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ABSTRACT. Given a complex Banach space E, a semigroup of analytic
functions (ϕt) and an analytic function F : D → E we introduce the
modulus wϕ(F, t) = sup|z|<1 ‖F (ϕt(z)) − F (z)‖. We show that if 0 <

α ≤ 1 and F belongs to the vector-valued disc algebra A(D, E), the Lip-
schitz condition M∞(F ′, r) = O((1 − r)1−α) as r → 1 is equivalent
to wϕ(F, t) = O(tα) as t → 0 for any semigroup of analytic functions
(ϕt), with ϕt(0) = 0 and infinitesimal generator G, satisfying that ϕ′t
and G belong to H∞(D), and in particular is equivalent to the condition
‖F −Fr‖A(D,E) = O((1−r)α) as r → 1. We apply this result to particular
semigroups (ϕt) and particular spaces of analytic functions E, such as
Hardy or Bergman spaces, to recover several known results about Lips-
chitz type functions.

1. INTRODUCTION

Let H(D) be the Fréchet space of all analytic functions in the unit disk
endowed with the topology of uniform convergence on compact subsets of
D. A Banach space (X, ‖ · ‖) such that X ⊂ H(D) with continuous inclusion
will be called a Banach space of analytic functions. We shall say that X is
an homogeneous Banach space of analytic functions (see [2, 9]) if it satisfies the
following properties

(1) A(D) ⊂ X ⊂ H(D)

with continuous inclusions,

(2) f ∈ X =⇒ fξ ∈ X and ‖fξ‖ = ‖f‖ for any |ξ| = 1,

and there exists C > 0 such that

(3) f ∈ X =⇒ fr ∈ X and ‖fr‖ ≤ C‖f‖ for any 0 ≤ r < 1,

where fz(w) = f(zw) for z ∈ D and A(D) = C(D) ∩ H∞ stands for the
disc algebra, that is the closed subspace of bounded analytic functions with
continuous extension to the boundary.
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Particular examples are, for 1 ≤ p ≤ ∞, the Hardy spaces Hp with the
norm

‖f‖Hp = sup
0<r<1

Mp(f, r)

where Mp(f, r) = (
∫ 2π
0 |f(reiθ)|p dθ2π )1/p (or M∞(f, r) = sup|ξ|=1 |f(rξ)|) and

the Bergman spaces Ap with the norm

‖f‖Ap = (

∫
D
|f(w)|pdA(w))1/p

where dA(w) stands for the normalized Lebesgue measure in D.
If (X, ‖ · ‖) is an homogeneous Banach space of analytic functions and

f ∈ X we shall denote

wX(f, t) = sup
|θ|≤t
‖feiθ − f‖ and MX(f, r) = sup

0≤δ≤r
‖fδ‖.

We keep the classical notationswp(f, t) = wHp(f, t) andMp(f, r) = MHp(f, r)
for f ∈ Hp. It is easy to see (due to the density of analytic polynomials in
the spaces A(D), Hp and Ap) that wp(f, t)→ 0 and wAp(f, t)→ 0 as t→ 0+

for any f in the corresponding space. It is also well known (see for instance
[5, 6, 13]) that ‖f − fr‖Hp → 0 and ‖f − fr‖Ap → 0 as r → 1 for 1 ≤ p <∞.
It goes back to the work of Hardy and Littlewood and further extensions
(see for instance [5, 8, 12]) that for each 1 ≤ p ≤ ∞, 0 < α ≤ 1 and f ∈ Hp

the following conditions are equivalent:
(a) wp(f, t) = O(tα), t→ 0.
(b)‖f − fr‖Hp = O((1− r)α), r → 1.
(c) Mp(f

′, r) = O((1− r)α−1), r → 1.
In a recent paper Galanopoulos, Siskakis and Stylogiannis (see [7, The-

orem 4.1]) have shown the analogue of this result for Bergman spaces,
namely for 1 ≤ p < ∞, 0 < α ≤ 1 and f ∈ Ap the following are equiv-
alent

