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Abstract. Let π “ t2, qu where q is an odd prime. Let G be a finite group of order
divisible by a prime p P π. We show that the principal p-block of G contains a nontrivial
irreducible character of degree not divisible by 2 nor q and with field of values contained
in the qth cyclotomic extension. This statement simultaneously provides a principal
block version of results of Navarro–Tiep and Giannelli–Hung–Schaeffer Fry–Vallejo.

Introduction

Let G be a finite group and let p be a prime divisor of the order of G. It is well-
known, and elementary to prove, that G possesses some nontrivial irreducible character
χ whose degree χp1q is coprime to p. If instead we want to prove the existence of a
certain χ with degree coprime to p and some restrictions on its field of values Qpχq,
where Qpχq is the extension of the rationals generated by the values of χ, the use of more
sophisticated techniques is often unavoidable. For instance, relying on the Classification
of Finite Simple Groups, G. Navarro and P. H. Tiep [NT06, NT08] proved that we can
always find some χ P IrrpGq of degree coprime to p with Qpχq Ď Qpξpq, where ξp denotes a
primitive pth root of unity. Such characters are known to heavily influence the structure
of G. For instance, [NT10, Theorem C] provides a criterion for the existence of a normal
p-complement, formulated in terms of properties of characters of χ P IrrpGq that have
degree coprime to p and satisfy Qpχq Ď Qpξpq.

In this note, we extend the main result of [NT06] by showing that we can further
choose χ as above to belong to the principal p-block of G. We obtain this refinement as a
consequence of a more general result concerning characters with restricted field of values
lying in principal blocks with degree coprime to a pair of primes π. In the following, for
a set of primes π, we say that a character χ of G has π1-degree if pχp1q, rq “ 1 for every
r P π.

Theorem A. Let G be a finite group, let π “ t2, qu where q is a prime, and let p P π. If
p divides the order of G, then the principal p-block of G admits a non-trivial irreducible
character χ of π1-degree with Qpχq Ď Qpξqq.

It is worth noting that, usually, the extension of results from a single prime p to a set
of primes π fails to hold unless additional hypotheses, such as the π-separability of the
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group or the existence of a Hall π-subgroup, are assumed. Notably, Theorem A holds in
full generality, without any of these extra assumptions. We remark that the character χ
identified by Theorem A may be unique. This phenomenon is not rare; for instance, it
occurs for A5 when q “ 3, for A6 when q “ 5, for M23 when q P t3, 5, 7u, etc. In such cases,
χ is actually rational and lies in the intersection of the principal 2-block and q-block.
We also note that Theorem A provides a principal block analogue to the main result of

[GHSV21]. In Remark 2.5 below, we correct a minor oversight in the proof of [GHSV21,
Theorem D].

We underline that the hypothesis 2 P π is necessary in Theorem A. We refer the reader
to Section 3 for a complete discussion of this remark. Furthermore, Theorem A cannot be
generalized from a multiple-prime perspective, as the statement fails to hold when |π| ě 3
(for instance take A5 with π “ t2, 3, 5u).
For a set π of odd primes, it has recently been proven in [GH26] that whenever G

admits a nontrivial Hall π-subgroup, G possesses a nontrivial χ of π1-degree with values
in Qpξrq for some r P π. One might speculate that such a character can be further chosen
to lie in the principal r-block of G, but we do not aim to pursue this statement here.
As mentioned above, the following is an immediate consequence of Theorem A and a

generalization of the main result of [NT06].

Corollary B. Let G be a group of order divisible by a prime number p. Then there is
some nontrivial χ P IrrpGq of degree coprime to p with Qpχq Ď Qpξpq lying in the principal
p-block of G.

In Section 1, we reduce Theorem A to a problem concerning finite simple groups. The
proofs of Theorem A and Corollary B are then completed in Section 2, using the Clas-
sification of Finite Simple Groups. Problems regarding two primes and principal blocks
represent an active area of research; we further discuss recent results in this direction and
their relation to our work in Section 3.
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1. A reduction theorem

The purpose of this section is to show that in order to prove Theorem A it is enough
to show that the statement holds for the simple non-abelian groups.

