non-empty subsot of
Qand V={feC(Q): flw) O forall w € Qo}, then show that 17 is a
closed Afg-invariant subspace of C(9).

. Let Q be n compact Hausdorff spuce. Fix a contimtous mapping 7: 2 -+ Q

and consider the composition operator C, on C(Q) defined, s usuad, by
C.f  for. IEQy is n nonempty 7-invariang subset of 2 (i, 7(Qp) © ),
then show that the veetor subspace

V {feC@): f(w) 0forallu €}

is n closed Cr-imvariant subspact of C(Q).

. Prove Lemnma 10.14.
. If X is u Banach space, then show that the only I-hy perinvariant sub-

spaces are {0} and X,

Let A be an arbitrary algebrs of opurators on a vector space. Show that
A - {af + A: a is asealur aud A € A} is the unital algebra generated
by A. (This implies that any algebra of operators A and the unital algebra
generated by A have the same imariant subspaces.)

Show that un algebra of operators A € £(X) has no non-trivial closed
invariant subspaces if and only if for any pair r,y € X with  # 0 and
every ¢ > 0 there exists somnc operntor A € A such that Ar y <e
Let A be o unital algebra of continuous operntors on n Banach space X
and, as usual, let Ar -~ {Ar: A € A}. Show thal A is non-trumsitive if
and only if A has a non-trivial closed vector subspaco of the form Ar.
Let T: X —~ X be n bounded operator on i Banuch space and consider
the set

|4 {z&X: "h"x_tgc (7" =l 0}.
Establish the following.

() V is a T-hy perinvariant subspace.
(b) If T is power bounded, then V is also closed.
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14. Let S,T: X — X be a pair of bounded operntors on o Banach space. As
usual, the direct sum of S and T is the operator S&T: XX — Xa X
defined by (S @ T)(z @ p) = Sz Ty. If a bounded opertor R: X — X
satisfics RS = TR, then show that its graph G = {9 Rx: 7€ X} i
n closed S & T-invariant subspace of X @ X.

15. Show that the shift operator on any (p-space has a non-trivial closed
hy perinvariant subspace.

16. Show that the converse of Corollary 10.13 is not true. That 15, show
that the dual algebra A" of a transitive algebra of operators 4 can be
non-transitive.

17. Lot ¢: 2 — R be a conlinuous function separating the points of a compiut
Huusdorff space Q and let Afy cdenote the usual multiplication operator
on C(Q) defined by My(f) = of. Show that {AL)} = {Al,: g € C()}.
[HINT: Let T € {Mg) and put h -~ T(1). Since TAMy = M,T implics
T(of) = ¢T(f) for ench f € C(R), it follows thut T(¢) = h¢ and by
induction wv sre that T(¢") = h¢" for vach n > 0. The latter implies
T(p(#)) = hp(¢) for cach polynomial p. By the Stone-Weierstrass Ap-
praximation Theorem the algebra {p(¢): p a polynomial} is norm dense
in C(0) and from this we conclude that T = hf for ench f € C(Q).]

10.2. The Lomonosov Invariant Subspace Theorem

Many well-known invariant subspace theorems are for operators that are
related in one way or another with the compact operators. It is generally
acclaimed that the most famous of these results is Lomonosov’s Invariant
Subspace Theorem {211]. It asserts that:

e If an operator T': X — X on e complex Banach space commutes
with a non-scalar operator S € L(X) which in turn commutes with
a non-zero compact operator, then T has a non-trivial closed in-
variant subspace.

The objective of this section is to prove this theorem. To do so. we need the
following result which is of importance in its own right.

Theorem 10.18 (Lomonosov {211]). If A s a tmn.sitiva(-algcbm of oper-
ators on a real or complez Banach space, then for each non-zero compact
operator K there exists some A € A such that the compact operator AK has
a non-zero fized point, i.c., AKu = u for some u# 0.

Proof. Let A C L{X) be a transitive algebra and let K be a non-zcro
compact operator. We can assume | K| = 1.

Pick some 29 € X such that J|Kzol| > 1 and let Up denote the closed
unit ball centered at zo. That is, Up = {z € X: ||z — zo|| < 1}. An casy

vavarianl subspaces

wilh no non-teiucal common closed
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argument shows that
0cgUp and 0¢ K(Uy). (*)

Since A is an algebra, At (the norm closure of Az) is A-invariant for cuch
z € X. We claim that Ac # {0} for each 2 # 0. Indeed, if Az {0} for
some z # 0, then the non-trivial closed subspace {at: a scalar} is clearly
A-imvariant, contrary to the hy pothesis. Morvover. the absence of non-trivial
closed A-invariant subspaces guarantoes that Az = X for cach z # 0.

