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Abstract. A numerical method that uses the Wigner distribution function
to compute the impulse response along the optical axis provided by an
aberrated optical system is evaluated. The technique is compared with a
classical method used to compute the response integral. Test systems
with pupils of nonconventional shape are considered. It is shown that, in
general, the same degree of accuracy for the computation of the poly-
chromatic merit functions is achieved faster by use of this novel method.
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1 Introduction

The performance of an aberrated optical system work
under broadband illumination can not be properly evalua
using a single monochromatic merit function such as
point spread function~PSF! or the optical transfer function
~OTF!. A high number of monochromatic PSFs or OT
must be considered instead. These monochromatic fu
tions can be used to define the corresponding polych
matic merit function by the addition of all of them
weighted by the spectral distribution of the source and
color sensitivity of the receiver. The study of the polychr
matic merit functions of a system along the optical axis
frequently used as a test of its tolerance to aberrations.1,2 In
particular, for visual optical systems—i.e., those system
which the human eye is the final detector—the class
merit functions are the tristimuli values along the optic
axis. Since analytical expressions for the monochrom
irradiance PSFs are achievable only for a few pupils
simple shape, several numerical methods to evaluate t
have been developed.3–6 All of them are based on the divi
sion of the pupil function into many subareas, and the s
sequent addition of their contribution to the final imag
Consequently, when numerical methods are used to ca
late polychromatic merit functions, the sequential compu
tion of many monochromatic PSFs leads to a tim
consuming procedure.

A completely different approach to the computation
the diffraction integral for aberrated optical systems w
recently proposed.7 It is based on the mathematical rel
tionship between the irradiance at a given point in the
age space, and the Wigner distribution function~WDF! ob-
tained from the pupil function of the system. This meth
was extended to the polychromatic domain and dem
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strated to be especially useful for the computation of
polychromatic axial response provided by an optical syst
with an arbitrary exit pupil transmittance. Moreover, pr
liminary results showed that its efficiency is even better
systems suffering from longitudinal chromatic aberrati
~LCA! and spherical aberration8 ~SA!. In this case, a single
phase-space function, namely, the WDF of the azimuth
averaged pupil function of the system, is enough to obt
the polychromatic response along the optical axis.

The purpose of this paper is to assess the performanc
the new method, carrying out a systematic compara
study with an optimized version4 of the classical method o
Hopkins and Yzuel. The choice of the test systems for
comparison was oriented toward recent novel applicati
that use optical systems with different kind of apertur
Specifically, a triangular aperture and a square aper
were considered. This kind of apertures has recently
served the attention of scientists in different fields. Tria
gular apertures in unstable laser resonators produce diff
tion patterns having interesting fractal behavior.9 On the
other hand, square apertures have been recently prop
by the astronomers to reduce the diffraction lobes of
telescopic images, enabling detection of earth-like plan
orbiting sun-like stars.10 It is shown here that our metho
enables an efficient analysis of such systems. Finally, e
tical pupils were also studied, since this kind of pupils mu
be considered when dealing with off-axis object points
systems with standard circular clear pupils.11

2 Numerical Methods

Let us consider a general isoplanatic optical system
signed to work under broadband illumination, as shown
753© 2003 Society of Photo-Optical Instrumentation Engineers
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Fig. 1. The performance of such a system with resid
aberrations can be assessed by computing its polychrom
impulse response along the optical axis. This respons
characterized by the axial tristimuli values, defined for ea
axial point as

X~dv20!5E
l
I ~dv20;l!x̄lS~l!dl,

Y~dv20!5E
l
I ~dv20;l!ȳlS~l!dl, ~1!

Z~dv20!5E
l
I ~dv20;l!z̄lS~l!dl,

where I (dv20;l) is the axial monochromatic irradianc
PSF, anddv20 is the defocus coefficient defined by~see
Fig. 1!

dv205
2h2z

2 f ~ f 1z!
. ~2!

In Eqs.~1! S(l) represents the spectral distribution of t
point source, andx̄l , ȳl , and z̄l denote the spectral tris
timuli values.1 These later parameters are considered as
chromatic sensitivity functions of the human eye taken a
receiver, for a given selection of the primary colors. B
sides, other polychromatic merit functions such as the ch
maticity coordinates and the axial illuminace can be cal
lated from the tristimuli values along the optical axis in E
~1!, as is shown in Sec. 3.

For the calculation of the polychromatic merit functio
in Eqs.~1!, it is necessary to obtain the different monochr
matic irradiance PSFs provided by the system for a suita
large number of both wavelengths and axial points in
interval of interest. These axial PSFs are given, accord
to the Fresnel approximation, by

Fig. 1 Schematic representation of the imaging system at issue.
The maximum extent of its exit pupil is represented by h; f is the
system focal length.
754 Optical Engineering, Vol. 42 No. 3, March 2003
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I ~dv20;l!5Udv20

l E
0

2pE
0

`

t~r ,f!

3expH i2p

l
@v~r ,f;l!1dv20r

2#J r dr dfU2

,

~3!

wheret(r ,f) is the pupil function of the system express
in canonical polar coordinates at the exit pupil plane,11 and
v(r ,f;l) is the wave aberration function.

Next we revise the two numerical methods used in t
study to compute the monochromatic irradiance PSFs
Eq. ~3!. In the analysis, we consider systems suffering fro
SA and LCA, so for those systems, the aberration funct
is reduced to

v~r ,f;l!5v20~l!r 21v40~l!r 4, ~4!

wherev20(l) andv40(l) are the LCA and SA coefficients
respectively. We assume that the chromatic variations of
pupil function are negligible. A unique common feature
both methods is the use of a change of variablet5r 2 in Eq.
~3! to simplify the numerical computation.4,7

2.1 Hopkins-Yzuel-Calvo (H-Y-C) Method

To evaluate Eq.~3! with the method of Hopkins and Yzue
~modified by Yzuel and Calvo4!, the integration domain is
divided into elementary areas. Each area element is an
nular sector defined around its midpoint (t j ,fk) ~note that
the first variable is the squared radius!. Then the value of
the integral is obtained as the sum

I ~dv20;l!5Udv20

2l (
j 51

J

(
k51

K E
fk2«

fk1«E
t j 2h

t j 1h
t~ t,f!

3expH i2p

l
@v40~l!t21v20~l!t1dv20t#J

3dt dfU2

. ~5!

The amplitude and phase terms inside the integrals in
~5! are expanded in a Taylor series in each area element
only the first order is considered. In this way, closed fo
mulas are achieved in terms of the sampled values over
pupil. By increasing the number of azimuthal and rad
samples the accuracy of the calculation can be improved
the value of the intensity can be obtained with an er
lower than a given value. Obviously, this gain in accura
is associated with an increment of the computation time

2.2 WDF Method

The monochromatic PSF along the optical axis for an i
aging system can also be computed using the WDF
tained from the pupil function of the system. In this case
is first necessary to express this PSF as a function o
single radial integral by performing the azimuthal avera
of the pupil functiont(t,f). If we call this functiont0(t),
Eq. ~3! can be expressed as
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I ~dv20;l!5Udv20

2l E
0

`

t0~ t !expS i2p

l
$@dv201v20~l!#t

1v40~l!t2% DdtU2

. ~6!

It was shown in Ref. 7 that, after a change of variables,
result can also be expressed in terms of the WDF oft0(t),
i.e.,

I ~dv20;l!5S dv20

2l D 2E
2`

`

Wt0H x,2
2v40~l!

l
x

2
@dv201v20~l!#

l J dx, ~7!

where

Wt0
~x,n!5E

2`

1`

t0S x1
x8

2 D t0* S x2
x8

2 Dexp~ i2px8n!dx8.

~8!

Figure 2 schematically summarizes the whole procedur
obtain the axial monochromatic irradiance PSFs with t
technique. First, from the 2-D pupil function of the syste
a 1-D azimuthal average is obtained. Then the WDF
t0(t) is computed. Finally, all the axial irradiances are o
tained from this single representation by integrating the v
ues of this function along straight lines in the phase-sp
domain. The slope and they-intersects of these lines ar
given byl and by the aberration coefficients@see Eq.~7!#,
which are the variable parameters for the computation.*

*Although the integral in Eq.~6! can be computed as the fast Fouri
transform of t0(t)expbi2pv40(l)t2/l c, the rapid oscillations of this
function for v40Þ0 makes this solution inefficient.

