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1 Geometry of Grassmannians

W R or C vector space of dimension N
Grp(W) : Grassmannian of p-planes in W

Q

Exact sequence of bundles
[ 0 —— 5 5, W —Q —— 0

W — Grp(W) : Grp(W) x W — Gry(W)
S — Grp(W) : Tautological bundle over Gry (V).
Q — Grp(W) : Universal quotient bundle.



2 Induced fibre metrics

Fix an inner product (R) or a Hermitian product (C) on W.

4 I
19 7T
0O — S — W — 0 — 0
s iQ
\ J
S — Grp(W): fibre metric gg.

Q — Grp(W) : fibre metric g().




3 Connections and Second Fundamental Forms

s e D(S) = ig(s) e N(W) = dig(s) € Q' (W)
dig(s) = mgdig(s) + modig(s) = Vs + Hs

Connection on S — Gry(W)
[ V° = ngdig € Q' (Hom(S, S))

2nd fundamental form of S — Grp(W)
[ H =mpdig € Q(Hom(S, Q))

VY K. ..



4 Pull-backs

(M, g) Riemannian manifold (RM)
(Grp(W), 96r) Grassmannian as RM.
4 N
f:M —— Gry(W)
> , :
0— U Y sw oy — 50
f o
0 —— S 5 W' ——Q — 0
\_ %
W' — M MxW — M

W' — Grp(W) Grp(W) x W — Grp(W)



5 Mean curvature operator

~ Definition 2
The bundle homomorphism A € I'(Hom V') defined as

A= ZHUOKV

where e1, -+ ,ep is an orthonormal basis of 17, M is called

the mean curvature operator of f.
N J

(EH) Einstein—Hermitian condition
{ A= — U idv, JIAS R+ }




o Evaluation & globally generated vector bundles

V- M VB
W cr(v) finite-dimensional vector space
W MxW — M
~ Evaluation homomorphism N

ev: W —— V
evy(t)=tlx)eVy, teW,ze M

The vector bundle V' — M s said to be globally generated

Definition
{by Witev: W — V is surjective.




7 Map to a Grassmannian induced by a VB
V—-M VB globally generated by W (dim W = N)

~ Induced map by (V — M, W) N
fiM —— Grp(W)

f(x) := ker evy

where

p=N—rmkV

N J

Lemma
[V — M can be naturally identified with f*(Q) — M J

{ (G) Gauge condition

v 2 gyl J




s Standard maps

(M, g) compact RM
(V= M, hy, V) VB + fibre metric + connection

~ Eigenspaces of the Laplacian (acting on sections) N

V)= Wy, Wu={tel(V)|At=put}.

i
- J

~ Standard induced map by W, N
Suppose V' — M globally generated by 17,

folx) = ker evy|W),




o Image equivalence of maps
f1, fo : M — Gry(K™) mappings

~ Image equivalence of maps N

f1 is image equivalent to fo, if 3 isometry ¢ of Gr,(K"™)
such that the diagram commutes

Grp(K™)

y

M & fo=¢of1

Grp(K™)




10 Gauge equivalence of maps

V- M VB
fi: M — Grp(K™) mappings
¢; V. — f7Q VB isomorphisms
~ Gauge equivalence of maps ~

Two couples (f;, ¢;),(i = 1,2) are called gauge equivalent,
if 3 isometry ¢ of Gr,(K") such that

~

fo=¢ofi, p2=09¢0¢
where ¢ is the bundle automorphism of Q — Grp(K™)

coverin .
\_ ggb J
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11 Generalisation of the do Carmo — Wallach theory
(Holomorphic case)

M=G/K Cpct. irr. Hermitian symm. space
Vi — M Complex(*) homogeneous line bundle
V canonical connection
f: M — Grn(R”+2) Full holomorphic map
Sy .
V = f*V Gauge condition

A=—pidy, p e Ry Einstein-Hermitian condition



12 Properties of the space of holomorphic sections

Theorem 1A

The space of holomorphic sections H'(V) < T(V) is
eigenspace of Laplacian with eigenvalue L.

~

y

W .= HV)

Regard W as real Wy + L*-inner product.

