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1 Introduction

Lecture 1,
. . . . . Oct 30, 2006
The course will deal with convex symmetric bodies in R™. In the first few lectures we

will formulate and prove Dvoretzky theorem, Theorem 1.2.

Definition 1.1. A convez, symmetric (around 0) body K C R™ is a compact set with
non-empty interior which is:

o conver: T,y € K and A€ [0,1] = M+ (1-Nye K
o symmetric: v € K — —x € K.

Examples: Consider the family of normed linear spaces ¢; over R which are just R"
equipped with the norm:

n 1/p
x|, = (Z]m#’) for 1 <p<oo
i=1

and
|%]| 0o = max |z;].

1<i<n
Then the unit balls of £}:
By ={x € R" : such that [|z[|, <1}

are examples of convex, symmetric bodies.

(Examples of p = 1,2, 00 for n = 2, 3)

*These notes are based on notes that Boris Levant prepared following a similar course given by
me a few years ago



Theorem 1.2. (A. Dvoretzky, 1960) For every ¢ > 0 there exists a constant ¢ =
c(€) > 0 such that for every n € N and every convex symmetric body in K C R™ there
exists a subspace V- C R™ satisfying:

1. dimV =k, where k > c - logn.
2. VN K s “e-euclidean”, which means that there exists r > 0, such that:

r-VNBy CVNKC(l+er-VnNBj.

For example the unit ball of ¢7 - the n-dimensional cube - is far from the Euclidean
ball. Its easy to see, that the ratio of radii of the bounding and the bounded ball is
Vn:

By C B, C \/nBj

and /n is the best constant. Yet, according to Dvoretzky theorem, we can find a
subspace of R" of dimension proportional to logn in which the ratio of bounding and
bounded balls will be 1 + .

Remark: The constant ¢ in the formulation of Dvoretzky theorem depends on the

quality of approximation - €. It is known, that: ¢; - @ <c<cy- @. Clearly,

there is a big gap between the upper and lower bounds and the exact dependence is
an important open question.
Proposition 1.3. For a non-empty set K denote ||z||x = inf{A >0 : $ € K}

1. ||z||k is @ norm <= K is a convex symmetric body.

2. Let K, L be two convex, symmetric bodies. K C L. <= V. ||z|lx > ||z||L.

The proof of the proposition is left as an exercise. Proposition 1.3 allows us to
identify the class of convex symmetric bodies in R™ with the class of norms on R". It
justifies the following equivalent formulation of Dvoretzky theorem:

Theorem 1.4. For every € > 0 there exist a constant ¢ = c(e) > 0 such that for
every n € N and every norm ||-|| in R™ there exist a subspace V- C R™ satisfying:

1. dimV =k, where k > c-logn.
2. There exists 0 < M < oo such that for every x € V:
M- lzfly < flof) < (14 €)M - [z

In other words, the norms ||-||2 and ||-|| are equivalent on V up to €.

exercise



Very vague sketch of the proof: Consider the unit sphere of /7, the surface of
By, which we will denote by S"! = {z € R* : |z|l2 = 1}. Let |lz|| be some
arbitrary norm in R"™. The first task will be to show that there exists a “large” set
Sgood C S 1 satisfying Va € Sgooa. |[|2]] — M| < eM where M is the average of ||z|
on S"~!. Moreover, we shall see that, dependeing on the Lipschitz constant of || - |,
the set Sgo0q 15 “almost all” the sphere in the measure sense. This phenomenon is
called concentration of measure.

The next stage will be to pass from the “large” set to a large dimensional subspace
of R™ contained in it. Denote O(n) - the group of orthogonal transformations from
R™ into itself. Choose some subspace V; of appropriate dimension k and fix an e-net
N on Vo N S™ 1. For some zy € N,“almost all” transformations U € O(n) will send
it into some point in Sgp0q. Moreover, if the “almost all” notion is good enough, we
will be able to find a transformation that sends all the points of the e-net into Sgood-
Now there is a standard approximation procedure that will let us pass from the e-net
to all points in the subspace.

2 Concentration of Measure

Denote by u the normalized Haar measure on S™"~! - the unique, probability measure
which is invariant under rotations. In other words, for all U € O(n), the group of
orthogonal transformations, and every measurable set A C S"1: u(A) = p(UA).
There are many equivalent ways to define this measure. Here is one: u(A) is the n
dimensional Lebesgue measure of the cone defined by A intersected with the ball, BY,
and normalized (by divided by the measure of the whole ball). The uniqueness of
this measure will be important for us. The exact definition and proof of uniqueness
can be found in [MS].

Theorem 2.1. (P. Levy) Let, f : S"™' — R be a Lipshitz function with a constant
L:
Va,y € SN [ f(z) = fy)| < L+ [z =yl
Then,
€2n
pfo € $71 [ f(2) — Bf| > ¢} < Coiits
for some specific absolute constant 0 < C' < oc0.

Remark: The theorem also holds with the expectation of f replaced by its median.

