PLANE CURVE DIAGRAMS AND GEOMETRICAL APPLICATIONS
F.S. DIAS AND J.J. NUNO-BALLESTEROS

ABSTRACT. We look at plane curve diagrams (f, «), which are given by a plane curve
multigerm o : (R, S) — R? and a function on it f : (R, S) — R. We obtain a classification
of all such diagrams where « has A.-codimension < 2 and f has finite order. Then we
define an equivalence between plane curves which we call Ap-equivalence and which is
determined by the class of the diagram (h,, «). Here, h, denotes the height function of
«a with respect to its normal vector. This is an equivalence which not only takes into
account the topology of the singularity of «, but also its flat geometry. Finally, we apply
our results in order to obtain a classification of all the plane projections of a generic
space curve v embedded in R3.

1. INTRODUCTION

Given a C* embedded space curve v : I — R3, with I C R an open interval, we can
look at the orthogonal projections of v into planes. For a generic projection, it follows
that the projected plane curve is a regular curve with only transverse double points (A;
or node singularities), which correspond to pairs of points y(¢) and 7(s) such that the
direction of projection is parallel to the secant line passing through these two points. If
the projection is not generic, the plane curve can present more degenerated singularities.
For instance, we will get a cusp if the direction of projection is parallel to some tangent
line of ~.

David showed in [2] that for a projection-generic space curve v : I — R3, the only singu-
larities that can appear in any orthogonal projection of v are the following ten A-classes:
Ao, A1, ..., As, Dy, D5, Dg, and E;. The notation here was introduced by Wall in [6] and
it refers to the Arnold notation for the implicit equation of the image of the plane curve.
Note that David considered not only orthogonal projections, but also radial projections.
His list is then longer, since the family of radial projections has 3 parameters, while the
family of orthogonal projections has only 2 (in fact, there are three more singularities,
Ag, A7 and Dg, which appear only in radial projections).

Each one of these ten singularities corresponds to a geometric phenomenon of the space
curve v (zero torsion point, cross tangent, trisecant line, etc.) Here we consider not only
local, but also multilocal singularities and all the singularities given in this list (except
E'7) have A.-codimension < 2 (EN’7 is a non simple singularity of A.-codimension 3).
Moreover, David showed that the set of projection-generic curves is residual in C*° (I, R3)
with the Whitney C* topology, a result that had been previously announced by Wall in
[6]. Recently, Wall has also proved in [7] the openness of this set.

Since we consider A-equivalence (i.e., diffeomorphisms in the source and in the target)
to classify plane curves, it is obvious that we loss some geometrical information. For
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instance, the ramphoid cusp or A, singularity of the plane projection corresponds to a
direction of projection parallel to the tangent line at a flattening (i.e., a zero torsion
point) of 7. In [2, 6], this singularity is drawn like in Figure 1.(a), obtained with the
parametrization t — (t2,t4 4 15).

FIGURE 1. (a) (t3,t* +t°) and (b) (¢3,t7).

In fact, this is the picture we get when we take a bent wire having a flattening and
we look at it through one eye in the tangent direction. However, when classifying plane
curves, the A, singularity is usually identified by the normal form ¢ ~— (¢2,¢5) which
graphically looks like Figure 1.(b). The two plane curves are A-equivalent, but Figure
1.(b) should correspond to the projection of a degenerate flattening of a space curve,
which is not generic.

We find another interesting example when looking at the geometrical interpretation
of the appearance, as a projection, of the A3 and Aj singularities. In Figure 2.(a) we
present the As singularity which appears under projection along a secant joining the
tangency points in a bitangent (non-osculating) plane. In Figure 2.(b), we give a different
presentation of the Az singularity, which appears when the bitangent plane osculates at
one of the points. In [1], it is stated erroneously that this geometrical phenomenon gives
an Ajs singularity. Also, the geometrical interpretation given in [2, 6] for the appearance
of the Aj singularity in terms of the space curve is not satisfactory. In Section 4, we give
the correct geometrical interpretation (see Figure 2.(c)).

/N \/

FIGURE 2. (a) Az (bitangent plane), (b) A3 (bitangent osculating plane) and (c) As.

In this paper, we propose a revision of the David classification by using a sharper
equivalence which takes into account not only the A-class, but also the flat geometry of
the plane curve. Since the flat geometry of a regular curve is described by looking at the
singularities of the height function, we define an equivalence which simultaneously looks
at the singularity of the plane curve and its height function. Given a plane curve germ
a: (R,0) — (R?0) we denote by h, : (R,0) — (R,0) the germ of the height function
of a in the “normal” direction (here we assume that « has isolated singularity and the
“normal” direction is the limit of the normal directions when we are close to 0). We say
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that two plane curves a, [ are Ap-equivalent if the plane curve diagrams (h,, «), (hg, 3)
are equivalent. With this definition, we see easily that the two curves given in figures
1.(a) and 1.(b) are not Aj-equivalent. This Aj-equivalence can be extended to plane
curve multigerms by choosing a different normal direction for each branch. Again, since
the inflection points are preserved under Aj,-equivalence, the curve singularities of figures
2.(a) and 2.(b) are not A,-equivalent.

Under Aj-equivalence, each one of the ten A-classes of David split into several Aj-
classes. We will compute them and show in Theorem 4.4 that for a generic embedded
space curve 7 : I — R3, there are only seventeen A, singularities that can appear in any
orthogonal projection of v (see Figure 3). Moreover, we correlate each of these A;-classes
with geometric properties of 7.

AOQ A03 A04 A23 A44

A122 A123 A124 A133
A322 A323 A523 D523
D4222 D4232 D6222 E702222

FIGURE 3. Singularities of the orthogonal projection of a generic space curve.

In Section 2, we study plane curve diagrams (f,«) where « is a plane curve singu-
larity and f is a function. We classify all the plane curve diagrams such that o has
A.-codimension < 2 and f has finite order. Although equivalence of divergent diagrams
has previously been studied (see [3],[4],[5]), it seems that the classification of plane curve
diagrams (which is one of the simplest cases) has not been treated previously in the
literature.
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2. PLANE CURVE DIAGRAMS

Definition 2.1. A divergent diagram is a pair of C*° map germs (f, g), where f : (M, z) —
(N,y) and g - (M, z) — (P, z)

(N,y) 1= (M, 2) 2~ (P, 2) .