In particular, for cach = € K(Up) there exists some A € A such that
lAr - zoll < 1. So. the family of open sets {y € X: ||Ay — woll « 1}.4a is
an open cover of K (Up), that is,

EWo) < [J{vex: 14y -zl <1}.
AcA
Since (in view of the compactaess of K) the st K(Up) is compact. there
cxist operators Aj...., Ay € A such that

n

KO < U{vex: 14y - rol <1}. (%)
i1

Next, for cach i define the continuous function f;: X — [0,00) by

£(z) - mux{0,1 - |lAz  woll}.
Clearly, f,(z) > 0 if and only if |4,z - &of < 1. From (%), we see that
f(z) = "1 £i(2) > 0 for each = € K(Up), and so the formulns g,(2) - &
define non-negative continuous functions on K'(Up) such that 3™ 19i(z) = 1
for cach z € K(Up). In particular, 3™ 18:(Kz) = 1 for cach x € Up.
Now consider the function ¢: Uy — X defined by

m

#(z) = Y a(K2)A Kz,
=1

Since z € Up and g,(Kt) > 0imply 4, Kz ¢ Up, it follows from the convexity
of Up that o(Up) € Up. In addition, becausc é(z) is a convex combination
of the vectors A1 K, ..., AnKr and 4Kz € A K(Up), we sec that ¢(z)
belongs to C = & [UZ, A K(Up)]. But U™, A:K(Up) is & norm totally
bounded set (since cach A.K is u compact operator), and so by Mazur's
theorem its closed convex hull C is likewise a compact set; sce, for exam-
ple [30, Theorem 9.4, p. 131).2 Hence, ¢(Up) € CNUp and CNUp is &
non-¢cmpty convex compact subset of X.

2 X isn complex Banach spree, thin when taking the closed convex hull of C, wre consider
X i it runld vector apace.
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By Ty chonoff’s Fixed Point Theorem, the map ¢: CNUp — CNUp has a
fixed point, suy u. Since u € Up, it follows from (x) that u # 0. To complete
the proof, consider the operator A = Y."; 9:(Ku)A; € A, and note that
ARy =37 gi(Ku)AiRu=¢(u) ~u. =

And now we are ready Lo state and prove the two famous Lononosov
invariant subspace theorcms.

Theorem 10.19 (Lomonosov [211]). If a non-scalar opcrator T on a com-
plex Banach space commutcs with e non-2cro compact operator, then T has
a non-trivial closed hyperinyariant subspact. (Fcuvacr Y
every § e.f(xyr sib. STz Tg ) wvaccaul” b
Proof. Assume that T € £(X) is a non-scalar operator and that for some
non-zero compact operator I € £(X) we have TIC ~ KT. To cstablish the
existence of a non-trivial closed T-hyperinvariant subspace, according to
Lemma 10.14, it subfices to show that the commutant of T is non-transitive.

To verify this, assume by way of contradiction that the commutant, {ry
is a transitive algebra. So, by Theorem 10.18, there oxists some 4 € {T}
such that the operator AK has a non-zero fixed point. Lot

F={zeX: AKz =1z}.

Clearly, F is n non-zero closed AK-hyperinvariant subspace. Since AR is
a compact operator and it is the identity on F, it follows that F is finilc
dimensional. Since T' commutes with AK and F is AK-hyperinvariant, we
sce that F is T-invariant. So, from T(F) C F and the fact that F is a finite
dimensional complex Banach space, it follows that the operator T: F — I
has an cigeuvalue A € C.3 Now let

Ny={ze€ X: Tz~ Az},

and note that Ny is a non-zcro closed {T}-invariant subspace which is dif-
ferent from X since T is & non-scalur operator. Howcver, this contradicts
our assumption and the proof of the theorem is complete. ®

The assumption that the Banach space X is complex is essential. As
we know from Corollary 10.7, on a finite dimensional real Banach space of
even dimension there exist operators with non-trivial invariant subspaces but
without non-trivial hyperinvariant subspaces. It should be noted that for
complex Banach spaces Theorem 10.19 implics immediately Theorem 10.15
and Corollary 10.16.

3 This is the place where we use that X is o complex Banach spacu. Wikn X is a real
Banach space, thire is no gu. tee that the operator T': F — F has a real cigonvalue.

* {Tt'z §S;ST=TSY s the commulaul: Heunce
IIT‘I' beansitive e T has o won-levial closed hypecinvarcanl

subspace F




