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In planning certain types of trajectories of spacecraft within the solar system, engineers rely on a
technique called gravitational assist, or gravity assist. This technique underlies the feasibility of
effecting a net change in both the speed and direction of motion of a spacecraft by passage through
the gravitational field of a planet or a planetary satellite. The resulting increase, or decrease, in the
kinetic energy of the spacecraft appears to contradict the casual expectation that in such an
encounter the kinetic energy of the spacecraft after the encounter would be the same as that before
the encounter. This paper describes the December 1973 encounter of the Pioneer 10 spacecraft with
the planet Jupiter as a real-life example of gravitational assist. It then discusses the physical
principles involved in understanding the dynamics of the encounter and concludes with remarks on
the important role of gravitational assist in space exploration with artificial spacecraft and in
understanding the motion of comets within the solar system.20@ American Association of Physics
Teachers.

[DOI: 10.1119/1.1539102

I. THE PARADOX OF GRAVITATIONAL ASSIST Two coordinate systems, or frames of reference, will be
employed. The respective axes of the two systems are paral-

A paraphrased NASA announcement of late 1973: “Fol-jg| to each other and the systems have a fixed orientation
lowing its launch and escape from the Earth’s gravitationalyith respect to distant stars. The primary axis of each is
field in earl){ Marc-h 1972, the Pioneer 10 Spa(_)ecraft has bee@ara”e| to the vernal equino?(y), the ascending node of the
on a Keplerian elliptical orbit about the Sun with an aphelioneciiptic on the Earth’s equator. The planetocentric system has
distance of abut 6 astronomical unitsAU=1.50< 10° km, s origin at the center of Jupiter and the heliocentric system,
the mean distance of the Earth from the Buburing the  at the center of the Sun. Neither is a truly inertial coordinate
planned 4 December 1973 close encounter of the spacecrafystem but both are adequately accurate approximations
with the planet Jupiter at 5.05 AU, the spacecraft's speed wilthereto for the present purpose.
be increased so that its subsequent path will be a hyperbolic The following vector symbols are adopted:
escape orbit from the solar system. This effect of the encoun-
ter with Jupiter is called a gravitational assist.” Vo= pre-enounter velocity of the spacecraft in the

A physics student is entitled to be puzzled by such an
announcement and may well express this puzzlement as fol-
lows, “I have learned that the total energy, kinetic plus po- v, = post-encounter velocity of the spacecraft in the
tential, of a test particle is constant as it is moves through the
gravitational field of a far more massive body. The speed of planetocentric system;
the particle will be increased during the encounter and the ) .
direction of its velocity vector will be changed; but as the Vo= Ppre-encounter velocity of the spacecraft in the
particle recedes from the encounter, its speed will gradually
decrease to the same value as that during approach. This
expectation is in clear conflict with the NASA announce-
ment. What am | missing?”

The purpose of this paper is to address this paradox from heliocentric system;
a physicist’s point of view.

planetocentric system;

heliocentric system;

v; = post-encounter velocity of the spacecraft in the

W' = velocity of Jupiter in the heliocentric system,

Il. THE ENCOUNTER OF PIONEER 10 WITH nearly constant throughout the encounter.

JUPITER As Pioneer 10 approached Jupiter but was at such a dis-
tance from it(about 33 Jovian radiithat the gravitational

An important example of gravitational assist will now be 0 .
described using actual data for the December 1973 encountgfrce of the Sun was less than 1% of that of the planet, its

of the Pioneer 10 spacecraft with the plant Jugiféhe de- velocity vectorvg in the heliocentric coordinate system was
scription of the kinetics of this encounter has been derive®f magnitude 9.8 km's' at an angle of 49° counterclockwise
from the detailed ephemerides prepared by NASAs Jet Prol@s viewed from the north ecliptic polef the line from the
pulsion Laboratory and Ames Research Center. Minor apSun to the planet. During the encounter, the heliocentric ve-
proximations have been made in the interest of clarity butocity of JupiterW’ was eastward perpendicular to the Sun-
essential validity has been preserved. One such minor aglanet line with a magnitude of 13.5 km's

proximation is treating the encounter as having occurred in a The pre-encounter velocity, of the spacecraft in the
plane parallel to that of the Earth’s orbit about the Sthe  planetocentric coordinate system was given by the vector
ecliptic plang, i.e., in two dimensions. equation
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Fig. 3. The projection on the ecliptic plane of the heliocentric path of Pio-
neer 10 before and after its close encounter with Jupiter on 4 December
1973. The dots along the trajectory are at one-month intervals. Also shown

