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From Jon Alperin’s paper in these proceedings:



Santa Cruz CA, 1979



Santa Cruz CA, 1979

Everett Dade’s paper in the same proceedings:



Bilbao, May 1999
Gabriel came to visit. He gave a talk, that started as follows:



Bilbao, May 1999

Some sentences from Gabriel that I remember from that visit:

“I know a lot of Isaacs’ π-theory”

“Do you know that if (G, N, θ) is a character triple with N a p-group, then there is
an isomorphic character triple (G∗, N∗, θ∗) with N∗ central cyclic p-group?”



Madison WI, September-December 1999



Madison WI, September-December 1999

Some sentences from Isaacs that I remember from that visit:

“The most important theorem is the Second Main.”

“I love Wielandt’s theory on subnormal subgroups.”



A consequence of Brauer’s Second Main Theorem



Madison WI, September 2000-May 2001
Both Gabriel and I spent the year visiting Isaacs.



2001-2002: The year of the Galois-McKay conjecture

I spent the year travelling in the USA (Madison, Chicago, Athens OH,
Urbana-Champaign IL,...). Gabriel was in Valencia, I think.

I tried to help him verify his conjecture for sporadic groups. Finally, Thomas
Breuer had to compute several unknown character tables of NG(P )/P ′.



2001-2002: The year of the Galois-McKay conjecture

Dade claimed that the conjecture was true for solvable groups. Gabriel and I were
trying to understand Dade’s arguments.



2001-2002: The year of the Galois-McKay conjecture



2001-2002: The year of the Galois-McKay conjecture



2001-2002: The year of the Galois-McKay conjecture



The Dade-Turull theorem

• K ◁ G, |K| = p′,
• P ≤ G p-subgroup and KP ⊴ G,
• N = NG(P ), C = CG(P ),
• θ ∈ Irr(K) P -invariant and θ′ ∈ Irr(C) its

P -Glauberman correspondent,
• T = Gθ = IG(θ), so T ∩ N = Nθ′ = IN (θ′),
• (T, K, θ) and (T ∩ N, C, θ′) are isomorphic.



2001-2002: The year of the Galois-McKay conjecture

Seeing Gabriel’s excitement with his strengthenings of McKay’s conjecture I tried
to find some strengthening involving zeros of characters. I failed.

In September 2002, I got a research position. I could go anywhere I wanted in
Spain, and came to Valencia because Gabriel was here. This position started in
September 2003.



June 2004: Soccer eurocup

Gabriel thought that it was possible to reduce McKay conjecture to questions on
simple groups. Isaacs and Malle came to work on that during the soccer eurocup.



Fall 2004: Gainesville FL

Gabriel was visiting Tiep and Turull in Gainesville. I was also there. We tried to
extend the Gluck-Wolf theorem to arbitrary groups. We failed, but Gabriel is
persistent, and many years later he and Tiep succeeded.

I already had in mind that it should be possible to extend Brauer’s height zero
conjecture to blocks with non-abelian defect group.



Valencia, September 2005

Eaton and Robinson, independently, came to visit Gabriel at the same time. I
ended up talking to Eaton on my ideas to extend Brauer’s height zero conjecture
to blocks with non-abelian defect groups.



Isaacs conference (Valencia), June 2009



Isaacs conference (Valencia), June 2009

A. Moretó. Heights of Characters and Defect Groups.

There are a number of results and conjectures that relate the characters of height zero
of a block B of a finite group G with the characters of height zero of groups related to the
defect group D of B. But what happens for characters of positive height? It is definitely
not true that the sets of heights of B and D coincide but, for instance, we consider the
question of whether the smallest positive member of both sets coincide.



The Eaton-M conjecture

Our paper was finally published in 2014.

There has been significant recent progress.



New math

Second title: Local representation theory, picky elements and subnormalizers

Abstract: I hope to convince Gabriel that there are still many interesting
open problems in character theory. Character theory is not finished!

Joint work in progress with Noelia Rizo.



The main problem of block theory

According to Alperin:

As pointed out by Alperin, McKay’s conjecture deals with the values at the
identity.

But what happens with all other character values?



Picky elements
The origin of this is a paper that I wrote with Attila Maróti and Juan Mart́ınez
Madrid.



Picky elements

Definition.
We say that a p-element x ∈ G is picky if it belongs to a unique Sylow p-subgroup.

In MMM, we saw that “most” groups have picky elements. For instance, symmetric
groups and groups of Lie type in defining characteristic always have picky elements.



