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Abslract - Six digital-halitoning procedures, includ ing one algorithm proposed by us • .lre compared 
10 determine which one is best SUlled 10 binariZJlIon of a parabolic super-resolving pupil filter. The 
procedures we deal with include neralive. error-rliffusion, error-convergence, .md I-pixel algorithms. 

\Ve carry oul a numerically Simulated experiment in which an object thaI conSists of either one point 
source or twO coherent poim sources IS Imaj::ed in J ~f imaging system With either a conllnuous 
super-resolving Pilfilbolic IIher or one of its s'-~ du-(erent binary ve~ions. The performance 01 binary 
filters is e)l:amlned in terms 01 two parameters: the resemblance 01 their amplitude Impulse response 

tAtRlto the AIR of the origin,11 contrnuous iiller . .:IS well as the two-point Sparrow resolution criterion. 
We iou nd that Ihe best periorm3nce in lerms of both figures of ment is achieved With lhe rrlter sen­
erated by means or one-weight error diffusion when Ihe weight is randomly posi t ioned and the algo­
nthm is processed on a sefj)e rl1lne ra,ter 
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1 Int roduction 

The perfo rm.mce of ;1 linear coheren t imaging system ca ll 
he described e rthe r by means of its amplitllde impulse re­
sponse t:\tR) o r by th e Fourie r transform of th is magn it ude, 
i.t" .. the coherent tra nsfe r fu nction (CTFI. In an optica l ex­
pe rimen t. we can dlTecll ~' shape Ihe CTF by pbci ng a f"l lter 
ill t he pupil plane of the s.\"Ste m, ;lI1d in this way we can 
control the AlII . The des tgn of pupil-plane fil te rs (e.g., ;lpO­

dlzln~ fille rs, supe r resolVing mlers. deblu rring mte rs. e tc. ) 
was cxtensl\'ck s t udi ed In Ihe P:ISI.I.1 Nonel heless. the 
lIl;l1l ll l"acture of contllHlo lls-tone pupIl filters ha~ rema ined 
.1 difficult task . An ;lttractiye solution of this proble m is to 
bbm:: ll e pu pi l fi lt e rs in b in arv form b:-; means ofh igh - fc~o 

lutlon co mput c r-con t rolled ligh l plott ers. Pupil filters uinar­
i7.ed hy so me Ira1ftonin~ mcthods were success full y :lppli ed 
rll !r oc-sca li ima ge p,ene r:lto rs 10 51';] pe re;ld-and -writc 
bC;LTl1sJ and in co nfocal mic roscopy to prov1{k: high s p; l ti~11 
r(:so iliti o li . j Tl lcrc fo re . the Influ e nce 01 the binanz.ll ion 
procedure on the per fo rmance of a bin,nv fi lte r sho uld be 
l''l:a n lined. 

\Vh e n binanzation me thods are used for cre.llion of 
the illUSIon o l" conti nuolls-tone pictures (ha lftoll ill!!). th e re­
:' lIl!i ll~ bin,HY Image IS usuall .v examined both In the sp;ltia l 
domain and in the F()urie r domain . In the spa tial dom,lIn. 
subject Ive Visual c riteria a re applied. In the Fou ncr doma il}. 
isotropy. regulant.v. and extension of the spectru m of a ll ll i­
form ly gray object rendered With a g iven halftonmg method 
MC examined :~ On the cont ratv. when bina rization me thods 
Me used to lI11plemen t the binary yersion of a pupil filtcr. 
the pe rforma nce of the binat;-· mask is e\'aluated only in the 
spatial frequelle~' doma in. where the Fourter speclrum of its 
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;~mpJi tudc transmi tt:lnce. i./: .• its Am, is compared wlIh the 
Founcr spect ru m of Ihe o riginal con tinuous-tone filter. 

:\ l!.encr:11 anal:-;tic app roach that e nables us to predict 
how a bl ntlflzatlon procedure affects the spect nLHl of a gwv­

tone filt e r is ;l\";l lbble fo r only three classes of halftone pro 
ccdures. T he f'rsl cLiss conSists of all the techniques b;lsed 
on the penodlc c;ll"rier concept. J · 6--8 The use of Ih ese meth­
uds fo r binanzattOn of filte rs would s trongly a l fecl the 

resemblance betwee n AIRs of binarized an d co ntinuous 
tone pupil filters . Th is is because Irrespect ive of thc natu re 
of the CO rltln ' lous-tone filter spect rum. the specl rum of the 
correspo ndin g binary fill e r is period IC. Thu s. tho~e tech­
IlIq UCS will nOI be add ressed here. 