Below we recall some folklore about principal blocks. For a prime p, we will denote by
BppGq the principal p-block of the group G, that is the only p-block containing the trivial
character 1G, and by IrrpBppGqq the set of irreducible characters of G belonging to BppGq.
We will denote by OppGq and Op1pGq, respectively, the largest normal p-subgroup and
p1-subgroup of G. As every χ P IrrpBppGqq contains Op1pGq in its kernel [Na98, Theorem
6.10], we can see IrrpBppGqq Ď IrrpG{Op1pGqq.

Theorem 1.1 (Fong). Let G be a finite group and p be a prime. Suppose that G is
p-solvable. Then IrrpBppGqq “ IrrpG{Op1pGqq.
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Proof. As mentioned above IrrpBppGqq Ď IrrpG{Op1pGqq. By [Fo61, Lemma 3A], we have
that IrrpG{Op1pGqq “ IrrpBppG{Op1pGqqq Ď IrrpBppGqq, and the equality follows. □

Theorem 1.2 (Alperin–Dade). Let G be a finite group and p a prime. Suppose that N
is a normal subgroup of G, with G{N a p1-group. Let P P SylppGq and assume that G “

NCGpP q. Then restriction of characters defines a natural bijection between IrrpBppGqq

and IrrpBppNqq.

Proof. The case where G{N is solvable was proved in [Al76] and the general case in
[Da77] □

Lemma 1.3. Let G be a finite group and p a prime. Let N Ÿ G and P P SylppNq.
Write E “ NCGpP q. Suppose that p does not divide the order of G{N . Then for all
θ P IrrpBppEqq, every irreducible constituent of θG belongs to BppGq.

Proof. By the Frattini argument G “ NNGpP q. In particular, EŸG. By [Na98, Theorem
4.14 and Problem 4.2] and Brauer’s third main theorem [Na98, Theorem 6.7], we have
that BppEq induces BppGq. By [Na98, Theorem 9.19, Lemma 9.20 and Theorem 9.26],
BppGq is actually the only p-block of G covering BppEq. In fact, any block B of G covering
BppEq has defect group P , then B is regular with respect to E and B “ BppEqG “ BppGq.
The result now follows from [Na98, Theorem 9.2]. □

We are ready to prove a reduction theorem for Theorem A. Recall that for a positive
integer n, we denote by ξn a primitive nth root of unity. We denote by OppGq and Op1

pGq,
respectively, the smallest normal subgroups of G with quotient a p-group and a p1-group.

Theorem 1.4. Let π “ t2, qu where q is an odd prime and p P π. Let G be a finite group
of order divisible by p. Suppose that the principal p-block of every finite simple non-abelian
group S of order divisible by p possesses a nontrivial character of π1-degree with values in
Qpξqq. Then there exists some 1G ‰ χ P IrrpBppGqq with π1-degree and Qpχq Ď Qpξqq.

Proof. Let G be a counterexample of minimal order to the statement. Notice that no
counterexample can be p-solvable, by Fong’s theorem 1.1 and the main result of [GHSV21].
By hypothesis, G is not simple. If 1 ă N Ÿ G then IrrpB0pG{Nqq Ď IrrpB0pGqq. Since G
is a minimal counterexample, |G{N | cannot be divisible by p. In particular OppGq “ G.
Let N “ Op1

pGq. We have that OppNq Ÿ G and G{OppNq is p-solvable and hence
OppNq “ N . If M Ÿ G and M ă N , then p divides |N{M |. In particular, by the
minimality of G as a counterexample M “ 1. We have that N is a minimal normal
subgroup of G. In fact, N must be a semisimple group. Let 1 ‰ P P SylppNq Ď SylppGq

and consider E “ NCGpP q. By Lemma 1.3, IrrpG{Eq Ď Irrp1pBpq. By hypothesis, the
only irreducible character of G{E with π1-degree and values in Qpξqq is 1G{E, hence G{E
is a group of odd order using [GHSV21, Theorem A]. By using the Feit–Thompson odd
order theorem, G{E is solvable and every composition factor is a cyclic group of order
r R π.