Theorem 2.2. (Brunn—Minkowski inequality) Let, A, B be two measurable non-
empty sets in R™. Then:

Vol(A+ B)Y"™ > Vol(A)Y" + Vol(B)"/"

We can reformulate the inequality in an equivalent multiplicative form:



Theorem 2.3. (Brunn—Minkowski inequality, multiplicative form) Let, A, B be two
measurable non-empty sets in R™, 0 < X\ < 1. Then:

Vol(AM 4 (1 = \)B) > Vol(A)* - Vol(B)' ™.
Claim 2.4. The two inequalities in theorems 2.2 and 2.3 are equivalent.
Proof. 2.2= 2.3)

Vol(AA + (1 — \)B)Y™ > Vol (AA)Y™ + Vol((1 — \)B)Y/"
= \Vol(A)Y™ 4+ (1 — \)Vol(B)'/"
> Vol(A)M™ - Vol (B)1=N/,

Where the last inequality follows from the inequality of arithmetic and geometric
mean or equivalently by the concavity of the log function.

2.3= 2.2) Assume, that Vol(A),Vol(B) > 0.

Vol(A+ B) ol A+B B
(Vol(A)Vn + Vol(BY/myn —* “\Vol(A)/n + Vol(B)/n ) —

A B
= Vol (/\W +(1- A)W).

ol(A)/n .
Where, A = Vol A; /i(fz/ou BT Applying theorem 2.3 we get:

Vol(A+ B) A B A
> S — S =1.
Vol(A)/n + Vol(By ) = ¥ % <VOZ(A)1/”> VOZ(Vol(B)”ﬂ) !

]

Remark: For convex bodies (with non-empty interiors), equality holds in (each of
the two versions of) the Brunn—Minkowski inequality if and only if the two bodies
are homothetic.

Before proving the Brunn—Minkowski inequality we prove a corollary - The clas-
sical isoperimetric inequality. We first need to define the measure of the boundary of
a body in R".

Definition 2.5. Let A C R™ with a smooth boundary. Then the volume of the
boundary of A is defined as:

Vol(94) = lim Vol(A+tBY) — Vol(A)

t—0 t ’

given that the limit exists.



Proposition 2.6. Denote by v, = Vol(BY) - the volume of the n-dimensional Euclid-
ean ball. Then BY has the smallest volume of the boundary among all bodies of volume
v, n R™.

Proof. Let A C R™ be some body, which has a finite volume of the boundary defined
in definition 2.5 and Vol(A) = v,. Define the following function: f(t) = Vol(A+tBY).
According to Brunn-Minkowski inequality, the derivative of f(¢)'/™ at t = 0 satisfies:

A B 1/n _ A 1/n B 1/n
(FOV™Y_ = lim Vol(A + tBY) Vol(A) > lim Vol(tt ) — Vol(BI)Y

t—0 t T t—0

with equality for A = By. On the other hand:

CFO)Y L (0 = % Vol(A)V"1 . Vol(DA).

S|

(f(t)l/n):ezo =
Combining these equalities we get the result:
Vol(DA) > n - Vol(BI)Y™ - Vol(A)Y" = n . v, = Vol(0B).
]

Instead of directly proving the Brunn—Minkowski inequality, we will formulate and recture 2,
] 1 1 3 4 Nov 6,
prove a generalization - the Prekopa-Leindler inequality: 0, 2006

Theorem 2.7. (Prekopa—Leindler) Let f,g,m : R" — [0,00) be three measurable
non-negative functions satisfying for some 0 < A < 1:

Vo,y € R™. m(Ar + (1= N)y) > f(z)* - gly)' ™. (2.0.1)

Loz (L) (L)

Remark: Before proving the theorem, we would like to note, that the Brunn—
Minkowski inequality immediately follows from the Prekopa—Leindler inequality. To

see this, let the functions f, g be the indicator functions of the sets A and B re-
spectively, and let the function m be the indicator of the set AA 4+ (1 — A\)B. These
functions satisfy condition (2.0.1) for every 0 < A < 1 (check). Hence, according to cheex
theorem 2.7

Vol(AA + (1 = \)B) = / m > (/ f)A : (/ g)H = Vol(A)*-Vol(B)' .

Exercise: Show that the Prekopa—Leindler inequality follows from the exercise
Brunn-Minkowski inequality. (The one dimensional case will be proved below.)

Then:



Proof. The proof will be by induction on the dimension n. We delay checking the
n =1 case.

Assume, the theorem is true for R™. Consider three non-negative functions f, g, m :
R — [0, 00), satisfying (2.0.1) for some 0 < A < 1. Fix 2,79 € R and denote
2o = Axg + (1 — N)yo. Define new functions fu,, gy,, Mz @ R™ — [0,00) by fixing
the first coordinate in the respective original functions: f,,(z) = f(xo, ), gy, (y) =
9(Yo,y), M. (2) = m(20,2). The new functions also satisfy condition (2.0.1) of the
Prekopa-Leindler inequality (check), hence by the induction hypothesis:

| m(e)de > ( 5 fxo(x)dx)A- ( / ) gyo(x)d$)l)\. (2.0.2)

Note, that the last inequality holds true for every g, 3o, 2o satisfying the relationship
20 = Axg + (1 — AN)yo. Now again define three new functions f,g,m : R — [0, 00):

Fy = [ futoyis
g(u) = /n gu(z)dz

m(u) = . m., (z)dz

According to (2.0.2), the functions f.,G,m satisfy condition (2.0.1) of the Prekopa—
Leindler inequality in the one-dimensional case. Applying the conclusion of theo-
rem 2.7 to those functions we get the desired result:

fome b= () () (L) (L)

This concludes the induction step. In order to complete the proof we need to
prove the theorem in the one-dimensional case. First, we will show the Brunn—
Minkowski inequality in R. The volume is invariant under translations along R, a
simple approximation procedure that we’ll not reproduce in these notes (but was
shown in class) shows that it’s enough to consider A C (—o0, +¢] and B C [—¢, +00).
Moreover, assume that 0 € AN B. Then, clearly, AU B C A+ B. Hence:

Vol(A+B) > Vol(AUB) = Vol(A)+ Vol(B) — Vol (AN B) > Vol(A) + Vol(B) — 2¢

Letting € tend to 0 proves Theorem 2.2 in the one-dimensional case.