(i) wAp(f, t) = O(tα), t→ 0+

(ii) ‖f − fr‖Ap = O((1− r)α), r → 1
(iii) Ap(f ′, r) = O((1− r)α−1), r → 1 where Ap(f, r) = ‖fr‖Ap .
There are three goals in the paper: First to exhibit that the equivalences

between (a), (b) and (c) and between (i),(ii) and (iii) for Hardy spaces Hp

and Bergman spacesAp in the case 1 ≤ p <∞ actually follow from the case
p = ∞ with the use of vector-valued functions in the disc algebra, second
to show that they hold true not only for Hardy and Bergman spaces but
also for any homogeneous Banach space of analytic functions and third to
add other equivalent formulations in terms of

wϕ(F, t) = sup
|z|<1
‖F (ϕt(z))− F (z)‖

for a class of semigroups of analytic functions including the translation and
dilation semigroups τt(z) = eitz and Dt(z) = e−tz.
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The paper is organized as follows. In the first section we introduce
the modulus of continuity wϕ(F, t) of a vector-valued analytic function
F : D → E with respect a semigroup (ϕt) and discuss on semigroups
of analytic functions which are strongly continuous on the vector-valued
disc algebra. In the second section we consider functions whose modulus
wϕ(F, t) behaves like tα and connect with the behaviour of the derivative
of F ′ and the generator G. In particular we show that for semigroups (ϕt)
with ϕ′t ∈ H∞(D), ϕt(0) = 0 and G ∈ H∞ we have that the condition
M∞(F ′, r) = O((1− r)α−1) for 0 < α ≤ 1 is equivalent to wϕ(F, t) = O(tα).
Finally we apply this result to prove the equivalences mentioned above for
Hardy and Bergman spaces.

2. SEMIGROUPS ON THE VECTOR-VALUED DISC ALGEBRA

A (one-parameter) semigroup of analytic functions is any continuous ho-
momorphism Φ : t 7→ Φ(t) = ϕt from the additive semigroup of nonnega-
tive real numbers into the composition semigroup of all analytic functions
which map D into D. In other words, Φ = (ϕt) consists of analytic functions
on D with ϕt(D) ⊂ D and for which the following three conditions hold:

• ϕ0 is the identity in D,
• ϕt+s = ϕt ◦ ϕs, for all t, s ≥ 0,
• ϕt → ϕ0, as t→ 0, uniformly on compact subsets of D.

If (ϕt) is a semigroup, then each map ϕt is univalent. The infinitesimal
generator of (ϕt) is the function

G(z) = lim
t→0+

ϕt(z)− z
t

, z ∈ D.

This convergence holds uniformly on compact subsets of D so G ∈ H(D).
Moreover G satisfies

(4) G(ϕt(z)) =
∂ϕt(z)

∂t
= G(z)ϕ′t(z), z ∈ D, t ≥ 0.

Further G has a representation

(5) G(z) = (bz − 1)(z − b)P (z), z ∈ D

where b ∈ D and P ∈ H(D) with ReP (z) ≥ 0 for all z ∈ D. If G is not
identically null, the couple (b, P ) is uniquely determined from (ϕt) and the
point b is called the Denjoy-Wolff point of the semigroup. We refer to [1, 11]
for the basic facts and references on semigroups of analytic functions.

We shall be interested only in those such that ϕt(0) = 0. Some examples
to have in mind are the following:

(E1) τt(z) = eitz where τ ′t(z) = eit and G(z) = iz.
(E2) Dt(z) = e−tz where D′t(z) = e−t and G(z) = −z.
(E3) ϕt(z) = e−tz

(e−t−1)z+1
where ϕ′t(z) = e−t

(1−(1−e−t)z)2 and G(z) = −z(1−z).
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(E4) ϕt(z) = 1 − (1 − z)e−t where ϕ′t(z) = e−t

(1−z)1−e−t
and with generator

G(z) = −(1− z) log 1
1−z .

Each semigroup of analytic functions gives rise to a semigroup of opera-
tots (Ct) consisting of composition operators on H(D) defined by Ct(f) :=
f ◦ ϕt for each f ∈ H(D).