~ Theorem 1B

L . Rn+2 — WR

R"*2 © Wg, and V — M is globally generated by R"*2.
N

J




13 The symmetric operator T

1T € S(Wp) € End(Wpg) positive semi-definite

R"*+2 = (ker T)", and T'|pn+2 is positive definite.

{ Theorem 2A

{ Theorem 2B

(T% — idyy, GS(Vp, Vp))g = 0
(T%, GS(mV), Vp))g = 0

~ Theorem 2C
T" provides holomorphic embedding

Grp(R"2) —— Gr, /(W)

n' =n+dimker T

Kand a bundle isomorphism ¢ : V — f*Q




12 Moduli theorems

~ Theorem 3A
£ M — Grp(R™2) can be expressed as

£(lg)) = T~ (follg)) 1 (er T)4)

where fy(|g]) is the standard map.
NS

~ Theorem 3B

1:1
[flgauge < T

where | f]gquge is represented by ¢* T and ¢.
N




15 Holomorphic isometric embeddings of degree £

Holo.emb.
{ f: CP! — Grn(Rn+2) c cpntl

Iso. of deg k
[ frwg = kwo, keN




~ Lemma

f: CP! = Grp(R"*?) holo.emb. is k-holo.iso.emb. iff

o

\ / !

> Crp, (R 2)

-

~ Lemma
f: CP! = Gry(R"*?) holo.emb. + iso. degree k, then

(EH) A=-—pid, pe Ry

N




16 C vs R representations
SU(2) xy(1) Yo = SU)/U(1)

O(k) — CP!

~ Holomorphic sections + Borel-Weil Thm.

W = HY(O(k)) = S¥C*>  SU(2) — IRREP

N

dimegW =k +1

~

SU(2) = Spin(3)
SIR3(dim =2+ 1)  SO(3) — IRREP

k=2l
[ WR _ (SQZ(CZ)R _ R4l+2 _ QSgZRS

k=20+1

Wi = (S24102) = RUH




17 Spectral formulae
EKVV)C:S(MGK)C:EDd(MﬁR)

~ Lemma N
- Wg = (SPC?R = R¥H2 N
l -1
GRAH2 _ 3 ED S§Z—2er3 S @ Sé2l—1>—2TR3
r=0 r=0
N J
- W = (82H1C2)p = RYUH .

l -1
2R+ _ g @ 562l+1)—27“R3 S EB Sgl—QrR3
r=0 r=0
N J
N J

Lemma
- S(WR) = Hy (W) @ H(W) @ o (W) © JoH (W) |




18 Spaces of Hermitian operators

~ Proposition

- S22
[
H_|_(SQZC2> L @SQZ—ZTRg
r—O
SQZCQ @S (21—1) QTR
\
- SZl—i—lCQ

H SQ[_|_1<C2 @SQHI 2TR

SQZ—I—lcQ @ SQl QTRS




19 Finding T via orthogonality relations

s@c%%‘jf? —C LBC @ =VpomlD...

~ Lemma
(a) H(W) C GS(mlp, Vo)
(b) GS(mVy, Vo) N (cHL-(W) & JoHL(W)) £

[ GS(mVp, Vo) = HW) & SFR? @ SR>
\_
~ Corollary
M. = (GS(mVp, Vp) @ Rid)" € S(WR)
k>2r

M =2 SR, dimg My = k(k — 1)

r=1




20 Main Results about Moduli Spaces

f: CP! — Gr,(R"?) Full Holo.lso.Emb of deg k&

M, Moduli by gauge equivalence.
Theorem 1

[ n < 2k. }

~ Theorem 2 N

If n = 2k (target Gro(R2¥2)) then M, can be regarded
as an open convex body in

k>2r
9 @ S(]){—QTRS
r=1




M, Compactification of M.

~ Theorem 3 ~
Boundary points correspond to maps whose images are in-
cluded in totally geodesic submanifolds

Grp(RPT?) C Grop(R12),  p < 2k.

J
M;. Moduli space by image equivalence
~ Theorem 4 2
If n = 2k (target Grop(R?12))
M = M, /St
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