We say that two divergent diagrams (f1,¢1) and (fs, g2) are equivalent if there are C*
diffeomorphism germs h, H, K such that the diagram

f
(N1>y1) ~ (M1>$1) — (P172’1)

S N
(N2, y2) =— (Mz, 22) —— (P2, 22)

i1s commutative.
The definition can be extended to multigerms by considering a diagram of the form

(N,T) <1— (M, 8) 2~ (P,2)

where S C M and T C N are finite sets. The definition for equivalence can be easily
extended to the multigerm case.

Let us introduce some useful notation. Given r > 1, we write
(R, 0,) = [[(R,0).
i=1
We identify a multigerm of map f : (R,,0,) — X with the r-tuple (fi,..., f.) of map
germs f; : (R,0) — X obtained by restriction of f to each branch.

We denote by R the group of diffeomorphism germs H : (R,0) — (R,0) and by R"
the group of diffeomorphism multigerms H : (R,,0,) — (R,,0,), so that we can identify
RT=TR x--- xR, with R repeated r times. We have a right group action of R" on the
set of multigerms f : (R,,0,) — X.

We also denote by L" the same group R", but acting on the left on the set of multigerms
f:(X,S) = (R,,0,). Finally, we will denote by L5 the group of diffeomorphism germs
from (R?,0) to (R?,0), which will act on the left.

Definition 2.2. A plane curve diagram is a divergent diagram (f, «) of the form
(Rra Or) <f— (Rra Or) — (R27 O) .

We say that two plane curve diagrams (f, «) and (g, 3) are equivalent if there are H € R",
h € L" and K € L, such that the diagram

(R,,0,) <I— (R,,0,) —2~ (B2, 0)
lh ) lH , lK
(R,,0,) =—— (R,,0,) —= (R?,0)

is commutative. According to the notation introduced above, this means that there are
diffeomorphism germs K : (R?,0) — (R?,0), H; : (R,0) — (R,0) and h; : (R,0) — (R,0),
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with ¢ = 1,...,r, such that
Koa;=p;0oH; hiofi=gioH,:

On one hand we consider a plane curve multigerm « : (R,,0,) — (R? 0) and on the
other hand we consider a function multigerm f : (R,,0,) — (R,,0,). Moreover, it is
obvious that if (f,«) and (g, 3) are equivalent, then «a, § are A-equivalent as plane curve
multigerms (that is, equivalent under the action of R" x £5) and f, g are A-equivalent as
function multigerms (that is, equivalent under the action of R" x L7).

Definition 2.3. Let a : (R,,0,) — (R2, 0) be a plane curve multigerm. We denote by
R* the subgroup of R" of diffeomorphisms which “preserve” a. That is, it is given by

R¥={HeR :3IK €Ly, Koa=aoH}.

The next lemma is the fundamental tool for the classification of plane curve diagrams.
Its proof follows easily from the definitions.

Lemma 2.4. (1) Assume that o, are A-equivalent. Then there exists H € R" such
that (f, ) is equivalent to (f o H™Y, 3).
(2) Two plane curve diagrams (f,«) and (g, ) are equivalent if and only if f,g are
R* x L7 -equivalent.

We use this lemma in the following way: in order to classify a plane curve diagram
(f, ) we first classify the plane curve o under A-equivalence and obtain a normal form
3. Then (f,a) is equivalent to some diagram (f, 3) by (1). Now, we fix the curve 3 and
by (2), it is enough to classify the function f with relation to the subgroup R® x £ C A
which preserves the curve [.

The purpose of this section is to prove the following classification theorem, which in-
cludes all the plane curve diagrams (f,a), where « is a plane curve multigerm with
Ac-codimension < 2 and f is any finitely determined function multigerm.

Theorem 2.5. Let (f,«) be a plane curve diagram such that o has A.-codimension < 2
and f has finite order. Then (f,«) is equivalent to one of the diagrams given in the
following tables:

Type | Bigerms
Type | Germs Ay |t —t— (t,0); t" — 1t — (0,1)
Ay [t™ —t—(t,0) Az [t™m —t— (1,0); " —t — (t,1°)
Ay [t —t — (12, 83) As [t™ —t— (1,0) ; "+ 1" —t — (1,83)
Ay [ttt — (2, 10) tm —t — (£,0) 5 1" —t — (1,83)
tm—t — (2,1°) Ds |[t™ —t— (t,0); "+ " —t — (£3,17)
tm—t — (£,0) 5 1" —t — (13, %)

Type | Trigerms

Dy [the—t— (t,0); t" —t— (0,t); t" —t — (t,1)

Dg [the—1t— (t,0); t"™ —1t— (0,t); t" +t"TL 1t — (¢,1?)
thet — (£,0); tm et — (0,1) ; t" —t — (t,1?)

Type | Quadrigerms

(t%, (£,0)) 5 (¢500,0)) 5 (™ + ™, (t,0) 5 (0" + ™, (¢, M)
E; (t’“,(to);; (fl;((),t);; Etmy(t,f)) : Et”ﬂ”“,(tﬁ))

(t*, (¢,0)) ; (¢5(0,0) tm(t,1) ;5 (2 (8 A1)

9
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Note that when « is a plane curve multigerm of A.-codimension < 1, then there is just
one class for each A-class of f (which is determined by the order sequence). However, for
plane curve singularities of A.-codimension 2 or 3, each A-class of f splits into two or
three respectively distinct equivalence classes of diagrams.

2.1. The local case. Here we consider plane curve diagrams (f, «), where « is a plane
curve monogerm. That is, we consider diagrams of the form

(R,0) <— (R,0) —%~ (R%,0) .

We will give a complete classification of plane curve diagrams (f, ), where « is either
regular or a plane curve singularity of type Aok, with £ > 1, and f is a function germ of
finite order m. Note that this includes all the plane curve germs of A.-codimension < 2.
We begin with the regular case.

Proposition 2.6. Let (f,«) be a plane curve diagram such that o is reqular and f has
finite order m. Then (f,«) is equivalent to the diagram

t" —t —(t,0).

Proof. Let 3 be the curve germ ((t) = (¢,0). We observe that, in this case, R¥ = R. In
fact, if H € R, then we consider the diffeomorphism K(z,y) = (H(z),y), which verifies
Ko =030H. Hence, H € R”.

Now we use Lemma 2.4. Since « is regular, it is A-equivalent to § and hence, (f, @) is
equivalent to (foH ™!, 3) for some H € R. Moreover, foH ! has order m and therefore it
is A-equivalent to g(t) = t™. But this implies that (fo H!, 3) is equivalent to (g, 3). O

Assume now that a : (R,0) — (R?,0) is singular, that is, o/(0) = 0. If a”(0) # 0 and
a is A-finitely determined, then « is A-equivalent to the Asy singularity, which is given
by the map germ t — (¢2,t?+1) with k > 1.