If X is a Banach space of analytic functions and (ϕt) is a semigroup of
analytic functions we say that it generates a semigroup on X if (Ct) defines a
strongly continuous semigroup of operators on X , that is to say

(6) ‖f ◦ ϕt − f‖ → 0, t→ 0+, ∀f ∈ X.

In particular it was shown in [3] that if (ϕt) is a semigroup with generator
G and X is a Banach space of analytic functions such that (Ct) is strongly
continuous on X then the infinitesimal generator Γ of (Ct) is given by
Γ(f)(z) = G(z)f ′(z) with domain D(Γ) = {f ∈ X : Gf ′ ∈ X}.

Classical choices of X treated in the literature are the Hardy spaces Hp,
the disk algebraA(D), the Bergman spacesAp, the Dirichlet spaceD,BMOA,
Bloch as well as their “little oh” analogues. We just mention here that any
semigroup of analytic functions generates a semigroup of operators onX in
the case of Hardy spacesHp (1 ≤ p <∞), Bergman spacesAp (1 ≤ p <∞),
the Dirichlet space, and on the spaces VMOA and little Bloch B0. However
there is no non-trivial semigroup which generates a semigroup of operators
in the space H∞ or in Bloch space B (see [3, Thm 3]). In the case X = A(D)
it was shown by Contreras and Diaz (see [4, Thm 1.2]) that ϕt generates a
semigroup on A(D) if and only if ϕt ∈ A(D) for any t ≥ 0.

DEFINITION 2.1. Let E be a complex Banach space, let (ϕt) be a semigroup of
analytic functions and let F : D→ E be analytic and bounded. For each t > 0 we
define

(7) wϕ(F, t) = sup
|z|<1
‖F (ϕt(z))− F (z)‖.

For τt(z) = eitz we write w(F, t) = sup|z|<1 ‖F (eitz))− F (z)‖.

We shall be interested in the action of semigroups of analytic functions
on the disc algebra of vector-valued functions. Let E be a complex Banach
space and denote A(D, E) the space of holomorphic and bounded func-
tions F : D → E with continuous extension to the boundary. We keep the
notation F for the function in C(D, E). Of course we have

‖F‖A(D,E) = sup
|z|<1
‖F (z)‖ = sup

|ξ|=1
‖F (ξ)‖.

We use the notation Fr(z) = F (rz) for each 0 < r < 1 and M∞(F, r) =
‖Fr‖A(D,E). We also denote P(E) for the E-valued analytic polynomials,
that is P (z) =

∑N
k=0 xkz

k where xk ∈ E and N ∈ N.
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As above we say that a semigroup of analytic functions (ϕt) generates a
semigroup on A(D, E) if CEt : A(D, E)→ A(D, E) given by

CEt (F )(z) = F (ϕt(z))

defines a strongly continuous semigroup of operators on A(D, E), that is to
say

(8) wϕ(F, t)→ 0, t→ 0+, ∀F ∈ A(D, E).

Hence if F ∈ A(D, E) then w(F, t) = sup|ξ|=1 ‖F (eitξ) − F (ξ)‖ and, due
to its continuity on T, we have that τt generates a semigroup on A(D, E).

We first remark the following elementary fact:

PROPOSITION 2.1. LetE be any complex Banach space and let (ϕt) be semigroup
inH(D). Then the following statements are equivalent:

(i) (ϕt) generates a semigroup on A(D, E).
(ii) (ϕt) generates a semigroup on A(D).
(iii) ϕt ∈ A(D) for any t ≥ 0.

Proof. (i) =⇒ (ii). Let x ∈ E and f ∈ A(D) and denote f ⊗ x(z) = f(z)x ∈
A(D, E). The result follows using that

Ct(f)(z)x = CEt (f ⊗ x)(z).

(ii) =⇒ (i) Let F ∈ A(D, E) and ε > 0. Select P (z) =
∑N

k=0 xkz
k ∈ P(E)

such that ‖F (z)− P (z)‖ < ε for all z ∈ D. Now

‖F ◦ ϕt(z)− F (z)‖ ≤ ‖P ◦ ϕt(z)− P (z)‖+ 2ε

≤ ‖
N∑
k=0

xk

(
(ϕt(z))

k − zk
)
‖+ 2ε/3

≤ max
0≤k≤N

|(ϕt(z))k − zk|
( N∑
k=0

‖xk‖
)

+ 2ε.

