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1 Planning: 3 things

� �
Characterisation of harmonic maps to Grassmannians in

terms of vector bundles� �
� �

Characterisation of the moduli space (holomorphic case)� �
� �

Description of the moduli space of holomorphic isometric
embeddings CP1→ Grn(Rn+2)� �



2 Planning: 1/3

� �
Characterisation of harmonic maps to Grassmannians in

terms of vector bundles� �
� �

Characterisation of the moduli space� �
� �

Description of the moduli space of holomorphic isometric
embeddings CP1→ Grn(Rn+2)� �



3 Minimal immersions of Riemannian manifolds

Theorem (Takahashi, J. Math. Soc. Japan, 1966)� �
f : M → SN−1 ⊂ RN Mapping
xk (k = 1, . . . , N) Coordinates
The following conditions are equivalent:

1.� �
f is a harmonic map.� �

2.� �
∃h ∈ C∞(M) : ∆xk = h · xk� �

Then,

|df |2 =

m∑
i=1

|df (ei)|2 = h.

� �



4 Geometry of Grassmannians

W : R or C vector space of dimension N
Grp(W ) : Grassmannian of p-planes in W

Exact sequence of bundles� �

0 S W Q 0
iS πQ

� �

W → Grp(W ) : Grp(W )×W → Grp(W )
S → Grp(W ) : Tautological bundle over Grp(W ).
Q→ Grp(W ) : Universal quotient bundle.



5 Induced fibre metrics

Fix an inner product (R) or a Hermitian product (C) on W.

� �

0 S W Q 0
iS

πS

πQ

iQ� �

S → Grp(W ) : fibre metric gS.
Q→ Grp(W ) : fibre metric gQ.



6 Connections and Second Fundamental Forms

s ∈ Γ(S)⇒ iS(s) ∈ Γ(W )⇒ diS(s) ∈ Ω1(W )

diS(s) = πSdiS(s) + πQdiS(s) = ∇Ss + Hs

Connection on S → Grp(W )� �

∇S = πSdiS ∈ Ω1(Hom(S, S))� �

2nd fundamental form of S → Grp(W )� �

H = πQdiS ∈ Ω1(Hom(S,Q))� �



t ∈ Γ(Q)⇒ iQ(t) ∈ Γ(W )⇒ diQ(t) ∈ Ω1(W )

diQ(t) = πSdiQ(t) + πQdiQ(t) = Kt +∇Qt

Connection on Q→ Grp(W )� �

∇Q = πQdiQ ∈ Ω1(Hom(Q,Q))� �

2nd fundamental form of Q→ Grp(W )� �

K := πSdiQ ∈ Ω1(Hom(Q,S))� �



7 Pull-backs
(M, g) Riemannian manifold (RM)
(Grp(W ), gGr) Grassmannian as RM.� �

f : M Grp(W )

� �� �
0 U W ′ V 0

0 S W ′′ Q 0

iU πV

f

iS

f∗

πQ

f∗

� �
W ′→M M ×W →M
W ′′→ Grp(W ) Grp(W )×W → Grp(W )



8 Fullness

a. Grassmannian case� �
W ↪→ Γ(Q) : w 7→ πQ(w)

� �
W ⊂ Γ(Q)� �� �

b. Riemannian manifold case

W → Γ(V ) : w 7→ πV (w)

Definition� �
A map f : M → Grp(W ) is called full if W ⊂ Γ(V ).� �



9 Mean curvature operator

Definition� �
The bundle homomorphism A ∈ Γ(Hom V ) defined as

A :=

n∑
i=1

HU
ei ◦K

V
ei ,

where e1, · · · , en is an orthonormal basis of TxM is called
the mean curvature operator of f .� �
Lemma� �

The mean curvature operator A is a non-positive Hermitian
operator and we have

|df |2 = −traceA.� �



10 Laplacian acting on sections

Laplace operator acting on Γ(V )� �

∆t = ∇V
∗
∇V t = −

n∑
i=1

∇Vei
(
∇V t

)
(ei), t ∈ Γ(V ).

� �



11 Generalisations of Takahashi’s Theorem

Theorem� �
(M, g) RM
f : M → Grp(W ) Smooth map between RM’s

The following conditions are equivalent:

1.� �
f is a harmonic.� �

2.� �
∆t = −At, ∀t ∈ W ⊂ Γ(V )� �� �



Theorem� �
(M, g) : RM
f : M → Grp(W ) Smooth map between RM’s

The following conditions are equivalent:

1.� �
f is harmonic and ∃h ∈ C∞(M) :

Ax = −h(x)IdV ∀x ∈M� �
2.� �
∃h ∈ C∞(M) :

∆t = ht ∀t ∈ W ⊂ Γ(V )� �
Moreover,

|df |2 = qh, q := rnk V� �



12 Recovering the original Takahashi’s theorem

V Q

M GrN−1(RN )

f−1

f

GrN−1(RN ) =
SO(N)

