GALOIS ACTION ON THE PRINCIPAL BLOCK AND GENERATION OF
SYLOW 3-SUBGROUPS
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ABSTRACT. In this paper, we prove one direction of a conjecture of Navarro-Rizo—Schaeffer
Fry—Vallejo positing an algorithm to determine from the character table whether a finite group
has 2-generated Sylow 3-subgroups. This gives further evidence of the blockwise version of the
Galois—-McKay conjecture (also known as the Alperin-McKay—Navarro conjecture). A key step
involves proving the Isaacs—Navarro Galois conjecture for principal blocks for finite groups with
a certain structure.

1. INTRODUCTION

In Problem 12 of his famous list of problems from 1963, Brauer asked what information
could be gleaned about a Sylow p-subgroup P of a finite group G from its character table. In
particular, the question of whether the number of generators of P could be obtained in this
way has been studied in recent years, see e.g. [RSV20L NRSV21l MS23, [Va23|]. Many questions
in this realm seem linked to the action of the Galois automorphism o € Gal(Q%/Q) that fixes
p’-roots of unity and sends p-power roots of unity to their 1 + p power. For any cyclotomic
extension Q,, := Q(e%i/ ") of Q, we keep the notation o for the restriction of this automorphism
to Q,. Here, we contribute to this line of problems by proving the following direction of the
main conjecture from [NRSV21].

Theorem A. Let G be a finite group and P € Syl3(G). Then |P : ®(P)| = 9 if the principal
3-block By(G) contains exactly 6 or 9 o-invariant characters of degree coprime to 3.

As noted in [NRSV21], Theorem [A| (and its converse) would follow from the Alperin-McKay—
Navarro conjecture [Nav04, Conj. B], or even the more restrictive version [IN02, Conj. D]. Hence,
this result gives further evidence for these elusive conjectures. We remark that although the
block-free version [INO2, Conj. C] was recently established in [RS25], the blockwise version (even
for principal blocks) is much further from completion and has not yet been reduced to a problem
on simple groups. For this reason, finding additional evidence of this blockwise version remains
pertinent.

Theorem [A| can be thought of simultaneously as an extension of the main result of [NRSV21],
which addressed the analogous question for p = 2, and of the main result of [GRSV25], which
showed that [P : P’] = 9 if and only if By(G) contains exactly 6 or 9 irreducible characters of
degree coprime to 3.

Our proof of Theorem [A] uses the recent work of Ketchum [Ket25], which shows that the
statement of Theorem |A| (and its converse) hold for almost simple groups. It also uses a reduc-
tion theorem and additional results on almost simple groups analogous to those in [GRSV25].
Moreover, the reduction relies on beautiful work of R. Brauer [Bra76] on the structure of groups
having cyclic Sylow p-subgroups.
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As mentioned above, [INO2, Conj. C] has been completed in [RS25]. Our next main theorem
considers the principal block version, which is part of [INO2, Conj. D], and is a key step towards
the proof of Theorem [Al We believe it may be of independent interest. Let H < Gal(Q®*/Q)
be the Galois group considered in [Nav(04].

Theorem B. Let G be a finite group of order divisible by p, let N < G be an abelian p-group
and assume G/N has cyclic Sylow p-subgroups and let T € H be a p-power order element. Then
T fizes the same number of height-zero characters in Irr(By(G)) as in Irr(By(Ng(P))), where
P € Syl (G).

In particular, [IN0O2, Conj. D] holds for principal blocks of groups satisfying the hypotheses
of Theorem [B] In fact, as explained in Remark the same result holds by assuming only that
every block of maximal defect of G/N satisfies [IN02, Conj. D], or [Nav04, Conj. B]. (See also
[MMSV?26, Prop. 5.4] for another related, but restrictive, case.)

The paper is structured as follows: Section [2| contains preliminary lemmas and results, as
well as a Galois version of [GRSV25, Thm. B]. Theorem [Blis proved in Section 3] Theorem [A]is
reduced to simple groups in Section [4] and finally completed in Section [5, where we also provide
some evidence for the version of Theorem [A] for arbitrary blocks.

2. AUXILIARY RESULTS

2.1. Galois action and principal blocks. We begin by collecting some basic facts about
principal blocks. Throughout, given a prime p, By(G) denotes the principal p-block of the finite
group G. We denote by Irr(By(G)) the set of irreducible characters in By(G) and by Irro(Bo(G))
the subset of those with height zero (that is, p’-degree). The set of o-invariant characters in
Irrg(Bo(G)) will be denoted Irrg o (Bo(G)), and we set ko o (Bo(G)) := | Irrg,s (Bo(G))|-

Lemma 2.1. Let G be a finite group, let N < G and let p be a prime.

(i) Irr(Bo(G/N)) C Irr(Bo(G) ), and if N has order not divisible by p then Irr(Bo(G/N)) =

Irr(Bo(G)).

(ii) For any 0 € Irt(By(N)), there is some x € Irr(By(G)) lying over 6.
(iii) For any x € Irr(Bo(G)), every constituent of xn lies in By(N).
(iv) If G/N is a p-group, then Bo(QG) is the unique block covering Bo(IN).
(v) Assume G = Hy x --- x Hy. Then

II‘I‘(B()(G)) = {91 X oo X O ‘ 0; € II‘I‘(B()(HZ‘))}.

Proof. The first part of (i) follows from the discussion before [Nav98, Thm. 7.6], and the second
part is [Nav98, Thm. 9.9(c)]. Part (ii) is [Nav98, Thm. 9.4], part (iii) is [Nav98, Thm. 9.2,
Cor. 9.3] and part (iv) is [Nav98, Cor. 9.6]. Part (v) is [NT16, Lem. 2.6(b)]. O
Lemma 2.2. Let G be a finite group and let N = S7 X --- X Sy be a minimal normal subgroup of
G, where the S; are transitively permuted by G. Suppose that G/N = (zN) is cyclic, Cq(N) =1

and Ng(S;) = N. Then G/N < Out(N) = Out(S1)S:. In particular, after a suitable reordering
of the S;’s, xN acts on N as (aq,...,04)T € Out(S1) 1Sy where 7 = (1...t), and we have

(i) v =1;

(ii) if n € Irr(S1), then the character = n x n® X N2 x ... x n*1% 45 G-invariant.

Proof. Since G acts transitively on the components of N, G/N < Out(N) = Out(S1)S;. Thus,
xN seen as an element of Out(N) acts on characters of N like some (aq,qo,...,a,)T with
a; € Out(S) and 7 € S; of order ¢ and after a suitable reordering of the elements we may
assume 7 = (1...t). Moreover, since N¢(S1) = N, then o(zN) = |G : N| =t and we have that

t—1 t—1
1= (o, 00m) = ([J iy [[ amo)r
§=0 3=0
Therefore,

t—1
HO[Tj(l) =ay--ap =1,
j=0
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proving part (i). Now, if n € Irr(S), then let § = n x @ x @192 x ... x n®1"% and notice that
6% = 6 by part (ii). Since G/N = (xN), 6 is G-invariant. O

Theorem 2.3 (Alperin-Dade). Let N < G and P € Syl,(G). If p does not divide |G : N| and
NC¢g(P) = G, then restriction defines a bijection

IITQ,U(BQ(G)) — II‘I‘OJ(B()(N)).