If E ă G, then by hypothesis p divides |E| and E is not a counterexample to the
statement, so there is some 1E ‰ ψ P IrrpBppEqq of π1-degree with values in Qpξqq. Using
[GHSV21, Lemma 2.2] and taking into account that G{E is a π1-group we can produce
χ P IrrpGq over ψ with π1-degree and values in Qpξqq. By Lemma 1.3, χ lies in Bp and we
get a contradiction to G being a counterexample. Hence E “ G.
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The Alperin–Dade theorem 1.2 then tells us thatN has no nontrivial π1-degree character
in IrrpBppNqq with values in Qpξqq. By minimality of G as a counterexample G “ N .
Recall that G is semisimple of order divisible by p. Let S be a minimal normal subgroup
of G, then G – St for some t ě 1. By hypotheses S possesses a nontrivial character
θ P IrrpBppSqq of π1-degree with values in Qpξqq. Hence 1G ‰ ψ “ θˆ ¨ ¨ ¨ ˆ θ P IrrpBppGqq

has π1-degree and Qpψq “ Qpθq Ď Qpξqq, a contradiction. □

2. Simple non-abelian groups

The aim of this section is to prove that Theorem A holds whenever G is a simple non-
abelian group. In particular, at the end of this section we complete the proofs of Theorem
A and Corollary B.

2.1. Alternating Groups. Let n P N be greater than or equal to 5 and let p be a prime
number such that p ď n. The aim of this section is to show that Irrtp,qu1pBppAnqq admits
a non-trivial irreducible character χ such that

Qpχq Ď K, for some K P tQpξpq,Qpξqqu,

for all prime numbers q ‰ p. This is an extension of the work done in [GHSV21, Theorem
D] where we complete a similar taks without taking blocks into account. While writing
the present article we realised that the proof of [GHSV21, Theorem D] contains a small
mistake. We take the occasion to correct it (see Remark 2.5 below).

We recall that irreducible character of Sn are naturally labelled by partitions of n.
Setting Ppnq as the set of partition of n, we let χλ denote the irreducible character of
Sn corresponding to λ P Ppnq. We remark that the character pχλqAn is irreducible if and
only if λ ‰ λ1, where λ1 is the conjugate of λ. We refer the reader to [Ol94] for a detailed
account of the basic facts concerning the representation theory of symmetric groups and
the corresponding combinatorics of partitions. Given λ P Ppnq and i, j P N we denote
by Hijpλq the hook of λ corresponding to node pi, jq, and we denote its length by hijpλq.
For e P N, we let Hepλq be the set consisting of all those nodes pi, jq of λ such that e
divides hijpλq. Moreover, we let Cepλq denote the e-core of λ. For a fixed prime number
p we write Pp1pnq for the subset of Ppnq consisting of those partitions λ of n such that
pχλp1q, pq “ 1.

We start by stating a few preliminary statements that will be often used in our argu-
ments.

Lemma 2.2. Let p be a prime and let n “ apk ` r, where 1 ď a ď p´ 1 and 0 ď r ă pk.
Let λ P Ppnq. Then λ P Pp1pnq if and only if Cpkpλq P Pp1prq.

Proof. This is an immediate consequence of [Ol94, Proposition 6.4]. □

The following is an easy consequence of the combinatorial description of p-blocks of
symmetric groups.

Lemma 2.3. Let p be a prime, let n “ pw ` r for some 0 ď r ď p´ 1, and let λ P Ppnq.
Then χλ P IrrpBppSnqq if and only if Cppλq “ prq. In particular, if Cppλq “ prq then every
irreducible constituent of pχλqAn lies in IrrpBppAnqq.