Now, let f,g,m : R — [0, 00) satisfy condition (2.0.1). Note, that by Fubini’s
theorem, we can represent the integral of the positive real function:

L= [ e st = i (2.0.3)

6
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(check). We may assume by simple approximation and normalization argument, that
Ifllc = llglloc = 1, we get that the sets {x : f(x) >t} and {y : ¢g(y) > t} are
non-empty for every 0 < ¢ < 1. Let z,y € R and t € [0,1) such that f(z) > t and
g(y) > t. Then VYA € [0,1]. m(Az + (1 — N)y) > t. Hence:

{z:m@) 2t 2Me : fl2) 23+ 0 =M{y : g(y) =t}
Applying the one dimensional Brunn—Minkowski inequality we get:
{z = m(z) 2t} = Mz : flo) 23+ 0=A{y = g(y) 2t} =
> Mz fl@) =+ A =NHy : gly) =t}

Using the (2.0.3) we get

/nﬁi/Hz: 2) > 1)dt

>>\/|{a:: x) > t}dt + (1 -\ /!{y: ) > t}|dt
3 [r+a-n [
= (L) -(Lo)

by the arithmetic geometric inequality. O]

Brunn’s inequality This is another application of the Brunn—Minkowski inequality:
Consider K - a convex body in R™™! and let u be a unit vector in R**!. For each x
let H, be the hyperplane

{yeR™ : (y,u) =2},
where (-,-) denotes the usual inner product in R"". Then the original inequality
proved by Brunn stateds that the function

f(z) =Vol(K n H,)""

is concave on its support. To illustrate that statement pick u = (1,0,...,0). Then
the slice of K perpendicular to u at some point x will be

KNHy =Ko ={y= (.- 9n) : (T,91,...,0n) € K}

Hence, according to Brunn’s inequality, the function f : R — R, f(z) = Vol(K,)/™
is concave on the set S = {z : Vol(K,) > 0}.

Note, that Brunn’s inequality implies that if for each x we replace K, with the Euclid-
ean ball B, of an appropriate radius, such that Vol(K,) = Vol(B,), then the body
we obtain in such a process is again convex (check!). This procedure is called Steiner

7
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symmetrization and is a tool in proving several inequalities in convex geometry.

The next step towards the proof of Levy’s concentration inequality is to formulate
and prove an approzimate isoperimetric inequality for the sphere S"~! equipped with
the usual Euclidean metric d(x,y) = ||z —y||2. (The same result holds for the geodesic
metric.) For a set A in S"! and € > 0 we denote A, = {x € S"™! : d(z, A) < ¢}.

Theorem 2.8. There are constants 0 < ¢ < C < oo such that for all n and all

measurable A C S™1,
2

u((A)°) < Lemen, (2.0.4)

(1 denotes the unique rotational invariant probability measure on S™.)

Proof. (Due to Arias-de-Reyna, Ball, and Villa.) We will first prove a similar state-
ment not on the sphere, but for subsets of the unit ball BY. Let A, B be two sets in By,
such that the distance between them is positive: d(A, B) = sup,c4 ,epd(z,y) > €
For every x € A, y € B we have:

2

+
2

2 2 2

+ &<
I <

Tr+y
2

Tty
2

=y
2

2 2
_ |’5€H2‘2|’Hy“2 <1,

2 2

where the second equality is just the parallelogram equality. Hence, we get:
Tty

2\ 1/2
(-3
2 |, 4

A+ B 2\ Y2
cl1—— BY
= 457 (1-9) =

A+ B

2\ /2
— VOl( > < (1 — EZ) Vol(By) < p—cn/8 Vol(BY).

On the other hand the Brunn-Minkowski inequality gives:

A+ B
Vol( ; >2V01(A)1/2~VOZ(B)1/2.

Combining the last two inequalities we get:

Vol(B) - Vol(BY) iy

Vol(By) = Vol(A) (2.0.5)

If we take B = (A.)¢, we get an inequality, for the normalized Lebesgue measure iccuure 3,
on the ball, analogues to the one we seek for the sphere. It is not hard to pass from v i, 2000
one to the other: Let A be a set in S"~! and denote B = (A.)°. Define the sets



A=[11]x AandiB = [% 1] x B. Easily, d(A, B) > . The measure of A can be

2 29
defined it terms of the volume of the cone:
Vol(]0,1] x A
sy = Yollo 1 < A)
Vol(BY)

£
5

Trivially we have: Vol([0,1] x A) =2"-Vol([0, 1] x A). Hence:

Vol(A)  Vol([3, 1] x A) (1_i> Vol([0,1] x A) _ (1_ 1 ) u( )

on Vol(Bp) on

Vol(BY) Vol(BY)

Applying the inequality (2.0.5) to the last result we get:

27’l

-2
Thus setting C' =4 >= (1 — 2%) and ¢ = % we get the result. (The constants are

not the best possible.) O

Remark: There is actually an isoperimetric inequality which implies Theorem 2.8:
For all € > 0, among all measurable subsets of S"~! of a given measure, a cap of that
measure is the one for which p(A,) is minimal.