Proof. The fact that restriction defines a bijection Irr(By(G)) — Irr(By(N)) was proved when
G/N is solvable in [AIp76] and without the solvability hypothesis in [Dad77]. Since x% = (x7)n,
the result follows. g

Lemma 2.4. Let G be a finite group H < G with p { |G : H|. Let 7 € Gal(Q/Q) have p-
power order. Assume that Cq(Q) C H for Q € Syl,,(H). If 0 € Trro - (Bo(H)) then 6C contains
a constituent x € Irrg - (Bo(G)).

Proof. This follows the proof of [MMSV26l Lem. 3.7] using that (7) has p-power order. O

Lemma 2.5. Let N4 G be a p-subgroup contained in P € Syl,(G). Further, assume 6 € Lin(N)
is G-invariant. Let 7 € Gal(Qg|/Q) have p-power order and assume 0 extends to A € Irrg - (P).
Then 0 extends to a (T)-invariant character in By(G).

Proof. Let H = PCg(P) and write H = P x X. Letting A=A x 1y € Irrg - (Bo(H)), we have
that AC contains some y € Irrg - (Bo(G)) by Lemma Now det(x™) = det(x)” by [Navl§
Prob. 3.8], so d := det(x)® (where b is as in the proof of [GRSV25, Lem. 2.5]) is (7)-invariant,
lies in By(G) and extends 6. O

The following is a principal block version of [MS23| Lem. 3].
Lemma 2.6. Let G be a finite group with Oy (G) =1 and let P € Syl (G). Then

K= N ker(y) < ®(P).
XGIrrO’G(BO(G))
Proof. Let A € Irr(P/®(P)). Write PCq(P) = PxX andlet ¢ = Ax1x € Irrg »(Bo(PCq(P))).
By Lemma we have that A? contains a constituent x € Irrg ,(Bo(G)). By Frobenius reci-

procity, Xpc(p) contains A X 1x so xp contains Ap. Moreover xpnx = X(1)1pnk contains
Apnxk which shows that ker(\) contains P N K. Therefore

PNK C [ ker(\) =®(P).
Aelrr(P/®(P))
By Tate’s theorem [Navl8 Cor. 6.14], this implies that K is p-nilpotent. Then if K is not a

p-group, Oy (K) > 1, which contradicts O,/ (G) = 1. Therefore K is a normal p-subgroup so
K =PNK C ®(P), as desired. O

The following is a variation of [GRSV25, Thm. 3.5].

Lemma 2.7. Assume N< G is a direct product N = S1 X - -+ x S; of nonabelian simple groups of
order divisible by p transitively permuted by G. Let 6 = 01 X - - - x0; be G-invariant. If 01 extends
to some o-invariant irreducible character of p’-degree in By(T) for all Sy < T < Aut(Si)g,, then
6 extends to some x € Irrg »(Bo(G))

Proof. Following the proof of [GRSV25, Thm. 3.5] we have that 6; extends to some 6, in
Irrg - (Bo(Ng(S1))) by hypothesis. Let x be the tensor induced character x = éi@ (see [Navls,
Sec. 10.5]), which lies in By(G) and extends 0 (again by [GRSV25, Thm. 3.5]). By the formula
in [GI83, Def. 2.1], Q(x) € Q(6:) and it follows that y is o-invariant, as desired. O

The following are the only results of this section that are not valid for arbitrary primes. Next
is a o-version of [GRSV25, Thm. B].
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Proposition 2.8. Let G be a finite group, p € {2,3}, and P € Syl (G). Let N < G and
assume p divides |G : N|. Suppose that 6 € Irr(By(N)) is P x (o)-invariant. Then p divides
koo (Bo(G)|0). In particular, if 0 extends to 6 € Irrg ,(Bo(PN)) then ko »(Bo(G)|0) > p.

Proof. Arguing as in [GRSV25, Thm. 2.7] we get that

Z x(1)? = 0 mod p.
XEII‘ro(B()(G)|¢9)

Recall that (o) is a p-group and acts on Irrg(Bo(G)|0). Write
II‘I‘()(BO(G)‘Q) = II“I‘()’U(B()(G)IH) U Ql y---u Qt

where the Q;’s are the nontrivial (o)-orbits, and let y; be a representative of each ;. Since
each element of §2; has degree x;(1) and |©Q2;| = 0 mod p, we have

> x(1)?= > X124 1uha(1)? = > x(1)? mod p
i=1

x€Irro(Bo(G)|0) x€lrrg,« (Bo(G)|0) X€Irro,» (Bo(G)|0)

and this shows that

Z X(1)2 = (0 mod p.
X€lrro, o (Bo(G)|0)

Now, for every x € Irrg ,(Bo(G)|0) we have x(1)?> = 1 mod p and we conclude that p divides
koo (Bo(G)|0), as desired.

For the final part, notice that if there is some 8 € Trrg ,(Bo(PN)|f) extending 6 then there
is 1 € Trrg o (Bo(PNCg(P))|f) extending § by Theorem By Lemma ¢Y contains
some x € Irrg,(Bo(G)). Therefore ko ,(Bo(G)|f) > 0 by Frobenius reciprocity, so the result
follows. g

Remark 2.9. The previous result is also true for non-principal blocks of mazximal defect, where
one has to use that they contain at least one o-invariant height-zero character (this was proved
in [BP80, Prop. 2.6]).

Lemma 2.10. Assume p < 3 and that a p-group P acts by automorphisms on a group K of
order divisible by p. Then the set of P-invariant characters in Irrg (Bo(K)) is nonempty and
has size divisible by p.

Proof. This follows from [RSV20, Lem. 2.2(c)] using that P fixes 1x € Irrg ,(Bo(K)). O

2.2. Structure of groups with a cyclic Sylow 3-subgroup. The following result of Brauer
(which relies on a result of Herzog in [Her70]) will be essential in the final step of our reduction
theorem for Theorem A. We restate it here for the reader’s convenience.

Theorem 2.11. Let G be a finite group, let p = 3 and suppose that G has cyclic Sylow p-
subgroups. Then one of the following holds:

(i) G is p-solvable and there exists L < G with |G : L| € {1,2} such that L has a normal
p-complement.
(ii) G is not p-solvable and for every N G, either N or G/N is of order not divisible by p.

Proof. We use the notation of [Bra76l Sec. 2]. Let P be a Sylow 3-subgroup of G and let
r = |[Ng(P) : PCg(P)|. Since R = Ng(P)/PCg(P) < Aut(P), we have that » = |R| is not
divisible by p and since P is cyclic, we have that r | p —1 = 2.

As in [Bra68l, p. 562], we say that a group with cyclic Sylow subgroups is of metacyclic type
if there exists K < G of index p®r, where |P| = p®.

Now, if G is of metacyclic type, then G is p-solvable by [Bra76, Thm. 2C], and we are in case
(i). If r = 1, we have that G has a normal p-complement, as wanted. If r = 2, the result follows
by [Bra76, Prop. 2F].