T he second class co n ~isls of generalized delcrl11 lnl stic 
(WII hou t stochastiC pert!! rbations5) error d iffll sio ll I IE 1)1 pro­
ccdllre~. i\ co rnprchen~ive an al ~'s i s uf the spectra of bmar­
izcd irna~es and d ilfrac tr ve opti c;d c le me nts ohtain ed b.1I 
mca ns of these algorith ms was presc!ll cd in lenl!~ of niter 
theolY bl' \Ve ls~bac h and \Vvrowski.v 

The th ird d ass consists of procedures based on the 
random -C:IlTi er co ncept. t\ tec h11lquc which be lon~s to this 
class i .~ . fo r c)';;llnple. that presen ted by .\l its'l and l\u·ke rJr) 
ill which the ha!f1onrng is achic\'ed by ,I l',xclwise compari­

son of the gray.~calc image to a blue-noise mask. In :'l recent 
work. we have presen ted a ngorous ilnal~" ic descn pt lon of 
dit heri n~ WIth a white-nOIse ma:)k. 11 \\"~> showed that the 
~ta 'l s li c:1 1 average of the AlB of ,\ pupil filter binarized with 
tlus method is approximately equal to the AIIl of the corre­
~ponding continuous-tone nite r. provided that the number 
of tr;\ nsparent cells within th c pupIl is su mcientl~t lar~e. 
Dlthe r i ll~ with \\·hite noise has been the unIque digital-
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half toning method successfully applied to binariz:ltion of 
the amplitude transmittance of pupil fil ters.4 

The aim of this pape r was to fi nd the binari zation 
method which would ~·ield. as closely as possible. similar 
spectra for a continuous-tone parabolic super-resolving pu­
pil IlIter and its correspondi ng binary \'ersion. Since ;11'­

proximately 80% of the ,\ IR e nergy is concentr.\ted ill its 
{'entral maximum and low-order side lobes. we are lookin~ 
for a procedure which would not affect the !ow-freqllellc~" 
part of the spectrum of the filter transmittance. There exist 
himlrization methods whose actual implementation is well­
ad;lpted to our needs. This favorable situation results from 
the fact that in order to meet subjective criteria of human 
understanding of ima~es, many halftone procetlurcs have 
been optimized to give ,In isotropic blue-noise shape to the 
spect rum of binari7A.tion noise. The blue -noise spectrum of 
binari7.ation noise means that the 10w-frequenL:' part of the 
spectmm of a continuous-tone element remains practicall:-' 
una ffected whe n the bimuization procedure is executed. 
which. bv coincidence. is exactly our aim. The blue-noise 
shape or"the spectrut11 i~ an inh~rent feature of all the ED 
procedures. It can also be achieved in some iterative half­
tone procedures in which the shape of a fixed part of the 
"pectrum is directly controlled. 

Since an analytical description of the inlluence of dig i­
:al hal f toning on the Fourier spectrum is available only for 
determ inistic ED ,IIH1 tor dithering with random carrie rs, we 
;le rform here ;1 numerical experiment to compare the per­
lormance of the six bi nary ve rsions of a super-resolvi ng 
parabolic pupil -plane filter ge nerated with six repre­
-;entative hulrtoning algOrithms. A similar comparison studv 
\Vas done by Biliotet-HolTmann and Bryngdahl with respect 
lo sine-wave pupils bllt ollly quali tative results were give n.l ~ 
We examine all the binary Hiters for the resemblance of 
their spectra to that of the con tinuous-tone filter and for the 
two-point resolution evaluated in terms of the Sparrow cri­
terion. 

rn this way we. in hlct. evaluate different h:l lrtonin~ 
techniques to c,·hoose one which best suits our needs. \-\le usc 
the Sparrow resolution criterion as a merit function lor the 
follOWing reawlls. :\11~' fabrication method can be evaluated 
directly and indirectl~'. By direct evaluation we me:1I1 the 
measurement of important parameters of the fabricated ob­
ject in the present C,\~je. th e Fourier spectrum of the digi­
tally half toned pupil filter. By indirect evaluation. we mean 
the evaluation of the result that is achie\'ed by IIsing the 
object - he re . the super-resolution that can be achieved 
wit h subsequent hinarv filters. In ou r opinion. a complete 
investigation shOldd in~ludc both kinds of e\,allwtioll, if pos­
si ble. There ,Ire are:IS, e.g .. phunnac~'. where such an ,11'­
proach is quite COIlI mon. There the thcrape utic result i.~ 

even 1Il0re import ant than the physical <lnd chemical prop­
l'rties of a mcdicatio )]. 