Picky elements
In Maróti-Mart́ınez Madrid-M, there is a small comment on block theory and zeros
of characters.



Alperin’s Conjecture C

Given a non-empty subset S of a finite group G, we set

IrrS(G) = {χ ∈ Irr(G) | χ(S) ̸= {0}}.

If S = {x}, we write IrrS(G) = Irrx(G).

With this notation, Alperin’s Conjecture C, proved by Blau and Michler in 1990,
asserts that if G has a TI-Sylow p-subgroup P then

|IrrP (G)| = |IrrP (NG(P ))|.

Recall that P is TI if P g ∩ P = 1 or P for any g ∈ G.



Towards the picky conjecture

Let P be the set of picky elements in P . Note that P = P − {1} if and only if P is
TI.

Could it be true that
|IrrP(G)| = |IrrP(NG(P ))|?

I started doing GAP, and did not find counterexamples... In fact, much stronger
results seemed to hold.



The picky conjecture

Conjecture (Global picky conjecture)
If G has picky elements, then there exists a bijection f : IrrP (G) −→ IrrP (NG(P )) such that for every
χ ∈ IrrP (G)

1. χ(1)p = f(χ)(1)p;
2. Q(χ(x)) = Q(f(χ)(x)) for every x ∈ P;
3. f(Irrx(G)) = Irrx(NG(P )) for every x ∈ P;
4. χ(x)p = f(χ)(x)p for every x ∈ P.

Note that Irrp′(G) ⊆ Irrx(G) for any x ∈ P. Therefore, this conjecture is a strong
form of McKay’s conjecture for groups with picky elements.
We had noticed that Condition 4 seems to hold when χ(x) is rational. After
checking examples in groups of Lie type, Malle pointed out that χ(x)p makes sense
even when χ(x) is not rational and asked whether this could hold in general.



In fact, it is very often the case that for x ∈ P,

χ(x) = ±f(χ)(x).

For instance, we expect this to hold when one of the following holds:
• G has abelian Sylow p-subgroups.
• G is p-solvable.
• The principal p-block of G is not controlled in the sense of Alperin-Broué. (?)

If χ(x) = ±f(χ)(x) holds for every x ∈ P we say that G satisfies the strong global
picky conjecture.

The paradigmatic counterexamples to the strong global picky conjecture are the
simple groups with non-abelian TI Sylow p-subgroups.



The picky conjecture: one element at a time

Conjecture (Picky conjecture)
Let x ∈ G be a picky p-element. Then there exists a bijection f : Irrx(G) −→ Irrx(NG(P )) such that for
every χ ∈ Irrx(G)

1. χ(1)p = f(χ)(1)p;
2. Q(χ(x)) = Q(f(χ)(x));
3. χ(x)p = f(χ)(x)p.

If, in addition, χ(x) = ±f(χ)(x), we say that (G, x) satisfies the strong picky
conjecture.



Cyclic Sylow subgroups

Theorem
The strong global picky conjecture holds for groups with cyclic Sylow p-subgroups. Furthermore, the
bijection is compatible with the Isaacs-Navarro and Navarro strengthenings of McKay’s conjecture.

We prove this using Dade’s cyclic defect theory. Our conjectures also admit a
block version. I will not discuss them in this talk.

We expect the conjectures to be compatible with all strengthenings of McKay
(Isaacs-Navarro, Navarro, Turull,...).



Sporadic groups

We checked the global picky conjecture for the small sporadic groups. Finally,
Thomas Breuer was able to check it for all sporadic groups. Several of them are
not straightforward. There are 6 cases of sporadic groups with picky p-elements
and non-cyclic Sylow p-subgroups for which the character table of the p-Sylow
normalizer is still not known. In these cases, he used clever ad hoc arguments to
prove the conjecture.

Perhaps, the most complicated of these is the Baby Monster G = B for p = 2. This
group has 4 picky classes of 2-elements, all of them of order 32. The characters of
2′-degree have value ±1 at these classes. There are 64 of them. In addition, there
are two characters with χ(1)2 = 64 such that if x is picky, χ(x) = ±ζ8 ± ζ3

8 , where
ζ8 is a primitive 8-th root of unity.



Symmetric groups
Theorem (Mart́ınez Madrid)

The strong global picky conjecture holds for symmetric groups.