On the other hand, if G is not of metacyclic type, then it is not p-solvable (again by [Bra76l
Thm. 2C]), and we are in case (ii). The result now follows by [Bra76, Thm. 3C]. O
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3. THEOREM [Bl

The purpose of this section is to prove Theorem [Bl We start with the following refinement of
[Nav1i8, Lem. 9.3].

Lemma 3.1. Let x € Irry (G), where 7 € Gal(Q*®/Q) has p-power order, and let N be a
normal subgroup of G. Then xn has a P x (1) invariant constituent, and any two of them are
N¢/(P)-conjugate.

Proof. Let p € Irr(N) lying under x. Since |G : G| is not divisible by p (by the Clifford
correspondence and using that p does not divide x(1)) and (r) is a p-group, we have that
there is at least one (7)-invariant # € Irr(N) lying under x. But then for ¢ € G, we have
(09)" = (07)9 = 09 and we have that all of the irreducible constituents of x are (7)-invariant.
Now, by [Nav18, Lem. 9.3, we conclude that xx has a P x (7)-invariant constituent and any
two of them are Ng(P)-conjugate. (]

We will also need the following result of Murai. For the convenience of the reader, we restate
the theorem in our notation. Recall that if B is a Brauer p-block of G and A is a linear character
of G, then the set AB = {\x | x € Irr(B)} is a Brauer p-block of G (see [Riz18, Lem. 2.1], for
instance).

Lemma 3.2. Let N be a normal subgroup of G, let B be a p-block of G, let § € Irr(G) be a
linear character and let B be a p-block of G/N. Let b and b be the Brauer correspondents of B
and B, respectively. Then B is dominated by B if, and only if, §NG(p)B is dominated by b.

Proof. This is, essentially, [Mur98, Cor. 2.5]. Write H = Ng(P). To apply this result, we
just need to check that £'B and fl}lb are Brauer correspondents. But this easily follows
from the definition of induced blocks (see [Nav98l p. 87]). Let K be a conjugacy class of Gj
we claim that )‘gjb(f() = >\£71B(IA(). Let Lq,..., L, be the conjugacy classes of H such that

KNH=LiU...UL,, let z; € L;, let ¢y € Irr(b) and let x € Irr(B). Then

A~

G A
Angb(K):)\EHlb< > x> = L+ + Ly)

reKNH
b\ x " |Lilen@)(a) )
= weny (L) + -+ we (L) = (;\ |Hw((1; ( )>

Since £ is a class funcion of G, we have that {(x;) = £(z;) for all 4, j and then

Aga,;lb(f{) =&(z1) (Z; W) =&(@1) M(Li+...+ L)

|K|¢ 1) x(21) *_ >
) = At

proving the claim. O

The following is Theorem [B| Recall that # is the Galois group considered in [Nav04].

*

(.%'1)*)\b<KﬁH) = f(;(;l) )\B(K) — (

I
o~

Theorem 3.3. Let N <« G with N an abelian p-group, and assume G/N has cyclic Sylow p-
subgroups. Let T € H have p-power order. Then |Irrg -(Bo(G))| = | Irrg - (Bo(NG(P)))|, where
P € Syl (G).

Proof. Let A be a Ng(P)-transversal on the set of P x (7)-invariant elements in Irr(N). By
Lemma [3.1] it follows that

IrrO,T(BO(G)) = H II‘I“OJ(B()(G)W),
(JSAN

and that
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Irro - (Bo(Na(P))) = [ Trro+(Bo(Na(P))|6).
feA
Hence, it is enough to show that |Irrg(Bo(G)|0)| = |Irrg(Bo(Ng(P))|0)| for every 6 € A.
Now, let # € A. We claim that the map

L% : Irrg - (Bo(Gy)|0) — Irrg - (Bo(G)|0)

defined by 1 — 9% is a bijection. Indeed, since @ is (7)-invariant, it follows that () acts on
Irr(Gy|#) and on Trr(G|6), and the Clifford correspondence implies that 1 +— 1 is a bijection
Irr(Gyl6) — Irr(G|6). Since the action of (7) commutes with character induction, it follows that
7 fixes 1 € Irr(Gylf) if, and only if it fixes ¥© € Irr(G|0). Now [Nav98, Cor. 6.2 and Thm. 6.7]
imply the claim. Analogously, since N¢g, (P) = Ng(P)g, the map

LGNG(p) : IITO,T(BO(NGQ (P))W) — IrrO,T(BO(NG(P))‘Q)

defined by 1 — n™N¢(P) is also a bijection.

Now, we claim that 6 extends to a (7)-invariant character in Irr(P) if, and only if Irrg - (Bo(G)|0)
is nonempty. Indeed, let x € Irrg - (Bo(G)|#) and let ¢ € Irrg - (Bo(Gp)|0) be its Clifford corre-
spondent. Then 1p is a (7)-invariant character of P, and by [NT19, Lem. 2.1(ii)] we have that
1p contains a (7)-invariant linear constituent A € Irr(P). Since ¢y = ¥(1)6, A is an extension
of 8. Conversely, if 6 extends to a (7)-invariant character in Irr(P) then by Lemma 0
extends to a character v € Irrg ,(Bo(Gg)) and ¢¢ € Trrg - (Bo(G)|6). In any case, we conclude
that Irrg,(Bo(G)|0) # 0 if, and only if 6 extends to a character = Irrg - (Bo(Gy)) if, and
only if, 6 extends to a (7)-invariant character in Irr(P). Analogously, Irrg -(Bo(Ng(P))|6) # 0
if, and only if § extends to a character § € Irrg(Bo(Ng,(P))) if, and only if, § extends to
a (7)-invariant character in Irr(P). In particular, Irrg - (Bo(Ng(P))|0) # 0 if, and only if,
Irrg - (Bo(G)|0) # 0. Since we want to prove that |Irrg - (Bo(G)|0)| = | Irrg - (Bo(Ng(P))|6)|, we
may assume that both are not empty and therefore, we can find § € Irrg . (Bo(Gy)) extending
0. Notice that ¢ := éNcg (p) is irreducible and extends 6. Since |Gy : Ng,(P)]| is not divisible
by p, we conclude by [LMNT25, Lem. 2.1] that 6 € Irrg - (Bo(Ng, (P))) extends 6.

By Gallagher’s theorem,

Irr(Gglf) = {pf | u € Trr(Gy/N)} and Trr(Ng, (P)|0) = {86’ | B € rr(Ng, (P)/N)}.