The next theorem is equivalent to Theorem 2.8 although we will only show one
direction. The theorem states, that Lipschitz functions on the sphere are “almost
constants” on “almost all” the sphere.

Theorem 2.9. (P. Levy) There exist constants 0 < ¢,C < oo such that if f :
Sl — R is a Lipschitz function with constant L, i.e:

Yo,y € S"7 | f(z) = f(y)| < Lz —yll2,
and M s the median of f, namely:

1

pl{e © fo) < MY) > 3 and p(fe - fx) > M) > 2.

Then, for allt € R:

ct2n

pz o [f(z) = M| > 1)) <C-em 7.
Proof. Assume first that L = 1. Denote A = {z : f(z) < M}. Clearly:

{z : flz) > M +1} C A,

9



which follows from the fact that f(x) is Lipschitz with constant 1. Hence, according
to Theorem 2.8:

4
1(A)

Similarly, check
W () = M < —1}) < p(AS) < 8¢5,

Combining the two last inequalities yields the result. For a general L # 1, we have:

) 42
e t°n/16 < 8¢ tn/16'

p{f(x) = M > t}) < p(Af) <

f(@ M t —2n/16 L2
- M = S A — — <1 n/ )
w({1£() — M > 1) u({‘ ) ML) <6
O]
Exercise: Deduce Theorem 2.8 from Theorem 2.9. exercise

Remark: It is easy to deduce from the proofs of Theorems 2.8 and 2.9 versions of
these theorems which are valid not only for the Euclidean unit sphere, but for unit
spheres of other norms, which are sufficiently uniformly convex. Let K C R" be
convex, centrally symmetric body, and let ||-||x be its induced norm. K is called
uniformly convex with modulus 6(-) > 0, if for all e > 0 and all z,y € K,

e —yllx 2 e = [lz+yllx <2(1—-0d(e)).

In the versions alluded to above §(¢) replaces €.

Theorem 2.9 remains valid if we change the median of f(z) to its expectation

Ef = [ fdu:

Corollary 2.10. For some absolute constants 0 < ¢,C < oo, if f : 8" 1 — R isa
Lipschitz function with constant L, then:

ct2n

pl{z o [f(2) —Eff > t}) <C-em 7.

Proof. As before, we can assume that L = 1. Denote by p X p - the Haar measure
on the product space S"1 x S"~1. Then:

px e, e S [f(e) — f@)] >t} <
<pxp{r,Te S ¢ |f(x) = M|+ |f(@) — M| >t} <

t 2
<2u{r e S* ' |f(x) — M| > 5} <327 tM/64

Hence, using Fubini’s theorem we can estimate the expectation of eX’l/(@)~Ef; check

10



B, Bz @-1@F — / 2NN x p{| f(x) — f(T)] > t}dt < 64N° / 1N dt.
0 0

Letting A = /755 we get by simple calculations
E,E. et/ @-f@F < 39,
Noting, that the function e!’ is convex, we can apply Jensen inequality:
EN@-Ef? < | B_N@-I@F < 39,
Finally, Chebyshev’s inequality yields:
P (@) = Ef| > 1) = el @B 5 et} — gl 81 > 1) <
< Bt/ @-E/-555t" < 3901351,

Exercise: Deduce Theorem 2.9 from Corollary 2.10.

Versions of Levy’s concentration inequality are known to hold for many natural
metric probability spaces of “high dimension”. Here are two discrete examples:

Example: Consider a space 2 = {0, 1}", where the measure of the set is just the
normalized number of elements: VA C Q, p(A) = #g—f. The metric we will consider is
the normalized Hamming distance:

1 , 1 <
Vz,y € Q. d(a:,y):ﬁ-#{z : Sﬂz#yz}:ﬁzm—ﬁ
=1

In this case we know the exact isoperimetric inequality, namely for every ¢ > 0 and
all the sets A of a given volume a, the minimal volume of A, is attained for a ball of
a suitable radius.

Example: As a second example, consider the space 2 = II,, - the group of permu-
tations on n elements. Again, the measure of a set is just the normalized number
of elements in it: VA C Q, u(A) = ﬁ—f‘. The metric will be again the normalized
Hamming distance:

1 . . .
Vrp € dimp) = — #{i  70) £ pli)},
In this case we do not know the exact solution for the isoperimetric problem. It is

known that it is not always a ball.

In both examples a version of Theorems 2.8 and 2.9 hold. For example for all
f: 8" ! — R Lipschitz with constant L,

ct2n

w({z : |f(@) —Ef| > t}) < O™

for some absolute 0 < ¢, C' < o0.

11
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3 Proof of Dvoretzky’s Theorem

lecture 4

Our next goal is to prove: Nov 20, 2006

Theorem 3.1. (V. Milman) For every ¢ > 0 there exists a constant ¢ = c(e) > 0
such that for every n € N and every norm ||-|| in R™ there ezists a subspace V- C R™
satisfying:

2
1. dimV =k, where k > c - (%) n.
2. For everyx € V:

(=B zfls <[zl < (T +)E - [l

Here E = fg_lﬂxﬂdm‘ and b is the smallest constant satisfying ||x|| < b||z]|s.

The idea of the proof is to apply Corollary 2.10 to the function f(z) = ||z||. Note,
that in that case, b will be the Lipschitz constant of f. In addition we will need two
lemmas:

Definition 3.2. e-net on S ! is a set N C S"! such that for every y € S ! there
exists © € N satisfying ||z — yll2 < e.