The results of direct and indirect evaluation should. in 
prinCiple. coincide or at least be highly correlated. The cu­
incidence confirms that our llllderstandin<:!; of a phYSical 
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situation is righ t and that we use an adequate mathematical 
model to describe it. 

The lack of correlation sti mulates further investiga­
tion to get better in sight into the phenomena involved . \\ 'e 
shall see that fo r <I low degree of resemblance between cor­
respond ing spectra. there is no evident correlation between 
both of the merit functions we used. :\ possible explanation 
of this will he ~iven in S('ction -I 

1.1 Some definitions 

1.1.1 Pupil filte r 

A pupil filter is an absorbi ng or phase-shifting transparenc:' 
placed on the pupil. usually the exit pupil, of an imaging 
system to properly shape the pupil funct ion of the system. 
In the speCial case of the 4j ima~in~ s~"Stem of Fig. 7, the 
filter is phlced ill the Fou rier plane tthe ]..l,v plane). which 
does not coincide with either the entr:mcc or exit pupil: 
these are at minus :.md plus infini t~', respecti\·ely. Pupil fil ­
ters are spatial-frequenc.v filte rs . The:' are neither color nor 
holographic H1ters. Color filters or holographiC filters some­
times occupy pupil-filter positions (pseutlocolo ring:. pattern 
rccogn ition ), but in such cases the~ .. ,ue not referred to as 
pupil filters. Sometimes pupil filt ers occupy c:-.:t rapupilar 
positions. 1J 

1.1.2 The Sparrow criterion 
Due to diffraction. the image of a pOint source produced by 
any real imaging system is not a hright point: it has a finite. 
non-zero size. The amplitude distribution wi thin such a dif­
fraction spot (i.e .. the amplitude im pulse response of a s:'s­
tem. also referretl to as the point-spread jUllction ) is 
Fouricr-conj ugated with the pupil functio n of the system. 
The pupil jUllction characterizes the s.\·s tem in the spatial­
frequency domuin and is equal to the properly normalized 
amplitude distribution. which appears just beh ind the cxit 
pupil whcn the object to be imaged is a point source. By 
plaCing it transparency in the exit-pupil plane. i.e .. a pll!Jil 
filte r. we can modil~' the pupil function and therefore inllu­
c!lce th e point-spread function. 

The question arises: what is the minimum separation 
2.h (see Fig. i ) between two coherent point sources such 
that two overlapping point-spread. funct ions could still be 
recognized as the image of a two-paint object. The answer 
depends on the criterion we apply. According to the Spar­
row resolution criterion. the lower limit of 2b is that for 
wh ich thc second derivative of the resulting: intensity distri ­
bution \'a ni shes ,It the midpoint between geometrical 
(Gaussian ) images of both sources. For an ,Iberration-free 
(;orrcctl~' focused system with it dear \ 110 filt er) circular pu­
pil. 2h = -t.(::iOO in dimensionless normalized units.14 

1.1.3 Super-resolution 
rf we properly attcr.uate the low-frequency transmission of 
the ima<!ing system by means of a pupil filte r (such manipu-



hltions performed in the pupil are knO\m as fll'0d;;:,ation l. 
we Cim overcome the abo\'c limit to obtain ]l; < -1.600. This 
IS referred to as super-resolution in the sellse of the Sparrow 
criterion. 

1.1.4 Parabolic super-resolving filter 

:\ par<lbolic sllper-resokil1!! fil ter is a rot,ltionall~' s~'rnmetric 
pupil filter whose amplitude tra nsmission is a parabolic 
funct ion of the raelial coordinate rEq. IS)] . S\H:h a filter 
e liminates the zero frequency and considerabl.\· attenuates 
low freCjuenc ies, The rreque-ncies closest to the cutoff fre­
qllenc;.r re main \ 'irtuall~' llIlalfected . 

1.1.5 Blue noise 
Blue noise ( tcnninolo~ introduced in Re f. 5) is high- fre­
quency white noise devoid of low-frequenc\' energy. 