For instance, if k¥ = 1, we have an ordinary cusp A, given by t — (t*,t%). For k = 2,
the Ay singularity given by t — (¢2,¢°) is called the ramphoid cusp.

Proposition 2.7. Let (f, ) a plane curve diagram such that a has an ordinary cusp and
f has finite order m. Then (f,«) is equivalent to the diagram

t" et — (12, 1%).

Proof. The proof is analogous to the previous proposition. We only need to prove again
that R? = R, where 3(t) = (t3,#3). In fact, given H € R, by using the preparation
theorem we can write

H(t)?* = a1 (t%) + Pax(t?),  H(t)® = b(£?) + t*by(t?),

for some function germs ai,as, by, by, with a1(0),b1(0) # 0. Thus, K(z,y) = (zai(z) +
yas(x), ybi (z) +2%b2(x)) defines a diffeomorphim germ K which verifies Ko = JoH. [

In order to give a complete classification for Ay, diagrams, k > 2, we first need to char-
acterize the group R” where 3(t) = (t2,t***1). Then, we will obtain a R°-classification
of finite order function germs f : (R,0) — (R, 0).

Lemma 2.8. Let 3: (R,0) — (R20) be the curve germ 3(t) = (t*,t**1), k > 2. Then
RP={HeR:H"0)=HY0)="--= H*2(0) =0}
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Proof. If H € R?, then there exist a diffeomorphism germ K such that K o8 = 3o H.
Assume that K = (K7, K3) and write

H(t) = ait + ast?* + - -+, with a; #0
Ki(z,y) = biox + bory + baox® + birzy + booy® + - - -
Since K;(t,t**1) = H(t)?, we obtain
K (82, 1257Y) = biot® + bootd + - - -+ bt + bout2+1 4 - .

By comparing coefficients we see that ay = - -+ = agx_o = 0, which means H"(0) = --- =
H=2)(0) = 0.
Conversely, if H € R, we can write

H(t)? = t?a,(t?) + tPax(t?)
H(t)Qk-H — t2k+1b1 (t2) + t2k;+2b2 (t2)
for some function germs ay, as, by, by, with a1(0), b1(0) # 0. By hypothesis , H"(0)

H®*=2)(0) = 0. Thus, H(t)? has no terms of order 3, 5, ..., 2k—1. It implies ord(ay) > k—1
and therefore, we can write as(t) = t*"1ay(¢), for some function germ a,. Hence,

H(t)? = ay () + 7" ay(1?)

H(t>2k+1 — t2k+1bl (t2> + t2k+2b2 (tQ).
We define the diffeomorphism germ K by

K(z,y) = (za1(2) + yas(z), ybi (z) + 2" 'by(2)),
so that K o 3 = o H. Therefore H € RP.
0

Proposition 2.9. Let (f,«) be a plane curve diagram such that « is of type Agx, k > 2,
and f has finite order m. Then, (f,a) is equivalent to either

or
m 4 tm+2r—1 + dltm+27“+1 et dk—r—ltm+2k_3 — t— (t2, t2k+1),
forsome 1 <r <k—1andd,...,dy_._1 €R.
Proof. We will show first that f is R°-equivalent to
m m m+2k—
A S S /Y AL
where (8 is as in Lemma 2.8. Suppose f(t) = cput™ + Copit™ ™ + ..., with ¢,, # 0. To
simplify we can also assume that ¢, > 0, being the case ¢,, < 0 analogous.

Observe that for any choice of d},...,d, , € R, f is R-equivalent to ¢™ + djt™* +
oo 4 dj_ #1273 Consequently there is H € R such that

(1) f(t) = H(t)m + dllH(t)m"H 4+t d;ﬁ_lH(t)m'i_%_?’,
We see that it is possible to choose di, ..., d,_; in such a way that H € RP, that is,
H"(0) = - = H®2(0) = 0.

Suppose that H(t) = ait + agt® + ..., with a; # 0. The coefficient of t™ in H(¢)™ is
at, while for r > 1, the coefficient of #™*" is of the form

m—1
may Ar+1 _'_p(ala"'aafr)a
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being p(ai,...,a,) a certain polynomial in the coefficients ay, ..., a,. Using this fact and
comparing the coefficients in (1), we get

_ m—1 /! m-+1
Cmt1 = ma]" ag + dyai"™" ",

. m—1 1 /1 !/ m-+3
Cm+4+3 = Ma; aq +p0(a1, az, a3) + dlpl(ab az, a3) + dyay"™,

k—2
m—1 k—2 r k-2
Cm+2k—3 = May" Ggp_z +py ~(a1,...,a%-3) + E dipi“(ay, ..., agx—3)+
=1
U m-+2k—3
k—1%1 .
Since ay # 0, obviously we can choose d,...,d;_; such that ay = a4 = -+ = agg_2 =0

and hence, H € R”.
By Lemma 2.4, we have that (f, «) is equivalent to

£ 4 Ayt dyt™ T e Tt (2,870,

for some dj,...,d;_, € R. If d,...,d;,_, = 0, we are in the first case of the statement.
Assume they are not zero and let r € {1,...,k—1} be such that d; =---=d,_; =0 and
d! # 0. We take linear changes of coordinates H(t) = bt and h(u) = Au which transform
the above diagram into

- , .
In fact, it is enough to take b = *""'y/d’ and A\ = b™. O]

Corollary 2.10. Assume m > 2k — 3. Then, each choice of r € {1,...,k — 1} and the
coefficients dy, ..., dy_._1 € R in the plane curve diagram

tm 4 tm+2r—1 + dltm+2r+1 44 dkiriltm-ﬂk—fﬂ — t— (t2,t2k+1),
corresponds to a distinct equivalence class.

