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1 The Taylor expansion of the exponential map

Let M be a surface in R™ and let m € M. We know that there is an open
neighborhood Uy, of 0 € T,, M such that the exponential map exp,,, : Uy, — R"
is an one-to-one immersion. We recall also that exp,,(z) = 7,(1), where 7, :
[0,1] — R™ is the geodesic in M with initial condition v(0) = m, v.,(0) = z.
We shall consider the Taylor expansion of exp,, around the origin of 7,, M. It
will be written as

Xy () =+ Tn(2) + 3Qm(@) + < Fon(w) + .
where I,,,, Qm, K, are respectively linear, quadratic and cubic forms in 75, M
with values in R".

Our purpose is to write these forms in terms more familiar with the usual
techniques of differential geometry. Let x € U,, and put & = tv, where t €
R and v € T,,M is a unit vector. Then, as it is well known, exp,,(z) =
exp,, (tv) = v, (t). Therefore

1 1
Yo(t) =m + I, (v)t + iQm(v)t2 + gKm(v)t3 +O(th).
Hence, 7/ (0) = v = I,,(v), so that I, : T,, M — R is the inclusion. We also
have 1/(0) = Qu(v) and 1(0) = Kyn(v).
Now, 7, is a geodesic in M and this implies that at every ¢ we have
Yo (t) € Ny, 1yM, where Ny M denotes the subspace of R™ orthogonal to 7;, M.
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In fact, we have then v, (t) = a., ) (7/(t),7'(t)), where o denotes the second
fundamental form of M. Hence,

Qm(v) =1 (0) = am(v,v).

Thus, it is clear that the second order geometry of M around m is deter-
mined by the value at m of the second fundamental form of M. Let us study
the third order geometry.

2 Third order geometry

Let £ € T\, M. We may make the parallel transport of £ along the geodesic -,
in order to have a parallel vector field X (¢) along that geodesic. This means
that X (0) = ¢, X(t) € T, (M and that X'(t) € N, M. Then, we will have
X -+ = 0. Differentiating, we get

X ==Xy =-X"-a(v,7,) = —(Dy,X) - a(v,. )
= —a(X,7,) - a(v,7,)-

Hence, by evaluation at ¢ = 0 we have

¢ Km(v) =& 79,(0) = —am(§,0) - am(v,v).

We observe thus that the tangential part of the third order geometry at m
depends only on the second order geometry at m.

Now, let ¢ € N,,M. As before, we define the vector field Z(t) along the
curve 7, as the parallel transport of ¢. Thus, for any ¢ we will have Z(t) €
Ny, yM and Z'(t) € T, M. Hence Z' - ;) = 0. Thus

Z -y =(Z 7)) =(Z o) =Z- (Vo) (1),

where V is the connection induced in the vector bundle NM T*M T*M —
M by the connection V' in the vector bundle TM and the connection V+
in the vector bundle NM. Let us explain this. Let § be a section of the
vector bundle NM @ T*M @ T*M — M. Then, 3 is completely determined
by its action upon any two sections of T'M, namely X,Y, and any section of
N M, namely W, given by (W, X,Y) — W - 3(X,Y). Then, if A € X(M), the
section Va8 of NM @ T*M ® T*M — M is determined by the knowledge of
W . (VAﬁ) (X,Y) for any X,Y,W as before. Well then, we define

W (VaB)(X,Y)
=Da (W : ﬂ(X’ Y))
— (VW) - B(X,Y) =W - B(VIX,Y) = W B(X,VLY).



It is now easy to prove that this defines a linear connection for sections of that
fibre bundle.

Our result follows once one takes account that Z and +,, are parallel along
Yo and that (Z - a(yy,7,)) = Day (Z - (v, 7)-

We have thus that ¢ - K, (v) = ¢ - (Vya)(v,v). We conclude that, for any
u € R" and for any = € U,,, we have

1
u - exp,, () :u-m+u‘x+§u~am(x,:z)

1 1
- gam(uT,x) com(x, ) + guJ‘ (V) (z, z) + O(|z|h)

Note that we have not used anywhere the dimension of M. Thus all these
results are valid for any submanifold in R™.

Below, we will denote by f3,, the third order approximation of the function
x € TyM — u - (exp,,(xz) —m), that is

fau(@) =u-z+ U am(z,x) — éam(uT,x) s (x, ) + %UL (Vga)(z, z).

3 Application to the asymptotic directions for a
surface in IR’

Let M be a surface immersed in R®. Let us reword the characterization of
asymptotic directions at a point m € M given in [1], p. 1006.

Definition 3.1 Let 0 # u € R>. Then, u determines a binormal direction at
m iff the following conditions are true: (i) 0 is a singular point of f3,; (ii)
there is a non-vanishing vector x € T,, M such that u - a,,(z,y) = 0 for any
y € T, M and such that f3,(z) = 0. We say that such a vector = defines an
asymptotic direction at m.