Lemma 3.3. For every 0 < e < 1 there exists an e-net N on S™ ' of cardinality

< (1+§) :

Proof. Denote by By the unit ball of R™. Let N = {z;}/", be a maximal set on S"~!
such that for all z,y € N ||z — y||2 > e. The maximality of NV implies that it is an

e-net on "1 Consider {B(z;, §)}, - a collection of balls of radius § around each

x;. They are mutually disjoint and completely contained in (1 + %) B,. Hence:
€ € € €
mVol (B(xl, 5)) => Vol (B(:vi, 5)) = voz<U B(x;, 5)) < Vol(<1 + 5) Bg>.

Wegetmﬁ(%) :(1+%). O

Exercise: Show that the same lemma holds for the sphere of the unit ball of an exercise
arbitrary norm on R" (where the distance is with respect to the same norm).

n—1
Exercise: Prove that cardinality of every e-net on S"!is > (%) : exercise
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Lemma 3.4. Suppose, V' is a finite dimensional Banach space equipped with norms
|-| and ||| satisfying:
(I—¢) <z <1 +¢)

for every x € N, where N is an d-net on S| = {zx : |z| = 1} for some 0 < < 1.

Then for every x € V.
1—€e—20 1+e€

——— e[ <zl <
1-96 1-—

Proof. Let x € S\-I and take x; € N such that |z — x| < §. In the next step we choose

512l

< § and we get |z —x1 — |z —x1|72| < §|lx—11| < 6% By

repeating this approx1mat1on procedure we can choose an infinite sequence {z;} C N
and real numbers 0 < §; < ¢° such that for every n:

n
=1

Hence, Y 7 | d;x; converges to = both in (V,|-]) and in (V, ||-||) (because in the finite-
dimensional Banach space every two norms are equivalent). Moreover:

S b 26||xz||<1+ezaz Lo
i=1 =1

For the lower bound, let € B}, and choose y € N such that |z —y| < 4. Then

1+ 1—e—26
—yl> =
s k|

<"

]l < sup
n

lzll = lly+z—yll =yl —llz -yl =1 -e-
O

Remark: Consider O(n) - the set of all n x n orthogonal matrices over R. Tt is
a multiplicative group, which is compact in the metrics of R, According to Haar
theorem there exists a unique probability (normalized) measure v which is invariant
under multiplication by the member of the group: v(A) = v(gA) for all A C O(n)
and all g € O(n). Consider p - the Haar probability measure on S™"~!. Then for all
A C S™ ! and some point z € S™ 1

p(A) =v({U € O(n) : Uz € A}).

We will stick to this notation in the sequel.

Proof. (of Theorem 3.1) Let € < 1/5 and let V; C R™ be a subspace of dimension k.

k
Denote S*~! = S"~1 NV}, and consider N - an e-net on S*~! of cardinality < (%) .

Fix xq € N and consider two functions:

f:8" —R, f(z)= |||,

13



and
F:0(n) —R, FU)= f(Uxy) = |Uzol.

First note that b is the Lipschitz constant of f:
[f(@) = fW)l =zl = llylll < llz = yll <0 [lz =yl
Considering the remark before the proof:
v{U € On) : [F(U)—E,F|>th=p{zxeS" " |f(x)-E.f| >t}

The same remark implies:

E=E,f = /S flz)du(z) = /O(n) FU)dv(U) =E,F.

Now we are ready to apply Theorem 2.9:

H{U € 0(n) : |||[Uzo| — E| >t} < Ce=#m/¥
let t =eE = {U e On) : ||Uz| — B| > eE} < Ce %)
= v{U € O(n) : ||Uzx|| — E| > €E for some x € N} < Ce™ n(F)? . | V|
(

= v{U €O0(n) : ||Ux| — E| > eE for some z € N} < Ce™ " ()2 +kn g,

. 2 B
Choosing k < ¢ -+ (F

ability) U € O(n) Satisfying:

)?n we assure, that there exists (with some positive prob-

Vee N (1—eFE <||Uz|]| <(1+¢€)E.
Hence, according to Lemma 3.4:
Ve e Vo (1 —5¢)Ez]ls < [Uz|| < (14 5¢)E||z]|s.

The subspace we are looking for is V = UVj. Il

2

Remark: We got c(e) ~ €%/log1/e this can be improved to c((¢) ~ € and this is

best possible.

Let us see what Theorem 3.1 gives for the spaces £;,1 < p < oo. For p > 2 we
have ||z, < ||z[|2. For 1 <p < 2:

||x|\”—2\xlp—21 jz]” < Zl“’ lel E=n7" a5

Hence, for 1 < p < 2 we have ||z]|, < nr7 |z]|]2. Now we have to evaluate E.
Let x = (g1,---,9,) € R™ be a vector of independent gaussian variables. Denote
T = H:vll ——x. Then:

14

justify the
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signs!



g B g
Bl =B i = BE a7

To bound the last quantity from below we will use the following inequality:

VT = (S Elg)) Y < B ) < @Y g = on

Hence: X

E=E,|[7],> ¢, -nr 2.

Finally we have:

> cp(e)-n%,2<p<oo
T lele)n, 1<p<2.

In order to prove Dvoretzky’s theorem (Theorem 1.2) we need to estimate E and
b. By multiplying our symmetric convex body (or the corresponding norm) by a con-
stant we can always assume that b = 1 which exactly means that the Euclidean ball
lies completely inside By, - the unit ball of the new norm. But if the euclidian ball is
much smaller than B, then we get nothing, because in such a case £ would also be
very small and our estimate of the dimension would be meaningless. It is thus better
to choose the multiple in such a manner that the Euclidean ball will touch the unit
sphere of our norm from the inside. Even then it is possible that E is arbitrarily small.