Proof. Let us consider

F(E) = 7 4 gmr Tl gl g g2k,

g(t) =M g2’ —1 + dlltm+2r’+1 NS d;_,«/_ltm+2k_3,
with 1 < rr' < k—1and dy,...,dy—r_1,d},...,d;_,,_; € R. Suppose that f and g
are R x L-equivalent by means of (H,h), where 3(t) = (t2,t**1). We write h(t) =

Mt + Xot? + ... with A\; # 0. Since m > 2k — 3, it follows that 2m > m + 2k — 3 and
therefore,

h(F(H) = Ay (£™ 4+ 72 =L qmH2rel gy g hesy

being this function germ RP-equivalent to g. Thus from proof of the previous lemma we
have that r =" and d; = d} foralli =1,... k —r — 1. O

When m < 2k — 3, sometimes it is possible to use the L£i-equivalence to eliminate other
terms in the function f. Unfortunately, it is quite complicated to give a formula for the
general case, since many particular cases may appear. As a sample, we see here some
examples in simple cases:
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(1) Assume m = 2k — 3. Then (f, «) is equivalent to either

t2k‘73 «— t N (tQ’ t2k+1),

or
t2k‘73 _'_ t2k‘+27‘74 + Clt2k+2r72 _'_ . + C]g77‘72t4k‘78 «— t SN (t27t2k+1),

with 1 <r < k—2and ¢,...,cr_.—o € R. Moreover, each choice of r and the
coefficients ¢y, ..., c,_,_o corresponds to a distinct equivalence class.
(2) Assume m = 2. Then (f, ) is equivalent to either

or
with 1 < r < k—1. Moreover, each choice of r corresponds to a distinct equivalence
class.

Finally, we give a explicit classification of ramphoidal cusp diagrams (k = 2).

Corollary 2.11. Let (f, ) be a plane curve diagram such that o is a ramphoid cusp and
f has finite order m. Then (f,«) is equivalent to either

t 4t — ($2,1°)
or
t" et — (£2,1°).

Remark 2.12. It follows from the above discussion that the two diagrams
t" 4t et — (2)1°) and T et — (£7,1°)

are not equivalent. Moreover, assume that a(t) = (ast? + agt3 + -+, bst® + bt® + - - ),
with ag, bs # 0, and f(t) = cpt™ + oy t™ ™ + - -+ with ¢, # 0. Then (f, «) is equivalent
to

{tm + ™ —t — (12,1°),  if 2a9¢my1 — mascy, # 0,

tm—t — (t3,1°), if 2a9¢m 41 — masc,, = 0.

2.2. The multilocal case. Here we consider plane curve diagrams (f, «), where « is a
plane curve multigerm. According to the notation introduced in the beginning of this
section, we identify a plane curve multigerm « with a r-tuple (aq,...,«,) where each
«; is a plane curve germ. In the same way, a function multigerm f is given by a r-tuple
(f1,..., f-) of function germs f;. We say that f has orders (mq, ..., m,) if each f; has order
m;. Finally, a plane curve diagram (f, &) will be denoted by a r-tuple (f1,1);...; (fr, ;)
where each (f;, «;) is a plane curve diagram monogerm.

For a plane curve bigerm of A.-codimension < 2, we have four possibilities, namely the
Ay, As, A5 and Dj5 singularities.

Proposition 2.13. Let (f,«) be a plane curve diagram such that o is a plane curve
bigerm of type Ay and f is a function bigerm of finite orders (m,n). Then (f,«) is

equivalent to
(t™, (¢,0)) 5 (", (0,1)).
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Proof. 1t follows from the plane curve classification that (a;; az) is A-equivalent to (5;; B2),
where [;(t) = (¢,0) and (5(t) = (0,t). By Lemma 2.4, (f1,a1); (f2, a2) is equivalent to
(fio H B1); (fao Hy't, Bo) for some pair (Hy, Hy) € R x R.

Moreover f; o H;* and f, o H, ' also have orders m and n respectively, hence f; o H;*
and fyo0 Hy ' are A-equivalent to ™ and t". We will show that, in this case, R” = R x R,
which gives the desired result.

In fact, given (Hy, Hy) € R x R, we can consider the diffecomorphism K defined in an
obvious way by K(z,y) = (Hi(x), Hy(y)), so that K o ; = B; 0 H;, i = 1,2,. Hence,
(Hy, Hy) € R”. O

Proposition 2.14. Let (f,«) be a plane curve diagram such that o is a plane curve
bigerm of type Az and f is a function bigerm of finite orders (m,n). Then (f,«) is
equivalent to
(t™, (£,0)) ;5 (" (t,1%)).
Proof. Let 3 be the plane curve bigerm with branches £;(t) = (¢,0) and ((t) = (¢,t%).
We show first that
RP = {(Hy, Hy) € R x R : H}(0) = H,(0)}.

In fact, if (Hy, Hy) € R, there exist a diffeomorphism K (z,y) = (Ki(z,y), Koz, y))
such that K o 3; = ; 0 H;, ¢ = 1,2. This means that

Ki(t,0) = Hi(t), Ky(t,t*) = Hy(t),

and by taking derivatives at ¢ = 0, we arrive to H{(0) = H}(0).
Conversely, let (Hy, Hy) € R x R be with H{(0) = H5(0). We can write

Hy(t) — Hi(t) = £?Qu(t), Ha(t)” =t£2Qa(t),
for some function germs @, Q2 with Q2(0) # 0. Therefore, we define K by

(o) = (H1(o) + Qo). (o))

which satisfies the desired equalities K o 3; = 3,0 H;, 1 =1, 2.

In the second part of the proof, we show that if (fi, fo) have order (m,n), then there
are (Hy, Hy) € R® and (hy, hy) € £ x £ such that

hiofioH{'(t)=t™ and hyo foo0 Hy'(t) =t"
This will conclude the proof by Lemma 2.4.

Since ord(f;) = n, there exist a pair (Hy, hy) € R x L such that hy o fy 0 Hy '(t) = t".
We consider hy € L, given by

_m!Hé(O)m
M)

It follows that ord(hy o fi) = m and (hy o f1)™(0) > 0 when m is even, therefore there
is H; € R such that

(2) hio fio H'(t) =t™

Note that when m is even , —H; also satisfies the previous equality.
By computing the derivative of order m at ¢ = 0 on both sides of equality (2), we obtain
H{(0)™ = H}(0)™. Therefore, if m is odd this implies H{(0) = H5(0), and then (Hy, Hs) €
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RP. Otherwise, if m is even, we have H|(0) = +H4(0), so that either (H;, Hy) € R’ or
(—Hy, Hy) € RP, as desired. O

Proposition 2.15. Let (f,«) be a plane curve diagram such that o is a plane curve
bigerm of type As and f is a function bigerm of finite orders (m,n). Then (f,«) is
equivalent to either

(™, (£,0)) 5 (¢" + ", (¢,8%))
or

(t™, (£,0)) ;5 (" (¢,1%)).

Proof. As in previous proposition, we will divide the proof in two parts. Let 3 be the
plane curve bigerm given by 3,(t) = (¢,0) and 35(t) = (¢,1*). We show first that

RP = {(H, Hy) € R x R : H{(0) = H5(0) and H{ (0) = H}(0)}.