2 Description of the algorithms 
:\ Ia rg:e number of two-dimensional digital-half tOiling tech­
niques wh ich are good blue-liaise generators h;n'e been re­
ported in the literature.s Here we limit our Ill terest to five 
of them representing diffe rent apprmlches. \\'e also test the 
dithe rin~ with white noise. which . as the unique digital­
half toning procedure recommended until now for binariza­
t ion of plLpil filters. can be considered a reference point. In 
this wa~t, Wf' stud~' the performance of the following bill<lri­

zation methods: 

\ a ) Dithering with wh ite noise. 1 1 

(h ) EI) with (~ne weight which is random!:v positioned." 
(c;) I-:D with Flo.vd and Steinberg error tllter perturbed 

by Ull uniformly distributed bipolar additive white 
nOise.s 

(d) ED with the Flon1 and Steinberg filte r oerturbed 
hya prope rlv sC;lled output of a ~\"IlUnet;ical hard­
dipper_ wi th the noise generated in (c) Ilsed as the 
input. 

Ie) ~lllit i rcsolution e rro r-convergence algor ithm 
~[EC,\ ) \\;th random choice of testin~ pixels. 15 

I n lter.ltivc Fourier-transform al!!orithm i lIT .... ). 11i.1; 

.\ lgorit hm (a) is completely described in the litera­
tme . whe reas algorithms (b . Ie), (e). and (f) contain some 
free p"mmeters that should be spe<:illed. finally. algorit hm 
,d) proposed here is a modification of (c l. It was sllppo.~ed 
to impn)\'e the performance of its original \·ersiOI1. 

for versions (b), (d. and ( tI ). of the ED method. the 
.dgorithms arc processed pixel b~' pixel on a ~e'1)entine ras­
te r Isee Fig. 1). 

In the case of I::D wi th one random Iv positioned wei!.!;ht 
[algorithm (Il) ], we select the po~ition of the \\'eigh t with 
I:qll,d probabilit;.r be twee n t\\·o candidate locations. immed i­
ate!~' below and preceding the fil ter origin (fig , 2). 

In the case of ED with Floyd and Steinber'! filter pcr­
turbed by white noise [algorithm k ))' we start wi th pairing 

, 
•• 

' . 
. ' 

FIGURE 1 - Serpentine raster p"th. 

original Floyd ancl Steinberg weights of comparable value. 
\\'e fo rm two p,lirs ( lIH), 3/16) and (5/1. :-116). Then fo r 
~,\ch pixel two stati~tica lly independent random variables % 
,mel IV are generated . The random variable X perturb~ the 
\ 1116. 3/16} pair and IV perturbs the other pair. These ran­
dom mriables ha\'e the following uniform probabi lit~' den­
si tv functions: 

I' 
-I I 
-:;;x.:;;-

pz(;() = ~ 16 16 I I 
otherwise 

,mu 

1"
6 

- 5 5 
- :;;w$-

Jlvtw) = 16 . t6 ;2 \ 

[) otherwise. 

\ !ext, we multipk % and \jJ b~' hand I/o res pectivel;.r. where 
IJ and J/ helong to the [0.1 ] interval. Then 1)% :lmll/'4I per­
turb th e corresponding pairs: 

.lm1 

l
(13] 1 1 .3] -- ~l-+I'X. --"X 16 16 16 16' 

The scali ng facto rs hand b' express the maximum percent­
.Ige of the smaller weight in the pair affected b;.r noise. In 
our experiment. h " h' '" 0_5. Thus. in e\'e0' sa mpled point 
of the pupil. we lise the error filter shown in Fig. 3. 

In ou r modification of the above binarization algo­
rithm [i.e., in al~orithlll (tI)]. the random variable i( takes on 

• 1 • 
1 

FIG URE 2 - Two o"e·weighl error i ilters used when the row oi pi~e l s 
is processed from Idllo right. We se lect, w it h equJi orobabili 1Y, one 0 1 

rhem to di/fuse Ihp. crror from the origi n [){)sir ion represenred by a solid 
Circle. 

Journal oi Ihe SID. 3/2, 19Q5 69 



• 7- 81j1 

3- 8X 
FIGU RE 3 - Error iilter used when the classical weights oi Floyd and 
Steinberg are perturbed by a uniformly distributed bipolar additive while 
noise. 
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FIGURE 4 _ Error iilters used in Ihe algorithm Cd) ier rows 01 pixels 
processed from left to right . 

with equal probabi li ty only two valucs. -1/ 16 and 1116 , 
whereas the variable \jI takes on the values -5116 and 5/16. 
Ag<lin we assume that X and 'V are statistically independent, 
so that in every point o f the pupil filter we use with equal 
probability one of the four error filters presented in" Fig. 4. 