Assume that 0 # x € T),, M defines an asymptotic direction. Then there is
u € R® with the two properties of the above definition. These are equivalent
clearly to the requirements that v € N,, M, that u - a,,(z,.) = 0 and that
u - (Vgya)(xz,z) = 0. Now, let ¢1,ts be any basis of T,,M. Then the three
vectors aum (x,t1), am(z,t2), (Vza)(z,z) € Ny M must have a non-vanishing
vector u € N, M orthogonal to them all. Since dim N,,M = 3, we conclude
that the necessary and sufficient condition for x being an asymptotic direction
is that those three vectors be linearly dependent, that is

det (aum (@, t1), am(z,t2), (Vo) (2, 2)) = 0. (1)



This is a homogeneous polynomial of degree five in the (two) components
of x, that is, the asymptotic lines on the surface M immersed in R® must
satisfy a homogeneous binary equation of degree 5.

Now, we are going to prepare this formula for the effective computation of
those asymptotic lines. Assume that (¢1, t2) is an orthonormal reference of T'M
in a neighborhood of m, and that we put by = a(t1,t1), ba = a(te,ts2), bg =
a(tr,t2). Then, o = by @t @t} + by @ th @ th + by @ (¢ @ th + 5 ® t1), where
t? is the 1-form defined by tg(z) =1tz

We have V%‘bz = (Dmbz)J‘ = Dmbi — (Dxbl . tl)tl — (Dxbz . tg)tg. Now we
note that the equation 1 may be equivalently written as

det (tl,tg, am(x,t1), am(z, t2), (onz)(x,x)) =0, (2)

and this means that in equation 2 we may replace D,b; by Vib;. Also, (V;rtf) (x) =
Dy (ti(2)) — ti((Dsti) ) = a(ti(x)) — (Dsts) = (Datl)(x) = (Daty) - =
(tj - Dgti)(tj - x), where ¢ = 1,2 and ¢ # j € {1,2}. Therefore, if we put

x = cty + dty, we have

(Do (th @ 14)) (2, 2)by = 2¢(Dyth) (x)by = 2ked by,
where we have put
k = (ta - Dyt1) = —(t1 - Dyta) = c(ta - Dy t1) + d(ta - Dy,ytr).
In the same manner we have
(D (th @ 5)) (2, )by = —2ked by,
and
(Du (s @ 5)) (z, 2)bs = (Da(th @ 1)) (z, 2)bs = k(d® — ¢)bs.
Hence, for the computation of 2, instead of (V,a)(z,x) we may write
Dby + d? Dby + 2¢dDybs + 2ked(by — by) + 2k(d* — ¢®)bs.
We compute first the part
det(aum(x,t1), am(x, ta), 2ked(by — by) + 2k(d?* — c*)bs).
It is equal to
det (cby + dbs, cbs + dba, 2ked by — 2ked by + 2k(d® — c*)bs)
=2ked? det(bs, by, by) — 2kc®d det(by, bs, by) + 2ked(d? — ¢*) det(by, by, b3)

=(—2ked® + 2kc3d + 2ked® — 2kcd) det(by, bo, b3)
=0.



Therefore we may write the equation of asymptotic directions 2 as
det(ty, ta, cby + dbs, cbs + dby, > Dby + d? Dby + 2¢dDyb3) = 0,

where every expression may be computed without special difficulty.

4 The equations in terms of a chart

Assume that M is parameterized by a chart X : R?> — R® with coordinates
(u,v). Then, let x = aX, + bX,. The equation of asymtpotic lines may be
written as

det( Xy, Xy, oz, Xy), a(z, Xy), (Vza)(z.z) =0
For brevity, we shall use the following notation
dett(P, ..., Q) = det(Xy, Xo, P, ..., Q).

Now a(x, Xy) = (aXuu + bXyu)t and an analogous formula for a(z, X, ).
Hence, the equation is

detJ_(CLqu + vau, CLqu + vava (vxa)(‘rx)) = O

The last vector field in the determinant can be seen as a sum of terms like
a®(Vx,a)(Xu, Xu), a®b(Vx,a)(Xu, Xy),. ... Let us express them in terms of
the derivatives of X. We have for the first one

(Vx,0)(Xu, Xu) = Vx, (0(Xu, Xu)) — 2a(X,,

uu?