In fact, if (Hy, Hy) € RP, there exists a diffeomorphism K = (K, K,) such that

KOBZ‘ :ﬁiOHia 1= 1,2, that iS,
Ki(t,0) = Hi(t), Ki(t,t%) = Hy(t).

By taking derivatives at t = 0, we get H;(0) = H5(0) and H{(0) = H}(0).

Conversely, let (Hy, Hy) € R x R be with H{(0) = H5(0) and H{(0) = HJ(0). We
write

Hy(t) — Hi(t) = £°Qu(t), Ha(t)’ = £°Qa(t),

for some function germs @, Q2 with Q3(0) # 0. The diffeomorphism K which satisfies
Ko ;= 0;0H; i=1,2,1is given by

(o) = (H) 441 (2)4Qe(o) )

In the second part of the proof, we show that if (fi, fo) have orders (m,n), then there
are (Hy, Hy) € R” and (hy, hy) € L x L such that

(3) hio fio H{'(t) =t™, hyo fyo Hy'(t) =t" +dt"*?,

for some d € R. Observe that given any d € R, there is a pair (Hj, hy) € R x L such
that hy o fo 0 Hy'(t) = t" + dt"!, since f, have order n. Now, as in the proof of the
above proposition, we can choose h; € L in such a way that there is H; € R such that
(Hy, hy) satisfy the first equality in (3) and Hj(0) = H5(0). Moreover, in order to have
H{(0) = HJ(0), we can take
L () /5 (0) - M 0) HY(0)
(n+ 1)IH{(0)+1

Finally, it follows from (3) that the diagram is equivalent to (t™, (¢,0)); (¢"+dt™ ™, (¢, 3)).
If d = 0 then, we are in the first case. Otherwise, if d # 0, we take linear changes of
coordinates which transform it into (£™, (¢,0)); (t™ + t"*1, (¢, 13)). O

Proposition 2.16. Let (f,«) be a plane curve diagram such that o is a plane curve
bigerm of type Ds and f is a function bigerm of finite orders (m,n). Then (f,«) is
equivalent to either

(tm, (t, 0)) : (tn _'_thrl’ (t3,t2))
or

(t™, (¢,0)) 5 (", (%, 7).
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Proof. As in previous propositions, the proof consists of two parts, but we just give the
details for the first part. Let § be the plane curve bigerm defined by 3;(t) = (0,¢) and
Bo(t) = (t%,t%). Then

RP = {(Hy, Hy) € R x R: H|(0) = Hy(0)* and H}(0) = 0}.

In fact, if (Hy, Hy) € RP, there exists a diffeomorphism germ K such that K o 3; =
B;o H;, i =1,2. Assume that

Hi(t) = ant + apt’ +apt> +---, i=1,2
K(z,y) = (blo$ + b1y + boox® + -+, Cro0T + cory + oo + - - )
Since K(0,t) = (0, Hy(t)) and K(t*,t%) = (Hy(t)?, Ha(t)?), it follows

boit + boat® + -+ =0,
coit + copl® + - = apt +appt* + -,
biot? + boit® + - - = a5, t* + 2ag 99t + - - -,
crot? + cort® + oot 4+ - = ad t? + 3as,amtt + - .

By comparing coefficients in the equalities above, we get asy = 0 and a;; = a3;.

Conversely, let (Hy, Hy) € R x R be with H{(0) = H4(0) and H}(0) = 0. Then, we
can write Hy(t)? = Q1 (¢, %), where Q1(0,0) # 0 and Hy(t)®> — Hy(t?) = 2Qq(t, ¢%).
Now it is enough to take K defined by

K(x7y> = (le(xay)a Hl(y> + xQz(x,y)).
0

For a plane curve trigerm of A.-codimension < 2, we have just two possibilities, the D,
and Dg singularities which have A.-codimension 1 and 2 respectively. Finally, for a plane
curve quadrigerm, we only consider the E- singularity. As we said in the introduction,
this is a non simple singularity of A.-codimension 3. However, we consider the stratum
given by the union of all the 1-parameter family of 4-classes, which has A.-codimension
2. The proofs are quite similar to the proofs of the above propositions and the details are
left to the reader.

3. Aj,-EQUIVALENCE OF PLANE CURVES

We introduce here an equivalence for A-finitely determined plane curve multigerms.
We call this equivalence Aj,-equivalence since it takes into account, not only the A-class
of the curve «, but also the information of the height function family on «. However,
instead of considering the whole height function family, we will restrict ourselves to the
height function associated to the normal direction, since all the other height functions are
regular. To do this, we need to consider an extension of the normal vector for plane curve
singularities.

Let a : (R,0) — (R?0) be plane curve germ. We assume that « is A-finitely deter-
mined. Then there is £ > 1 such that

0)=---=a*D0)=0, o¥(0)#£0.

We choose a vector v, € S orthogonal to a®(0) (v, is well defined up to the sign). We
denote by h,, : (R,0) — (R,0) the germ of the height function given by the inner product

ha(t) = {a(t), va)-
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This definition can be extended easily to plane curve multigerms in the following way:
Let a : (R,,0,) — (R%0) be plane curve multigerm defined by a = (o, ..., ,). Then
he : (R, 0,) = (R,,0,) is the function multigerm given by h, = (hay,-- -, ha,)-

Definition 3.1. We say that two plane curve singularities «, 8 : (R,,0,) — (R?,0) are
Ap-equivalent if the plane curve diagrams (hq, @), (hg, 3) are equivalent. That is, there
are diffeomorphisms H € R", h € L" and K € L, such that the diagram

(R, 0, ) (R, 0,) —= (R?,0)
lh lH lK
(R,,0,) <= (R,,0,) —~ (R,0)
iIs commutative.

It is obvious that if a, 3 are Aj-equivalent, then they are A-equivalent. The converse
is not true, although the Aj-equivalence is preserved by smooth change of coordinates in
the source and affine change of coordinates in the target.

Lemma 3.2. Let a : (R,,0,) — (R%0) be a plane curve multigerm. If H € R" and
K : R? — R? is an affine transformation, then K o oo H is Ay, -equivalent to o.

Proof. In order to simplify the notation we assume that « is a monogerm (r = 1). The

proof for a multigerm is analogous. We first observe that if o/(0) = --- = a®*~1(0) = 0
and a®(0) # 0, then
(a0 HY(0) == (aoH)*D(0)=0, (aoH)(0)=H(0)"a™(0)# 0.