Notice that uf is ()-invariant and has degree coprime to p if and only if 4 is (7)-invariant and
has degree coprime to p. Further, [Riz18, Lem. 2.4] implies that there is a set B of blocks of
Go/N of maximal defect such that

Irro.r (Bo(Go)l6) = [ {nd | u € rro - (B)}.
BeB
If B’ denotes the set of Brauer correspondent blocks in Ng, (P)/N = Ng,/n(P/N) of the blocks
in B, then by Lemma [3.2] we have that
Trro - (Bo(Na, (P))[0) = [T {80 | 8 € Trro-(b)}-
beB’

Since G/N has cyclic Sylow p-subgroups, [Nav04, Thm. 3.4] implies that for each B € B,
there is a bijection Qp : Irrg -(B) — Irrg - (b), where b € B’ is the Brauer correspondent block
of B. It follows that

Qg : Irro,-(Bo(Gy)|0) — Irror (Bo(Ng, (P)[6)
10+ Qg ()6

is a bijection, where bl(u) denotes the block of Gy/N that contains p (which belongs to B).
Therefore, the map

Uy = L%IG(P) 0 Qg o (t2)71 : Trrg - (Bo(G)|0) — Trrg (N (P)|6)
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is a bijection, and we can construct a bijection ¥ : Irrg(Bo(G)) — Irrg.(Bo(Ng(P))) by
setting ¥(x) = Wy(x) if x lies over 6 € Irrp(IN). (Notice that the map is surjective because
Irro - (Bo(G)|0) # 0 if, and only if Irrg -(Bo(Ng(P)|f) # 0, as proved above.) The result
follows. O

Remark 3.4. The hypothesis on the Sylow subgroups of G/N being cyclic is only used in the
second-to-last paragraph of the proof of Theorem to apply [Nav04, Thm. 3.4]. In general, we
could assume only that, for every block B of maximal defect of G/N with Brauer correspondent
b, there is a bijection Qp : Irrg -(B) — Irrg -(b). Moreover, if one assumes Qp(1)(1) < (1)
for all ¢ € Irrg -(B) and all blocks B of mazimal defect, then the proof of Theorem gives
a bijection  : Irrg - (Bo(G)) — Irrg - (Bo(Ng(P))) with Q(x)(1) < x(1). The existence of such
bijections has been proposed recently in |Gia25].

A similar proof gives the following result.

Proposition 3.5. Let N < G be perfect and let P € Syl,(G). Assume every P-invariant
character 0 € Irrg ,(Bo(N)) that extends to a o-invariant character of PN also extends to

a o-invariant character of Bo(Gg) and assume G/N has cyclic Sylow p-subgroups. Then
[ Irro,6 (Bo(G))| = [Irro,0 (Bo(NNa(P)))]-

Proof. We may argue as in the proof of Theorem that every x € Irrg,(Bo(G)) lies over
a P-invariant 6 € Irr(Bo(N)). Since 6 has a number of G-conjugates not divisible by p and
(o) acts on the set of G-conjugates of 6, it follows that 6 is also o-invariant. Arguing again
as in Theorem we conclude that y € Irrg(Bo(G)) is o-invariant if and only if its Clifford
correspondent ¢ € Irrg(By(Gy)) is o-invariant.

Now each 6 € Irrg ,(Bo(/N)) extends to some 0 e Irrg o (Bo(PN)) by [Navl8, Cors. 6.2, 6.4]
(where we are using that N is perfect so 0o(f) = 1). By hypothesis, 6 extends to a character in
Irrg - (Bo(Gy)) and we may follow the proof of Theorem starting at the fourth paragraph to
construct a bijection Irrg ,(Bo(G)) — Irrg o (Bo(NNg(P))). O

As before, we could obtain more general versions of Proposition but given its technicality
we have chosen to state it in the simplest way possible.

4. REDUCTION OF THEOREM
In this section, we prove Theorem [A] assuming the results in Section [f] below.

Theorem 4.1 (Navarro-Rizo—Schaeffer Fry—Vallejo). Suppose that G = NP, where N is a
nonabelian nonsimple minimal normal subgroup of G, Cq(N) = 1, G/N is cyclic and P €
Syls(G). Let S < N be simple and suppose that the Sylow 3-subgroups of S are not cyclic,
H =Ng(5), C=Cg(S) and let V € Syl3(H/C). Then the following hold.

(a) Ity »(Bo(GQ))| € {6,9} if and only if H > SC and |Irry ,(Bo(H/C))| € {6,9}.

(b) |P:®(P)| =9 if and only if H > SC and |V : &(V)| = 9.

Proof. Mimic the proof of [NRSV21, Thm. 3.4]. Notice that [NRSV21, Thm. 3.4] did not
require the hypothesis on non-cyclic Sylow subgroups of S, because nonabelian simple groups
never have cyclic Sylow 2-subgroups. (]

Next is the proof of Theorem [A] assuming the results of Section [5] For the remainder of the
section, we let p = 3.

Theorem 4.2. Let G be a finite group, let By(G) be the principal 3-block of G, and let P €
Syl3(G). Suppose that ko (Bo(G)) € {6,9}. Then |P: ®(P)| = 9.

Proof. We argue by induction on |G|. Since Irrg o (Bo(G)) = Irrg »(Bo(G/Op (G))) by [Nav9s,
Thm. 9.9], we may assume O,/ (G) = 1. We can also assume that P is not cyclic by [RSV20,
Thm. A].

Step 1: We may assume P is not normal in G.
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If Pa @, since Oy (G) = 1, we have that [Irr(G/®(P))| € {6,9} (see [RSV20, Lem. 2.2], for
instance). Now we conclude by examining the structure of the Sylow 3-subgroups of groups
having 6 or 9 conjugacy classes and normal Sylow 3-subgroups (see [VLVLS85]) (notice that
|P/®(P)| > p, since otherwise P is cyclic).

Let N be a minimal normal subgroup of G.

Step 2: We may assume N is not p-elementary abelian.
Assume N is p-elementary abelian. We have the following cases.

(i) ko,o(Bo(G/N)) = 1. In this case |G/N/| is not divisible by p by Lemma[2.10] so P = N<G
and we are done by Step 1.

(i) ko,0(Bo(G/N)) = kos(Bo(G)). In this case N C ker(x) for all x € Irrg ,(Bo(G)). By
Lemma [2.6, N C ®(P). By induction, |P : ®(P)| = |P/N : ®(P)/N| = 9 and we are
done.

(iii) ko,s(Bo(G/N)) = 6. By the previous case, ko »(Bo(G)) = 9. In this case, by induction
we have |P/N : ®(P)N/N| = 9 and it suffices to show that N C ®(P). Assume
otherwise, and let A € Irr(P/®(P)), and suppose that 1y # 60 = Ay € Irr(N) (here we
are using that N ¢ ®(P)). Now, 6 extends to A € Irrp,(P) and we can apply Lemma

then 0 extends to 6 € Irrg,(Bo(Gg)). By Proposition and the hypothesis, we
have that ko ,(Bo(Gp)|#) = 3. Since 6 is o-invariant, by Gallagher’s theorem and [Riz18),
Lem. 2.4], ko »(Bo(G/N)) < koo (Bo(Gg)|0) =3 < 6 = ko»(Bo(G/N)), a contradiction.

(iv) koo (Bo(G/N)) = 3. In this case, G/N has cyclic Sylow 3-subgroups by the main result
of [RSV20], so by Theorem we have ko ,(Bo(G)) = koo(Bo(Ng(P))) and we are
done by Step 1.

Therefore we may assume N = 57 X --- x Sy where the S;’s are nonabelian simple groups of
order divisible by p.

Step 3: If koo (Bo(G/N)) =1 then we are done.