We are ready to focus on our main goal. We start by settling the case where q ą n.
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Lemma 2.4. Let p, q be primes and let n P N be such that p ď n ă q. Then the set
Irrtp,qu1pBppAnqq admits a rational non-trivial irreducible character.

Proof. Let n “ a ` pw for some a, w P N such that 0 ď a ď p ´ 1. Moreover, let

pw “

k
ÿ

j“1

bjp
j,

be the p-adic expansion of pw. Here k P Ně1 and b1, . . . , bk P r0, p ´ 1s with bk ‰ 0.
We proceed by distinguishing three cases.

‚ If pw ą pk then let χ :“ pχλqAn , where

λ “

$

’

&

’

%

pn ´ pk, 2, 1p
k´2q if n ‰ 2pk,

ppk, 1p
k
q if n “ 2pk.

We first notice that λ ‰ λ1. This shows that χ P IrrpAnq and that Qpχq “ Q. It is
also easy to see that λ R tpnq, p1nqu and therefore that χ is not the trivial character. We
observe that h2,1pλq “ pk and that λ∖H2,1pλq “ pn´pkq is the trivial partition of n´pk.
Using Lemma 2.2 this shows that pp, χp1qq “ 1. Moreover, it also follows that Cppλq “ paq.
Since n ă q we clearly have that pq, χp1qq “ 1 and we conclude that χ P Irrπ1pBppAnqq.
‚ Let us now assume that pw “ pk and let χ :“ pχλqAn , where

λ “

$

’

&

’

%

pn ´ pa ` 1q, a ` 1q if n ‰ 2p ´ 1,

pp ´ 1, 1pq if n “ 2p ´ 1.

In this case it is very easy to verify that χ P Irrπ1pBppAnqq. We omit the full details of
this verification. We just notice that when n ‰ 2p ´ 1 we have that H1,1pλq “ pk. This
shows that Cppλq “ paq, and that pp, χp1qq “ 1 by Lemma 2.2. □

Remark 2.5. In [GHSV21, Theorem D] for every pair of prime numbers p, q and for
every integer n we determine a non-trivial irreducible character χ of Irrtp,qu1pAnq with
small field of values. At the very end of the proof (in the last five lines) we deal with the
case where p ď n ă q and we consider the partition λ “ pn ´ pa ` 1q, a ` 1q. We also
claim that p does not divide χλp1q. This claim is false, as shown for instance by taking
p “ 3, n “ 14 and λ “ p11, 3q. This error can be fixed by replacing the final part of the
proof of [GHSV21, Theorem D] with the above Lemma 2.4.

We are now ready to prove our main result for alternating groups.

Theorem 2.6. Let π “ tp, qu be a set containing two distinct prime numbers, let n P Ně5

and let r P π. If r ď n then there exists a non-trivial character χ P Irrπ1pBrpAnqq such
that

Qpχq Ď K, for some K P tQpξpq,Qpξqqu.

Proof. If both primes p and q are larger than n then the statement holds vacuosly as no
r P π can possibly satisfy r ď n. Let us now assume that exactly one of the primes in π
is larger than n. Without loss of generality we can assume that p ď n ă q. In this case
r “ p and the statement holds by Lemma 2.4. Hence, we can now focus on the case where
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both p, q ď n. In [GHSV21, Theorem D] we have shown the existence of a non-trivial
χ P Irrπ1pAnq. We are now going to verify that such a character χ actually lies in both
BppAnq and BqpAnq. This is of course enough to prove the theorem.

Let n “
řt

i“1 aip
mi ` a0 “

řr
j“1 bjq

kj ` b0 be the p-adic and respectively q-adic ex-
pansions of n. Here m1 ą m2 ą ¨ ¨ ¨ ą mt ě 1 and k1 ą k2 ą ¨ ¨ ¨ kr ě 1. Without loss
of generality, possibly exchanging the roles of the primes p and q, we can assume that
b1q

k1 ă a1p
m1 .

We first consider the case where n does not satisfy the following equalities: a1p
m1 “

n “ b1p
k1 ` 1. In this setting we take λ P Ppnq to be defined by:

λ “ pn ´ b1q
k1 , n ´ a1p

m1 ` 1, 1b1q
k1´pn´a1pn1`1q

q,

and we let χ “ pχλqAn . We observe that h1,1pλq “ a1p
m1 and that h2,1pλq “ b1q

k1 . It
follows that

Cpm1 pλq “ pn ´ a1p
m1q and Cqk1 pλq “ pn ´ b1q

k1q,

are trivial partitions of n ´ a1p
m1 and n ´ b1q

k1 , respectively. This shows that Cppλq “

CppCpm1 pλqq “ pa0q and that Cqpλq “ CqpCqk1 pλqq “ pb0q. In particular we have that
χ P IrrpBppAnqq X IrrpBqpAnqq by Lemma 2.3. In the proof of [GHSV21, Theorem D] it is
shown that 1 ‰ χ P Irrπ1pAnq and that Qpχq “ Q. We conclude that χ is the irreducible
character we were looking for.

We can now assume that a1p
m1 “ n “ b1p

k1 ` 1. To ease the notation we set a :“
a1, b :“ b1,m :“ m1 and k :“ k1. We split this second case into several subcases.
‚ If b ě 3 we consider λ “ p1 ` pb ´ 1qqk, 1q

k
q and we let χ “ pχλqAn . We observe that

h1,1pλq “ apm, h1,2pλq “ pb ´ 1qqk and h2,1pλq “ qk. It follows that

Cppλq “ CppCpmpλqq “ H, and Cqpλq “ CqpCqkpλqq “ p1q.

We deduce that χ P IrrpBppAnqqXIrrpBqpAnqq by Lemma 2.3. Again, using the same ideas
adopted in the proof of [GHSV21, Theorem D] we conclude that 1 ‰ χ P Irrπ1pBrpAnqq

for any r P π and that Qpχq “ Q.
‚ Assume now that b ď 2 and that a ě 3. In this case let µ “ ppa ´ 1qpm, 2, 1p

m´2q and
we let χ “ pχµqAn . Notice that h1,1pµq “ bqk, h1,2pλq “ pa ´ 1qpm and h2,1pλq “ pm. It
follows that

Cppµq “ CppCpmpµqq “ H, and Cqpµq “ CqpCqk1 pµqq “ p1q.

We deduce that χ P IrrpBppAnqqXIrrpBqpAnqq by Lemma 2.3. From the proof of [GHSV21,
Theorem D] we have that 1 ‰ χ P Irrπ1pAnq and that Qpχq “ Q. This shows that
1 ‰ χ P Irrπ1pBrpAnqq for any r P π and that Qpχq “ Q.
‚ We can now assume that a, b P t1, 2u. In particular we need to study the problem for
any pair of integers pa, bq P tp1, 1q, p1, 2q, p2, 1qu. We start by treating at once the cases
pa, bq “ p1, 2q and pa, bq “ p2, 1q. In order to do this, let ζ P Ppnq be defined as follows:

ζ “

$

’

&

’

%

p1 ` qk, 1q
k
q if pa, bq “ p1, 2q,

ppm, 2, 1p
m´2q if pa, bq “ p2, 1q.
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Moreover, we denote by χ` and χ´ the irreducible constituents of pχζqAn . From the proof
of [GHSV21, Theorem D] we have that Irrπ1pAnq “ t1, χ`, χ´u and that

Qpχ˘
q Ď

$

’

&

’

%

Qpξpq if pa, bq “ p1, 2q,

Qpξqq if pa, bq “ p2, 1q.

It is not difficult to compute the p-core and the q-core of ζ. In fact we have that Cppζq “ H

and Cqpζq “ p1q. As usual this implies that both χ` and χ´ lie in both the principal
p-block and the principal q-block of An. This concludes this case.
Finally, we assume that pa, bq “ p1, 1q. In other words we have that pm “ qk ` 1. This

implies that 2 P π. In this case we let η P Ppnq be defined as follows:

η “

$

’

&

’

%

p2m´1, 2, 12
m´1´2q if p “ 2,

p1 ` 2k´1, 12
k´1

q if q “ 2.