Thus, we can choose v, = Vnog SO that haog = he o H. It is obvious that the diagrams
(ha,a) and (h, o H,av 0o H) are equivalent.
Suppose now that a(t) = (ai(t), as(t)) and K(z,y) = (ax + by, cx + dy). Again we
have
(Koa)(0)=---=(Koa)®M(0)=0, (Koa)®(0)=K(™0))#0,
which allow us to choose

(—al?(0), a{P(0)) (= cal?(0) = da$? (0), aal® (0) + bl (0) )

and Vioq =

Vo =
[l (0)]] [|(K 0 ) B (0)]|
It is not difficult to see that hgoo = h o h,, where
[ (0)]
h(u) = det(K)
[(K o a)® ()]
This shows again that the diagrams (hg, @) and (hxoa, K o a) are equivalent, concluding
the proof. 0

Let a: (R,0) — (R?,0) be a plane curve germ. Then we can use the above lemma to
show that « is Ap-equivalent to another plane curve germ 5 = (1, (2), with ord(3;) <
ord(f2). In particular, we can take vg = (0,1) and hg = [s.

For a multigerm « : (R,,0,) — (R%0), we can always choose three normal vectors
v1, Vg, v3 and show that « is Aj-equivalent to 3, with vg, = v;, i = 1,2,3. When r = 2,
we usually fix the normal vectors as v; = (0,1) and vy = (1,0). When r = 3, we will
use v3 = (—1,1)/4/2 as the third normal vector. Note that for r > 4, we cannot do this
anymore (because of cross-ratio).
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Next theorem synthesizes the Aj,-classification of all the plane curve multigerms of A,-
codimension < 2. The proof of the theorem will be an easy consequence of the results of
the previous section.

Theorem 3.3. Let a be a plane curve singularity with A.-codimension < 2. Then « is
Ap-equivalent to one of the multigerms given in the following tables:

Type | Bigerm
Type | Germ A (4 tF); (5™, 8), k,m > 2
Ay | (,tF), k>2 Az | (t,—t%); (s, 8%), k> 2
Ay (20 A (1P (5,57 + )
Ay | (Bt 15 (t,—13); (s, 8" + s51) k>3
(12, 1> + t°) (t, —t3); (s,8%), k>3
(2, 1°) Ds | (2,7 +t*); (sk, s), k>2
(t27t3>a (Sk78)7 k=2

Type | Trigerm

Dy (t tk) ( 8);(U_un7u+un)7 k,m,n > 2
Dg | (t, —t?); (5%, 5); (u, u™ + u™* L), k,m > 2
(t, —t2); (5", 5); (u, u™), k,m > 2

Type | Quadrigerm

(t, tF + P (s + 'L ) (uw — u™, u 4+ u™); (v — o™, Av + 0", k,[,m,n > 2
Er | (t,t%); (s +sl“,s),(u—um,u+um);(v—v”,/\v+v"), k.l,m,n>2
(t,t%); (84, 5); (u — u™, w4+ u™); (v — V™, Av + "), k,I,m,n > 2

We begin with the regular case. Let a : (R,0) — (R?,0) be a regular plane curve germ.
Then, there is a well defined curvature function k,. We denote by k > 2 the number
defined by k := ord(k,) + 2, that is,

ka(0) ==k 30) =0, &FED(0)#£0.

«

Proposition 3.4. Let a be a regular plane curve germ. Then o is Ap-equivalent to (t,t).

Proof. Since « is regular, by Lemma 3.2 we can write a(t) = (¢, aa(t)), with a4(0) = 0. We
observe now that if ord(k,) = k — 2, then ord(as) = k. On the other hand, h,(t) = as(t)
and hg(t) = t*, where 3(t) = (¢,t*). Thus, by Proposition 2.6, (h,, ) is equivalent to
(hg, B). Therefore, a and 3 are Ap-equivalent. O

From this proposition we deduce that the order of k, is an Ap-invariant of « (this is
not true for A-equivalence). In fact, it is a complete invariant: « and [ are Aj-equivalent
if and only if ord(k,) = ord(kg). Moreover, if £,(0) = kg(0) = 0, then o and [ are
Ap-equivalent if and only if k, and ks are A-equivalent.

The next cases in the classification correspond to plane curve germs with either an
ordinary or ramphoid cusp.

Proposition 3.5. Assume a has a cusp singularity Ao, k=1, 2.
(1) If a has an ordinary cusp, then it is Ap-equivalent to (12, 3).
(2) If a has a ramphoid cusp, then it is Ap-equivalent to either

1%, (2,0 +1°); or (£,1°).
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Proof. We can assume that
a(t) = (agt? + ..., bst® + byt +bst® +...),  ha(t) = bgt® + byt + bst® + ...
with as # 0 and (bs, bs) # (0,0). If @ has an ordinary cusp, then b3 # 0 and (hq,, @) is
equivalent to (t3, (12, t3)), by Proposition 2.7.
Otherwise, b3 = 0, b; # 0 and « has a ramphoid cusp. Then we use Corollary 2.11,
which gives that (h,, ) is equivalent to either

(¢, (2, ¢4 + %)), if by # 0,
(85 + 15, (2,6 +15)), if by =0,bs # 0, or
(£, (£%,19)), if by = bg = 0.

0

Now we proceed to the bigerm singularities. The simplest case is the node singularity
or type Ay, where two regular branches meet transversely. In this case, we also consider
the curvature k,, of each branch «;, ¢« = 1,2. We denote by k,m > 2 the numbers defined
by k := ord(ka,) + 2 and m := ord(Ka,) + 2.

Proposition 3.6. Let a be a plane curve bigerm of type Ai. Then it is Aj,-equivalent to
(£, %) (s, 5).

Proof. We first use Lemma 3.2. By changing the parameters of the curve and after a
linear change of coordinates, we can assume that the curve bigerm is given by

(t,apt® + .. ) (bps™ + ..., 8),

with ag, by, # 0. Therefore, by Proposition 2.13, the associated diagram (hq,, @1); (hay, 2)
is equivalent to the diagram (t*, (¢,t*)); (s™, (s™, 5)). O

All the remaining cases follow easily by using a similar argument and the corresponding
result which classifies the plane curve diagram. We will state the propositions for these
cases, although the details of the proofs are left to the reader.

The Aj singularity is a bigerm with two regular branches meeting tangentially with a
first order contact. This means that the curvatures x,, and k,, are not equal at 0. We can
assume without loss of generality that x,, (0) # 0 and we denote k := ord(kq,) +2 > 2.