In this case G/N is not divisible by p and hence P C N. Since O, (G) = 1, we also have
that Cg(IN) = 1. If t = 1, we conclude by applying the main result of [Ket25]. Hence, we may
assume that ¢ > 1. By the Frattini argument, we have that G = NNg(P), so M = NCg(P) is
normal in G. Then Irr(G/M) C Irrg »(Bo(G)) (see [GRSV25, Lem. 2.1]). Then, by Theorem 5.1}
there are at least 5 character degrees in Irrg (By(IV)), and so the same holds in Irrg ,(Bo(M))
by Theorem [2.3| For every ¢ € Irrg,(Bo(M)) there is at least one x € Irry ,(Bo(G)) over it,
so the set of character degrees of Irrg ,(Bo(M)) \ {1a} has size at most 9 — k(G/M). This,
together with the fact that |G/M]| is not divisible by 3, forces k(G/M) € {1,2,4,5}. Now,
we may argue as in [GRSV25, Thm. 6.3], Step 2, cases (2.a.i)—(2.a.iv) using Theorem [5.2{(iii)
instead of Theorem 3.1(c) in loc. cit. to finish:

(i) Case k(G/M) = 1. In this case G = M, and by Theorem we obtain
ko,s(Bo(S))" = ko.e(Bo(N)) = ko,s(Bo(M)) = 9.

This forces t = 2 and ko »(Bo(5)) = 3. By [RSV20, Thm. A], this means that S has
cyclic Sylow subgroups and hence P C N = § x S is 2-generated, as wanted.

(ii) Case k(G/M) = 2. In this case, arguing as in (2.a.ii) of [GRSV25, Thm. 6.3], we obtain
again that ko ,(Bo(S)) = 3 and ¢t = 2. We remark that one needs to apply [NT21,
Lem. 4.2] to show that there is a height-zero o-invariant y € Irr(By(G)) lying above
every character in Irrg ,(Bo(M)).

(iii) Case k(G/M) € {4,5}. Arguing as in cases (2.a.iii) and (2.a.iv) of [GRSV25, Thm. 6.3]
(and applying again [NT21), Lem. 4.2]), we obtain that either ¢ = 2 and kg (B (S)) = 3
(and we conclude as above), or t = 2 and ko »(Bo(S)) = 6. In this case, S is not cyclic
(by the main result of [RSV20], and hence 9 | |S|. We conclude as in cases (2.a.iii) and
(2.a.iv) by using Theorem [5.2(iii).

Step 4: If koo (Bo(G/N)) = koo (Bo(G)) then we are done.
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In this case, every character in Irrp,(Bo(G)) contains N in its kernel. Since P acts on
Irrg»(Bo(NV)) (a set of size divisible by 3 by Lemma[2.10) and fixes at least one character, then it
fixes at least 3. Let n € Irrg »(Bo(IN)) be nontrivial and P-invariant. By [Nav18, Cors. 6.2, 6.4]
there is a ¢ € Irrg,(PN|n) extending 7. Then 1 extends to ¢ € Irrg,(PNCg(P)|n) by

Theorem and ¢ contains some x € Irrg 5 (Bo(G)) by [RSV20, Lem. 2.4]. Since xn contains
n then x € Irrg »(Bo(G)) — Irrg o (Bo(G/N)), a contradiction.

Step 5: If koo (Bo(G/N)) = 6 then we are done.

In this case, we may assume kg ,(Bo(G)) = 9 by Step 4. We first prove that P acts transitively
on the simple direct factors of N. Suppose the contrary and let N = Rx T, where R is the direct
product of the elements in a P-orbit of {S1,...,S:}. Since p divides |R| and |T'|, we know that p
divides ko »(Bo(R)) and ko »(Bo(T)), so there are at least two nontrivial P-invariant characters
Or,&r € Irrg »(Bo(R)) and two nontrivial P-invariant characters 7, &r € Irrg ,(Bo(T")). Now,
1n,1r X 07 and O x O are P x (o)-invariant and not G-conjugate. But this is a contradiction,
since there are at least 6 irreducible characters in Irrg ,(Bo(G)) lying over 1y and there are at
least 3 distinct characters in Irrg ,(Bo(G)) lying over each 1 x 67 and 0r x 67 by Proposition
Hence P acts transitively on {S1,...,S;}.

Now, by induction we have that |[PN : ®(P)N| = 9. Suppose that Theorem [5.1](i)(a) holds
for S and let 61,6, be as therein. By Lemma [2.1|(v), let

éi — 91 X oo X 91 - Irrp/yg(BO(N))7

so 01 and @ are P-invariant. Note that f; and fy extend to characters in Irrg,(Bo(PN))
by [Navl8, Cors. 6.2, 6.4], and that 6, and 0, are not G-conjugate. By Proposition each
of these characters has at least 3 irreducible characters in Irrg ,(Bo(G)) lying above them, a
contradiction. Finally suppose that Theorem [5.1(i)(b) holds for S and let 6 € Irry (Boy(S))
be the character given by the statement of Theorem (1)(b) Let § € Trry(Bo(N)) be
the product of copies of 0, so that 6 is P-invariant. Notice then that G acts transitively
on the simple direct factors of N (because P does). By Lemma we also know that 0
extends to some ¢ € Irrg(Bo(Gg)). Since ¢ is o-invariant, by Gallagher’s theorem and
[RizI8| Lem. 2.4], we have that kng(Bg(G(;)|é) > ko, (Bo(Gg/N)). By Clifford’s theorem,
ko.o(Bo(G)|0) > ko, (Bo(Gg/N)). Since ko (Bo(G/N)) = 6 we have that PN/N is not cyclic,
then ko, (Bo(Gy/N)) > 3 by applying [RSV20, Thm. A] twice, and this gives a contradiction
as kO’U(B()(G)) - kO,a(BO(G/N)) = 3.

Therefore we have that ko,(Bo(G/N)) = 3 and in particular G/N has cyclic Sylow 3-
subgroups by [RSV20, Thm. A]. Recall that N = S; x --- x Sy, where S; = S, nonabelian
simple group of order divisible by p.

Step 6: N 1is the unique minimal normal subgroup of G and t > 2.

If M is another minimal normal subgroup, then by Steps 3, 4 and 5 we may assume that
ko,s(Bo(G/M)) = 3. By [RSV20, Thm. A] we have that N = NM/M and G/N have cyclic
Sylow 3-subgroups, then P is metacyclic but not cyclic, and thus it is 2-generated, as wanted.
If N is simple then G is almost simple and we are done by Theorem [5.2] so we assume t > 2.

Our next goal is to show that PN acts transitively on the set {S7,...,5:}. We write N =
M x -+ x Mg where each M; is the direct product of a single P-orbit on {Si,...,S:}.

Step 7: We may assume s < 2.
Since M; <« PN, for each M; we can find a nontrivial P-invariant 0; € Irrg ,(By(M;)), using
Lemma Then, by Lemma[2.1v), we can produce s + 1 characters

In, (01 X Ipgy X - X Lpg,), (01 X O X Ipgy X -oo X 1pg,),ony (01 X -+ x 0y)

that lie in Irrg 5 (Bo(/N)) and are P-invariant and not G-conjugate. Since N is perfect, all of these
extend to characters in Irro ,(Bo(PN)) by [Navl8, Cors. 6.2, 6.4] and Lemma [2.1{iv). Propo-
sition [2.§ produces 3 distinct characters in Irrg ,(Bo(G)) above each of these, so ko s (Bo(G)) >
3(s+1). If s > 2 we arrive at a contradiction.
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Step 8: We may assume s # 2.