SO(N − 1)
= SN−1

A ∈ Γ(Hom(V )) + {rnkV = rnkQ = 1} ⇒ A = −hIdV



13 Planning: 2/3

� �
Characterisation of harmonic maps to Grassmannians in

terms of vector bundles� �

� �
Characterisation of the moduli space (holomorphic case)� �

� �
Explicit construction of moduli� �



14 Evaluation & globally generated vector bundles

V →M VB
W ⊂ Γ(V ) finite-dimensional vector space
W M ×W →M

Evaluation homomorphism� �

ev : W V

evx(t) = t(x) ∈ Vx, t ∈ W, x ∈M� �

Definition� �
The vector bundle V →M is said to be globally generated
by W if ev : W → V is surjective.� �



15 Map to a Grassmannian induced by a VB

V →M VB globally generated by W
. dimW = N

Induced map by (V →M,W )� �

f : M Grp(W )

f (x) := ker evx

where
p = N − rnk V� �

Lemma� �
V →M can be naturally identified with f∗Q→M� �



W ′→M M ×W →M
W ′′→ Grp(W ) Grp(W )×W → Grp(W )

Natural identification φ� �

0 ker ev W ′ V 0

0 f∗S W ′ f∗Q 0

0 S W ′′ Q 0

i φ

ff∗

iS πQ

f∗

� �



16 Standard maps

(M, g) compact RM
(V →M, hV , ∇) VB + fibre metric + connection

Eigenspaces of the Laplacian (acting on sections)� �

Γ(V ) =
⊕
µ

Wµ, Wµ := {t ∈ Γ(V ) |∆t = µt} .

� �
Standard induced map by Wµ� �

Suppose V →M globally generated by Wµ

f0 : M Grp(Wµ)

f0(x) = ker evx|Wµ� �



17 Homogeneous VBs

M = G/K Compact reductive homogeneous space.
V0 q-dimensional K-module

V →M homogeneous VB, standard fibre V0
� �

G×K V0 G/K

� �

g = k + m Lie algebra decomposition
∇ Canonical connection
Hg = {(Lg)∗m|g ∈ G} ⊂ TgG Horizontal distribution



18 Consquences of homogeneity

V →M Homogeneous VB.

Lemma� �
W ⊂ Wµ globally generates V →M.
Then

V0 ⊂ W� �
U0 := V ⊥0 ⊂ W Orthogonal complement to V0

Lemma� �

f∗∇Q G≡ ∇ mV0 ⊂ U0

� �



19 Image equivalence of maps
f1, f2 : M → Grp(Km) mappings

Image equivalence of maps� �
f1 is image equivalent to f2, if ∃ isometry φ of Grp(Km)
such that the diagram commutes

Grp(Km)

M

Grp(Km)

φ

f1

f2

f2 = φ ◦ f1

� �



20 Gauge equivalence of maps

V →M VB
fi : M → Grp(Km) mappings
φi : V → f∗i Q VB isomorphisms

Gauge equivalence of maps� �
Two couples (fi, φi),(i = 1, 2) are called gauge equivalent,
if ∃ isometry φ of Grp(Km) such that

f2 = φ ◦ f1, φ2 = φ̃ ◦ φ1

where φ̃ is the bundle automorphism of Q → Grp(Km)
covering φ.� �



� �

f∗1Q Q

V

f∗2Q Q

φ̃

f∗1

φ̃

φ1

φ2

f∗2

φ2 = φ̃ ◦ φ1

� �



21 Generalisation of the do Carmo – Wallach theory
(Holomorphic case)

Theorem Hypothesis� �
M = G/K Cpct. irr. Hermitian symm. space
V →M Complex(*) homogeneous line bundle
{h,∇, J} metric, can. connection, CS
f : M → Grn(Rn+2) Full holomorphic map satisfying

Gauge condition� �(
f∗Q→M, f∗gQ, f

∗∇Q, JQ
)

G≡ (V →M,h,∇, J)
� �

Einstein–Hermitian condition� �
A = −µIdV , µ ∈ R+� �

e(f ) = 2µ� �



Theorem Thesis (I)� �
0.� �
W := H0(V ) ⊂ Γ(V ) space of holomorphic sections
is eigenspace of Laplacian with eigenvalue µ.� �

Regard W as real WR + L2-inner product.

1.� �

ι : Rn+2 WR

Rn+2 ⊂ WR, and V → M is globally generated by
Rn+2.� �� �



Theorem Thesis (II)� �
∃T ∈ S(WR) ∈ End(WR) positive semi-definite

2.� �
Rn+2 = (ker T )⊥ , and T |Rn+2 is positive definite.� �
3. (Orthogonality conditions)� �

(T 2 − IdW ,GS(V0, V0))S = (T 2,GS(mV0, V0))S = 0� �
4.� �
T provides holomorphic embedding

Grn(Rn+2) Grn′(W )

n′ = n + dim kerT

and a bundle isomorphism

φ : V → f∗Q� �� �



Theorem Thesis (III)� �
a.� �
f : M → Grn(Rn+2) can be expressed as

f ([g]) = (ι∗Tι)−1
(
f0([g]) ∩ (ker T )⊥

)
where

f0([g]) = gU0 ⊂ WR
is the standard map.� �
b.� �

The correspondence

[f ] T

is one-to-one, where [f ] is the gauge equivalence class of
maps represented by ι∗Tι and φ.� �� �



22 Planning: 3/3

� �
Characterisation of harmonic maps in terms of vector

bundles� �

� �
Characterisation of the moduli space (holomorphic case)� �

� �
Description of the moduli space of holomorphic isometric

embeddings CP1→ Grn(Rn+2)� �



23 Holomorphic isometric embeddings of degree k

CP1 Complex projective line + g + J ∼ ω0
Grn(Rn+2) Grassmannian + g + J ∼ ωQ

Holo.emb.� �
f : CP1 ↪→ Grn(Rn+2) ⊂ CPn+1

� �

Iso. of deg k� �

f∗ωQ = kω0, k ∈ N� �



24 Holo.iso.emb. of deg k & Gauge condition

O(1)→ CP1 Hyperplane section bundle� �
O(k) = O(1)⊗ k. . .⊗O(1)� �

Lemma� �
f : CP1→ Grn(Rn+2) holo.emb. is k-holo.iso.emb. iff

O(k) f∗Q Q

CP1 Grn(Rn+2)

(G) f∗

f� �



25 Holo.iso.emb. of deg k & EH condition

Lemma� �
f : CP1→ Grn(Rn+2) k-holo.iso.emb., then

(EH) A = −µId, µ ∈ R>0� �

Remark� �
a. Holo.emb.� �

(G)→ (EH)� �
b. Harmonic maps, minimal immersions� �

(G) 6→ (EH)� �� �



26 Complex representations

O(k)→ CP1 SU(2)×U(1) V0→ SU(2)/U(1)

V0 U(1)-module

Holomorphic sections + Borel–Weil Thm.� �

W := H0(O(k)) = SkC2 SU(2)− IRREP

dimCW = k + 1� �
SU(2)|U(1)� �

SkC2 = C−k ⊕ C−k+2 ⊕ · · · ⊕ Ck U(1)− IRREPs

� �� �
V0 = C−k mV0 = C−k+2 ⊂ U0� �



27 Real representations

SU(2)
2:1−→ SO(3)

Sl0R
3(dim = 2l + 1) SO(3)− IRREP

k = 2l� �
WR = (S2lC2)R = R4l+2 = 2S2l

0 R3

� �
k = 2l + 1� �

WR = (S2l+1C2)R = R4l+4

� �
H(W ) ⊂ S(WR) ⊂ End(WR)

Lemma� �

S(WR) = H+(W )⊕ H−(W )⊕ σH+(W )⊕ JσH+(W )� �



28 Spectral formulae

Lemma� �

WR =
(
S2lC2

)
R

= R4l+2� �

S2R4l+2 = 3

 l⊕
r=0

S2l−2r
0 R3

⊕
 l−1⊕
r=0

S
(2l−1)−2r
0 R3


� �
WR =

(
S2l+1C2

)
R

= R4l+4� �

S2R4l+4 = 3

 l⊕
r=0

S
(2l+1)−2r
0 R3

⊕
 l−1⊕
r=0

S2l−2r
0 R3


� �� �



29 Spaces of Hermitian operators
Proposition� �

S2lC2� �

H+(S2lC2) =

l⊕
r=0

S2l−2r
0 R3

H−(S2lC2) =

l−1⊕
r=0

S
(2l−1)−2r
0 R3

� �
S2l+1C2� �

H+(S2l+1C2) =

l⊕
r=0

S
(2l+1)−2r
0 R3

H−(S2l+1C2) =

l⊕
r=0

S2l−2r
0 R3

� �� �



30 Finding T via orthogonality relations

Lemma� �
(a) H(W ) ⊂ GS(mV0, V0)
(b) GS(mV0, V0) ∩ (σH+(W )⊕ JσH+(W )) is the
highest-weight representation.� �� �

GS(mV0, V0) = H(W )⊕ Sk0R
3 ⊕ Sk0R

3

� �
Corollary� �

Mk
∼= (GS(mV0, V0)⊕ RId)⊥ ∈ S(WR)

Mk
∼= 2

k≥2r⊕
r=1

Sk−2r
0 R3, dimRMk = k(k − 1)

� �



31 Main Results about Moduli Spaces

f : CP 1→ Grn(Rn+2) Full Holo.Iso.Emb of deg k
Mk Moduli by gauge equivalence.

Theorem 1� �
n 5 2k.� �

Theorem 2� �
If n = 2k (target Gr2k(R2k+2)) thenMk can be regarded
as an open convex body in

k=2l⊕
l=1

S2k−4lC2.

� �



Mk Compactification of Mk

Theorem 3� �
Boundary points correspond to maps whose images are in-
cluded in totally geodesic submanifolds

Grp(Rp+2) ⊂ Gr2k(R2k+2), p < 2k.� �

Mk Moduli space by image equivalence

Theorem 4� �
If n = 2k (target Gr2k(R2k+2))

Mk =Mk/S
1.� �



� �
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� �


