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Abstract: We have designed and implemented an approach for three-dimensional (3D) structured
illumination (SI) microscopy (SIM) based on a quasi-monochromatic extended source illuminating
a Wollaston prism to improve robustness, light efficiency and flexibility over our previous design.
We show through analytical and experimental verification of the presented theoretical framework
for our proposed tunable structured illumination microscopy (TSIM) system, that a simple and
accurate determination of the axial modulation of the SI pattern is achieved, enabling a realistic
characterization of the system’s effective optical transfer function (OTF). System performance as
a function of the extended source size is investigated with simulations. Results from a comparative
performance analysis of the proposed TSIM system and traditional SIM systems show some
advantages over the traditional two-wave and three-wave interference SIM systems. We show
that by controlling the source size and thereby the axial modulation of the 3D SI pattern, the
TSIM scheme offers increased OTF compact support and improved optical sectioning capability,
quantified by the integrated intensity, under certain conditions, which may be desirable when
imaging optically thick samples. The additional tunability of the 3D SI pattern, provides a unique
opportunity for OTF engineering in our TSIM system.

© 2023 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement

1. Introduction

The use of non-uniform irradiance patterns has been widely used as a way for improving the
performance of inspection systems in combination with digital post processing. In particular,
structured illumination (SI) microscopy (SIM) is based on the non-uniform illumination of three-
dimensional (3D) samples to overcome the known imaging limitations of widefield fluorescence
microscopy (WFM), such as lack of optical sectioning and limited resolution due to diffraction
[1,2].

The simplest approach is to use a non-diffracting beam as an illumination pattern, as the one
obtained typically after two plane-wave interference (2WSIM). The symmetrical layout leads
in this case to an axially invariant illumination with a single lateral spatial frequency [1]. This
approach presents some trade-offs between the lateral and axial SIM system performance [3,4]
that led to the introduction of other irradiation schemes based on three plane-wave interference
(3WSIM) [2], by adding more lateral frequencies that generate both axial and lateral variation of the
illumination pattern (3D-SIM by 3WSIM). However, the use of more than one lateral modulation
frequency adds complexity to the data post-processing of the recorded raw images, increasing at
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the same time the minimum number of images required for the accurate reconstruction of the 3D
structure of the sample (see [5] and references therein). Note that all these approaches make use
of a one-dimensional (1D) transverse illumination pattern that has to be rotated twice in repeated
through-focus (axial) steps during data-acquisition to achieve isotropic lateral super-resolution.
Instead, in lattice SIM, the illumination system directly projects transverse two-dimensional
(2D) periodic patterns onto the sample, ideally improving light efficiency and signal-to-noise
ratio [6-8]. These 2D SI patterns are generated typically by either interference of four or more
mutually coherent plane waves [7] or by use of customized diffractive optical elements (see [9]
and references therein). However, in any case, some drawbacks are still pending to overcome
in the lattice SIM approach, such as coherent noise disturbance and even a greater number of
captured images needed for an accurate reconstruction of a 3D sample compared to the other
3D-SIM approaches.

Although the first proposals in 3D-SIM were essentially based on coherent illumination,
incoherent sources are currently widely used to increase the signal-to-noise ratio of the final
reconstructions. Even in the pioneering papers by Gustafsson et al. [1,2], a limited breaking
of the spatial coherence in illumination was proposed to reduce coherent noise. However, the
most extended implementation of SIM by using spatially incoherent illumination is based on the
projection of an incoherently irradiated 1D grating onto the sample space [10]. This approach
has been proven to be very efficient in providing optical-sectioning capability in 3D imaging,
due to the narrow axial confinement of the modulation illumination pattern that is generated and
projected on the sample. Nevertheless, this approach does not provide a relevant improvement
in lateral resolution over WFM because the image of the projected grating is filtered out by the
optical transfer function (OTF) of the illumination system of the microscope, and thus a dramatic
decrease in the contrast of the projected pattern happens when modulation frequencies that could
lead to significant lateral super resolution are used. Recently, we proposed a different method
to axially modulate a single lateral-frequency pattern by using a tailored spatially incoherent
source, consisting of an array of parallel equidistant slits, illuminating a Fresnel biprism [11]. In
our proposal, the incoherent source is not projected onto the focused plane of the sample, but
onto the pupil plane of the illumination system. The induced axial variation is straightforwardly
transmitted to the effective OTF of the computational optical system required for the proper
recovery of the 3D object’s intensity. Our approach provides a reduction in both the number
of required raw images and in the complexity of the 3D reconstruction process, compared to
the 3WSIM approach [2]. The 3D illumination pattern generated with this approach provides
lateral and axial periodic variations, with frequencies that can be independently and continuously
tuned, by simply axially shifting the position of the Fresnel biprism and/or changing the slit
separation. This decoupling in the axial and lateral modulation frequencies of the 3D SI pattern
allows further design of the compact support of the OTF [12].