If p = 2, n ≥ 3 and the cycle structure of x ∈ S2n is (2n−1, 2n−2, . . . , 22, 2, 12) then
x is picky and

{χ(1)2 | χ ∈ Irrx(S2n)} = {1, 2, 22, . . . , 2n−2} = {χ(1)2 | χ ∈ Irrx(P )},

where P is the Sylow 2-subgroup that contains x.

It is worth remarking that, as far as we know,

{χ(1)2 | χ ∈ Irr(S2n)}

is not known, but it has “jumps”. On the other hand, the set of character degrees
of the Sylow 2-subgroups is a set of consecutive powers of 2.



Irrx(G) vs Irrp′(G)

Our general philosophy is that if x is a picky p-element, Irrx(G) works much better
than Irrp′(G) or Irr(G). For instance, the picky conjecture implies the following.

Corollary
Let x ∈ G be a picky p-element. Assume that the picky conjecture holds for (G, x). Then the multisets
(χ(1)p | χ ∈ Irrx(G)) and (χ(1)p | χ ∈ Irrx(NG(P ))) coincide.

It seems likely that even {χ(1)p | χ ∈ Irrx(G)} = {χ(1)p | χ ∈ Irrx(P )}.

Compare it with the Eaton-M conjecture! In that setting we need blocks and we
can only talk about the smallest positive height.



Self-normalizing Sylow p-subgroups

Theorem
Let G be a p-solvable group such that NG(P ) = P . Let x ∈ G be a picky p-element. Then there exists a
bijection f : Irrx(G) −→ Irrx(P ) such that for any χ ∈ Irrx(G)

1. χP = f(χ) + ∆, where ∆ is a character of P or zero.
2. χ(1)p = f(χ)(1)p and χ(x) = f(χ)(x).
3. For every φ irreducible constituent of ∆, φ(1)p > χ(1)p and φ(x) = 0

The proof of this theorem involves all the topics that Gabriel mentioned to me in
his 1999 visit to Bilbao. In particular, we use Isaacs Bπ-characters. In fact, we
show that f(χ) is the unique Fong character associated to χ.

Souza has proved a “going up” version of this theorem.



Normal p-complement

Theorem
Let G be a group with a normal p-complement N and let C = CN (P ). Let x ∈ P be picky. Then

1. Irrx(G) = {φ̃µ | φ̃ ∈ Irr(G) is the canonical extension of φ ∈ Irr(N), µ ∈ Irrx(G/N)}.

2. Irrx(NG(P )) = {µ × ν | µ ∈ Irrx(P ), ν ∈ Irr(C)} = Irrx(P ) × Irr(C).
3. The map

Φ : Irrx(G) → Irrx(NG(P ))
φ̃µ 7→ φ∗ × µ

is a bijection, where φ∗ is the Glauberman correspondent of φ. In particular the following holds:

3.1 Φ(χ)(1)p = χ(1)p for every χ ∈ Irrx(G),
3.2 χ(x) = ±Φ(χ)(x).



Abelian Sylow subgroups

Theorem
Let G be a finite group with abelian Sylow p-subgroups and let x ∈ P be picky. Then Irrp′ (G) = Irrx(G).

Proof.
Let χ ∈ Irrx(G) and let B be the p-block of G containing χ. By Corollary 5.9 of Gabriel’s book, we have
that x ∈ D for some defect group D of B. By Green’s theorem, there is g ∈ G with P ∩ P g = D. Since x is
picky, P = P g so P = D. But then χ ∈ Irrp′ (G) by the Kessar-Malle solution to one-half of Brauer’s
height zero conjecture.



Abelian Sylow p-subgroups

We hope to be able to prove the strong picky conjecture in this case, or at least to
reduce it to proving an “inductive picky condition”.

For p-solvable groups we can prove that the strong picky conjecture holds for
groups of p-length 1, modulo some details.

These details are related to the Dade-Turull theorem. We need some additional
information on the properties of the Dade-Turull character correspondence.



This is not only about McKay!
Next, we discuss several other fields where picky elements are relevant.

1. Strengthening the Itô-Michler theorem:
Theorem

Let G be a finite group and let x ∈ G be picky. If Irrx(G) = Irr(G) then P ⊴ G.

2. Character tables and the size of the Sylow normalizer.
Let K be a conjugacy class of G. Does the character table of G know if K is
picky? We have proved that this would imply that the character table of G
knows the size of a Sylow normalizer, at least for p-solvable groups.