If s =2 then N = M x My and M; and My are G-conjugate but not P-conjugate. Suppose
that Theorem (i)(a) holds for S; and let 0; and 6, be the characters as therein. Let 0; =
0; x -+ x 0; € Irr(Bo(Mj)), using Lemma [2.1](v). Then the characters

lN,él X 1M27§2 X 1M2

are not G-conjugate. Further, they are not conjugate to the character n € Irrg,(Bo(N))
constructed as the direct product of copies of #;. Now all the characters 1y, él X 1y, 51 x 1z,
and 7 are P-invariant so by [NavI8, Cors. 6.2, 6.4] and Lemma [2.1iv), they extend to characters
in Irrg o (Bo(PN)). By Proposition we have that ko ,(Bo(G)) > 12, which is absurd.

Therefore we assume that the S; are as in Theorem 5.1|i)(b). Write S = S; and let 6 € Irr(S)
be the character of S given in that statement. Let 7; =60 x 6 x --- x 0 € Irrg ,(Bo(M;)) (using
Lemma [2.1{v)). We claim that every P-invariant character in Irro s (Bo(N)) is G-conjugate to
1n, m % 1y, and 1y X 12. Indeed, if there is £ € Irrg 5 (Bo(/N)) not G-conjugate to any of these,
then ¢ extends to Irrg,(Bo(PN)) by [NavI8, Cors. 6.2, 6.4] and Lemma2.1(iv). By Proposition
we have that ko ,(Bo(G)) > 12, a contradiction that proves the claim. Moreover, notice
that II"I‘OJ(B()(G)HN) = 3.

Let L = Ng(M;i) = Ng(Mz) and notice that |G : L| = 2, Gy, <1y, = Lyixi,, = Ly, and
M, C Ly,. Since PN acts transitively on the copies of S inside M; and PN C L,,, by Lemma
We have that 7, extends to 71 € Irrg o (Bo(Ly,)). Now since My is perfect (1)n = m X 1ag,.
Similarly, 1p7, % 12 extends to 7z € Irrg o (Bo(Ly,))-

We claim that 7 = 11 x 2 extends to a character in Irrg o (Bo(Gy)). If G, L = G then G, acts
transitively on the set {Si,...,S;} and we are done applying Lemma Otherwise, G, C L
and therefore G, = L;, N Ly,. Now, since PN < G,;, G, also acts transitively on the copies of S
contained in M; and in M. Repeating the previous argument, 11 X 157, and 1y, X 12 extend to
i, 2 € Irrg o (Bo(Gy)) respectively. Now, by [GRSS20, Lem. 2.3], i € Irrg o (Bo(Gyy)) and

(m1p2)N = (m X 1ag) (1o, X 1m2) =1

and we are done.
Therefore, we are in the case of the hypotheses of Proposition 3.5 so

ko,o(Bo(G)) = ko,o(Bo(NNg(P)))

so if NNg(P) < G we are done by induction. Otherwise PN < G.

Let X = PNCg(P). Then Irr(G/X) C Irrg »(Bo(G)|1n). By the previous paragraphs and
Proposition 2.8, we have ko o (Bo(G)|m x 1as,) = 3 = ko,o(Bo(G)|n1 X 12), and this implies that
ko,o(Bo(G)|1n) = 3. Now p does not divide |G : X|, so we have |G : X| < 2. By Theorem [2.3]
koo (Bo(X)) = koo(Bo(PN)). If X = G, by induction we may assume PN = G but then N
is minimal normal in PN and P acts transitively on {Si,...,S:} so we are done. Otherwise,
|G : X| =2, so Irrg o (Bo(X)) < 15. By Theorem [2.3| and [NRSV21, Lem. 2.5] we have that

3|10 po (Bo(N))| = | Trro 0 (Bo(PN))| = | Trro o (X)] < 15.

Since 3 divides |Irrg p(Bo(NV))|, this forces |Irrg po(Bo(N))| = 3, so |Irrg»(X)| = 9 and we
are done by induction.

Final step.

We conclude that s = 1 so PN acts transitively on the set {Si,...,S;}. Recall that PN/N
is cyclic.

Assume first S; has noncyclic Sylow p-subgroups. Consider M = (| N¢(S;) < G and notice
that M C Ng(S). Since p divides |G : N¢(S)| then p divides |G : M|. By Theorem [2.11] either
G/N is p-solvable or |[M/N| is not divisible by p.

Suppose first that |[M/N| is not divisible by p. Notice that, since PN/N is abelian and
PN acts transitively on {Si,...,S¢}, then Npn(S;) = Npn(S;) for every i,5. Then, N C
Npn(S) € M, and therefore N = Npy(S). Now, we can apply Lemma and Theorem
5.1{(iii) to obtain three P-invariant characters in Irrg ,(Bo(IN)) that are not G-conjugate. Now,
Proposition [2.8 gives 9 characters in Irrg »(Bo(G)) not in Irrg o (Bo(G/N)), a contradiction.
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Hence, we may assume that G/N is p-solvable. Theorern implies that there exists L < G
with |G : L| € {1,2} such that L/N has a normal p-complement K/N. If |G : L| = 2,
then ko ,(Bo(L)) < 16 and since ko (Bo(L)) is divisible by 3, we obtain that ko, (Bo(L)) €
{3,6,9,12,15}. Notice that K = OP(L), and hence, by [NRSV21, Lem. 2.5], we obtain that
ko..p(Bo(K)) € {1,2,3,4,5}. Since 3 divides |K|, ko.0.p(Bo(K)) = ko.o(Bo(K)) = 0 mod 3,
and then the only possibility is ko, p(Bo(K)) = 3. But in this case ko (Bo(L)) = 9 and we are
done by induction.

Hence we may assume that G = L = KP, with K < G. Now by [NRSV21, Thm. 2.8], we
have that ko (Bo(G)) = ko(Bo(NNg(P)) and therefore, by induction, we can assume that
PN <4 G. Now consider X = PNCg(P) and notice that Irr(G/X) C Irrg»(Bo(G)|1n) by
IGRSV25, Lem. 2.1]. Since p divides |N|, we have that ko, p(Bo(N)) = ko, (Bo(N)) = 0 mod
p. By Proposition we obtain that |Irrg »(Bo(G)|1n)| = 3. Since |G : X| is not divisible by
3, we obtain that |G : X| € {1,2}. If |G : X| = 2, then

P ko,o,p(Bo(N)) = koo (Bo(PN)) = koo (Bo(X)) < 15,
where we have used [NRSV21], Lem. 2.5] in the first equality and Theorem in the second
equality. This forces |Irrg p,(Bo(NN))| = 3 and then ko ,(Bo(PN)) = 9. By induction we may
assume PN = G. If G = X, by Theorem we may assume PN = G aswell, and the result

follows from Theorem |4.1| and the main result of [Ket25].