Although our original proposal was based on the use of a Fresnel biprism, further research
led us to move to a more convenient refractive element: a Wollaston prism, which offers several
advantages [13—15]. First, diffraction at the edges of these elements generates a transverse
envelope of the ideal cosinusoidal pattern considered in conventional SIM approaches. This
extra modulation is much flatter in the case of the Wollaston prism [13]. Second, due to the
prism size limitation, an axial variation of the field of view (FoV) of the SI pattern is obtained.
Simultaneously, an extra axial modulation of the visibility of the cosinusoidal pattern appears.
In the case of the Fresnel prism, the maximum visibility plane corresponds to the minimum
attainable FoV [16], while when using the Wollaston prism, maximum values of both FoV and
visibility are obtained at the prism plane. Finally, the Wollaston prism adds an extra degree of
freedom to the control of the SI pattern, namely, polarization. A de Senarmont compensator
scheme has been used advantageously, in fact, in our latest implementations to introduce the
phase shift required in the raw SIM images [14,15].
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In this work we propose an approach based on the use of a general extended source illuminating
a Wollaston prism. We present here a theoretical framework and a experimental validation for
the effect of an arbitrary shape of the incoherent source on the illumination pattern, by showing
the mathematical relationship between the spatial structure of the irradiance distribution of the
source and the axial modulation of the visibility of the periodic transverse pattern projected in the
sample space. Physically, each of the source points is split into two mutually coherent emitters,
that interfere and generate a cosinusoidal pattern. By incoherently adding the contribution of the
whole set of points in the source, a resulting cosinusoidal pattern is obtained whose visibility
changes from plane to plane. Thus, the 3D illumination pattern generated with this approach is
axially varying based on the shape of the source, while it simultaneously provides lateral periodic
variations, which can be tuned by simply axially shifting the position of the Wollaston prism.
With respect to our previous proposal, which used an array of equidistant incoherent linear
sources, the novel architecture proposed here provides in general a much higher light throughput
(significantly more light from an extended source than through the slit array), increased flexibility
in the implementation (no need to fabricate slit array elements for different designs), decreased
mechanical alignment requirements and improved signal-to-noise ratio performance.

Results presented in this contribution provide a practical method for obtaining a better approach
to determine a more realistic axially modulated PSF or OTF that can be used in the digital
image reconstruction of 3D samples, ideally providing a reduction in possible computational
artifacts. Furthermore, this approach provides the possibility for an extra tunability of the 3D-SIM
technique, since by controlling the shape of the illumination source, some particular features of
the OTF can be reinforced or diminished providing an additional flexibility to potentially fit the
imaging system to particular goals in inspection techniques.

2. Theory

In this section, we obtain the mathematical expression for the SI pattern in our proposed approach.
Supplement 1 provides some background information about patterns generated by a Wollaston
prism under coherent illumination. From these results, we show next how we use the Wollaston
prism to generate our tunable SI based on an extended quasimonochromatic source with an
arbitrary shape.

2.1.  Incoherent Wollaston-prism-based illumination generator using an extended pla-
nar source

Let us consider now that the setup introduced in Supplement 1 is illuminated by an extended,
planar quasimonochromatic source located at a distance 7, as indicated in Fig. 1. The total radiant
power of the source will be denoted as P. Note that 7<0 in the figure, but >0 is also included in
our reasoning.

From a physical point of view, when using an extended quasimonochromatic source, the
irradiance distribution at any observation transverse plane can be described as an incoherent
superposition of the irradiance patterns generated by each of the source points separately. In
our case, each elemental emitter creates the same cosinusoidal pattern as given in Eq. (S3),
but laterally shifted according to its projection through the axial point of the Wollaston prism
onto the observation plane. In general, the superposition of such off-set identical distributions
produces a cosinusoidal pattern with reduced visibility, whose particular value depends on the
spatial distribution of the source irradiance and the relative distances in the above-mentioned
projection. Thus, an axial modulation of the visibility of the transverse irradiance patterns is
generated. Mathematically, within the Fresnel approximation, the irradiance distribution on a
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transverse plane at a distance zo from the prism is given by [17]

2
Ip(x,20) = (_zlo) P (—ZEOX) ® Ip(x, 20) , (D

where Ig(x) stands for the irradiance distribution of the source normalized to have unity area,
and ®; is the 2D convolution operation with respect to the lateral coordinates x = (x, y). In the
equation above Io(x, zo) stands for the diffraction pattern of the object when an axial point source
is used, i.e., the result in Eq. (S3). Note that this result considers the coherent superposition of
light coming from the two replicas of each point onto the source plane generated by the Wollaston
prism, following an incoherent superposition for all points from the source. In fact, the irradiance
distribution generated onto the source plane after considering the Wollaston prism effect consists
of two replicas of the original irradiance distribution separated by a distance 2a given by Eq.
(S2), but with points that are mutually coherent in pairs.

Wollaston Analyzer
prism | V4 /—L
Polarizer plate
[S(X)
Incoherent
source
2y \Observation

}—n—\ plane

I
Ll 1

Fig. 1. Sketch of the Wollaston-prism-based setup when illuminated by an extended spatially
incoherent source.

By substituting the result in Eq. (S3) in Eq. (1), one can find that the irradiance distribution
after considering the whole set of incoherent points of the source can be expressed as

Ip(x,20) = 1 + [Vo(z0)| cos [2mup(z0) - X + ¢ + Pp(z0)] , 2

with the axial variation of the complex visibility of the pattern given by

; 3

Vo(zo) = Is (M)

where Is(u) = F>p {I5(x); u} is the 2D Fourier transform of the normalized irradiance distribution
of the source, being u = (u, v) the lateral 2D spatial frequency. In Eq. (2) the phase shifting
function ®y(zp) stands for the argument of the complex visibility Vy(z9). Both the spatial
frequency ug(zp) and the lateral phase shift ¢ are defined in Suplement 1.