The way to overcome this difficulty is to deal first with more general Euclidean
norms than the canonical one, replacing the /5 norm with more general inner prod-
uct norms, or equivalently replacing the Euclidean ball with a general ellipsoid and
proving a similar theorem (Theorem 3.7 below). We shall see later that deducing
Theorem 1.2 from the existence of large dimensional Ellipsoidal sections is easy.

Definition 3.5. An ellipsoid n-dimensional ellipsoid £ € R™ is a set of the form

E= {iazmz . ia? S 1},
=1 i=1

for some linearly independent x4, ..., x, € R". If we define a linear automorphism T
of R™ by Te; = x; (where e; is the standard basis of R") we get that € = TBY. The
inner product induced by the ellipsoid & is just

<oee=< T, Ty > .

The next lemma shows that at least in some sense the unit spheres of the given
norm and of some contained ellipsoid are not too far apart.

15
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Lemma 3.6. (Dvoretzky-Rogers) Let ||-|| be some norm on R"™ and denote its unit
ball by K = By.. Let & be the (unique) ellipsoid of maximal volume inscribed in K
and |-| - the norm induced by £. Then there exist xy,...,x, € O (the boundary of
&) orthonormal with respect to the inner product < -,- >¢ such that

—1
! ) <|lzi|| <1, foralll <i<n.

_1(

Remark: This is a weaker version of the original Dvoretzky-Rogers lemma. It
shows in particular that half of the x;-s have norm bounded from below: for all
1 <@ < [2] |lag|] = (2¢e)~'. This is what will be used in the proof of the main
theorem.

Proof. First of all choose an arbitrary z; € 0 of maximal norm. Of course, ||z1] =
|z1| = 1. Suppose we have chosen {z1,...,2;_1} that are orthonormal with respect
to £. Choose x; as the one having the maximal norm among all x € 9& that are
orthogonal to {z1,...,x;_1}. Ouroriginal ellipsoidis & = {>_1" | a;z; = Y.ia? <1}
Define a new ellipsoid which is smaller in some directions and bigger in others:

n g2
{ZQZIZ Zaz Zb_z
1=

Suppose, Y ., b; xz € E. Then for each z € spcm{xj, T} OE we have ||z|| <
l|lz;||. Moreover Zl 1 biz; € a&, hence ||Z ble < q; and Z b;x; € bE, hence
120 bizill < [|l2;]|b. Thus

n j—1 n
IS ball < I biall + 13 bill < a+ | - b
=1 =1 =3

The relation between the volumes of £ and Eis Vol(&) = a7+ Vol(&). If
a+ ||zj]| -b < 1, then £ C K. Using the fact that £ is the ellipsoid of the maximal
volume inscribed in K we conclude that

Va,b,j st. a+|z;]|-b=1, o "7 <1,

Substituting b = =% and a = <= it follows that for every j > 2

[l ] n
j—1
i ) n—j+1 y y
ol 2 077 -0) = (L2) 77 (1- ) 2 e (1 24,
n n n

Exercise:

]

16
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1*. Let ||-|| be some norm on R™ and &€ - the ellipsoid of a maximum volume inscribed
in B”‘H’ then:
By € v/né.

2. The previous exercise may be hard; prove at least that there exists an absolute
constant C' > 0 such that:
B ccC Vné.

Theorem 3.7. (Dvoretzky) For every e > 0 there exists a positive constant c(€) such
that if ||-|| is some norm on R™ then there exists a subspace V. C R"™ and an ellipsoid
& satisfying:

1. dimV =k, where k > c(¢)logn.

2. For everyx € V:
(1= )llxllg < [lzf] < (1+ )zl

Proof. Let € be (the) ellipsoid of maximal volume inscribed in K = By and T" - a
linear automorphism of R™ such that TBY = £. Denote H = T~ K. Then the Euclid-
ean ball B} will be the ellipsoid of the maximal volume inscribed in H. It is sufficient cnecx
to prove the theorem for the norm ||| g (the norm for which H serves as the unit ball).

Suppose we have proved, that

1
E= / |z || rdz > ey |~ (3.0.6)
Snfl n

for some absolute constant ¢ > 0. Then by letting b = 1 (because By C H) and
applying Theorem 3.1 we get that there exists a subspace V' C R" of dimension
k > clogn satisfying for every x € V

(I=eE-|lzfz < [lzlla < (1 +e)E- [l
which will finish the proof.

We now turn to prove the inequality 3.0.6. According to Dvoretzky-Rogers lemma 3.6
there exist orthonormal vectors zy, ..., z, such that for all 1 <i < [Z] |zs]|z > e/2.

17



Note that S™' = {>""  a;a; = >, ai =1}, hence,

n
/ el sde = / I aalda =
Sn—1 Sn—1 i
n—1

:/ 3 ||Zazacz—I—anxn||H+||Zazxz Uy || g)da >
Sn 1
n—1

2/ max{[|Y " a;xi| . | ananll s Hda >
Sn—l i=1

n—2
> / max{|S" asill o, an 120 ], anall}da > - >
Snfl

=1

2/ max { | agz:|| i Yda > 2/ mas {ja[}do
Sn—

1 1<i<n gn—1 1< <l

The measure da is the normalized measure on the sphere. So the last integral
is exactly the expectation of the vector with the normally distributed independent
coordinates, normalized in the ¢, norm:

maxj<; i E max; <; i
/ max {|az|}da—E <i<iz){laily 1<i< |2 {19l }
s

v 1 2% S BT, ) (3.0

why?