We are left with the case that the S;’s have cyclic Sylow p-subgroups, and let C; € Syl,,(S1).
Let C; = CV' € Sylp(S?l’Z)7 Q = Cp x - x Cy € Syl3(N) where each C; € Syl;(S;) and where
Q C P, with P/Q = (yQ) cyclic. Then (yQ) permutes {C1,...,C;} transitively, and since C;
is normal in @ for all 7, we conclude that (y) permutes {C1,...,C;} transitively. This implies
that there are generators xy,...,x¢ of C1,...,Cy respectively such that (y) permutes the set
{z1,...,x¢} transitively. Write z; = (1,...,1,x;,1,...,1). Notice that @ = (z1,...,2). We
claim that P = (y,z1). Since (y) acts transitively on {xi,...,z;} then it acts transitively on
{#z1,...,2}. It follows that every z; € (y, z1), so @ C (y,z1) and P = (y,Q) C (y, 21). Since P
is not cyclic, it is 2-generated and we are done. O

5. SIMPLE GROUPS
The goal of this section is to prove the following “o-version” of [GRSV25, Thm. 3.1].

Theorem 5.1. Let S be a nonabelian simple group of order divisible by 3 and let X € Syls(Aut(S)).

(i) One of the following holds.
(a) There exist 1g # 01,02 € Irrg o (Bo(S)) nonconjugate in Aut(S) and invariant under
X, or
(b) There is an X-invariant 1g # 0 € Irrg »(Bo(S)) that extends to some o-invariant
character in Bo(T) for all S < T < Aut(9)y.
(ii) The set of degrees of characters in Irrg (Bo(S)) has size at least 3.
(iii) If S has noncyclic Sylow 3-subgroups, then there exist 1g # 01, 602,05 € Irrg (Bo(S5))
noncongjugate in Aut(S).

We remark that part (iii) of Theorem [5.1]is already found as [RSV20, Thm. C(b)]. In addition
to Theorem [5.1] we will need the main result from [Ket25], restated here:

Theorem 5.2 (E. Ketchum). Let A be an almost simple group, and let P € Syls(A). Then
koo (Bo(A)) € {6,9} if and only if |P : ®(P)| = 9.

5.1. Previous Results. We begin by recording some previous results that will be useful for
proving Theorem [5.1

Lemma 5.3. Let N 9 G with 31[G : N]J.
e If0 €Irr(N) and x € Irr(G | N), then x is o-fized if and only if 0 is o-fized.
o If§ € Irry(By(N)), then there is some x € Irr,(Bo(G)|6).

Proof. This is from [MMSV26, Lem. 3.5, Cor. 3.6]. O
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Assume S = G/Z(G) is a simple group of Lie type, with G = G¥', where G is a simple,
simply connected algebraic group defined over a field of characteristic gy and F': G — G is a
Steinberg endomorphism. Let (G*, F) be dual to (G, F) and write G* := (G*)F".

Lemma 5.4. Let S be as above with qo = p > 3. Then every x € Irr(S) is o-invariant.
Proof. This follows from [TZ04, Thm. 1.3 and Prop. 10.12]. O

Lemma 5.5. Assume S is as above with qo # p and p > 3. Then any unipotent character of S
18 o-1nvariant.

Proof. This is [MMSV26], Lem. 4.7]. O

Lemma 5.6. Assume S and G are as above with qo # p and p good for G. Assume s € G* has
order p and p 1 |Z(G)|. Then the semisimple character xs deflates to a character in Irr,(Bo(S)).

Proof. This is exactly as in [MMSV26, Lem. 4.6] and [HS23, Thm. 5.1], which uses [His90),
Cor. 3.4] and [CE04, Thm. 21.13]. Note that xs is trivial on Z(G) since s € [G*,G*] (see
INT13l Lem. 4.4]), and Cg~(s) is connected, using [MTII, Ex. 20.16]. O

5.2. Proof of Theorem [5.1]

Lemma 5.7. Theorem[5.1) holds when S is an alternating or sporadic group, a group of Lie type
defined in characteristic 3, or 2F4(2)'. Further, (i)(a) holds unless S € {PSLy(3%), PSL§(3%)}.

Proof. Let S be as in the statement. If S = J3, we see the statement from computation in
[GAP24], and we see that (i)(a) holds in this case. So, we now assume that S # Js.

Lemma and [MMSV26, Lem. 4.1] give that Theorem is equivalent to [GRSV25,
Thm. 3.1] in these cases whenever condition (al) of the latter holds. Thus, by [GRSV25,
Rem. 3.2], we need only consider groups of the form PSLy(3%) and PSL§(3%). Further, we need
only verify that condition (i)(b) of Theorem [5.1) holds in these cases.

Let S = PSLy(3%) or S = PSL§(3%). From |[GRSV25, Thm. 3.1 and Rem. 3.2] we obtain
some 1 # 0 € Irrg(Bo(95)), which is X-invariant, such that for every S < T < Aut(S)y we
have that 6 extends to some character in By(7') (in both cases Aut(S)p/S is abelian, so in fact
all characters lying above 6 in Aut(S)y are extensions). Further, we have that 6 is o-fixed by
Lemma Let S < T < Aut(S)p. In both cases we observe that 7/S has a normal Sylow
3-subgroup. Let M be the preimage under the natural projection 7 : T' — T'/S of this Sylow
3-subgroup. Since S is perfect, we have the determinantal order o(f) satisfies o(f) = 1 and we
can use [Navl8, Cor. 6.4] to obtain a o-fixed extension of 6 in the principal block of M. (Recall
that since M /S has 3-power order, By(M) is the only block above By(S) by Lemma [2.1]) Then
Lemma [5.3| gives a o-fixed extension in the principal block of T'. U

Lemma 5.8. Theorem[5.1] holds when S is a group of Lie type defined in characteristic p # 3,
with (i)(a) holding unless S = PSLa(q) or 3|(¢ + €) and S = PSL5(q).

Proof. Assume S is a simple group of Lie type defined in characteristic p # 3.
First we consider (i). Assume S = PSLa(q) or that 3|(¢+¢€) and S = PSL5(q). We then claim

that (b) holds. Take 6 = 6, with 6 being the Steinberg character in S, where S is PGL2(q) and
PGL5(q) in the respective cases. Then 6 is Aut(S)-invariant by [Mal08, Thm. 2.5] and extends
to Aut(S) by [Mal08, Thm. 2.4] and we sce that § € Irr,(By(S)) by arguing as in the second
and third paragraphs of the proof of [RSV20, Prop. 3.9]. Let S < T < Aut(S)s = Aut(S). We
clearly have that 6 extends to éTﬂ g € Irr(Bo(T'N S)). Since the Steinberg character is rational-
valued, so is éng. We have that T/(T N S) is an abelian group and therefore has a normal
Sylow 3-subgroup. Let M be the preimage under 7 : T — T/(T'N S ) of this Sylow 3-subgroup.
Then By(M) is the unique block above By(T'N.S) by Lemmaand we use [Navl18 Cor. 6.6(a)]
to obtain a rational extension x of éTm g in Irr(Bog(M)). Finally, using Lemma we obtain a
character ¥ in Irr, (Bo(T')|x). Since ¢ lies above éTﬂ gand T/(T N S) is abelian, it follows that

1 must be an extension of éng (and hence of 6), as desired.
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Now Assume S is not one of the groups discussed above. Then [GRSV25, Prop. 5.8] gives
3 Aut(S)-invariant unipotent characters. Further, Lemma gives that these characters must
be o-fixed. Thus, (i)(a) holds for S.