Note here the explicit dependence of the lateral frequency of the diffraction pattern with the
propagation distance zp, which is rather incovenient for the standard reconstruction algorithms
used in SIM. To obtain a fixed single lateral period for any transverse plane, we consider now a
collimating scheme in which an ideal lens with focal length f, is located with its front focal plane
onto the extended source. Neglecting the effects of the finite size of the lens, the new irradiance
patterns can be obtained as images of the respective ones according to the laws of geometrical
optics. Thus, the irradiance pattern obtained after the effect of the lens at a distance z. of the
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image of the Wollaston prism can be computed as

4@¢a=m(ﬁiﬁgq, )

where, according to geometrical optics’ equations for conjugate distances [18], the following
relationships hold

2
Ze = — Je —t, and
20t+7n 3)
Je
MC = s
z0) 20+ 7

t = —f2 /i being the distance from the back focal plane of the lens to the image of the Wollaston
prism (see Fig. 2). These equations link the transverse patterns after the collimation lens, I.(x, z.),
and their counterparts before the actuation of this lens, Iy(X, z9). Thus, now the irradiance pattern
at a distance z. from the image of the Wollaston prism is a scaled version (with magnification
M(zp)) of the previous irradiance distribution at a distance zo from the Wollaston prism. By
using these relationships in Eq. (4), one can obtain

Ie(X,2¢) = 1+ |Ve(zc)| cos [271'116 "X+o+ q)L'(ZC)] > (6)
where )
%= S A ?

is the new constant lateral frequency of the pattern (see Suplement 1 for definition of uy) and
where the axial modulation of the visibility is now given by

Ve(ze) =1Is (_jfcuo) =TI (%UW) . (8

Again the function ®.(z.) is the argument of the above complex visibility.

Collimatin I(x,z.)
/ lens -

f. ‘ f. ‘ t oz !

t >t >t >

Fig. 2. Scheme of the collimated configuration of the proposed illumination system. 7"
and O’ represent, respectively, the image of the axial points 7 (Wollaston prism) and O
(transverse observation plane) by the collimating lens.

Note that, after the collimation, the irradiance patterns present a single lateral frequency u)
that can be continuously tuned by changing the distance 7. In practice, axial shifting of the prism
can be used for achieving this change. On the other hand, since the source irradiance function
I5(x) is a real positive function, |V (z.)| is maximum at z. = 0. This means that the conjugate
plane of the prism formed by the collimating lens is a maximum contrast plane, independently of
the particular source used.

Finally, the 3D irradiance pattern described in Eq. (6) should be properly projected onto the
sample space to generate a structured illumination on the specimen. To preserve a single lateral
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frequency for the actual illumination of the sample, a telecentric projection relay should be
considered. It is straightforward to find then that the illumination pattern finally projected is
given by

X
S(X’ Z) = IC (m»zc) ’ (9)

where z = an.zllzC, My standing for the lateral magnification of the projection relay, and n being
the refractive index of the immersion medium. After mathematical manipulation, it is obtained

S(x,z) = 1 +|V(z)| cos [2mu,, - X + ¢ + D(2)] , (10)

z being the distance from the image of the Wollaston prism onto the sample space, and where

z ~ | - - -z
| = u = I —1Uu N 11
nMg,,) S(nMgfg W) S(anfc ’") (o

and the lateral modulation frequency is

V(z) =V,

u/
u, = 0 = 1 Uy = um§W . (12)
My Mfe

In the above equations, ®(z) is the complex argument of V(z). Equation (11) provides the axial
modulation of the visibility of the single-lateral-frequency patterns generated from a given shape
I5(x) for the irradiance of the source used in the setup. According to this equation, a scaled 2D
Fourier transform of Ig(x) has to be performed and the corresponding central profile along the Sy
direction provides the values of V(z). However, according to the central slice theorem[19], the
same result is obtained by projecting the 2D function I5(x) onto a line parallel to §y and then
taking a 1D Fourier transform. Mathematically,

V@) = Fip {ng {Is(x): ¢} ; ﬁ} , (13)
where
M, {Is(x): ¢} = // I508(Z - x - $w)dx . (14)

6(¢) being the Dirac delta function. Figure 3 summarizes the operations connecting the irradiance
of the source and the axial modulation of the visibility of the structured illumination patterns
generated into the sample. Note that, according to Eq. (13), the complex visibility V(z) is
a Hermitian function, i.e, V*(-z) = V(z), since it is obtained as the Fourier transform of a
real-valued function (Ilg,, {Zs(x); {}). This property also leads to a symmetric |V(z)| distribution.

From a practical point of view, one may think that the effect of the OTF of the projection system
has to be included in this reasoning, affecting the result in Eq. (13). However, we prove next that
is not the case. If we fix our attention in the typical epi-illumination scheme, the illumination
relay is composed of an illumination tube lens 7L, with a focal length f7;;, and the microscope
objective itself (see Fig. 4). Since before TL; the source plane is located at infinity by effect of
the collimation lens, its intermediate image is projected directly onto the common focal plane of
the relay setup, which contains also the aperture stop of the objective. It is straighforward to find
that onto this plane the irradiance distribution is given by

- M: M:
Lop(X) o Is( f;LIX) ) [(5 (x B lexfruz lllum) v s (x . ﬁexfruz lullm)] 7 (15)

i.e., two replicas of a scaled version of the original source irradiance distribution Ig(x). If these
replicas are not clipped by the aperture stop of the objective, considered as the sole limiting
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element of the relay system, further propagation of this distribution onto the sample space will
result in Eq. (10), with no extra variation of the visibility of the projected 3D pattern. This
outcome is clearly different from the behaviour of other projection schemes [10], in which the
visibility of the illumination pattern is directly affected by the non-uniform OTF of the relay

system.
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Fig. 3. Diagram of the procedure for obtaining the axial modulation of the visibility of the
structured illumination with the proposed setup from the irradiance distribution g(x) of the
incoherent source, based on Eq. (13). The blue arrows represent line integrals (projection)
and the symbol ¥ p stands for a 1D Fourier transformation.