The !'>'IECA, algorithm (e), can be considered a sym­
metrical ED algorithm processed in paralleL Thus. it is sup-

7 7 7 7 7 7 

, , , , , , 
7 7 7 7 7 7 

, , , , , 
7 7 7 7 7 7 

, , , , , , 
, , 7 7 7 7 

, , , , 
7 7 7 7 7 7 

, , , , , , 
, 7 7 7 7 7 

, , , ; , 

FICURE 5 - Pixel posit ions tested for possible change of the binary 
assignment. Pixels are ma rked w ith odd numbers 2n - 1, where n is the 
pyramid level Jnd 12n - 11 )( 12n _ 11 is the si ze of the window used for 
COliculation of the weighted average errOL The shaded area corresponds 
10 a qUJdrant of the clear pupil used in our simulation . INhen J igorithm 
Ie) was executed. some tl f these pixel positions were randomly shifted 
Jccording to the probability distribution given by Eq. 15). 
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TABLE I - Error thresholds used in the algori thm (e) to determine 
whether a pixel binary .mignmenl should be changed. 

Pyramid 1"",,1 

101:255 

5 

31255 

posed to be free from di rectional hysteresis. which is typical 
for all ED methods processed sequentiallv. A distinctive fea­
ture of this algorithm is its p~"TUmidal stt:ucture. At the first 
pyramid level, the origi nal continuous-tone image is hard­
clipped pixel by pixel to produce the binary image. At higher 
levels. the binarized image is compared with the continu­
ous-tone image over a window of pixels for calculntion of a 
weighted averaged error. Then. the binary ;tssignment is 
changed if the weighted averaged error exceeds .. threshold 
value that can be determined analytically or adjusted experi­
mentnlly. In the comparison, we center the window at the 
selected hinarized pixels (see Fin. 5). The theoreticnl and 
experimental th reshold values (k, not coincide, and they 
both depend on the pyramid level. The number and distri­
bution of tested pixels and the size of the window depend on 
the p~;ramid leveL In our calculation we use five pyramid 
levels. and at each level we test a subset of pixels and apply 
the windows proposed by Peli fo r the basic version of MECA 
modified by pseudorandom pe rturbations [algorithm (e )J .1S 

The threshold values that we use are presented in Table 1. 
The basic version of the multiresolution e rror-conver­

gence algorithm has the drawback that when it renders 
some gray levels it yields fa lse contours and directional pat­
terns (textures ). To reduce these effects , we follow Peli's 
idea of including pseudorandom noise in the choice of pixels 
to be tested at each pyramid leve l. In thi s case, the prob­
ability of shifting a tested point from its central position to 
any of eigh t neighbOring positions is given by the matrix 

[

1160 2115 1/60] 
M = 1/15 8115 1/15. 

1/60 2 115 1/60 

(5) 

From Eq. (5) almost 50% of the points to be tested are 
random ly shifted from the positions they occupy in the de­
term inistic version of the algOrithm. 

In the [ITA [algOrithm (f)], the binary transmittance is 
appronched stepwise. We start with the continuous-tone 
transm ittance t(u,r; ) and execute the iterative procedure ac­
cording to the flow chart presented in Fig. 6. The operators 
.JU and 'lJe represent the constraints imposed on ti u ,c ) and on 
the Fourier transform oPlLtj( u,v ). which we denote T.J(x,y ). 
The operators are defined as follows: 



START 

00 

r---+(~l·>. --'"i 

FIGUR E 6 - Flow chart for the iterative FOl.'rier-transiorm ,]Jgorithm 
USE!fJ to calculate binary filters. 

and 

(.t.y) E 5 
{7) 

otherwise. 

where '[(.t.y) is the Fourier transform of t(x.y) and ~j is the 
proportionality constant that minimizes the quadratic devia­
tion of '() from T over the window S.l ~ The area S. ill which 
Jj(x ,y) is subs tituted b~' ~jIT(x.y )1 exp!i 'I rg:[1j(x.y )]l. is 
hounded by the second zero ring in T(:c.y ). The parameter 
eLp) increases b~' 0.0 1 eve ry 10 iterations within the range 
[0.05, 0.50 ]. Tn order to c\',duate the direct and im'crse 
Fourier transforms . we use the fast Fourie r transform (FIT). 
For this purpose. binary Hiters, wi th diamete rs of 23 pixels 
each, are placed in the 128 x l28 matrix of pixels. 