We next show (ii). Note that 3 does not divide the size of 2Ba(q), so we may assume
S # 2By(q). If S # PSLs(q) and S # PSL§(q) with 3 | (¢+e¢), then [GRSV25| Prop. 5.8] gives 3
unipotent characters with distinct 3’ degrees lying in the principal block, and these characters
are o-fixed by Lemma [5.5

So, now assume S = PSLa(q) or that 3 | (¢ + €) and S = PSL5(q). In these cases let
G = SLs(q) and G = SL§(q) respectively. We also let G = GL2(q), resp. G = GL5(¢q) and
G* = PGLa(q), resp. PGL§(q). Let s € G* be a semisimple element whose preimage under
the canonical projection map 7 : G — G* has nontrivial eigenvalues (¢3,¢3) for a primitive
third root of unity (3. Consider a semisimple character ys € £(G,s). Lemma gives that
Xs deflates to a character in Irr,(Bo(S)). Further, this character is height-zero by the degree
properties of semisimple characters, which we see by computing the centralizer explicitly in G.
Then the deflation of s alongside the 2 unipotent characters given in |[GRSV25, Prop. 5.8]
yield three o-fixed characters in By(S) with distinct 3'-degrees, as desired. (]

Theorem now follows from Lemmas and recalling that part (iii) is [RSV20,
Thm. C(b)].

5.3. Related Results. We end by making some observations to give evidence of the analogue
of Theorem [A] for arbitrary blocks. We first obtain the statement for groups of Lie type defined
in characteristic 3 whose ambient algebraic group has connected center.

Corollary 5.9. Let G = GT be a group of Lie type, where G is a connected reductive group
over Fs such that Z(G) is connected. Let B be a 3-block of G with defect group D. Then
[D: ®(D)] =9 if | Irrg »(B)| € {6,9}.

Proof. By a result of Dagger and Humphreys, the only blocks with positive defect have maximal
defect, and these are indexed by the characters of Z(G) (see [HumT7I]). First assume G has no
component of type Go. Then any block B with positive defect satisfies Irrg(B) = Irry (B) is
comprised of semisimple characters in B, using the degree properties of Jordan decomposition
and that nontrivial unipotent characters are divisible by 3 by [Mal07, Thm. 6.8].

Since Z(G) is connected and the semisimple elements of G* have order prime to 3 and o fixes
3'-roots of unity, we then have Irrg(B) = Irro »(B) using the main result of [SV20]. Assume that
|Irrg o (B)| € {6,9} and let B be the block indexed by the character § € Irr(Z(G)). Now, the
number of semisimple characters in Irr(B) is the number of G*-classes of semisimple elements
s € G* such that the characters in £(G, s) lie above 6. But as noted in [ST23| Prop. 2.7(iii)]
(see also the proofs of [NT13| Lem. 4.4], [MNST24, Prop. 3.7]) this is the number of semisimple
classes in the corresponding coset in G*/ 03/(G*). Now, for each semisimple s € G*, there
is some T* := (T*)¥ containing s, where T* < G* is some F-stable maximal torus. By
[GM20, Rem. 1.5.13(b, c)], T* induces all cosets of G*/O% (G*). Then by [FG12, Cor. 2.4],
we see each such coset contains the same number of semisimple classes. This means that
| Irrg(B)| = |Irrg(Bo(G))|. Recalling that Irrg(Bo(G)) = Irrg o (Bo(G)) as before, we therefore
have | Irrg 5 (Bo(G))| € {6,9}. Then [P : ®(P)] =9 by Theorem

Finally, suppose that G has components of type Ga. Here by [Mal07, Thm. 6.8], the group
Ga2(gq) (where ¢ is a power of 3) has 7 unipotent characters in Irry(Ga(g)). The unipotent
characters of Ga(q) are all o-stable, using |Gec03, Table 1 and Prop. 5.5]. Note that these 7
unipotent characters then lie in Irrg ,(Bo(Ga(q))) since Z(G2) is connected, and hence there
is a unique block of positive defect from the first paragraph. Hence the statement is trivially
satisfied if G is simple.

So, assume that G is not simple. Since we have assumed Z(G) is connected, we have by
[GM20, Lem. 1.7.7] that G’ = [G, G]''TF for any F-stable maximal torus T of G. Then G is
a quotient of the direct product of [G, G]!" with an abelian group T¥ of order prime to 3, and
hence we may without loss replace G with [G, G|, and therefore assume that G is semisimple.
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(Indeed, recall that o will fix any character in Irr(TF), each of which lie in their own block.)
Then G = [[_; G; for some simple reductive groups G; which commute pairwise. We may
assume that Gy, ..., Gy are the components of type Go and write H for the product of these.
Since each G; for 1 < i < k has trivial center (as the only simple group of type G is the adjoint
group), it follows that H is a direct product and G = H x H' where H’ is the product of simple
components not of type Go. In particular, by [GM20l Cor. 1.5.16], G has a direct factor of the
form Ga(q) with ¢ some power of 3, and the result follows from the previous paragraph. O

The next observation follows from Theorem [A] and the fact that blocks of general unitary
and linear groups behave similarly to certain principal blocks.

Corollary 5.10. Let G = GLS,(q) and let B be a 3-block of G with defect group D. Then
[D:®(D)] =9 if |Irro - (B)| € {6,9}.

Proof. If q is a power of 3, this is from Corollary So now assume that g is a power of some
prime p # 3. Let B be a block in £(G,s) for some semisimple 3'-element s € G*. Now, by
[FS82, Thm. (7A)], Jordan decomposition yields a bijection between Irrg(B) and Irrg(b), where
b is some unipotent block of C' := Cg, (s). Here B and b share a defect group D. This bijection
is further o-equivariant by [SV20].

Now, let e be the order of eg modulo 3, so that e € {1,2}. If e = 1, then in fact the only
unipotent block of C'is the principal block, so the result now follows from Theorem [A]

So, suppose e = 2. We may write C := [[ C; as the product of lower-rank general linear or
unitary groups Cj, depending on the invariant factors of s. Say C; := GLyy,, (1:¢;) with ¢; some
power of ¢, n; € {£1}, and m; a positive integer. Let e; be the order of 7;q; modulo 3. Then
the results of [MOS83| yield that D is isomorphic to a Sylow 3-subgroup of C" := [[ GLe¢,w, (7:4i)
for some positive integer w; and further there is a bijection between Irrg(b) and Irrg(Bo(C")).
This is further o-equivariant, which can be seen from the construction in [MOS83, P.209-210]
and using [SV20] to see the action of o on characters in £(Cj,t) depend only on s; and ¢, and
these will have the same eigenvalues as the corresponding embeddings in C]. Hence, the result

again follows from Theorem [A] O
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