Fig. 2 Summary of the procedure to obtain the PSFs by means of
the WDF technique. See the main text for the definitions.
As we can see, the accuracy achieved with this met
depends basically on the precision in the numerical com
tation of the WDFWt0

(x,n). For this calculation, a sam

pling of the averaged pupilt0(t) is performed and the in-
tegral in Eq.~8! is evaluated through a sequence of discr
Fourier transformations. To minimize the aliasing effect
herent to these digital transformations, the averaged pup
conventionally sampled over an extended domain to
clude a proper zero-padding.12

3 Comparative Study

To compare the performance of both methods, the po
chromatic response was computed for several systems
pupils of different shapes, namely, triangular, square,
elliptical. Two different pupils of this last type were con
sidered: pupil A, with a semiaxes ratio 0.5, and pupil
with a semiaxes ratio 0.75. We assumed that all syste
share a focal lengthf 51 m and a Fresnel numbe
N5200 for l5500 nm. The systems suffered from th
LCA shown in Fig. 3 and a constant SA characterized
v40(l)5600 nm. Both algorithms were implemented
GNU/C programming language, and they were compi
and run in a PC with a Pentium III 800-MHz processor. T
operating system used was GNU/Linux~v. 2.2!.

As mentioned, a large number of the monochroma
PSFs provided by the system@Eq. ~2!# must be computed to
obtain its polychromatic response. To get a first impress
of the behavior of both algorithms, we estimated the ac
mulated CPU timetCPU they required to compute the suc
cessive monochromatic irradiances for 501 axial points
the interval 22.5mm<dv20<2 mm around the image
plane. ThistCPU depends on the sampling density used
each method. Obviously, as the sampling density increa
the accuracy of the results obtained by both methods
comes higher. Regarding the H-Y-C method, to simpl
this analysis, we considered the same number of radial
azimuthal intervals over the pupil@i.e., J5K in Eq. ~5!# as
a typical choice for the sampling. On the other hand,
ensure the antialiasing effect of the zero-padding metho
the WDF technique, we considered for the pupil functi
an extended domain that covers twice of its width.

To fix the comparison conditions, we chose in both ca
the minimum number of sampling points that provide
maximum mean error below 0.15% throughout the f

Fig. 3 LCA suffered by the optical systems under test.
755Optical Engineering, Vol. 42 No. 3, March 2003
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range of considered axial positions. This mean error w
calculated from the formula

«̄l~%!5100

E
dv20 min

dv20 max

uI ~dv20;l!2 Ĩ ~dv20;l!uddv20

E
dv20 min

dv20 max

Ĩ ~dv20,l!ddv20

,

~9!

where Ĩ (dv20;l) is the common asymptotic value o
I (dv20;l) obtained from a very large number of samplin
points with any of the two methods. The correspond

Fig. 4 Computation time (for a fixed accuracy) versus the number of
monochromatic irradiances evaluated, for an axial interval
22.5 mm<dv20<2 mm. Triangular and circular symbols corre-
spond to H-Y-C and WDF techniques, respectively.

Fig. 5 (a) Normalized axial illuminance and (b) axial chromaticity
diagram for 21.5 mm<dv20<0.5 mm, obtained with triangular and
square apertures compared with the results for a circular pupil. In
(b), the circles and squares indicate the axial points given by dv20

50 (image plane) and dv20521.5 mm, respectively.
756 Optical Engineering, Vol. 42 No. 3, March 2003
values oftCPU for a square pupil and wavelengths rangi
in the interval 380 nm<l<780 nm are presented in Fig. 4
It is clear that the accumulated time to compute the fi
nine monochromatic PSFs is lower for the H-Y-C metho
In fact, the WDF method needs a bias time~estimated as
110 s in the case at issue! to compute the azimuthal averag
of the pupil and its WDF. As the number of computed i
tegrals increases, the computation time linearly increa
with both methods, but the slope with the WDF techniq
is much lower. Therefore, we can conclude that from a f
monochromatic PSFs on, this method becomes prog
sively more efficient than the classical H-Y-C technique

To asses the polychromatic behavior of the different p
pil functions under study, we computed a conventional
of merit functions derived from the tristimuli values
namely, the normalized axial illuminanceYN(dv20), and
the chromaticity coordinates1 x andy, defined as

Fig. 6 Same as in Fig. 5 for elliptical pupils.