$umm.lrizing, procedure (a ) has been chosen as a ref­
erence point because, of all the p rocedures applied to bi­
nariz.1ti on of pupil funCtions, it has gi\-en the best results 
until now, Algorithms (b)-{d) have nearly blue- noise char-

x. V 

x . . . . 
i-i • 
~i~ ; 

f--i--.- f 
----i 

y 

FIGURE 7 - The coniigur.lllOn assumed in our numerical experi ment. 

,~ PI} I.?:\ 
~ ~ '4 
abc 

0,', ~, 0' '~, 0'" • • I .... • ••• 
• I •• 

d e f 

FIGURE B - Binary iilters obtained w;lh laHI) al\!orilhms. 

acteristics . Algorithm (c ) has a slightl~· poorer blue-noise 
spectrum anti is more sensith·e to edgc effeds . but on the 
other hand it is free fro m directiot l<ll hYsteresis. Finan\,. al. 
gorithm (I) has been chosen because it·\\"as deSigned to ob­
tain a high degree of resemblance between the spectrum of 
a continuous-tone clement and th:lt of its bi narv \·ersion. 
which is. of course, our aim here. . 

We test neither the original EI) method nor the basi'--' 
\·e rsion of th e :-.lECA becau ~c they do not "cne rate bl ue . , 
noise a.~ well as their randoml~- perturbed \·ersions. 

3 Numerical experiment 
In the first sta~c of our experirnent. six binary filters are 
g:c ne rated on a rectangular grid . The binar;: fil ters are snp­
posed to mbstitute a super-resolvi ng paraboliC continuOllS­
tone Hlter whose amplitude transmi ttance is 

I ,,-----, l ' , . ,, "~.t::':; /I -r 
t { ll. t:) = eire I --,- . 

R H-, 
(8) 

FIGURE 9 - Squared moduli oi Ihe AIRs oi btnarv filleTS. In Ihe 
upper.leit quadrants the I AIRI~ of a conttnuOUS·lOne iiher are shown. 
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FI GU RE 10 - Cross sections of intensity distr ibutions;n the image of a poim source obtained with the binary pupi l filters shown in Fig. 8 (Iogarithm,c 
,cale ). We present the intensi ty distribu tion along semi-axes Ox and Oy to revea l possible deviations from rad ial symmetry. The dotted line corresponds 
to Frx,y) and solid line to n Qx,y!. 

whe re (u,v ) are the spatial coo rdinates in the fil ter plane and 
R is the radius of the fil ter. The cohe rent transfer function 
of the 4f imaging syste m with such a fllter in the Fou rier 
plane (Fig. 7) i.~ equal to 

i }l - +v- }l· +v-
P{j.l . v j = t(I-l ).j, vAl) = eire \ --,- . (,,--:>j' , 

Pc P~ 
(91 

where ( ~.v) are the spatia l - rreq uenc~ coordinates in the 
Fourie r plane and A is the wavelength or the coherent il lu-
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minating beam. At the cutoff frequency of the system, Pc = 
RJ'J...f, the p:l rabolic transfer function P(j.L.v) '" 1. The super­
resolving binary filters obtained with (a;--{!) algorithms are 
shown in Fig. 8 . It is seen that the only filter that preserves 
the symmetry of the dear pupil (built with squared cells, ;IS 

shown in Fig. 5 ) is that obtained with the 1FTA. which is the 
unique parallel-p rocessed deterministic algori thm tested 
he re. 

In the second sta~e, we calculate the intenSity distri­
butions in the images or a point source obtained in the 4f 
im aging syste m. placing subsequcnt binary filte rs in thc 



Fourie r plane. That is. \\'e c:liculate the squared modulus of 
the AIR of each binar\, filte r. The intensitv distributions are 
shown in Fig. 9. whe;e the.\· ,Ire qU:1 li tati\'~I~· compared with 
that obtained ror the gra~1:one filter. 

Quantit,ltive comparison is shown in Figs . lO(a)-lO(f) , 
where the moduli of co rresponding .\lRs are drawn in loga. 
rithmic scale. 