It is very interesting also to provide some physical insight on the coherence properties of the
light field generated onto the aperture stop plane. Note that each point in the original source emits
light completely incoherent with the radiation exiting any other point in the source. However,
in the aperture stop plane each original point has been transformed into a perfectly coherent
pair of point sources, each of these pairs remaining incoherent with the other ones. The final
lateral modulation of the illumination in the sample space is caused by the interference between
these paired sources, plus an incoherent superposition of these results for the whole set of pairs.
On the other hand, each coherent pair has been symmetrically generated around the position of
the original source point, following the direction Sy fixed by the orientation of the Wollaston
prism. In this way, clipping one of the replicas of the whole source that has been generated
onto the aperture stop will leave some of the points on the other one unpaired. These set of
unpaired points will produce no interference patterns, but a uniform background that will affect
the visibility of the whole 3D pattern then obtained. This is, consequently, an adverse effect that
should be avoided when the technique here presented is implemented.

2.2. Impact of the extended illuminating source on the synthetic SIM OTF and PSF

Let us now estimate the effective synthetic SIM OTF that relates the final reconstructed image
and the original object. A convenient way for this estimation is following the classical analytical
reconstruction procedure used in SIM, although the estimated effective OTF will be the same
regardless of the reconstruction method that is used (for a review of SIM reconstruction methods
see [5] and references therein). Conventional SIM algorithms are based on the use of multiple
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Fig. 4. Schematic or our TSIM experimental setup. A telecentric configuration in
illumination is considered, where the respective front and back focal points of the tube lens 1
(F i) and the objective (F,) are coincident. An intermediate image of the extended source is,
therefore, located at this plane.

forward images in which the SI pattern has been laterally shifted. The required number of images
depends on the amount of lateral frequencies involved in the SI pattern. In our case, since a
single lateral frequency u,, is used, only 3 raw images are needed in each orientation of the SI
pattern. Thus, we assume three stacks of 2D images obtained after three phase shifts of the
illumination pattern —S(x, z) in Eq. (10)— and subsequent axial scans of a 3D sample. If z; is
the axial displacement of the sample along the scanning process, then a raw image irradiance
registered at the back focal plane of the tube lens in the collection (imaging) branch of the
microscope is given by [3]

I}S]M(Xa Zss ¢) =

ol e i)

where O(x, z) stands for the radiant exitance of the sample, ¢ is the lateral phase shift of the
illumination pattern, 4’(X, z) represents the irradiance PSF of the microscope in the image space,
and M and M, correspond to the lateral and axial magnifications of the imaging branch of the
microscope, respectively. The symbol ®3 is used here for the 3D convolution operation. This
result can be expressed as

(16)
cos

b}

z=0

2mu,, - A% +o+D (ﬁ)]} ®; h'(x,2)

Z

4 X ’
Lrong(X, 255 ¢) =0 <1\_/1’ _Zs) ®3 I (X, =M zs)+
1 : x
19} Iiw’ _Zs) el[Zﬂum-M+¢] ®3 V* (Zs) h/(X, _ zZs)+ (17)

(
0 (i —zs) 12 i +0] g, V(ze) B (%, =Mz) .

2
1
27 \m
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By projecting this result into the sample space, it is finally obtained that
Irsiu(X, zg; @) =I}SIM(MX7 —-z559) = O (X,25) ®3 h(X, z5)+

1 .
50 (%.2) P @3V (z,) h(x, 20)+ (18)

1 .
70X, z5) € PTInXO @1 V (—z0) h(x, 74)

where the hermiticity of V(z) has been applied, and A(x, z,) stands for the PSF of the microscope
in the object space, given by
h(x,z) = h'(Mx,M,7) . (19)
The reconstruction process is more easily understood when described in the Fourier domain.
Thus, after Fourier transforming Eq. (18), the following result is obtained

Trspa(u, w; @) = Io(w, w) + Ly (w, w)e' + Ty (w, w)e™ (20)
where the three orders of the Fourier transform of the raw data stack are given by

In(u, w) = O(u, w)H(u, w) ,
Li(u,w) = %O(u =, w) [V(w) @ Hu,w)| , @1

Ii(a,w) = %O(u + W) [V(-w) @1 Hu,w)]| ,

H(u,w) being the OTF of the native microscope in the object space. The symbol ®; stands for
the 1D convolution operation on the axial spatial frequency w, while O(u, w) = F3p {O(x, z); u, w}
and V(w) = Fip {V(z); w} are, respectively, the 3D and the 1D Fourier transforms of the object
exitance and the visibility axial modulation of the illumination pattern. The three required forward
images are obtained by changing ¢ in Eq. (10) to generate, for each spatial frequency (u, w), a
solvable system of three linear equations. After solving this system, the three orders in Eq. (20)
become available and a reconstruction of the object can be performed by the superposition