Fig. 1. Th tor di t f the text. It sh th
'g e upper vector diagram represents @jof the text. It shows the are the orbit of the Earth®) and a portion of the orbit of Jupitép]).

transformation of the heliocentric velocity, of the spacecraft before en-
counter to its planetocentric velocityy. W' is the heliocentric velocity of
Jupiter. The lower vector diagram represents 2yin the text. It shows the
transformation of the planetocentric velocity of the spacecrafafter en-

counter to its heliocentric velocity, In the heliocentric coordinate system, the post-encounter

velocity v; of the spacecraft was given by
V:II_ =V +W' y (2)

Vo=Vo—W". @ as shown in the lower panel of Fig. 1. The magnitudespf
The vector diagram corresponding to H4) is shown in  was 22.4 kms! and it was directed at 83° counterclockwise
the upper panel of Fig. 1. The vectey had a magnitude of of the Sun-planet line.

8.9 kms ! and an angle of 43° clockwise of the Sun-planet Hence, by virtue of gravitational assist the heliocentric

line. At the spacecraft’s closest approach to the planet it waspeed of the spacecraft had increased from 9.8 Knts

at a radial distance of 2.84 planetary radii or 2.820° km  22.4 kms* and its kinetic energy had increased by a factor

and its speed in the planetocentric coordinate system wasf 5.2.

37 kms! In the planetocentric system the path of the At 5.05 AU the necessary heliocentric speed for escape

spacecraft was a hyperbola with constant total eneréggl anftom the Sun’s gravitational field is 18.7 km’s Therefore,

with the focus of the hyperbola at the center of the planet. the overall effect of the encounter was to transform(ttegp-

As the spacecraft receded beyond the planet's gravitationaive) elliptical orbit of Pioneer 10 into a hyperbolic escape

influence, its velocity vectow; had been rotated counter- orbit from the solar syster(Fig. 3).

clockwise formv, by 116° and its magnitude had returned to  The enormous efficacy of gravitational assist is empha-

its pre-encounter value of 8.9 kmi’s A portion of the hy- ~ sized by estimating the necessary magnitude of a multistage

perbolic encounter trajectory is shown in Fig. 2. combination of chemical rockets for providing the same in-
crease in speed and kinetic energy and change of direction of

the spacecraft as did its encounter with Jupiter. Such a com-

bination comparable to the huge Atlas/Centaur/Upper Stage

vehicle that launched the 260 kg spacecraft from Cape

Canaveral would have been needed to provide the same ef-

fect if applied to the spacecraft in free space.

If Pioneer 10 had passed ahead of Jupiter rather than be-
hind it, the heliocentric kinetic energy of the spacecraft
would have been decreased rather than increased. Indeed, it
is possible to decrease the heliocentric velocity of a space-
00/5 DEC craft to zero so that it falls radially inward toward the Sun if
an initial speed of about 41 km$can be achieved at 1 AU.
The analysis of energy-decreasing cases employs the same
type of considerations as presented above.
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Fig. 2. The ecliptic plane projection of the December 1973 hyperbolic en- The foregoing description of the encounter of Pioneer 10

counter trajectory of Pioneer 10 with Jupiter as viewed in the planetocentric . h . . faithful £ h . . .
coordinate system. The small dots along the trajectory are at 2 hour intervafé”t Jupiter is a faithful account from the engineering point

and the large dot at the moment of closest approach is labeled periapsis. TR View. However, it tends to support rather than dispel the
symbol y represents Earth’s vernal equinox. paradox of Sec. I.
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Hence, using the observed value/of’,
AW'=—-2.1x10"%* kms L. (6)

Figure 4 shows thakW' was in such a directiofopposite to
that of Av’) as to reduce the orbital speed of the planet and
also change its direction of motion. It is clear frg@) that
both effects were exceedingly small.