Since ‖p ◦ ϕt − p‖∞ → 0 as t→ 0 for each analytic polynomial p we obtain
(i).

(ii)⇐⇒ (iii) It is shown in [4, Theorem 1.2]. �

In particular all the examples (E1)-(E4) generate semigroups in A(D, E).

PROPOSITION 2.2. Let F : D→ E be a bounded analytic function. The following
statements are equivalent:

(i) F ∈ A(D, E).
(ii) limt→0+ wϕ(F, t) = 0 for any a semigroup of analytic functions (ϕt) such

that ϕt ∈ A(D) for each t ≥ 0.
(iii) limr→1 ‖Fr − F‖A(D,E) = 0.

Proof. (i) =⇒ (ii) It follows from Proposition 2.1.
(ii) =⇒ (iii) It follows using the dilation semigroup Dt(z) = e−tz with

the change of notation r = e−t.
(iii) =⇒ (i) It follows trivially since Fr ∈ A(D, E) for all 0 < r < 1. �



6 BLASCO

3. LIPSCHITZ TYPE FUNCTIONS WITH RESPECT TO SEMIGROUPS

Let us first introduce the Lipschitz type and Bloch type spaces to be used
in this section.

DEFINITION 3.1. Let E, (ϕt) and W : [0, 1] → R+ be a complex Banach space,
an analytic semigroup and a continuous function withW (0) = 0 respectively. We
define Λ(ϕt),W (D, E) the set of bounded analytic functions F : D→ E such that

wϕ(F, t) = O(W (t)), t→ 0.

In the case W (t) = tα for some 0 < α ≤ 1 we simply write Λ(ϕt),α(D, E) and
Λα(D, E) whenever W (t) = tα and ϕt(z) = eitz.

DEFINITION 3.2. Let F : D→ E be an analytic function and let w : D→ R+ be
a bounded continuous function. We say that F ∈ Bw(D, E) whenever

sup
|z|<1

w(z)‖F ′(z)‖ <∞.

As usual we denote Bβ(D, E) the case w(z) = (1− |z|)β for 0 ≤ β ≤ 1.

We rephrase the Hardy and Littlewood theorem(see [5, Theorem 5.1]) as
Λα(D,C) = B1−α(D,C) for 0 < α ≤ 1. Similarly Storozhenko’s result (see
[12]) which estates thatMp(f

′, r) = O((1−r)α−1) iff ‖fr−f‖Hp = O((1−r)α)
corresponds for p = ∞ to Λ(Dt),α(D,C) = B1−α(D,C) where Dt(z) = e−tz
for t > 0 and z ∈ D.

We would like to extend these results to more general semigroups. Let
us first estimate the modulus wϕ(F, t) in terms of GF ′.

LEMMA 3.1. Let E be a complex Banach space, let (ϕt) be a semigroup of analytic
functions such that ϕt ∈ A(D) and ϕt(0) = 0 for all t > 0. If F belong toA(D, E)
then there exists C > 0 such that

(9) wϕ(F, t) ≤
∫ t

0
M∞(GF ′,M∞(ϕs, r))ds+ C

∫ 1

r
M∞(F ′, ρ)M∞(ϕ′t, ρ)dρ

for each 0 < t ≤ 1/2 ≤ r < 1.

Proof. Let 0 < r < 1. We use triangular inequality to estimate

wϕ(F, t) ≤ sup
|ξ|=1
‖F (ϕt(ξ))− F (ϕt(rξ))‖

+ sup
|ξ|=1
‖F (ϕt(rξ))− F (rξ)‖

+ sup
|ξ|=1
‖F (rξ)− F (ξ)‖.