OTSIM(“? W) = 70(“7 W) + j+] (u + Uy, W) + 7—1 (u — Uy, W) = O(u’ W)HSIM(u’ W) 5 (22)

where the effective synthetic OTF Hrgpy(u, w) is given by
1. 1.
Hrsim(u,w) = H(u, w) + EV(W) ®1 H(u +u,, w) + EV(_W) ®1 Hu —uy, w) . (23)

It is worth to note that this synthetic OTF has a broader passband than the original one, H(u, w).
First, the presence of the replicas of this function centered at lateral frequencies +u,, increase the
lateral cutoff frequency of the effective SIM OTF. On the other hand, the 1D convolutions along
w in the second and third summands in Eq. (23) broadens the final OTF’s support in the axial
frequency direction as well. Although the former of these two effects is common to many SIM
techniques, the latter is a unique feature related in this proposal to the extension and shape of the
incoherent source of illumination. In this sense, recalling Eq. (13), it is straightforward to obtain
that the Fourier transform of the visibility function is equal to the projection (perpendicular to
Sw, as indicated in Fig. 3) of the source irradiance, namely

nMiyfew }

m

V(w) =T, {Is<x); (24)

Finally, from Eqgs. (22) and (23) it is easy to obtain the reconstructed object irradiance in the
space domain
Orsim(x,z) = O(X, 2) ®3 hrsim(X,2) , (25)

where the effective PSF is given by
hrsm(x,2z) = {1 + [V(2)| cos 2wy, - X — ()]} h(X,2) . (26)
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3. Results and discussion

In this section we present a set of results to validate the SIM technique proposed above. We
consider the typical implementation of an epi-illumination architecture. The layout of the setup
we used is presented in Fig. 4. The experimental implementation was performed by using
a Wollaston prism with a deviation angle y = 2.5°, an achromat as a collimating lens with
fe = 100 mm, a PlanApochromat 60X, high numerical aperture (VA = 1.4), oil immersion
(n = 1.515) microscope objective by Nikon, and an achromatic doublet as an illumination tube lens
with focal length fr7; = 150 mm. With these elements, we obtained a projection magnification
M;; = 0.022. As for the incoherent source we generated an aerial image of a rotating diffuser
illuminated by a laser spotlight (from a laser diode with wavelength A,, = 405 + 5 nm), thereby
breaking the spatial coherence and obtaining the narrowband incoherent illumination required by
the TSIM design. Ideally, a filtered LED source, which is already a spatially incoherent source
could be used as long as the LED is bright enough [14,15]. Finally, the collection (imaging)
part of the setup included a second tube lens with focal length fr7, = 400 mm and a sSCMOS
camera with 6.45 umx6.45 um pixels (Hamamatsu ORCA-Flash4.0). All these experimental
parameters were translated directly to the simulations presented in the sections that follow. In
these simulations we consider a fluorescent sample, with an emission wavelength 4., = 530
nm. For the above optical elements, the lateral and axial cutoff frequencies for the native WFM
system are given, respectively, by

2 NA — Vn2 — NA?
" = =528 yum™", we = % =177 um™" . @7
em em

3.1.  Experimental verification of the visibility function

To validate our proposal, we first experimentally checked the relationship in Eq. (13), that relates
the axial modulation of the visibility of the illumination pattern, V(z), and the projection of
the irradiance distribution of the source, I5(x). For this purpose, we measure experimentally
the visibility of transverse irradiance patterns in the sample space by projecting them through
the complete system in Fig. 4, when a transverse plane mirror is axially scanned through the
focal region of the microscope objective. Note that in this setup, an axial shift of the mirror
by an amount z,,, from the focal plane of the objective, projects the transverse plane located at
7 = 2z, onto the sensor. An XZ section of the registered focal stack is shown in Fig. 5, and two
of the 2D (XY) images captured with the camera within the focal stack. From each of these XY
images, the experimental visibility, V,,,, of the pattern was assessed by estimating the power
(spatial) spectrum at the modulating frequency u,, and the corresponding DC contribution. In
this verification, the lateral frequency was set to u,, = 0.80 u,.

We investigated different illumination sources, and each case, an image of the actual source
was captured. Since, as can be seen in Fig. 4, an intermediate image of the source is generated
at the back focal plane of the microscope objetive (also the aperture stop plane), an additional
lens was interleaved between the beam splitter and the second tube lens, acting as a kind of
Bertrand lens. We used an achromat with focal length fz = 300 mm for this purpose, and its
position was tuned to project a sharp image of the aperture stop and the incoherent source onto
the camera sensor. It is important to state here that the actual irradiance distribution of the source
corresponded to a demagnified version of the image captured in this way. From the specifications
used in the setup, this magnification was set to Mg = frrofrr1/(fafe) = 2. In all cases, we oriented
the Wollaston prism in such a way that the projection in Eq. (13) is performed along the vertical
(Y) direction of the captured image of the source (Sy parallel to the horizontal X axis).