3. The Navarro-Tiep paper on fields of values (Forum Math. Pi, 2021).
The results and conjectures in that paper seem to admit a picky version for
groups that satisfy the picky conjecture.



The Navarro-Tiep Condition on fields of values
Navarro and Tiep noticed that the following holds often:

Navarro-Tiep’s Condition D
There exists a bijection f : Irrp′ (G) −→ Irrp′ (NG(P )) such that Q(χP ) = Q(f(χ)P ) for every χ ∈ Irrp′ (G).

Sambale discovered that PrimitiveGroup(64,38) is a counterexample when p = 3.
This is a solvable group with abelian Sylow p-subgroups.

Note that a consequence of the picky conjecture is the following.

Corollary
If the global picky conjecture holds for G then there exists a bijection f : IrrP (G) −→ IrrP (NG(P )) such
that Q(χP ) = Q(f(χ)P ) for every χ ∈ IrrP (G).

PrimitiveGroup(64,38) has picky elements for p = 3 and the picky conjecture holds
for this group.



The subnormalizer

So far I have only talked about how to compute the values of characters at picky
elements. What happens with all other elements x ∈ G? The key is to replace
NG(P ) by the subnormalizer of x.

But what is the subnormalizer?



The subnormalizer

Around 1990, Casolo wrote several papers using the following definition of
subnormalizer.

Definition
For H ≤ G, the subnormalizer of H is

SG(H) = {g ∈ G | H ◁ ◁⟨H, g⟩}.

This set does not need to be a subgroup.

We define the subnormalizer (subgroup) of x ∈ G to be SubG(x) = ⟨SG(⟨x⟩)⟩.



The subnormalizer

From one of Casolo’s papers, from 1990, on the subnormalizer subset:

Lemma
Let x ∈ P be a p-element. Then:

1. NG(P ) ⊆ SubG(x).
2. NG(P ) = SubG(x) if and only if x is picky.



The subnormalizer conjecture for p-elements

Conjecture (Subnormalizer conjecture)
Let x ∈ G p-element. Then there exists a bijection f : Irrx(G) −→ Irrx(SubG(x)) such that for every
chi ∈ Irrx(G)

1. χ(1)p = f(χ)(1)p;
2. Q(χ(x)) = Q(f(χ)(x));
3. χ(x)p = f(χ)(x)p.

If, in addition, χ(x) = ±f(χ)(x), we say that (G, x) satisfies the strong
subnormalizer conjecture.



Symmetric groups

As in the picky case, we expect the strong subnormalizer conjecture to hold for
symmetric groups.

Mart́ınez Madrid is working on this. One case that he has proved is when G = S2n

and x is a 2n−1-cycle. In this case, SubG(x) = S2n−1 ≀ C2.

For n = 4, the list of values at x and 2-parts of the degrees for the characters in
Irrx(S16) is the following:



Symmetric groups
[ [ -90, 4 ], [ -90, 4 ], [ -90, 4 ], [ -90, 4 ], [ -70, 4 ], [ -70, 4 ], [ -70, 4 ], [ -70, 4 ], [
-70, 4 ], [ -70, 4 ], [ -70, 4 ], [ -70, 4 ], [ -64, 128 ], [ -64, 128 ], [ -64, 128 ], [ -64, 128
], [ -64, 128 ], [ -64, 128 ], [ -64, 128 ], [ -64, 128 ], [ -56, 2 ], [ -56, 16 ], [ -56, 16 ], [
-56, 16 ], [ -56, 16 ], [ -56, 16 ], [ -56, 16 ], [ -56, 16 ], [ -56, 16 ], [ -42, 2 ], [ -42, 4 ], [
-42, 4 ], [ -42, 4 ], [ -42, 4 ], [ -36, 2 ], [ -35, 1 ], [ -35, 1 ], [ -34, 2 ], [ -28, 2 ], [ -28, 2
], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [ -28, 8 ], [
-22, 2 ], [ -21, 1 ], [ -21, 1 ], [ -20, 2 ], [ -20, 8 ], [ -20, 8 ], [ -20, 8 ], [ -20, 8 ], [ -20, 8
], [ -20, 8 ], [ -20, 8 ], [ -20, 8 ], [ -14, 2 ], [ -14, 2 ], [ -14, 4 ], [ -14, 4 ], [ -14, 4 ], [
-14, 4 ], [ -14, 4 ], [ -14, 4 ], [ -14, 4 ], [ -14, 4 ], [ -8, 2 ], [ -7, 1 ], [ -7, 1 ], [ -6, 2 ], [
-1, 1 ], [ -1, 1 ], [ 1, 1 ], [ 1, 1 ], [ 6, 2 ], [ 7, 1 ], [ 7, 1 ], [ 8, 2 ], [ 14, 2 ], [ 14, 2 ], [
14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 14, 4 ], [ 20, 2 ], [ 20,
8 ], [ 20, 8 ], [ 20, 8 ], [ 20, 8 ], [ 20, 8 ], [ 20, 8 ], [ 20, 8 ], [ 20, 8 ], [ 21, 1 ], [ 21, 1 ],
[ 22, 2 ], [ 28, 2 ], [ 28, 2 ], [ 28, 8 ], [ 28, 8 ], [ 28, 8 ], [ 28, 8 ], [ 28, 8 ], [ 28, 8 ], [
28, 8 ], [ 28, 8 ], [ 34, 2 ], [ 35, 1 ], [ 35, 1 ], [ 36, 2 ], [ 42, 2 ], [ 42, 4 ], [ 42, 4 ], [ 42,
4 ], [ 42, 4 ], [ 56, 2 ], [ 56, 16 ], [ 56, 16 ], [ 56, 16 ], [ 56, 16 ], [ 56, 16 ], [ 56, 16 ], [
56, 16 ], [ 56, 16 ], [ 64, 128 ], [ 64, 128 ], [ 64, 128 ], [ 64, 128 ], [ 64, 128 ], [ 64, 128
], [ 64, 128 ], [ 64, 128 ], [ 70, 4 ], [ 70, 4 ], [ 70, 4 ], [ 70, 4 ], [ 70, 4 ], [ 70, 4 ], [ 70,
4 ], [ 70, 4 ], [ 90, 4 ], [ 90, 4 ], [ 90, 4 ], [ 90, 4 ] ]



Non-prime-power order elements

Subnormalizers of non-prime-power order seem to be very small subgroups.

For instance, if x is an element of order 15 in A9, then the following is the
character table of the subnormalizer of x.



Non-prime-power order elements



Non-prime-power order elements

There is also a subnormalizer conjecture for elements that do not have prime
power order, but I will not go into details. I will only discuss one particular case,
related to a problem Gabriel was interested in.



Sets of primes

Let π be a set of primes. For π-separable groups it is known that

|Irrπ′(G)| = |Irrπ′(NG(H))|,

where H is a Hall π-subgroup. It was believed that this could be true for arbitrary
G with nilpotent Hall π-subgroups.

Finally, Navarro and Tiep discovered that G = J4 for π = {5, 7} is a
counterexample:

|Irrπ′(G)| = 30 ̸= 25 = |Irrπ′(NG(H))|.



Sets of primes

One particular case of the subnormalizer conjecture for non-prime-power order
elements is the following.

Let H ≤ G. Let x ∈ H. We say that x is H-picky if x ∈ Hg implies g ∈ NG(H).

Conjecture (Picky conjecture for nilpotent Hall subgroups)
Let π be a set of primes. Let G be a group with a nilpotent Hall π-subgroup H. Suppose that x ∈ H is
H-picky. Then there exists f : Irrx(G) −→ Irrx(NG(H)) bijection such that for every χ ∈ Irrx(G)

1. χ(1)π = f(χ)(1)π ;
2. Q(χ(x)) = Q(f(χ)(x)).

As usual, in many cases, we expect χ(x) = ±f(χ)(x). For instance if H is abelian.



Sets of primes

When G = J4 and π = {5, 7}, the Hall π-subgroups are cyclic of order 35. Let
H = ⟨x⟩ be a Hall π-subgroup. Note that x is H-picky.

It turns out that the non-zero values of the characters of G and NG(H) at x are as
follows:

1. 15 times ±1;
2. 5 times ±(−1 +

√
−7)/2;

3. 5 times ±(−1 −
√

−7)/2.
All of them have π′-degree.

The reason why this “fixes” the McKay conjecture for sets of primes is that
Irrπ′(G) ̸⊆ Irrx(G). In this example there are 5 characters of π′-degree that vanish
at x.



Concluding remarks

There are stronger versions of these conjectures that we have not announced yet.
We need time to write a readable version of this. But then, we think, there will be
many exciting open problems to work on for many years. We would be surprised to
see a reduction of these conjectures to questions on simple groups. Going back to
the techniques used before the classification was completed could be useful.



Many thanks!!