On the one hand

F (ϕt(ξ))− F (ϕt(rξ)) =

∫ 1

r
F ′(ϕt(ρξ))ϕ

′
t(ρξ)ξdρ.
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Therefore, since |ϕt(z)| ≤ |z| and then M∞(ϕt, ρ) ≤ ρ, we can estimate

(10) ‖F (ϕt(ξ))− F (ϕt(rξ))‖ ≤
∫ 1

r
M∞(F ′, ρ)M∞(ϕ′t, ρ)dρ.

On the other hand, we consider g(t) = F ◦ ϕt(rξ). Invoking (4) we obtain

∂g

∂t
(t) = F ′(ϕt(rξ))G(ϕt(rξ)).

This together with the fundamental theorem of calculus gives

F (ϕt(rξ))− F (rξ) =

∫ t

0
F ′(ϕs(rξ))G(ϕs(rξ))ds.

Hence we have

(11) ‖F (ϕt(rξ))− F (rξ)‖ ≤
∫ t

0
M∞(GF ′,M∞(ϕs, r))ds.

Finally use that for ρ ≥ r ≥ 1/2 we have

M∞(ϕ′t, ρ) ≥ |ϕ′t(1/2)| ≥
mint∈[0,1/2] |G(ϕt(1/2))|

|G(1/2)|
= C1

and F (rξ))− F (ξ) = −
∫ 1
r F

′(ρξ)ξdρ to conclude

(12) ‖F (rξ))− F (ξ)‖ ≤ C−11

∫ 1

r
M∞(F ′, ρ)M∞(ϕ′t, ρ)dρ.

The result follows from (11), (10) and (12). �

COROLLARY 3.1. Let E be a complex Banach space and (ϕt) be a semigroup
of analytic functions such that ϕt ∈ A(D) and ϕt(0) = 0 for all t > 0 and
G ∈ H∞(D). If F belong to A(D, E) then there exist C > 0 such that

(13) wϕ(F, t) ≤ C
∫ 1

1−t
M∞(F ′, ρ)M∞(ϕ′t, ρ)dρ, 0 < t < 1/2.

Proof. Choose r = 1 − t in (9) and note that M∞(ϕs, 1 − t) ≤ 1 − t and
therefore∫ t

0
M∞(F ′G,M∞(ϕs, 1− t))ds ≤ tM∞(F ′G, 1− t)

≤ t‖G‖∞M∞(F ′, 1− t)

≤ C

∫ 1

1−t
M∞(F ′, ρ)M∞(ϕ′t, ρ)dρ.

�

Let us now give the converse estimates, that is |G(z)F ′(z)| in terms of
wϕ(F, t).
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THEOREM 3.1. Let (ϕt) a semigroup of analytic functions with infinitesimal gen-
erator G. If F ∈ A(D, E) and 0 < t, r < 1 then

(14) M∞(GF ′, r) ≤ wϕ(F, t)

t
+
M∞(G, r)
(1− r)t

∫ t

0
wϕ(F, s)ds.

Proof. Using the formula (4) we observe that

G(z)(F ◦ ϕs)′(z) =
∂F ◦ ϕs
∂t

(z).

Hence

F (ϕt(z))− F (z) = G(z)

∫ t

0
(F ◦ ϕs − F )′(z)ds+ tG(z)F ′(z).

Now using Cauchy formula we have

tG(z)F ′(z) = F (ϕt(z))− F (z) + G(z)

∫ t

0
(F − F ◦ ϕs)′(z)ds

= F (ϕt(z))− F (z) + G(z)

∫ t

0

(∫ 2π

0

(F − F ◦ ϕs)(eiθ)
(1− e−iθz)2

dθ

2π

)
ds

= F (ϕt(z))− F (z) + G(z)

∫ 2π

0

∫ t
0 (F − F ◦ ϕs)(eiθ)ds

(1− e−iθz)2
dθ

2π
.

Therefore

‖G(z)F ′(z)‖ ≤ ‖F (ϕt(z))− F (z)‖
t

+ |G(z)| 1

2π

∫ 2π

0

(1

t

∫ t

0

(
‖F (ϕs(e

iθ))− F (eiθ)‖
)
ds
) dθ

|1− e−iθz|2

≤ wϕ(F, t)

t

+
(1

t

∫ t

0
wϕ(F, s)ds

) |G(z)|
2π

∫ 2π

0

dθ

|1− e−iθz|2

≤ wϕ(F, t)

t
+
M∞(G, |z|)
(1− |z|2)t

∫ t

0
wϕ(F, s)ds.

