Playing with equivalent norms and the Fixed
Point Property

Maria A. Japén

Universidad de Sevilla, Spain

On the occasion of Enrique Llorens-Fuster’s 70th birthday
December, 2016



Introduction

Definition

A Banach space (X, || - ||) has the Fixed Point Property (FPP)
if for every closed convex bounded set C' and for every
nonexpansive mapping 7' : C — C, there is a fixed point.

Nonexpansiveness of a mapping depends on the underlying
norm, since it means

[Tz =Tyl <|lz—yll Vo,yel

A mapping T : C — C may be nonexpansive for a norm || - ||
and it may fail this property for an equivalent norm |- | on X.



From now on, when we refer to the FPP we have to specify
which is the norm in action.

(41, ) fails the FPP

C—coen:{x—Ztnen tn >OZtn:1} T:C—C

T2 B = Do i
T is fixed point free and || Tz — Ty|1 = ||z — y|]1 Vz,y € C.

Corollary

Every Banach space (X, || -||) containing an isometric copy of
(21, [ - 1) fails to have the FPP: (Li(p), || - [l1), (foos || - [loo),

(€10, 1], [ - [loo)-

What do we know if (X, || -||) contains an isomorphic copy of ¢,7



Renormings of ¢; with the FPP. First concepts

Theorem (James)

If (X,]| - ||) contains an isomorphic copy of €1 then for all € > 0
there exists (x,) C X such that

oo
(1_5)Z|tn| < Zt’nxn
n=1 n=1

<> el V() €6
n=1

Definition (J. Hagler, 1972)

A Banach space (X, || - ||) is said to contain an asymptotically
isometric copy of /; if there exist (z,) C X and (ey,) J 0 with

2(1 —en)tn] < Ztnxn

<Z]tn V(tn) € &1




Theorem (P. Dowling, C. Lennard, B. Turett, 1996)

If a Banach space (X, || - ||) contains an a.i.c. of £1, then
(X, || - |I) fails to have the FPP.

m Every infinity dimensional subspace of (¢1, || - ||1) fails the
FPP.

m Every nonreflexive subspace of (L1[0,1],|| - ||1) fails the
FPP.

m Let ' be an uncountable set. Every renorming of ¢;(I")
contains an asymptotically isometric copy of ¢1. ¢1(T")
cannot be renormed to have the FPP.

m /o contains ¢;(I") for some nonseparable I'. The space ¢,
cannot be renormed to have the FPP.



There are renormings of ¢; without a.i.c. of ¢4

Lemma (P. Dowling, W. Johnson, C. Lennard, B. Turett, 1997)
Let () C (0,1) such that limg vy = 1. Then

o0 oo
lalll = supe S fenly 2= men
& n==k n=1
is an equivalent norm in ¢y and (¢1,]|] - |||) does not have an

a.i.c. of 4y.

izl < llzfll < flefi Ve eh



P.Dowling, W. Johnson, C.Lennard, B. Turett, 1997

Fix a sequence p = (py)n C (1,4+00) with (p,) | 1.

Let cgp be the space of all real sequences with finitely many
non-null coordinates. We define the norm

vp(z) = li7rln vn(p, )

where

vi(p,x) = |z1],  vps1(0,x) == (|21 + vy (Sp, Sz)P )P

).

with z = (21, x9,...) and Sz := (29, 23,...) when z = (z1, 22, ..

Let X be the completion of ¢y with the v,(-) norm.

X = (co0, ¥p(+))



Let ¢ = (qn) be the sequence satisfying pin + qin =1. The
following are equivalent:
a) The norm v,(-) is equivalent to the {1 norm || - ||1 and

X = (61’ VP('))}

b) There exists some 6 > 0 so that q, > ¢ logn for alln € N

m If a) fails, (X, vp(+)) is not isomorphic to ¢;.



If vp(+) is equivalent to 41, then (¢1,vp(+)) fails to contain an
a.i.c. of £1.



Theorem

If vp(+) is equivalent to 41, then (¢1,vp(+)) fails to contain an
a.i.c. of £1.

Questions: (P. Dowling, W. Johnson, C.Lennard, B. Turett, 1997)

Does (¢1,]]| - |||) have the FPP?
If v (-) is equivalent to ¢q, does (¢1,vp(+)) have the FPP?



Theorem

If vp(+) is equivalent to 41, then (¢1,vp(+)) fails to contain an
a.i.c. of £1.

Questions: (P. Dowling, W. Johnson, C.Lennard, B. Turett, 1997)

Does (¢1,]]| - |||) have the FPP?
If v (-) is equivalent to ¢q, does (¢1,vp(+)) have the FPP?

Theorem (P.K. Lin, 2008 )
(¢1,1]| - |I]) has the FPP.



Some key facts of ||| - ||| used in P.K. Lin's proof:

For every o(¢1, cp)-null convergent sequence (z,,) and for
every T € /1,
lin S, [ + 1 = limn supy, [l + [l (+)
(%) fails for ||| - |||. However, since vi||z|1 < |||z||] < ||z if
x > k, we can still derive

) 1 .
lim sup |||z,||| + |||z||]] £ — limsup |||z, + |||
n Yk n

for every (x,) a w*-null sequence and = € ¢; with x > k.