The nature of the encounter assures that the sum of the
kinetic energies of the spacecraft and the planet after the
encounter was the same as the sum of their kinetic energies
before the encounter; i.e., the observed gain in kinetic energy
Fig. 4. This vector diagram represents E§) of the textv;=vo+AV'  of the spacecraft must be equal to the loss of kinetic energy
whereinv, andv; are the hell_ocentrlc veI_ocmes of the spacecraft b(_afore andof the planet. Nevertheless, it is instructive to verify this by a
after the encounter, respectively, aigt’ is the net change of velocity. calculation using actual data. The gain in kinetic energy of
the spacecraft is

m
The essence of the paradox is ignoring the effect of the AE’S=E[(V1-v1)—(v{)-v{,)] 7
encounter on the velocity of the rapidly moving planet. This )
effect is essential in principle, though miniscule in relativeand using Eq(3),
magnitude. _ _ _ AES=m[v}- AV +(Av')?/2]. (8
In the language of Newtonian physics, the sum of the lin- Eq. (8) the two terms within the brackets are of compa
ear momenta of the spacecraft and the planet after the emblg‘ma nit dvc\al andr S withi r s ar pa-
counter was the same as the sum of their momenta before tfi& gnitu
encounter. Also the encounter was perfectly elastic so that Vi-Av'=voAv’ cosé’, (9)
the sum of the kinetic energies of the two .bO(.jIeS. after thﬁNhere ¢ is the angle between the vectars and Av' (Fig.
encounter was the same as the sum of their kinetic energuzﬁ Using th tal val F Ay de
before the encounter. - Using the actual values alp, Av-, an
The following discussion employs several symbols in ad-  AE.=203 m kgknfs 2. (10
dition to those defined in Sec. II: Similarly, for the planet

Av'=change of heliocentric velocity of the AE,=M[W’"-AW’ + (AW")?/2]. (11
spacecraft as a result of the encounter; In this case, the second term within the brackets is negligible
) i ) in magnitude relative to the first. Then using E4),
AW’ = change of heliocentric velocity of the planet , L ,
AEpzm[W Av' cos®']. (12
as a result of the encounter; Using actual values o', Av’,and®’,
AE.=change in kinetic energy of the spacecraft; AE,=-200 m kgknfs 2, (13
AE,=change in kinetic energy of the planet; which is equal to the negative afE. within rounding errors
in the data.
¢’ =angle between, andAv’, 557 If W' had been zero in Eq12), there would have been, to
@' =angle betweeM’ andAW’, 166°; high accuracy, no loss of kinetic energy of the planet and
hence no gain of kinetic energy by the spacecraft, as was
m=mass of the spacecraft, 260 kg; indeed the case in the planetocentric frame of reference.

. Thus, it is clear that the observed gain in heliocentric kinetic
— 7 )
M =mass of Jupiter, 1.901C°" kg. energy of Pioneer 10 in its close encounter with Jupiter was

The overall ballistic effect on Pioneer 10 by the encounteentirely dependent on the fact that the planet itself was in

was represented by the following equation: motion
L , Recognition of this fact dispels the paradox of Sec. | and
Vi=Vit+AV. (3 answers the student’s question, “What am | missing?” Fur-
This vector equation is shown graphically in Fig. 4. Thether explanation is provided in the Appendix.
magnitude ofAv’ was 15.3 km §1. IV. REMARKS