This gives the result. �

COROLLARY 3.2. Let (ϕt) a semigroup of analytic functions, with infinitesimal
generator G ∈ H∞, 0 ≤ α < 1 and set wα(z) = |G(z)|(1− |z|)1−α. Then

Λ(ϕt),α(D, E) ⊆ Bwα(D, E).

Proof. Let F ∈ Λ(ϕt),α(D, E). Choosing t = 1− r in (14) one gets

M∞(GF ′, r) ≤ 1 + ‖G‖∞
1− r

sup
s≤1−r

wϕ(F, s) ≤ C(1− r)α−1.

This gives sup|z|<1wα(z)|F ′(z)| <∞. �
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COROLLARY 3.3. Let E be a complex Banach space and 0 ≤ α1, α2 < 1 with
α1 + α2 < 1. If (ϕt) be a semigroup of analytic functions such that ϕt ∈ Bα2(D)
and ϕt(0) = 0 for all t > 0 and

(15) sup
0≤t,ρ<1

(1− ρ)α2M∞(ϕ′t, ρ) <∞

then
Bα1(D, E) ∩ Bwα(D, E) ⊂ Λ(ϕt),α(D, E)

where α = 1− (α1 + α2) and wα(z) = |G(z)|(1− |z|)1−α.

Proof. Let F ∈ Bα1(D, E) ∩ Bwα(D, E). From (9) for r = 1 − t and (15) we
have

wϕ(F, t) ≤
∫ t

0
M∞(F ′G,M∞(ϕs, 1− t))ds+ C

∫ 1

1−t
M∞(F ′, ρ)(1− ρ)−α2dρ

≤ tM∞(F ′G, 1− t) + C

∫ 1

1−t
(1− ρ)−(α1+α2)dρ

≤ C1t
α + C2t

1−(α1+α2) = C3t
α.

�

THEOREM 3.2. Let E be a complex Banach space, let F ∈ A(D, E) and 0 < α ≤
1. The following are equivalent:

(i) F ∈ Λα(D, E).
(ii) M∞(F ′, r) = O(1− r)α−1 as r → 1.
(iii) wϕ(F, t) = O(tα) as t → 0 for any semigroup of analytic functions (ϕt)

with ϕt(0) = 0 for each t ≥ 0 and satisfying that G ∈ H∞(D) and ϕ′t ∈ H∞(D)
with sup0≤t≤1 ‖ϕ′t‖∞ <∞.

(iv) ‖F − Fr‖A(D,E) = O((1− r)α), as r → 1.

Proof. (i)⇐⇒ (ii) It follows combining the scalar-valued case, due to Hardy-
Littlewood result (see [5]) and the facts

w(F, t) = sup
‖x∗‖=1

w(〈F, x∗〉, t), M∞(F ′, r) = sup
‖x∗‖=1

M∞(〈F ′, x∗〉, r)

where 〈F, x∗〉(z) = 〈F (z), x∗〉 ∈ A(D) for any x∗ ∈ E∗ and 〈F, x∗〉′(z) =
〈F ′(z), x∗〉.

(ii) =⇒ (iii) It follows from Corollary 3.1 because

wϕ(F, t) ≤ C
∫ 1

1−t
M∞(F ′, s)ds ≤ Ctα.

(iii) =⇒ (iv) Select ϕt(z) = Dt(z) = e−tz and notice that Fr(z) = F (ϕt(z))
where r = e−t and 1− e−t ≈ t as t→ 0. Hence that

‖F − Fr‖A(D,E) = wϕ(F, t) = O(tα) = O((1− r)α).
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(iv) =⇒ (ii) It follows from Corollary 3.2 applied to ϕt = Dt. Note that
the assumption means that wϕ(F, t) = O(tα) and then

M∞(F ′, r) =
1

r
M∞(GF ′, r) ≤ 2

r

sup
s<1−r

wϕ(F, s)

1− r
≤ C(1− r)α−1.