To evaluate the denominator observe, that by concavity of the root function and

Jensen inequality:
E() g)?<(®) g)*=vn
i=1 i=1

Next we use the properties of the normal distribution to get P(|g;| > t) > ce /2

for some constant ¢ > 0. Let m = [7].

P(max |g;| > 1) =1 — HP<|gi\ <t)=1- H(1 —P(lgs| > ) >1—(1—ce /2)m

1<i<m
=1

Substituting t = \/2logm we get:

P(m%x lg:| > v/2logm)=1—(1— £)m ~Hl—e >/,
i<m m

1<

for some absolute constant ¢ > 0. Apply Chebyshev’s inequality to get the estimate
on expectation:

E max|g;| > 1/2log mP(max|g;| > \/2logm) > ¢ /logn.

18



Plugging in the last estimate into 3.0.7 we finish the proof:
1
E:/ x|l dz > &y )28
Sn—1 n

To deduce the The Proof of Dvoretzky’s theorem 1.2 from Theorem 3.7 it
is enough to prove the following claim.

]

Claim 3.8. Let £ be some ellipsoid in R*. Then there exists a subspace W C R* of

dimension | = | %] and 0 < r < oo such that:

r(BS(\W) =€ W

THIS WILL MOST PROBABLY BE THE LAST LECTURE TO BE
TYPED AND PUT ON THIS SITE FOR A WHILE. YOU MAY WANT
TO TAKE NOTES DURING FUTURE LECTURES.

VOLUNTEERS FOR TeXing NOTES ARE MOST WELCOME.

Proof. First of all we will find |%4] vectors that are orthogonal both with respect to
the usual inner product < -,- > and with respect to the inner product < -,- >¢
induced by £. Let E be some subspace of R¥, then we denote by

Et={z :YWeE <x,y>=0}
the orthogonal complement of £ and by
Er={z : YWWeFE <x,y>=0}

the complement subspace of E, orthogonal to E with respect to £.

Choose some v; € R* such that ||vi|ls = 1. Notice, that the dimension of the
subspace (span{v;})* N(span{v,})s is at least k — 2. Hence, we can choose a vector
vy satisfying ||v1]ls = 1 and in addition < vy,v3 >= 0 and < vy,v9 >¢= 0. We can

k
repeat this iterative procedure |%] times and get a set of vectors {v,}b{ which are

1=

orthonormal with respect to the euclidean ball and orthogonal with respect to £.

Now using the above sequence of vectors, we are going to construct L%j vectors
which are of the same length and orthogonal both in the euclidean norm and in the
norm induced by £. Suppose we arranged the vectors in such a way, that ||vi]e >
vg]lg > -+ > HUL%JHS > 0. Pick some number ||"UL§JH5 >a> ||UL§J+1||5.

Now for every 1 < i < L%j we choose 0 < \; < 1 in such a way that

Aillvillz + (1 = )‘i)HUL§J7i+1”‘% — a2

19
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Now construct a sequence of L%J vectors u; = vV A\v; + /(1 5 i1

course those vectors are again orthogonal both in euclidian norm and in the norm
induced by £. Moreover

luill3 = Aellvillz + (1 = A)llvpg) il = 1,

and

lill = AdlloillE + (1 = A)lvg) sy lIE = o

Hence, we can choose W = span{u, ... ,um} and
4

L)

1%
By (W ={>_au; : ||ZW||2 = a)P<1}y=
=1

=1

PNES

15

5]
={> amu; : ||Zazuz||g—a S a2 <ay=a-EW.
=1

=1

]

We have seen in previous lectures, that £ has a (1 + €)-euclidian section of di-
mension

> cp(6)~n%, 2<p< oo
T Lele)n 1<p<2

Exercise: Prove, that for 2 < p < oo one can get an estimation k > c(e)pn%, where  exercise
c¢(€e) depends only on e.
Hint: in the proof of the case 2 < p < oo show that E(}_1,[g;[?)/? > ¢ /pn'/?.

In the next claim we prove that the dependance on n in the estimation of k for
the case 2 < p < 0o is the best possible, namely:

Claim 3.9. Let 2 < p < oo and suppose we have that (5 (1 + €)-embeds into 0y,
meaning that there exists a linear operator T : R¥ — R" such that

lzlls < | T]l, < (1+ €)lzl2,
then k < c,(e)n?/?.

Proof. Let T : R¥ — R", T = (a;;)1," 11
of the claim. Then for every z € R*:

; )2 < Z!Za ;)P < 1+e)(z1 2)1/2, (3.0.8)

=1 j=1

be the linear operator from the statement

20



In particular, for every 1 <[ < n, substituting instead of x the [-th row of T" we

get:
k

(St < I sl < 1+ P ()
j=1 =1 j=1 j=1
Hence, for every 1 <1 < n:
k
O al)? < (1+ep.
j=1
Let g1, ..., gx be independent standard normal random variables. Then using the

fact that Zé?:l gia; has the same distribution as (Z?Zla?)l/ 2g; and the left hand side
of the inequality 3.0.8 we have

ZQJ P2 < Z’Zg]aw‘ ZE 1|7 Z )p/2)

i=1 j=1

n k
=Elg.|"- ZZ )72 < (14 €)’Elgi [Pn.

