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A function f : R → R is convex if

f (λx + (1 − λ)y) ≤ λf (x) + (1 − λ)f (y)

for every number x , y and 0 ≤ λ ≤ 1.

Nicolescu: A function is multiplicative convex if

f (xλy1−λ) ≤ f (x)λf (y)1−λ

for every x , y > 0 and 0 ≤ λ ≤ 1.
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A function f : R → R is convex if

f (λx+(1 − λ)y) ≤ λf (x)+(1 − λ)f (y)

for every number x , y and 0 ≤ λ ≤ 1.

C. P. Niculescu: A function is multiplicative convex if

f (xλ·y1−λ) ≤ f (x)λ·f (y)1−λ

for every x , y > 0 and 0 ≤ λ ≤ 1.



Our definition
A function f : (0,∞) → [0,∞) is multiplicative convex
(mc−function for short) if

f (xµy1/µ) ≤ f (x)µf (y)1/µ

for every number x , y ≥ 0 and µ > 0.

If f (1) = 1, we will say that f is 1-multiplicative convex
(mc1−function for short).
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Let us focus first on mc1−functions, and let us see what we
can say of them...

Theorem 1
An mc1−function is either increasing, decreasing or decreasing
on (0,1) and increasing [1,∞) (decreasing-increasing type, for
short).
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Let f be an mc1−function and q ∈ Q+. Then
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Proposition 2
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Let us focus first on mc1−functions, and let us see what we
can say of them...

Theorem 3
Let f : (0,∞) → (0,∞). Then, f is a mc1−function if and only if
f is of the form

f (x) =

{
bloga(x) if 0 < x < 1,
b′ loga′ (x) if x ≥ 1,

where
1 0 < a < 1 and a′ > 1,
2 if b < 1, then logb(b′) ≤ loga(a′),
3 if b > 1, then logb(b′) ≥ loga(a′).



Let us focus first on mc1−functions, and let us see what we
can say of them...



Considering some algebraic properties of mc−functions:

The sum of mc−functions is mc.
The product of mc−functions is mc.
The composition of mc−functions is mc if the upper
function is increasing.
The composition of xµ with an mc−function is mc, for
every µ > 0.
If f is an mc−function and K ≥ 1, Kf is an mc−function.
The punctual limit of mc−functions is mc.
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Considering some algebraic properties of mc−functions:
1 The sum of mc−functions is mc.
2 The product of mc−functions is mc.
– The composition of mc−functions is mc if the upper

function is increasing.
– The composition of xµ with an mc−function is mc, for

every µ > 0.
3 If f is an mc−function and K ≥ 1, Kf is an mc−function.
4 The punctual limit of mc−functions is mc.
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A closed truncated cone:

A subset V of a topological vector space is a closed algebraic
truncated cone if

We can define sum and product, fulfilling the usual
properties,
it is closed under sums,
it is closed under products,
it is closed under multiplication by scalars greater than 1,
it is a closed set.

Theorem 4
The set of mc−functions is a closed algebraic truncated cone.
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What about general mc−functions?

MC = {f : (0,∞) → (0,∞) : f is a mc−function},
MC1 = {f : (0,∞) → (0,∞) : f is a mc1−function}

Is MC = A(MC1)?
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What about general mc−functions?

MC = {f : (0,∞) → (0,∞) : f is a mc−function},
MC1 = {f : (0,∞) → (0,∞) : f is a mc1−function}

Is every mc−function continuous?



The function

f (x) =

{
2 if 0 < x < 1,
4 if x ≥ 1

is a discontinuous mc−function.

Proposition 3

MC \ C(0,∞) contains a closed algebraic truncated cone with
a set of cardinality c of algebraically independent elements.

f (x) =

{
αf (x) if 0 < x < 1,
βf (x) if x ≥ 1,

where f is a mc1−function and 1 < α < β ≤ α2.
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is a discontinuous mc−function.

Theorem 5
If X is a monotonous sequence, then there exists an
mc−function which is discontinuous on X and continuous on
(0,∞) \ X.

Theorem 6
There exists a truncated cone consisting of mc−functions
discontinuous over an infinite set and containing an
uncountable set of algebraically independent elements.
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Questions that arise.

What is the cardinality of the set MC?

Answer: c

What is the maximum cardinality of the points where an
mc−function is discontinuous?

Answer: ℵ0

What can we say about the general behaviour of an
mc−function?

Answer: The following Theorem

Theorem 7
An mc−function is either increasing, decreasing or
decreasing-increasing.
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An open question:

MC ∩ C(0,∞) is a truncated cone.
Is MC \ C(0,∞) a truncated cone?
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