�

4. APPLICATIONS

Let (X, ‖ · ‖) be a homogeneous Banach space of analytic functions. For
each f ∈ X , say f(w) =

∑∞
n=0 anw

n, we define the X-valued function
given by

Ff (z) = fz = Dsfeiθ =
∞∑
n=0

anunz
n, z = e−seiθ.

where un(w) = wn for each n ∈ N ∪ {0}.

PROPOSITION 4.1. Let (X, ‖·‖) be a homogeneous Banach space of analytic func-
tion such that the translation and dilation semigroups τt(z) = eitz and Ds(z) =
e−sz generate semigroups on X .

Then the mapping f → Ff is an isometric inclusion from X into A(D, X).

Proof. We first observe that (1) implies that there exists a constant C > 0
such that ‖un‖ ≤ C for each n. Therefore the series

∑∞
n=0 anunz

n con-
verges absolutely in X for each z ∈ D. Moreover, due to (2) and (3), if
f ∈ X then Ff (z) = fz ∈ X for each z ∈ D. Hence Ff ∈ H∞(D, X)
with sup|z|<1 ‖Ff (z)‖ ≤ C‖f‖. Let us show first that Ff ∈ A(D, X). Let
z = e−seiθ and z′ = e−s

′
eiθ
′
. Therefore

‖fz − fz′‖ = ‖Dsfθ −Ds′fθ′‖
≤ ‖Dsfθ −Ds′fθ‖+ ‖Ds′(fθ − fθ′)‖
≤ C‖D|s−s′|fθ − fθ‖+ C‖τ|θ−θ′|f − f‖.

Since z′ → z in particular gives that |s − s′| → 0 and |θ′ − θ| → 0, the
continuity of τtf and Dsf gives that Ff ∈ A(D, X). Finally observe that
from (2) we get

‖Ff‖A(D,X) = sup
|ξ|=1
‖Ff (ξ)‖ = sup

|ξ|=1
‖fξ‖ = ‖f‖.

�

Making use of this proposition and the results for vector-valued analytic
functions in the disc algebra we can recover the equivalences mentioned in
the introduction.

COROLLARY 4.1. Let 1 ≤ p < ∞ and 0 < α ≤ 1. Let Xp denote either the
Hardy space Hp or the Bergman space Ap and let f ∈ Xp. The following are
equivalent

(i) sup|θ|≤t ‖feiθ − f‖Xp = O(tα), t→ 0.
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(ii) ‖f − fr‖Xp = O((1− r)α), r → 1.
(iii) ‖f ′r‖Xp = O((1− r)α−1), r → 1.

Proof. Notice that both Hp and Ap for 1 ≤ p < ∞ satisfy the assumption
in Proposition 4.1. Hence the function Ff ∈ A(D, Xp) and ‖Ff‖A(D,Xp) =
‖f‖Xp . In particular, sinceFf−(Ff )r = Ff−fr we have ‖Ff−(Ff )r‖A(D,Xp) =
‖f − fr‖Xp . On the other hand

w(Ff , t) = sup
|ξ|=1
‖Ff (eitξ)− Ff (ξ)‖Xp = sup

|θ|≤t
‖feiθ − f‖Xp .

Hence (i) and (ii) in this corollary correspond to conditions (i) and (iv)
in Theorem 3.2 and turn out to be equivalent to M∞(F ′f , r) = O((1 −
r)α−1), r → 1. Finally observe that for z ∈ D we have

(Ff )′(z) =

∞∑
n=0

nanunz
n−1 = S

(
(f ′)z

)
where S(f)(w) = wf(w). Therefore for Xp = Hp we have M∞((Ff )′, r) =
Mp(f

′, r) = ‖f ′r‖Hp and for Xp = Ap we have

(16) M∞((Ff )′, r) = sup
|z|=r

(

∫
D
|w|p|f ′(wz)|pdA(w))1/p = r‖f ′r‖Ap .

In both cases we recover (iii).
�
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