Proposition 3.7. Let a be a plane curve bigerm of type As. Then it is Aj,-equivalent to
(t, —t?); (s, s").

In a singularity of type As we have two regular branches meeting tangentially with a
second order contact. This means that the curvatures x,, and k,, are equal at 0, but with
distinct first order derivatives. Thus, we have two possibilities: either kg, (0) = Kqa,(0) # 0
O Ko, (0) = Kay(0) = 0, K, (0) # 0 and k := ord(Ka,) +2 > 3.

Proposition 3.8. Let a be a plane curve bigerm of type As. Then it is Aj,-equivalent to
either
(ta t2)7 (Sa 82 + Sg)a (t7 _tg)a (57 Sk + Sk+1)7 or (ta _t3)7 (Sa Sk)'

The last case for bigerm singularities corresponds to the Dj singularity. Now we have
a singular branch with an ordinary cusp and a regular branch “transverse” to the cusp
(that is, with non collinear normal vectors). If oy is the regular branch, we put as usual
k= ord(ke,) +2 > 3.
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Proposition 3.9. Let a be a plane curve bigerm of type Ds. Then it is Ay-equivalent to
either

(23 4+ th: (s%,8),  or (3 1%); (5", s).

We consider now a trigerm singularity of type D4s. We have three regular branches which
are pairwise transverse. Let k,m,n > 2 be the numbers defined by k := ord(k,,) + 2,
m = ord(ka,) + 2 and n := ord(ka,) + 2.

Proposition 3.10. Let a be a plane curve trigerm of type Dy. Then it is Ay -equivalent
to

(t, t%); (5™, 8); (u — u™, u 4 u™).

There is one more trigerm singularity, Dg. In this case the three branches of the curve
are regular, but two of them meet tangentially with first order contact and the third one
is transverse. We assume that a;, az are tangent and as is transverse. Moreover, we
denote k := ord(ka,) + 2 and m := ord(Ka,) + 2.

Proposition 3.11. Let a be a plane curve trigerm of type Dg. Then it is Ap-equivalent
to either
(t, —t%); (5%, 8); (w, u™ +u™),  or  (t,—t?); (s", 5); (u, u™).

Finally, the only remaining case corresponds to the E; singularity. We have four regular
branches which are pairwise transverse. Let k,l,m,n > 2 be the numbers defined by
k:=ord(ke,) + 2, [ := ord(Ka,) + 2, m := ord(ke,) + 2 and n := ord(ka, ) + 2.

Proposition 3.12. Let a be a plane curve quadrigerm of type E7. Then it is Ay, -equivalent
to either

(t, 1% 4 5T (88 4 es' s) (w — u™ u A+ u™); (v — 0™, Ao 4 o™,
(t,t%); (s" + s 5); (u — u™ u + u™); (v — V™, Av + ")
or
(t, t%); (s, 8); (w — u™, u +u™); (v — 0", Av +v").

4. SINGULARITIES OF PROJECTIONS OF SPACE CURVES

Let I C R be an interval. The set of C* space curves v : I — R? is denoted by
C>(I,R?). We consider in this set the Whitney C'* topology.
Given v € S%, we denote by p, : R® — (v)* the orthogonal projection in the direction
determined by wv:
py(z) =2 — (x,V)V.
If v : I — R3 is a space curve, we can consider the plane curve p, o v obtained by taking
the orthogonal projection into the plane (v)=.

Theorem 4.1. [2] There is a residual subset Q C C*(I,R?) such that if v € Q, then it is
an embedding and for any v € S?, pyoy has only singularities of type Ao, . .., As, Dy, Ds, Dy
and E-.

The curves in the subset Q C C*°(I,R?) are called projection-generic by David in [2]
(see also [6]).

Given a projection-generic curve -, it follows from genericity that it is an embedding
and moreover, for any ¢t € I, 4/(t),7”(t) are not collinear. In particular, it has a well
defined Frenet frame. We denote by x(t), 7(t) the curvature and torsion respectively of
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v at the point ~(f). Moreover, we will denote by T'(t),O(t) the tangent line and the
osculating plane respectively of v at y(t).

Given a line £ in R? which meets the curve 7 in 2, 3 or 4 points, we will say that it is a
secant, trisecant or quadrisecant line, respectively. A cross tangent is a secant line which
is tangent to the curve at one of the points. Given a plane 7 in R3 which is tangent to
the curve in 2 or 3 points, we will call it a bitangent or tritangent plane, respectively.

Definition 4.2. Let v : I — R3 be a C™ space curve. We will say that ~ is generic if it
is projection-generic in the above sense and moreover the following conditions hold:
(1) Assume that the secant line ¢ to 7 at two points y(t;), ¢ = 1,2 is contained in the
osculating planes ¢ C O(t;), for any ¢ = 1,2. Then, 7(¢;) # 0, for any i = 1, 2.
(2) Let ¢ be a cross tangent to v at y(t;), for any i = 1,2, tangent in y(¢;). Then
YW(t) ¢ Ot).
(3) Let ¢ be a trisecant line to v at three points ~(¢;), i = 1,2,3. If £ C O(ty), then
7(t1) # 0 and £ ¢ O(t;), for any i = 2, 3.
(4) Let £ be a trisecant line to 7 at three points v(¢;), i = 1,2,3. If £ is contained in
a bitangent plane 7 to v at two of these points, then m does not osculate at none
of the three points and 7 (¢;) is not contained in the bitangent plane.
(5) Let ¢ be a quadrisecant line to «y at four points y(¢;), i = 1,2,3,4. Then, ¢ ¢ O(t;)
and ¢ || v3(;) at most in two points.

By using standard transversality techniques, it is possible to show the following result.
Lemma 4.3. The subset of generic space curves is also residual in C*(I,R3).

The classification of all the singularities of projections of a generic space curve is sum-
marized in the following theorem.