III order to e valuate the resemhlance of the ."'[Rs of 
binary l"ilters to the AIR of their gra~1:one counterpart. we 
llse the signal-ta-noise ratio IS :"\R) as proposed by \ Veissbach 
and \ Vvrowski!); 

SN H 

where coefficient 

.iH F(x. yJj:.! dr dlj ., 
IHF(x.yl - aG(x.yll' dx dy 
.. , 

fj F(x.Ij)G(x.lj) dxdy 
. , 

jj[G(x. y)l' dxely , 

(10) 

(11) 

maximizes the -,"'R . In ow calculations. F(x,!/) is the squared 
lIlodulus of the A IH of the continuous-tone filter and G(x.lj) 
is IAIHI:! o f the binarv one. The squared area A is celitered 
:It the optical axi s anJ its side is equal to the diameter of" the 
seco nd 7.ero ring of T (x.y ). T he ,\ I Rs o f binary l"ilte rs ;Ire cal­
culated with the FIT. whe re the diameter of the filte r an d 
the ~ize of matrix of pixels are the same as those used in th e 
iterative Fourier-transform algorithm. We lise the SK R de­
Hned in Eqs. (10) and (Ill as a merit function which orders 
all algorithms according to the degree of resemblance be­
twe(~n th e AIR of correspondi n.g binary fil ters and that of the 
continuous one. In Fig. 10 it is seen that over the areai\. , th e 
distributions a.G(x.y) coincide almost perfecd~' with F(x.y ). 
Therefore. a- I can be conside red a ratio between the light 
dficiency of the binary pupil fil ter and that of the unde rl~' -

TABLE 2 _ The SNR, resolution limit, Olnd relative Iighl efiiciency tor 
laHi) algorithms. 

Two·point 
rcsolution 

" ReI~tiv" li'lhl 

Ideviat ion effi ciency 

Al goruhm SN~ SNR oSNR "" l [e 1l 

, h) ~ 77.~ 1;"56 ·~n ~.294 0 .831 
1-0.0011 

J ; ~:r;"() 19.11 .,),0 ~ .32J 0.825 
[0.028] 

c i :'>429 170') 5I}.') ·1.323 0 .. "-.11 

10.0281 

''' ) 2:2~j .'5:2S :.!>.I3 .. . l3:2 OS5] 

I O. o.1; ~ 

f) 1~:20 .1.:36.1 I [6.5 
[0.0691 

", ')49 4.3:20 0 .;"97 
[o.()2.'1 

ing gra~tone filter. By the li!!ht emcienc~· we mean here the 
fraction of incident enen ... " · wh ich fall s into tbe signal win· 
dow A . - . ~ 

The '·aiues of the S:\R and a -I are presented in Table 
2. In the case of algorithms thnt use random-number gener· 
ators [(a)-tel]. we generated ensembles conSisting of lOO 
sample fil ters . In Tab le 2. we !)how the S-"I\ of the b'est 5.1111-

pie selected from the ensemble. which is the very sa mple 
shown in Fi~. 8. In Table 1. we also present the ;l\'erage 
signal-to-noise ratio. S"S'R. and the standard deviation ufSKH , 
<1S:,\ R, that characteri7.e the entire e nsemble. 

Finall~·, the performance of the bina0' filters is exam· 
ined ill te rms of the two-point Sparrow resolution criterion 
for coherent ill umination . To this end we perlonned a nu­
merical experiment in which two coherent point sources are 
located in the object plane o f the ima)!:ing s~·stem shown in 
Fig. 7. The points are spaced 2.b apart. Then fo r each fi lte r. 
we calculate the minimum val ue of 'lb allowed by the Spar­
row criterion (see Table 2). [n Table 2. the dC'·iations fll) of 
the value '2h from 'lb!. where :21.'1 ; ·1-.;295 is the resolution 
limit c:llcuhited fo r the continuous parabolic filter. are also 
presented. 

4 Conclusions 

Fro m the wide scope of exis ti ng diozi t,d -halftoning tech­
niques. we have selected a slIbset of p rocedu res (which be­
long to fou r different cate~ories ). which :lrc weI! .tciapted to 
the purpose of binarizing eontin uous ·tone pupil filters. 
:\'ext. in order to evaluate the resemblance of the .\IRs of 
binary filters to the AlH of their contin n()us-t()nc counter­
part. we haye defined a merit fu nction. tfIe S:"\R . Then. after 
;1 tlmnerit'al simulation. we have obtained the following re­
sn its. 