Some key facts of ||| - ||| used in P.K. Lin's proof:

For every o(¢1, cp)-null convergent sequence (z,,) and for
every T € /1,
lin S, [ + 1 = limn supy, [l + [l (+)
(%) fails for ||| - |||. However, since vi||z|1 < |||z||] < ||z if
x > k, we can still derive

: L.
lim sup [[|zn|| + |[[z]|| < — limsup |||z, + ||
n Tk n
for every (x,) a w*-null sequence and = € ¢; with x > k.

Fix k € N. If (zy,) is w*-null, liminf, |||z,||| > 1, |||z]|| < 1
and z < k then

lim sup |2 + Az || < lim sup |||zl
n n

forall 0 < A< 1— .



Sequentially separating norms

Let X be a Banach space with a basis (ey,).
Qr(x) = D07 ) Tnen.

(xy) is a block basic sequence (b.b.s.) if (x,) is bounded and

qn
Ty = Z a;€;
1=pn
withpr <1 <p2 < g2 <---.
An equivalent norm | - | is premonotone if |Qx(z)| < |z| for
every x € X.

Definition

limsup,, |z, | + 2|

Sp(X, |- ]) == sup{ (zn) b.bs.,z > k}

limsup,, |z + x|



limsup [a] + 2] < Sp(X, | - ) limsup 2 + 2|
n n

for every (x,) b.b.s. and x > k.



limsup [a] + 2] < Sp(X, | - ) limsup 2 + 2|
n n

for every (x,) b.b.s. and x > k.

Definition (A. Barrera-Cuevas, M.A. Japén, 2015)

An equivalent norm | - | is a sequentially separating norm if



Definition (2016-2017)

Let X be a Banach space with a Schauder basis. A norm |- | on
X is called near-infinity concentrated (n.i.c.) if it has the
following properties:

| - | is premonotone and sequentially separating.
For every k € N, there exists F}, : (0, +00) — [0, +00) with

lim sup |z, + Az| < limsup |z, | + Fx(N\)|z],
n n
for every b.b.s. (x,), with liminf, |z,| > 1, for every x € X
with |z| <1 and = > k, for all A € (0,4+00), and such that

Fi.(\)

li =0
,\inoﬁ A




Theorem

Let X be a Banach space with a boundedly complete Schauder

basis and let | - | be a near-infinity concentrated norm.
Then (X,|-|) has the FPP.



Theorem

Let X be a Banach space with a boundedly complete Schauder
basis and let | - | be a near-infinity concentrated norm.
Then (X,|-|) has the FPP.

Corollary (P.K. Lin, 2008)
(41,1|| - [I]) has the FPP.

P.K. Lin’s norm is just the first element of a sequence of
equivalent norms in /1 with the FPP. This sequence can be
defined recursively by

po(@) = Iz, pr(@) =[llzlll,  p2(z) = supyell|Qu(@)], -

p3(x) = Sl;p Ve P2(Qr(x)), ... ppyi(x) = Slip Ve Pn(Qr())



The norm v,(-) is a near-infinity concentrated norm

on X.
The Banach space (X, vp(-)) has the FPP for every choice
p = (pn) | 1, regardless of whether it is isomorphic to ¢;.



The norm v,(-) is a near-infinity concentrated norm

on X.
The Banach space (X, vp(-)) has the FPP for every choice
p = (pn) | 1, regardless of whether it is isomorphic to ¢;.

1,0 - Il + vp(+)) has the FPP.



There exist equivalent norms on ¢; with the FPP but failing to
be near-infinity concentrated norms.

Theorem (C. Herndndez-Linares, M. Japén, E. Llorens-Fuster)

(01, - [lL + M|l - [||) has the FPP for every X > 0.

|l - llx + 1] - ||| does not satisfy condition 2) in the definition of
near-infinity concentrated norms. We can not include these
examples with the previous techniques.



Theorem (C. Herndndez-Linares, C. Lennard, M. Japén)

The set of renormings in £1 which fail to contain a.i.c. of ¢1 is
dense in the set of all renormings of /1.

Question:

m If (¢1,]|) fails to have an a.i.c. of ¢;, does (¢1,]-|) have the
FPP?

m Does there exist an equivalent norm on #;

without the FPP and
without asymptotically isometric copies of £17

m Can the equivalent norms on ¢; with the FPP be
characterized by some geometric property?



Extensions to more general family of functions

Definition (E. Llorens-Fuster, E. Moreno-Gélvez, 2011)
A mapping T : C — C satisfies the (L) condition if

every closed convex bounded T-invariant subset D C C
contains an approximate fixed point sequence (a.f.p.s.),
that is, a sequence (x,) C D with lim, ||z, — Tx,|| = 0.

For ever a.f.p.s. (z,,) and z € C
lim sup,, ||z, — Tx| < limsup,, ||z, — z||

Nonepansive mappings, mappings satisfying condition (C') of
Suzuki, and some others satisfying condition (L).



Extensions to more general family of functions

Definition (E. Llorens-Fuster, E. Moreno-Gélvez, 2011)

A mapping T : C — C satisfies the (L) condition if

every closed convex bounded T-invariant subset D C C
contains an approximate fixed point sequence (a.f.p.s.),
that is, a sequence (x,) C D with lim, ||z, — Tx,|| = 0.

For ever a.f.p.s. (z,,) and z € C
lim sup,, ||z, — Tx| < limsup,, ||z, — z||

Nonepansive mappings, mappings satisfying condition (C') of
Suzuki, and some others satisfying condition (L).

Theorem
(X, vp(+)) has the FPP for mappings satisfying condition (L).
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