On the other hand we can evaluate E(Z?Zl g?)p/ 2 from below using the convexity
of the exponent function for p/2 > 1:

k k

E(Zgjz)pﬂ > (EZQJ )p/2 LP/2.

=1 j=1
Combining the last two inequalities we finally get the upper bound for k:

k< (1+€)*(Elgu?)*Pn?.

Remark:

1. There exist absolute constants 0 < ¢ < C' < oo such that ¢,/p < (E|g:[P)"/? <
C'\/p. This can be proved by integrating by parts. Hence, for p = logn we have: exercise

k< (1+ ¢)*log(n)n?/ e,
Note, that log(n'/6™) = 1, thus:
k< (1+¢€)%e*log(n).

Hence, if we (14 ¢)-embed £5 into 47, ,,, then k < (1+¢€)?e*log(n), which means

that the logn bound in the Dvoretzky’s theorem is sharp.
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2. However, the exact dependence on € is an open question. From the proof of
Dvoretzky’s theorem we got an estimation k& > ﬁ log n, see the Open Prob-
lems below for the best that is known.

Now we will see another way of obtaining an upper bound on k, which, unlike the
estimate in Remark 1, tend to 0 as ¢ — 0. It still leaves a big gap with the lower
bound above.

Claim 3.10. If /5 (1 + €)-embeds into (", then

b < C'logn 7
~ log(1/ce)

for some absolute constants 0 < c¢,C' < co.

Proof. Assume we have (1 + €)-embedding of ¢% into (" using the linear operator
T = (ag)r,* 1j=1- Then every z € R* satisfies

k
(1-— 6)(21 W2 < 1H<1i)§l|2a”x]| <( Z /2, (3.0.9)
]:
This means that there exist vectors vy, ..., v, € R¥ such that for every x € R¥:
(1—=e)|z|l2 < max < ;T >< || z|2- (3.0.10)

In particular, ||v;]|2 < 1 for every 1 < i < n.

Suppose € S*71, then the left hand side of 3.0.10 states that there exists an
1 <i < nsuch that < v;,z >> (1 — ¢€), hence:

lz = villz = ll2ll3 + llvill3 = 2 < wi, 2 >< 2= 2(1 - €) = 2e.

Thus, the vectors vy, ..., v, form a v/2e-net on the S¥~!, which means that n is
much larger (exponentially) then k.

In order to formalize the last statement we are going to use volume arguments,
just as in proof of the cardinality of e-nets. We have

U Blun2v30) 2 B5\ (1 - V20 BE

= n}/olB(O, 2v/2¢) > Vol B(0,1) — Vol B(0,1 — v/2¢)
= n2v2)F > 1— (1 —V2)F > V2ek(1 — V2e)"!
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This gives for € < 3% and k > 12

ko1
n> — k—1 k/2’
> 2(4@) (—4@)
or 41
e < ogln
logﬁ

Open problems
1. The best known estimates for ¢(e) in Dvoretzky’s Theorem 1.2 are

ce < (o) < C
(log1/e)? — A= log1/e

There is still a big gap between the two estimates. One can also ask for the best
dependence on € of € Euclidean sections of specific bodies, in particular the £,

balls.

2. Construction of explicit embeddings of close to the best possible dimensions.
The only satisfactory results are for ¢ and (7.

Exercise: Show that 5 (1 + €)-embeds into 7, for

k> Wlog(n).

Hint: Follow the proof of the claim 3.10 in opposite direction starting with e-net in
Sk=1,
Lecture 7

e Construction of Haar measure on homogeneous spaces of compact groups. (The
first few pages in [MS].)

e The Johnson-Lindenstrauss Lemma. ([S])

Lecture 8

e Continuation of the J-L Lemma.

e Survey of tight embedding results in £} spaces. ([JS])

e Finite dimensional subspaces of L; and zonoids.
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° Eg embeds in Ly if 1 <p <2.

LeCtUI‘e 9 lecture 9
Dec 25, 2006

e Change of density and Lewis’ lemma.

LeCtUI‘e 10 lecture 10
Jan 1, 2007

e Splitting of atoms.
e Concentration of Rademacher sums.
e Embedding n-dimensional subspace of L, in 65"2, 1<p<2

Exercise: Extend to p > 2.

Exercise: Show that any n-point set in L; (1 + ¢) embeds into £"'8™<

e Introduction to K convexity.

Lecture 11 lecture 11
Jan 8, 2007

e More on K covexity: K(L,) is of the order of max{p,p/(p—1)}, K(X) is of the
order of 1/dim(X) for subspaces of L;.

e Khinchine’s inequality with asymptotically best constant.

e Statement of Th: X n-dimensional subspace of L, then X (1 + ¢€) embeds into
(7 with m at most $K(X)n.

e Beginning of proof: Reduction to Gaussians, Consequence of Slepian’s lemma
(delaying full statement and proof of Slepian for week after next), Statement of the
two propositions from [JS] with indication how to finish the proof of the theorem
based on them.

LeCtUI‘e 12 lecture 12
Jan 15, 2007

e Proof of the two propositions.
e Statement of Slepian’s Lemma. Introduction to Gaussian processes.

LeCtUI‘e 12 lecture 13

Jan 22, 2007

e Continuation of the introduction to Gaussian processes/vectors. Proof of Slepian’s
lemma.

e Take-home exam given.
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