Fig. 7 Mean error versus computation time for the normalized axial
illuminance provided by the system with a circular pupil.
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YN~dv20!5
Y~dv20!

*l~1/l2!ȳlS~l!dl
,

x~dv20!5
X~dv20!

X~dv20!1Y~dv20!1Z~dv20!
, ~10!

y~dv20!5
Y~dv20!

X~dv20!1Y~dv20!1Z~dv20!
.

The results of the computation of these merit functio
for the different pupils at issue are shown in Figs. 5 and
The spectral sensitivity functions used in the computat
of the axial tristimuli values correspond to those associa
with Comission Internationale de l’Eclairage~CIE! 1931
standard observer. For the spectral distribution of
source we used the standard illuminantC. The integrals in
Eq. ~1! were numerically evaluated for 401 equally spac
wavelengths in the range 380 nm<l<780 nm, for the
same axial interval used in Fig. 4. Note that these figu
were computed with an accuracy such that the differe
between both methods in each evaluated monochrom
irradiance was lower than 0.5%. In this way, both tec
niques lead to undistinguishable results for Figs. 5 and

We also estimated the mean error that affects the n
malized axial illuminance as a function of the computati
time required with both methods. This mean error w
computed through a formula similar to the proposed one
Eq. ~9!, namely,

Fig. 8 Same as Fig. 7 for a triangular pupil.

Fig. 9 Same as Fig. 7 for a square pupil.
c

-

«̄~%!5100

E
dv20 min

dv20 max

uYN~dv20!2ỸN~dv20!uddv20

E
dv20 min

dv20 max

ỸN~dv20!ddv20

, ~11!

where ỸN(dv20) is the common asymptotic value o
YN(dv20) for a high sampling rate with both methods. A
in the previous analysis, in the H-Y-C technique, we a
sumed equal sampling density in radial and azimuthal
ordinates over the pupil of the system. For the WDF te
nique, we used the same zero-padding method consid
in the preceding monochromatic analysis.

As expected, a considerable reduction in the compu
tion time of the polychromatic axial response is achiev
with the WDF method. This result is shown in Figs. 7–1
As we can see from these figures, the WDF method alw
takes less computation time to achieve the same valu
the mean error except in the case of the circular pu
Considering triangular and square pupils as polygonal
proaches to the circular aperture, and elliptical pupils
deformations of the circular pupil, we can assert that, as
pupil shape departs from the perfectly circular pupil, for
given degree of accuracy, the WDF method is faster th
the H-Y-C technique. This conclusion is based on the co
parison of the results provided in Figs. 8 and 9~the square
pupil can be considered to be closer to the circular aper
than the triangular one! and in Figs. 10 and 11~as the
semiaxes ratio approaches unity, the aperture tends to
perfectly circular pupil!.

Fig. 10 Same as Fig. 7 for elliptical pupil A (semiaxes ratio 0.5).

Fig. 11 Same as Fig. 7 for elliptical pupil B (semiaxes ratio 0.75).
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4 Conclusions

An assessment of a new method for the numerical com
tation of the axial impulse response of an imaging syst
was presented. A comparative study with the H-Y-C clas
cal method was performed to test the efficiency in the co
putation of the polychromatic response provided by im
ing systems suffering from longitudinal chromat
aberration and spherical aberration. Several pupil functi
useful in different technological applications were inves
gated including square, triangular, and elliptical pupils.
was found that to obtain a given degree of accuracy,
new method is more efficient than the classical techni
when the pupil of the system is not circular. This fact c
be explained taking into account that in the new method
the monochromatic irradiances are obtained from a sin
2-D phase-space function, while in the classical method
entire calculation must be repeated for each axial posit
wavelength, and aberration function. Although the calcu
tion of the WDF must be taken into account in the comp
tation time, the ratio of this contribution to the total tim
when a high number of axial positions are involved is le
and less important as the number of monochromatic c
ponents increases.
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