T he resemblance between the spectrum of <l continu­
O liS super-resolving parabolic pupil fil ter ;\nd that of its bi­
lia r;.· version stronglydcpends on the hinarization algorithm. 
For six !liters <:;:enerated with six difTerent al~ori thms an\l· 
l.n .cd he re. the S'\R . wh ich is t he quantitative measure of 
this resemblance. varies from 9-19 to ,')775. The resemblance 
,Ich ieved for pllpil filte rs gene rated ,,·it h random I:, pe r­
turhed ED algorithms processed on a serpentine raster is 
higher than that fo r dithering wi th white noise and the IFT.A,. 

Tl~e best realization (chosen' fro m the ensemble of 100 sam· 
pies ) was ~e ne rated with only onc randomly positioned 
weight [algorithm (b)] . This algorithm is characterized by 
the highest st;mdard deviation of S:"\R. T hcrelore. the prob­
ahilitv that one will generate the binar" filte r whose SNR 
e()nsi~je rnbly exceeds· the ave rage SN[\. \\-hich for this algo­
rithm is 'luite ~ood. is relatively high. The best two. from the 
point of view of the SN H [a!)!orith ms (h l and (d )] . in (\(; t 
belum; to the same class of ED with random perturbations . 
This is hecause the e rror filte r with one random lv posi­
tioned weight is equivalent to ,I Iwo-w(· il!1l t filter whose 
w('ie;h ts are [00% perturbed. :Jamcly. '\"f' have nne pair of 
weights (1I2. 112) which is pertmbcd as follows: 
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( ~ . ~)""(~+bX, ~-bX)' 
~:2 :2 :2 

(12) 

in this case. X takes on with equal probability the values 0.5 
and -0.5. whereas b = l. 

All the Hlters we have generated demonstrate super­
resolvi ng properties \for the clear pupiL 11) = 4.600). f or 
the ul~orithm (b), the value 2b == 4.294 coincides almost per­
fectly with the corresponding theoretical value 2b r = -l.295. 
From Table 2, the correlation between the SNR and the de­
viation 61) is rather weak. at least within the range of the SNR 
we deal with. Perh.lps the explanation of this is as follows. 
The binary filters are not rotationally symmetric. so the two­
pOint resolution that can be obtain~d depends on the angu­
lar orientation of the filter with respect to the direction 
determined by the straight line which passes through both 
point sources, On the other hand. the SNR involves integra­
tion; hence. it averages angular effects. When the SNR is 
high. there are no essential differences between favorable 
and unfavorable (from the point of view of resolution ) angu­
lar orie ntation of the fllter. 

From the anah .. sis of data in the outermost right-hand 
colu mn of Table 2. j't is shown that binarization mav lead to 
improvement of light effiCiency. It is seen that the'l igh t ef­
nc;"ncy of the binary pupil generated by the IFTA is highe r 
than that of the graytone filte r by about 1 j"%, However, ou r 
opinion is that the light-efficiency ratio a - I can be used ;\.S a 
merit function only when comparing binarization methods 
with similar values of SNR. 

[n order to find the procedure which would maximize 
uur merit function, we tested five already known and one 
new procedure proposed by us [algorithm (d) ], We showed 
that the new procedure, being a modification of (c), yields a 
higher value of SNII than the original version, :\loreover, the 
,tlgorith m (d) is characterized by the highest 5"l\lt, Neverthe­
less. the highest values of SN R, which are six times higher 
than that for the technique considered best until now (a), 
are aehieveci for the error diffusion with one randomly po­
sitioned weight. We believe that further improvements of 
binarization techniques and in particular of the IFTA ,lOd 
:-'IECA are pOSSible. From Ref. 17. irwe use the I FTA. the 
eonvergence of partially bina rized patterns CU(Pltiu,o ), 'lnd 
the fo rm of binary limit dist ribution -'U(o·5)tj ..... ,(II,O) depend 
on the topology of a given problem and the initial distribu­
tion to(u ,o). Therefore, some manipulations are still possi­
h ie. Regarding the :-"IECA, a sys tematic study of thi s 
procedure could lead to the further improvement, but a 
gene ral analytical approach is needed. Although :-'IECA can 
he eonsidered a tjpe of ED procedure, the \\'eissbach and 
Wyrowski approach can't be applied here because it is valid 
only for algorithms processed sequentially, whereas the 
,\'IECA is processed in parallel. 
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