Theorem 4.4. Let v be a generic space curve. For any v € S, the only Ay,-singularities
of the orthogonal projection py o7y are given in the following tables (see also Figure 3):

A-class | Ap-class | Bigerm
N2
A-class | Ay-class | Germ Ay ﬁlw E?;ijgsgﬁg
Ay Ao, (t,1?) A123 (t’ tz)j (z4, 2)
AOB (t’tg) A124 ’ 3 7 37
A (t t4) 133 (t,t )7 (3 73)
O ’2 3 A3 A322 (ta _t2)7 (Sa 82)
Az Ay (¢, 1) 2). (o o3
: A (t,—t%); (s, s°)
A4 A44 (t27t4 +t5) A A - : 2). 7 ’2 3
5 523 (tat )7('9’8 + S
Ds Ds,, | (2,83 +t1); (5% 5)

A-class | Ap-class | Trigerm
Di | Duy, |(t1%):(s% ) (u—u? utu?)
D6 D6222 <t7 _t2); 327 S>; (U, U2 + u3>

A-class | Ap-class | Quadrigem
E7 E72222 (t7t2+t3);(82+65373);(U_u27u+u2);(v—U27)\’U—|—U2)

Let y be a generic curve in R? and let v € S%. All the A;-singularities of the orthogonal
projection p, oy given in the above tables have a geometrical interpretation which is
described in the following propositions.
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Proposition 4.5. Let v be a generic space curve and let v € S? be such that v does not
lie in any secant line of v passing through y(to). Then the germ of py o7 at ty has a
singularity of type:

Ay & v & T(ty). Moreover, it is Ap-equivalent to:

A027 va ¢ O(t0>
Aoy, if v eEO(ty) and T(to) # 0.
Ao, ifveO(ty) and T(ty) = 0.

Ay & v e T(to) and T(to) 7& 0.
A44 <V E T(to) and T(to) = 0.

Proof. Let us denote a = py o 7. It is obvious that « is regular if and only if v ¢ T'(¢).
Moreover, if it is regular, then it has a singularity of type Ay, at ¢y, k = 2, 3,4 if and only
if o/ (ty), ..., ™ V(ty) are collinear, but o/ (ty), ..., a™(ty) are not. In terms of v and 7, it
is equivalent to the fact that v,~/(ty), ..., 7* Y (ty) are collinear, but v,y'(t), ..., 7" (t)
are not. Now we have the following obvious equivalences:

(1) k=2 if and only if v ¢ O(ty);

(2) k=3 if and only if v € O(ty) and 7(ty) # 0;

(3) k=4 if and only if v € O(ty) and 7(ty) = 0.

In the second part, we see that o has a singularity A, at ¢ if and only if o/(¢y) = 0 but
the vectors a’(ty), a” (to) are linearly independent. This means that v,~'(to) are parallel,
but v/ (t0), 7" (te),7" (to) are not collinear, that is, 7(ty) # 0.

Finally, a has a singularity Ay at to if and only if o/(¢y) = 0, the vectors o (tg), " (to)
are collinear, but o/ (¢), a(ty) are not. This is equivalent to that v,v'(ty) are parallel,

7(ty) = 0 and 7'(to) # 0. O

Proposition 4.6. Let v be a generic space curve and let v € S? be such that v lies in
the secant line to v passing through v(to) and y(sg), which is not a trisecant. Then the
bigerm of py oy at (to, So) has a singularity of type:
Ay < v does not lie in a bitangent plane to v at (ty, so). Moreover, it is Ap-equivalent
to:
Av,,,  if v & O(ty) and v & O(so).
Ay, if v ¢ O(ty), but v.e O(so) and 7(sg) # 0.
Av,y,  if v ¢ O(ty), but v e O(sg) and 7(s¢) = 0.
Ay, if v e O(ty) and v € O(sp).
Az < v lies in a bitangent plane to v at (tg, So) and the secant line is not a cross
tangent. Moreover, it is Ap-equivalent to:

As,,, if v & O(ty) and v ¢ O(so).
A323, ZfV ¢ O(to), but v € O(SQ).

As < v lies in a bitangent plane to v at (tg, So) and the secant line is not a cross
tangent. Moreover, the bitangent plane contains the vector

1" (s0) [I? sin(62)*" (to) + |7/ (to)II? sin(61)*y" (s0),
where 6, 03 are the angles 61 = Z(y(to) — Y(s0),7 (to)) and 0y = Z(y(to) —

V(0),7'(50))-
D5 < The secant line is a cross tangent.
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Proof. We will show just the Aj singularity which is perhaps the least obvious. The proof
of the remaining cases is analogous to the proof of the above proposition.

By Proposition 3.8, we have that the projection o = py o v has a singularity Aj if and
only if the two branches of the curve have the same tangent and the same curvature (and
distinct first order derivatives of the curvature). It is easy to see that this is equivalent to

a(to) = a(so),
a'(ty) = A/ (s0),
det (o/(to), " (tg)) = A’ det (o/(s0), " (s0)), A E€R.
The two first equalities are equivalent to that v is parallel to the secant line and that it

belongs to the bitangent plane, respectively. Thus, the vectors v(to) —v(s0), 7 (t0), 7 (s0)
are collinear and there exist A, B and C not all zero, such that

C(v(to) = v(s0)) + A7 (to) + B7'(s0) = 0.
Since v is parallel to v(ty) — v(so), it follows that Ad/(ty) + Ba'(sp) = 0 and hence,

A = —B/A. Note that A, B # 0, since otherwise we would have a cross tangent. We
consider now the triangle given in Figure 4, from which we obtain

sin(6;) _ sin(6y)
1BY (s0)l  [A7'(to)]

v

C(v(s0) —7(to))

FIGURE 4

On the other hand, the condition det (o/(so), a”(tg) — A2a”'(s9)) = 0 is equivalent to
the fact that the vector 7" (tg) — A\?7”(s0) belongs to the bitangent plane at (s, o). After
substituting the values of A\ and A in the vector 7" (tg) — A2v”(s), we obtain that it is
equivalent to that the vector

|7/ (s0)|* sin(62)*7" (to) + |7 (to) [* sin(61)*y" (s0)
belongs to the bitangent plane at (sg, ). O

The remaining cases of the theorem are given in the two following propositions, which
we state without proof.

Proposition 4.7. Let v be a generic space curve and let v € S? be such that v lies
in a lies in a trisecant line to vy passing through y(to), v(so) and v(ug), which is not a
quadrisecant. Then the trigerm of py o7y at (to, S0, wy) has a singularity of type:

Dy < v does not lie in a bitangent plane to v at two of the three points. Moreover, it
is Ap-equivalent to:

Dy,,,, ifv & O(ty), v & O(so) and v ¢ O(uy).
Dy,,,, ifv & O(ty), veO(sy) and v & O(uy).
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D¢ < v lies in a bitangent plane to v at two of the three points.

Proposition 4.8. Let v be a generic space curve and let v € S? be such that v lies in a
lies in a quadrisecant line to v passing through v(to), v(so), 7(uwe) and y(vy). Then the

quadrigerm of py oy at (to, S, uo, Vo) has a singularity of type E.
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