Figure 6 shows the comparison of the results for three different sources, generated by projecting
the same spot from the rotating diffuser into masks of different sizes. In the three cases it is clear
that a good match is achieved between the experimental visibility V.., and the Fourier transform
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Fig. 5. 2D plots of the experimental illumination irradiance in the XZ plane in the sample
space (left), and in XY planes for a position z with maximum (green) and zero visibility
(yellow). The illumination was generated with a rectangular extended source by using a slit
with width L = 0.8 mm, and it was measured by scanning a mirror sample.

of the projection of the source irradiance distribution Iy, {/s(x); {}. Note that the differences
can be explained as an undersampling effect of V,,,, since for the smaller source in Fig. 6(c)
(which generates a slower axial variation of the visibility) we found the best agreement.

3.2. Assessment of the effective SIM OTF by numerical simulations

To assess the typical improvement that we can induce on the effective OTF of a SIM system
with our illumination scheme, we simulate the expected results when using an ideal slit, oriented
perpendicular to the characteristic vector Sy of a Wollaston prism, as the effective incoherent
source of the device. In practice, this shape can be tailored by an adjustable mask (or an
electro-optical spatial light modulator for finer control) onto an aerial image of the actual source.
In this case, we consider a source with an irradiance distribution given by

1 Xy
1509 = Trrect (7.3 . (28)
rect(-) being the 2D rectangle function [20]. Note that for values of / much smaller than the
diameter of the aperture stop of the microscope objective, the maximum value of L that avoids
the clipping effect pointed in Section 2.1 is approximately given by (see Suplement 1)

Limax () = 2fc NA My, (1 - Aex u_m) . (29)
em Uc
The OTF of the original WFM setup in the sample domain is given by [21]
Hiuw) = 2% \/1 - (—'W'/WC ; M)z (30)
’ 2|ul dlulfuc  ue ) |’

where R {-} represents the real part of a complex number.
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Fig. 6. Axial modulation of the visibility obtained by imaging a plane mirror (blue) and by
Eq. (13) from the source irradiance distribution (red). The insets show images of the actual
sources as registered by the camera, and their vertical projections (see Fig. 3) with widths
equal to: (a) L = 2.06 mm; (b) L = 1.01 mm; and (¢) L = 0.56 mm. The lateral frequency
was set to u,,; = 0.80u,.

For comparison purposes, we consider two conventional approaches in SIM, namely, 2WSIM
and 3WSIM. In the first case, for a given lateral modulation frequency u,, the effective final OTF
is just constructed as

1 1
Hywsiy(n, w) = H(u, w) + EH(U + Uy, W) + EH(U - Uy, W), (3D
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while for the 3WSIM case it is straighforward to obtain

Hzwsm(u, w) =H(u, w)+

lH( Y s )+1H( il )+
sH(u= o w+wn |+ H (u= =2 w—wy
1 u 1 u (32)
§H(u+%,w+wm)+§H(u+7m,w—wm)+
1 1
§H(u — Uy, W) + §H(u + Wy, W),
where
R 2 2
n-— nz—(—”%””’) n-— nz—(NA%)
= - . (33)

/lem /lem

Note that in both cases we have considered the same amplitude for the two/three waves involved
in the generation of the illumination pattern. The functions in Eqs. (31) and (32) will be compared
next with the effective final OTF provided by our proposal, as stated in Eqgs. (23) and (24). As a
general remark for next sections, it is interesting to recall that all the OTFs here considered have
real and positive values, since we are considering a well-corrected, aberration-free microscope
objective as the native element of the WFM configuration.

3.2.1. OTF compact support

To investigate how our proposed TSIM system compares to other SIM schemes we study their
frequency response by focusing our attention in the coordinate plane with u = (&, 0) (cited as
u — w plane from now on). Figures 7-9 show a representation in the u — w plane of Hygp(u, w),
jointly with an overlay of the compact support border line of Howsps(u, w) and Hzwsi(a, w). In
all cases, we display a normalized representation mapped to the same color scale. We present
the results corresponding to three particular modulation frequencies, namely, u,, = 0.50u,,
uy = 0.75u., and u,, = 0.80u.. The first case corresponds to the best optical sectioning capability
of the 2WSIM scheme while the latter is a practical limit of many current implementations of
SIM. For our TSIM proposal, we display the results corresponding to three source widths for
each modulation frequency: L = 0.50L,4x, L = 0.75L,;10x, and L = Lyax, Where Ly is the largest
source size that can be used for a given modulation frequency due to the clipping discussed earlier,
as stated in Eq. (29). Note the dependende of this limit with the particular modulation frequency
u, implemented. Although it is clear that only a point by point comparison may establish the
superiority of one of these OTF functions at a particular spatial frequency, we try next to give
some global metrics for this assessment. First, we can see that the maximum extent (effective
cutoff frequency) in the lateral direction is the same for the three cases, namely, umax = Ue + Up,.
On the other hand, only for the case of the smallest size of the source the axial cutoff values of
the TSIM OTF are slightly lower than those in the 3WSIM case. In all the other situations, TSIM
provides a larger effective axial cutoff frequency. In fact, it is straightforward from Eqgs. (31),
(32), and (23), to find that this effective axial cutoff frequency is given, for the 2WSIM, 3WSIM
and TSIM setups, respectively, by

Wmax 2W = We » 34
2
n— n2 (/Ielgum )
Wmax 3W = W¢ + 1 s (33)
em
Lu
Wmax,T = We + . (36)

2nMf . ’
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Fig. 7. Meridional section (u — w plane) of the 3D synthetic TSIM OTF for u;,, = 0.50u,
and for three different rectangular source widths L. For better visualization, the OTF is
normalized to 1. For the sake of comparison, the support border line of the OTFs for 2WSIM
and 3WSIM are shown with a dashed navy blue line and with a solid red line, respectively.