Xu)
1 T\t T\t
= (DXuqu - 2DXuqu> = (quu - 3DXuXUU)
This contributes to the determinant by the term

a3 det (a Xy + b X pu, aXww + 0 X o, Xuwu — 3Dx, Xob)-

Thus, we need to compute (DXuXuTu)J‘. Suppose that XJU = DuuXu + QuuXo
for some functions pyqy, Guu. Then, (DXUXUTU)J' = (PuuXuu + GuuXuy) . Hence,

the term of the determinant will be
a’ detL(aqu + b Xy, a Xy + 0 Xy, Xuwu — 3(pquuu + Qquuv)
=a’ detL(quv Xuw, quu) + a'b detL(qu’ Xows Xuwu — 3Qquuv)
+ a3b2 detJ_(Xuvy vaa Xowu — 3pquuu)



We need to compute p,,, and q,,. We will have the following linear system,
where £ =X, - X, F =X, - X,, G=X,-X,:
Epuu + FQuu = qu . Xu
Fpuu + GQuu = qu : Xv'
whose solution is py, = %((qu - Xu)G — (X - XU)F) and gy, = %((qu .
X,)E — (Xyy - Xu)F), where S = EG — F?.
For (DXUX;Dl the computation is almost identical. That is, the contri-
bution to the determinant is
b3 detL(aqu + 0 Xpu, aXyy + 0 Xy, Xovw — 3(pvauv + Q'Uvav)
:CLng detl (Xmu Xuva me - 3qUUXU’U) + ab4 detL(quy XUU? vav - 3vaXuv)
+ 0% det™ (Xuw, Xow, Xovo),

where

Doy = %((va : Xu)G - (va : XU)F)’ Guv = %((XUU ’ XU)E - (XUU ’ XU)F)

Let us study the part that depends on a?b(Vx,a)(Xy, X,). We have
(Vx,0)(Xy, Xy) = V)L(u (O‘(Xva)) - O‘(XquJv) - O‘(XJua Xv)

1
= (Dx, X2 - Dx,X], - Dx, X[,

uv
T T\t
= (quv - 2DXuXuv - DXvX ) .
We need to calculate the functions py,, ¢uu such that XJU = puoXu + GuoXo.
They will be

Puv = %((Xuv : Xu)G - (Xuv : XU)F)7 Quo = %((XUU ’ XU)E - (XUU ’ XU)F)

The contribution to the determinant will be

a2b detL(aqu + b Xpu, aXyy + b Xy, Xyuw — 2(pquuu + quXuv) — PuuXuw — qquUU)
:a4b detL (qua Xuva KXuuw — Qqum;) + a3b2 detL (qu7 vaa KXuww — (QqUU + puu)Xuv)
+ @%b det™ (X, Xow, Xuww — 2Puv Xow)



In the same manner we compute the term with ab?(Vx,a)(Xy, X,). We
will have

T T L
(V) (Xu, Xp) = (XW, — 2Dy, X — DXuXM) ,

The contribution to the determinant will be

ab2 detL(aqu + bX’Uua aXyy + bX’U’U) Xuww — 2(pquuv + qu’UX’UU) - vaqu - QUUXuv)
:a3b2 detL(qua Xuva Xuww — 2(]quvv) + a2b3 det(Xmu an Xuww — (2puv + q’UU)X'U/U)
+ ab4 detL(Xuva XU’U? Xuvv - vaqu)
We compute now the term with ab?(Vx,a)(X,, X,). We will have
(Vx, @) (X, Xy) = Vx, ((Xp, Xy)) = 20( Xy, X,1,))
T 1
- (DXqu;) - QDXvXuv)
1
= (Xuvv - DXuXvTU - QDXvXuTv>

Its contribution to the determinant is the same as in the preceding case. In
the same manner we will get that the contribution corresponding to

a*b(Vx,a)( Xy, Xu)
will be the same as that corresponding to
a2b(vXu0‘) (Xu, Xo),

which we already have computed.
Our task from now on will be to compute the coefficients on a’, a’b, ..., b°
in the determinant. First, the coefficient of a®. It will be

detL (qua Xuva quu) .

That of b° will be
det™ (Xuw, Xow, Xovo)-

The coefficient of a*b will be
detl(quv XU’U7 quu - 3Qquuv)

+3 detL(qu, KXuvs Xuuw — Qquvv)
= detJ‘(qu, Xm;, quu) +3 detL(qu; XQMM quv)



In the same manner, the coefficient of ab* will be
detL(qu, Xov, vav) +3 detL(Xuvy Xov, Xuvv)'
That of a3b? will be
detL (Xuy, va, quu - 3pquuu)
+3 detL(quy Xuw, Xuww — QQuUX”UU)
+ 3det (Xuu, Xovs Xuww — (2¢us + Puu) Xuw)
= detL (X’U,’U; XUIM X’MUU)
+ 3dett (X Xuvs Xuww)
+ 3 detL(quy XU’U; qu’l))

Finally, that of a?b? will be

det (Xou, Xuw, Xoww) + 3 det™ (X, Xow, Xuw) + 3 det™ (Xuw, Xovs Xuwo)-

5 Strong principal directions of surfaces in R*
A study of these directions is given in [2] The equation to solve is now
det (a(z, Jz), (Vya)(z, z)) = 0.