Moreover, we denote by χ` and χ´ the irreducible constituents of pχηqAn . From the proof
of [GHSV21, Theorem D] we have that Irrπ1pAnq “ t1, χ`, χ´u and that

Qpχ˘
q Ď

$

’

&

’

%

Qpξpq if q “ 2,

Qpξqq if p “ 2.

Computing the p-core and the q-core of the partition η (in both the possible cases), we
easily deduce that χ` and χ´ lie in both the principal p-block and the principal q-block
of An. This concludes the proof. □

2.7. Sporadic and Lie type groups.

Proposition 2.8. Let π “ t2, qu where q is an odd prime. Let S be a sporadic group,
the Tits group or a simple group of Lie type with exceptional Schur multiplier. Let p P π
and assume p|S|, pq ‰ 1. Then there is 1S ‰ χ P IrrpBpq with π1-degree and such that
Qpχq Ď Qpξqq.

Proof. This can be confirmed using [GAP]. □

We establish some notation to deal with the remaining simple groups of Lie type. Let
G be a connected reductive group defined over Fℓ for some prime ℓ. A simple group of
Lie type S occurs as S “ G{ZpGq where G “ GF is the set of fixed points of a Steinberg

morphism F , and G is simple of simply connected type. Let σ : G ãÑ rG be a regular

embedding as in [CE04, (15.1)], where rG is also a connected reductive group defined over

Fℓ, and with Zp rGq connected. Let G˚ and rG˚ be the dual groups of G and rG respectively

and denote by σ˚ : rG˚ Ñ G˚ the surjective morphism from [CE04, (15.1*)]. Note that

kerpσ˚q Ď Zp rG˚q. Write rG “ rGF and note that G Ÿ rG. Denote also G˚ “ G˚ and
rG˚ “ p rG˚qF . The surjective morphism σ˚ also induces a surjection σ˚ : rG˚ Ñ G˚ with
central kernel.
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Proposition 2.9. Let π “ t2, qu where q is an odd prime. Let S be a finite simple group
of Lie type defined over a field of characteristic ℓ not considered in Proposition 2.8, let
p P π and assume p|S|, pq ‰ 1. Then there is 1S ‰ χ P IrrpBpq with π1-degree and such
that Qpχq Ď Qpξqq.

Proof. By Proposition 2.8 we can assume that S has not an exceptional Schur multiplier
nor is the Tits group. If ℓ R π by [NRS22, Proposition 3.7] we can actually choose χ to
be rational-valued. Hence we assume ℓ P π. If ℓ “ p, then by Dagger–Humphreys [Ca18,
Theorem 3.3], IrrpBppSqq “ IrrpSq ´ tStSu, so Irrp1pBppSqq “ IrrpSq. We are therefore
done by [GHSV21, Proposition 4.5].

We are left to deal with the situation in which ℓ ‰ p, so tℓ, pu “ π “ t2, qu. We use
now the notation introduced before the statement of this result. In this case, [GHSV21,
Proposition 4.5] constructs a semisimple character χs associated to a semisimple element

s of the dual group G˚ such that s has p-power order and Qpχsq Ď Qpξqq. Let rs P rG˚ be
a preimage of s by σ˚ of p-power order (if t P pσ˚q´1psq, writing t “ tptp1 where tp is the
p-part of t and tp1 si the p1-part of t, we have that σ˚ptp1q “ 1 so σ˚ptpq “ s and we can

indeed take such a preimage). By [Hi90, Corollary 3.4] we have that χ
rs lies in Bpp rGq. Now

[CE04, Proposition 15.6] implies that χs is a constituent of pχ
rsqG so by [Na98, Theorem

9.2] we have that χs P IrrpBppGqq. Since S “ G{ZpGq and the characters χs constructed
in [GHSV21, Proposition 4.5] contain ZpGq in their kernel, we have χs P IrrpBppSqq by
[CE04, Lemma 17.2], and this completes the proof. □

2.10. Main results. We can now prove Theorem A and Corollary B from the Introduc-
tion that we restate here for the reader’s convenience.