By Newton’s second and third laws of motion the impulse

applied to the spacecraft by the planet's gravitational force 't IS, Of course, possible to determine the heliocentric tra-
caused a change in its linear momentamv’ and the im- jectories of both the spacecraft and the planet by stepwise

pulse applied to the planet by the spacecraft's gravitationa?umencal calculation without any explicit mention of gravi-

force caused a change in its linear momentMAW' . The ational assist. But such an approach abandons the concep-

two changes were of equal magnitude and opposite in sensg@l clarity of using the well-understood hyperbolic trajec-
e tOry of the spacecraft in the planetocentric frame of reference

and hinders the recognition of the basic principles of physics
mAV' = —-MAW’ (4) involved in the encounter.
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Gravitational assist is an example of the restricted threeACKNOWLEDGMENTS
body problem of celestial mechanics, long known to astrono-
mers following the seminal work of Lagranteirca 1772.4°
In this problem, as in the example in the present paper, the
are two massive bodieghe Sun and Jupitgrand a third APPENDIX
body (Pioneer 10 of far lesser mass, each moving in the
gravitational field of the others. The third body is referred to Here is a succinct way to see why a small spacecraft can
as of infinitesimal mass, subject to gravitational forces by thextract substantial energy from a massive, moving planet.
other two bodies but exerting no force on them, a satisfactory et the momentum imparted by Jupiter to the spacecraft
approximation though defective in principle. The motion of be Ap’. After the spacecraft has left the planet’s vicinity,
comets within the solar system has been a classical subject 9fipiter’s momentum i W'—Ap’, and so its velocity is
the restricted three-body problem. Specific solutions showy’ —Ap’/M. Thus Jupiter’s kinetic energy has become
how a heliocentric parabolic orbit can be transformed into , , , ,
hyperbolic one or into an elliptical one during encounter with M(W'—Ap'/M)-(W'—Ap'/M)

The author thanks Christine Stevens for preparation of the
jgaper and Joyce Chrisinger for preparation of the figures.

a planet. The essential parameters in each case are the “im- 4 (Ap’)?
pact parameter{the perpendicular distance from the center =_MW’'2-W'.Ap’+
of the planet to the planetocentric asymptotic approach vec- 2M

tor of the comey; the gravitational escape speed of an objectro first approximation, Jupiter has lost an amount of energy
from the surface of the planet, namelgGM/r, whereGis  equal tow’-Ap’, independent of how massive the planet is
Newton’s gravitational constan¥] is the mass of the planet Thus even a tiny spacecraft can extract a finite amount of
andr is its radius; the heliocentric orbital speed of the planetienergy from an overwhelmingly massive planet—provided
and the planetocentric approach speed of the comet. Becaugi® planet is moving initially. Here “finite” is contrasted with
Jupiter’'s massM is much greater than that of any other “infinitesimal.”

planet, it has the most prominent role in perturbing the orbits Why is the initial motion of the planet so crucial? To ex-
of comets. tract energy, the spacecraft must exert a force on the planet

Another astronomical example of the three-body problemand do a negative amount of work on it. Thus the force must
arises in considering the potential capture of a passing astesct over a distance. If the force must set the massive planet
oid into an elliptical orbit about the Eartlor another plan¢t  into motion, then the distance traveled in a fixed time inter-
In the two-body problem, involving only the Earth and the val will be inversely proportional to the planet's magdsand
asteroid, capture is impossible. The asteroid either strikes thgence will be insignificantly small. If, however, the planet is
Earth or it flies by in an Earth-centered hyperbola. But if aalready moving, then the distance traveled will be indepen-
second massive body, the Moon, is added to the problem, thgent ofM (to good approximationand hence the work done
capture of the asteroid becomes possible under very speciahay be significant, as we have seen.
ized circumstances.
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nus, and Neptune; Mariner 10’s encounters with Venus andr. R. Moulton, An Introduction to Celestial Mechanic&nd ed.(Dover,
Mercury, Cassini’'s encounters with Venus and the Earth; Ul- New York, 1942.
ysses’ encounter with Jupiter to achieve an out-of-ecliptic °A. E. Roy, Orbital Motion (Adam Hilger, Bristol, 1978
orbit; and the successive encounters of the Galileo spacecraff: A- Van Allen, “History of planetary science Ii: Space age, "Encyclo-
with satellites of Jupiter as it has been in orbit about that Pedi2 of Planetary Sciencesdited by J. H. Shirley and R. W. Fairbridge

67 : . (Chapman and Hall, New York, 1987pp. 302—309.
plgn(_at.' T_he most straightforward planning of future space 7J. D. Anderson, “Gravity assist navigation,” incyclopedia of Planetary
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