Let us use the same notation as in the preceding section. Then x = a X, +bX,.

Also Y X
JX, = _“#M JX,

where d = vV EG — F2. Therefore
a(aXy, +bX,, a(—FX, + EXy) + b(FX, — GX,))

_ FX, - GX,
=t e

alz, Jx) = y
1
- 3( — (a®F + abG) Xy + (aE — B*G) Xyp + (abE + b2 F) X)) "

Thus an equivalent equation is given by
det™t (raaaQ + rapab + rpb?, (Ve0)(z, x)) =0,
where

Taa = —FXyu + EXyy, Tap = —G Xy + EXyo, 1op = FXyy — GXup-



Now, according with the results of the above section, we can write the left

hand side of the equation as

a3 dett (raaa® + 7apab + ropb?, Youu)
+3a2bdet™ (140a% + Tapab + Typb?, Yuus)
+3ab? det ™ (rqqa® + rapab + ropb?, Yiy)
+b2 det (raqa® + rapab + rpb?, Yo ),

where we have put
Yuuu - quu - g(pquuu + QUuXuv)7
Yuuv - quv - 2puUqu - (2QUU + puu)Xuv - Qquvv’
Yuvv - Xuvv - 2qu’L}X’U’U - (2puv + qv'u)Xuv - p'quuua
vav = vav - S(viXv'u +pvauv)~

Then the coefficient in a® in the equation will be

det (raa Xuwe — 3(PuwXuw + GuuXuw))
= detL(raaa quu) + 3(FqUu + Epuu) detJ‘(qu, Xu’u)

The coefficient in a*b will be

det (7ap, Yauu) + 3 det™ (Faa, Yauw)
= det™ (ap, Xuun) + 3det (o, Xuuw)
+ det™ (—GXuu + EXovp, —3(puuXuu + GuuXuv))
+ 3det™ (= F Xuu + EXu, —2Pu0Xuw — (2¢uv + Pun) Xuw — GuuXoo)
= det™ (rap, Xuuuw) + 3det (Taq, Xuw)
+3(F(2¢u0 + Puu) + 2Epus + Guu) det™ (Xouu,s Xuo)
+ 3(Epuu + Fauu) det™ (X, Xoy).-



That of a®b? will be:

det™ (rop, Yuuu) + 3 det™ (rap, Yo ) + 3det (1aq, Yuuo)
= detL(rbb, Xuuu) + 3 detL(rab, Xuw) +3 det™ (aa, Xuww)
— 3det™ (FXvy — GXuv, PuuXuw + GuuXuw)
+ 3det™ (—GXuu + EXvv, —2Puo Xuu — (2¢uv + Pu) Xuw — GuuXow)
+ 3 det™ (—F Xyu + EXu, —2qu0Xoo — (2Puv + o) Xuw — PovXuu)
= detL(rbb, Xuun) +3 detJ‘(rab, Xyww) + 3 detl(raa, Xuww)
+3(2Gquv + F(2puv + quv) + Epoy) det™ (X, Xuw)
+ 3(Fpuu + Guu + 2Epus + 2F guy) det™ (X, Xow)
+ 3(Fquu + Epuu) det™ (Xuv, Xoo)

That of a2b? :

det™ (raa, Youo) + 3det (1ap, Yauuo) + 3 det (13, Yun)
= det™ (Taq, Xow) + 3det™ (rap, Xuww) + 3 det™ (15, Xuuw)
— 3det™ (—F Xuu + EXu, GooXoo + oo Xuo)
+ 3 det™ (—GXuu + EXpp, —2qu0Xvo — (2Du0 + Gov) Xuv — PovXuu)
+ 3det™ (F Xy — GXup, —2Pu0Xuu — 2¢us + Puu) Xuw — GuuXow)
= detL(raa, Xoww) +3 detL(rab, Xuww) +3 detl(rbb, Xuuw)
+ 3(Fpuw + Gauo) det™ (Xyu, Xuv)
+ 3(Fquy + 2Gquy + Epus + 2Fpuy) det™ (X, Xow)
+ 3(2Epuv + F(2¢uv + Pun) + Guu) det™ (Xuy, Xoo)

That of ab* can be obtained by symmetry from that of a*b, so that it is

detL(Taba vav) +3 detL (rbba Xuv'u)
+ 3(F(2puv + quo) + 2Gquw + Epuy) det™ (Xup, Xoo)
+ S(GQ’UU + vav) detJ_(quu va)‘

And that of b°, from that of a®. It is

detL(Tbba Xv'vv) + 3(vav + quv) detL(Xuva va)-
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