A plot of these effective axial cutoff frequencies for a continuous variation of the lateral
modulation frequency u,, is shown in Fig. 10. From this figure it is clear that the best performace
for the effective axial frequency is achieved for TSIM at u,, = 0.65u., independently of the
source width L. This maximum value is, for the optimal case L = Lp,x, Wmax. T = 1.90w, (green
circle in the plot), that is quite bigger than the value attained by 3WSIM working at u,,, = 0.8u,
(Wmax3w = 1.53w,, red circle in the figure). Note also that wy,x r functions in Fig. 10 are quite
flat around their maximum values: an effective axial cutoff frequency bigger than 90% of the
peak value is attained within the interval u,, € (0.35u.,0.95u,). In fact, only for modulation
frequencies larger than u,, = 0.92u, (see blue circle in Fig. 10), 3WSIM outperforms TSIM with
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Fig. 8. Meridional section (z — w plane) of the 3D synthetic TSIM OTF for u,, = 0.75u,
and for three different rectangular source widths L. For better visualization, the OTF is
normalized to 1. For the sake of comparison, the support border line of the OTFs for 2WSIM
and 3WSIM are shown with a dashed navy blue line and with a solid red line, respectively.

L = L. This range of frequencies is not achievable in practice for conventional SIM systems
without compromising severely the final reconstruction performance.

On the other hand, if an ideally perfect filtering postprocessing is assumed, the area of the
compact support of the OTFs can be considered as a measure of the potential coverage of the
3D sample’s spectrum by the imaging system. Table 1 shows a measure of these areas for the
situations under study, showing that the results provided by our proposal are better in all cases
compared with 2WSIM. When compared with 3WSIM, all situations are favourable to our TSIM
proposal, except for u,, = 0.80u, and L = 0.50L,,,,. In this particular case both 3WSIM and
TSIM results differ less than 1%.
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and for three different rectangular source widths L. For better visualization, the OTF is
normalized to 1. For the sake of comparison, the support border line of the OTFs for 2WSIM
and 3WSIM are shown with a dashed navy blue line and with a solid red line, respectively.

3.2.2. Axial OTF and integrated intensity

A part of the 3D OTF that has a particular practical interest is its profile along the u = 0 line
(referred to as axial OTF from now on). This function is relevant since it gives an assessment of
the optical sectioning (OS) capability of the imaging system. In fact, its 1D Fourier transform
represents the integrated intensity, a typical metric of OS. In Fig. 11 the axial OTFs for the three
systems under comparison are shown, again for u,, = 0.50u,, u,, = 0.75u,, and u,, = 0.80u,.
The same set of values for the width L of the source is considered in the TSIM case. In all cases
we have omitted the common spike-like contribution at w = 0 due to the central WFM OTF
present in the three schemes under comparison. It is important here to recall that, as a rule of
thumb, the narrower the axial OTF, the wider (worse) the integrated intensity. As displayed in
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that provides the maximum achievable wpax for our proposal. 3WSIM outperforms TSIM
only for modulation frequencies larger than u,;, = 0.92u, (see blue circle).

Table 1. Areas of the compact support of the OTFs in the u - w
plane. All values have been normalized to the WFM OTF area in
this same plane.

SIM architecture Normalized area of the OTF’s support

U = 0.50u, um = 0.75u, Uy, = 0.80u,
2WSIM 1.87 2.12 2.14
3WSIM 2.15 291 3.10
L = 0.50Lmax 2.58 3.04 3.07
TSIM L =0.75Lmax 2.98 3.57 3.62
L = Liax 341 4.14 4.20

Fig. 11, the extent of the axial OTF for TSIM is always bigger than for 2WSIM. As compared
with 3WSIM, the extent of our proposal is similar in the case of maximum width of the source
and slightly smaller for the rest. However, our proposals present higher values in some intervals
of the support of the axial OTF.

To estimate a more meaningful parameter related with the effective width of these functions,
we show in Fig. 12 the standard deviation o of these functions [22] for the three modulation
frequencies under study and the whole continuous range of allowed widths L. The table on the
right side of this figure shows the corresponding values of the standard deviations for 2WSIM
(o2w) and 3WSIM (03w ) for the three frequencies under study. By comparing the values therein
with Fig. 12, it is clear that our proposed system is always better than 2WSIM while only for
the higher values of the width of the source TSIM competes with 3WSIM for u,, = 0.50u, and
uy, = 0.75u,. Although for u,, = 0.8u, the standard deviation value for the TSIM axial OTF does
not reach the 3WSIM value for the higher modulation frequency, nevertheless it achieves an
extreme value very close to it. Finally, we also computed the corresponding integrated intensities
by Fourier transforming the axial OTF profiles. For the three situations plotted in Fig. 11, this
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Fig. 11. Profiles of the axial OTF without the central WEM contribution, for 2WSIM (blue),
3WSIM (red) and our proposal (green) for a slit-like/rectangular source of three different
widths L, and for three different modulation frequencies u,.

operation leads to the graphs shown in Fig. 13. Note, again, that the common WFM constant
contribution has not been considered in any case, and that the negative values obtained for
the integrated intensities have to be considered as deviations from this common background.
To estimate the width of these axial responses we evaluated the half-width at half-maximum
(HWHM) for TSIM (HWHM7), for the same range of values of the source width L as in Fig. 12.
The final results are shown in Fig. 14, where the HWHM values for 2WSIM (HWHM,y ) and
3WSIM (HWHM3yw) have been included in a table as a reference for each modulation frequency
u,. Again, the comparison of the three architectures shows a better performance of TSIM
compared with 2WSIM in all cases. When using 3WSIM as a reference, for the two lower
modulation frequencies considered here, there are ranges of values of the width L that generate
smaller HWHM in the integrated intensities for TSIM. For the higher frequency (u,, = 0.80u,),
TSIM underperforms as compared with 3WSIM. However, for the lower frequency (u,, = 0.5u.),
TSIM outperforms 3WSIM.

Anyway, as shown in all the results above, for a given modulation frequency u,, the best
performance of our TSIM proposal happens with the biggest source possible. To complete the
comparison of the three SIM schemes, in Fig. 15 we represent the result of the computation
of the HWHM values of the integrated intensities (disregarding the constant backgroud from
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Fig. 15. Plot of the HWHM measured from the integrated intensities, after removing the

WF contribution, for 2WSIM (blue), 3WSIM (red) and our proposed TSIM (green) for

different modulation frequencies u,,. For each frequency TSIM is considered to work at its
optimal configuration, i.e., using the biggest source posible.

the common WFM contribution) obtained for values of modulation frequencies ranging from
Uy = 0.2u. and u,, = 0.8u, when the optimal situation L = Ly ,x(1t,,) is considered in the TSIM
case. It is clear from this graph that, in its optimal configuration for each modulation frequency,
TSIM outperforms the other two architectures for frequencies up to u,, = 0.76u.. This frequency
defines the crossing point (in red) of the TSIM and 3WSIM curves in the graph, corresponding to
a common value of the HWHM of 0.16um. With regards to 2WSIM, it is also interesting to point
out that this improved performance is extended to the whole range of possible source widths and
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also that the minimum HWHM achieved is much smaller in the case of TSIM (see blue and green
points in Fig. 15, corresponding to coordinates (0.50,0.21um) and (0.57, 0.15um), respectively).

4. Conclusions

In this work, a 3D tunable SIM (TSIM) system based on a quasi-monochromatic extended source
illuminating a Wollaston prism was presented, investigated and compared to two conventional
approaches in SIM, namely 2WSIM and 3WSIM. The 3D illumination pattern of the TSIM
system is axially varying while it simultaneously has lateral periodic variations, which can be
tuned by simply axially displacing the Wollaston prism. The axial modulation of the visibility of
the SI pattern is related to the 1D Fourier transform of the projection of the extended source, and
it can be controlled by choosing the shape and the size of the source. Note that, although we only
showed rectangular sources of different sizes in this paper, different source shapes can add an
extra degree of freedom in the engineering of the axial modulation of the SI pattern.

Results from experimental verification of the axial visibility function demonstrate the validity
of this relationship, which facilitates the determination of the visibility function by simply
recording an image of the source at the back focal plane of the microscope objective lens. This
direct knowledge of the actual visibility of the SI pattern provides a more realistic characterization
of the system’s OTF, which is needed for the reconstruction of the 3D sample.

Investigation of the engineered TSIM OTF, obtained by tuning the system’s lateral modulation
and the size of the source, shows that the area of the compact support of the OTF and its effective
cutoff frequencies (which relate to the achieved super resolution) increase with an increase in the
source size. For a given lens and lateral modulation frequency, there is a limit on the size of the
source that can be used in practice (to avoid the clipping effect discussed in Section 2.2).

Our comparative study shows that as expected, the TSIM outperforms the 2WSIM system,
because it offers axial modulation, while it offers desirable advantages over the 3WSIM under
certain conditions. First, TSIM provides a larger axial cutoff frequency than 3WSIM in all
investigated cases, and thus the expected achieved axial super resolution is better. It is also worth
pointing out that the axial effective cutoff frequency for 3WSIM drops monotonically very fast
as the modulation frequency decreases. Just a 10% decrease from the maximum theoretical
value u,, = u. (which potentially would provide an effective axial cutoff frequency equal to 2w,)
leads to a value wpax 3w = 1.72w.. On the other hand, in TSIM up to 1.9X improvement in axial
resolution is achievable, but with lower lateral modulation frequencies (see Fig. 10). Thus, when
high values of u,, are prevented or incovenient, TSIM provides a better axial performance than
3WSIM.

Second, assessment of the axial OTF and the integrated intensity, which provide a metric
for the optical sectioning capability of the system, shows that TSIM outperforms the other two
architectures for frequencies up to u,, = 0.76u,.

Additional advantages of the presented TSIM system are the independent tunability of the
achieved lateral and axial resolution, by tuning the lateral modulation frequency and the source
size, respectively. This is not possible in 3WSIM were the lateral and axial modulation frequencies
are non-linearly coupled, as shown in Eq. (33). Finally, our proposed system achieves a 40%
data reduction compared to a standard 3WSIM system since only three phase-shifted images are
needed per orientation of the pattern, as opposed to the five images required by the three-wave
interference scheme. Future work will also comparatively investigate the impact of noise on
3D-SIM system performance , the use of the TSIM system to image calibration and biological
samples and verify its performance through the reconstruction process.
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