Theorem 2.11. Let π “ t2, qu where q is and odd a prime. Let p P π and G be a finite
group of order divisible by p. Then there is some 1G ‰ χ P IrrpGq in the principal p-block
of G with π1-degree and Qpχq Ď Qpξqq.

Proof. By using the Classification of Finite Simple Groups and Theorem 1.4, the proof
follows directly from Theorem 2.6 and Propositions 2.8 and 2.9. □

Corollary 2.12. Let G be a group of order divisible by a prime number p. Then there is
some nontrivial χ P IrrpGq of degree coprime to p with Qpχq Ď Qpξpq lying in the principal
p-block of G.

Proof. If p is odd, this is an immediate consequence of Theorem 2.11. If p “ 2 we know by
[NT08, Theorem B] that a group G of even order contains a nontrivial rational irreducible
character χ of odd degree. We show that the decomposition number dχ1G0 ‰ 0, where 1G0

denotes the trivial 2-Brauer character of G. This will show that χ P IrrpB2pGqq. Since χ
has odd degree and it is rational, if we consider its restriction to G0 the 2-regular elements
of G, we must find some real irreducible constituent φ of odd degree. By a theorem of
Fong [Na98, Theorem 2.30] we have that φ “ 1G0 . □

3. Further comments

In this final section, we contextualize our work in terms of recent research on principal
blocks and various primes, and discuss some variations of our main result.
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To begin, we note that the requirement that the set π contains the prime 2 is necessary
for the statement of Theorem A to hold. For instance, the only irreducible character χ of
the Janko group J4 of t23, 43u1-degree satisfying Qpχq Ď Qpξ23q or Qpχq Ď Qpξ43q is the
trivial character.

If we focus on any pair of primes π, and forget about restrictions on fields of values, we
believe that the following should hold.

Conjecture 3.1. Let π be a set containing at least two primes, and let ℓ P π. If G is a
finite group of order divisible by ℓ, then the principal ℓ-block of G contains a nontrivial
character of π1-degree.

Notice that Conjecture 3.1 is a principal block version of the main result of [GSV19].
Proceeding as in the proof of Theorem 1.4, the verification of this conjecture can be
reduced to the case of non-abelian simple groups. The case of the alternating groups has
already been treated in Theorem 2.6, while the sporadic simple groups and the simple
groups of Lie type with exceptional Schur multiplier can be verified computationally
using GAP [GAP]. Consequently, the main difficulty lies in proving Conjecture 3.1 for
the simple groups of Lie type with non-exceptional Schur multipliers. Using [NRS22,
Lemmas 3.5 and 3.6] it is possible to reduce this proof to classical-type groups with
the defining prime not in π. The results in [Ba25, Theorem A], although motivated
by a conjecture of Navarro, Rizo, and Schaeffer Fry [NRS22, Conjecture A] concerning
character intersection properties for principal blocks with respect to two primes, further
reduce the proof of Conjecture 3.1 to types D and 2D.

It is worth noting that [NRS22, Conjecture A] does not seem to imply Conjecture
3.1. However, as mentioned in the Introduction of [Ba25], the current strategy to prove
[NRS22, Conjecture A] relies on proving the existence of a nontrivial character of π1-degree
lying in the principal ℓ-block for every ℓ P π for the finite simple groups of Lie type.
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Email address: josep.m.martinez@uv.es

(C. Vallejo) Dipartimento di Matematica e Informatica, V. Morgagni 67, Firenze, Italy.
Email address: carolina.vallejorodriguez@unifi.it


	Introduction
	Acknowledgments

	1. A reduction theorem
	2. Simple non-abelian groups
	2.1. Alternating Groups
	2.7. Sporadic and Lie type groups
	2.10. Main results

	3. Further comments
	References

