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FINITE SEMIVARIATION AND
REGULATED FUNCTIONS BY MEANS OF
BILINEAR MAPS

Abstract

It is shown that Z does not contain a copy of ¢o if and only if for
every bilinear map B : X X Y — Z, every function f : [0,1] — X of
bounded (B)-variation is (B)-regulated.

1 Introduction

In the setting of Riemann-Stieltjes type integrals, and more precisely in the
Henstock-Kurzweil or Dushnik or Young integrals, the concepts of ‘function of
bounded variation’ and ‘regulated function’ defined by means of a particular
bilinear form play an important role. In a recent paper [1], L. Barbanti showed
the relation between both concepts under an assumption of uniform convexity
for some particular bilinear forms. In this note we set the assumption which
characterizes this relation.

We shall work with functions f defined over the unit interval [0, 1] and
having values in a Banach space X, and we use the following notation: D is
the set of all finite partitions of [0, 1], d represents any element of D, and |d| is
the length of d, that is d = {to,t1,... ,tjq} where 0 =ty <13 < ... <t)q = 1.
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First of all we write down the well-known definitions of the (total) variation
and semivariation of a function

||

var(f) = supz Ilf ft—1)llx

dED
|d|
semivar(f) = sup || Z exlf(te) — f(t—1)]llx

|d|

= sup 3 [(f(t)  flt), )

21 k=1

where x* € X*.

A function f : [0,1] — X is said to have finite variation when var(f) < oo,
finite semivariation if semivar(f) < oo and to be regulated if it has at most
discontinuities of first kind at every ¢ € [0, 1].

Let us consider now B = (B; X,Y, Z) formed by three Banach spaces X,
Y and Z, and a continuous bilinear map B: X XY — Z.

We can extend now the concepts of variation and regulated functions as
follows. A function f : [0,1] — X is said to have finite (B)-variation if

Jdi
(B)var(f) := sup 1Y B(f( fte-1),yr)llz
s A=
1<k<]d]

is finite, and it is called (B)-regulated if the function fp , : [0,1] — Z mapping
t — B(f(t),y) is regulated for every y in the unit ball of Y. Let us mention
the following three examples:

o By = (B1; X,K, X) with By(z,\) = Az. Here (B)var(f) = semivar(f).
o By = (Bg; X, X* K) with Ba(x,2*) = (z,2*). Here (B)var(f) = var(f).

e B3 =(Bs3; L(X,Y), X,Y) with B3(T, z) = Tx. Here the value of (B)var(f)
depends on the spaces X and Y.

A look at the definitions of the different ‘variations’ shows that

semivar(fp,,) < (B)var(f) < var(f)

for every y € Y with ||y|ly < 1 (when ||B]| < 1). In the special case where
a Banach space X can be considered isometrically embedded in the Banach
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space L(Y,Z) where Y and Z are also Banach spaces, it is not difficult to
prove (see [3]) that

semivar(f) < (B)var(f) < var(f)

In [1], dealing with Riemann-Stieltjes integrals and B = (B; L(X), X, X) and
B(T,z) = Tz, a question arises: “Is every L(X)-valued function with finite
(B)-variation a (B)-regulated function?” The answer to this question is given
in

Theorem 1. ([1]) Let B = (B;L(X),X,X) and B(T,z) = Tx. If X is a
uniformly convex space then, every L(X)-valued function f with (B)var(f) <
oo is (B)-regulated.

It is clear that every function of bounded variation is (B8)-regulated for any
bilinear map. However, bounded semivariation is not enough to ensure the
assertion.

Our purpose is to improve the result of [1]. The following example has
been useful in order to guide our steps:

We take the bilinear form B : £>° x £>° — ¢*° mapping B((an)n, (Bn)n ) =
(nfn)n and the ¢*°-valued function

f=0x0y + Zewﬁ,%l’
k=1

This function is not (B)-regulated but of finite (B)-variation.

2 The main theorem

The reader can deduce from the proofs of our statements that, in spite of using
functions, they actually depend upon the behaviour of certain telescopic series.
In fact, the famous theorem of Bessaga and Pelczinsky is the cornerstone of
our results.

Theorem 2 (Bessaga-Pelczynski). (see [2]) The Banach space X contains
no copy of ¢ if and only if all series Y, x, in X, with ) |(zn,2*")| < oo for
all x* € X*, are unconditionally convergent in norm.

Then if X is a Banach space containing a copy of ¢g, we can always find a
sequence (2,)>2; in X and constants Cy,C2 > 0 such that for every N € N

N

Ci sup Ml D Anznllx <Co sup M. (1)
1<n<N

— 1<n<N
n=1
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Moreover, for such a sequence we have that sup|,.j<; Y,y [(Zn,2*)] < 00
and Y °7 | x,, is not norm convergent -
n=1%n gent.
Then, the main theorem is

Theorem 3. Let Z be a Banach space. The following assertions are equiva-
lent:

(1) Z does not contain copy of cy.

(2) Every function f :[0,1] — Z with finite semivariation is regulated.

Proof. (I) Let f be a function of finite semivariation. In order to prove that
it is regulated at any t € [0,1], it suffices to show the existence of lim,, f(t,)
for any sequence (t,)n C [0, 1] increasing or decreasing to t. We shall restrict
ourselves to work the case (t,), increasing.

Let (t,,) be a sequence increasing tot. For N € Nlet dy = {0,%1,t2,... ,tn, 1}
be a partition of [0,1]. From the assumptions

N
sup Z [{(f(tr) — f(tp—1),2")| < semivar(f) < oo

llz=1<1 ;=

and therefore sup .« <3 >y [(f(tx) — f(tk—1), 2*)| < co. Making use of the
theorem of Bessaga and Pelczynski we should have that the telescopic series
S one [ f(tk) — f(tg—1)] converges to an element z € Z.

It is easy to prove that the element z is independent of the sequence ().
For that aim, just choose another sequence (s,), increasing to t . As above
Y peq[f(sk) = f(sk—1)] converges to an element y € Z. Therefore lim,, f(t,) =
z+ f(0) and lim,, f(s,) = y+ f(0). Finally, consider the sequence (r,), made
by ordering nondecreasingly the set of points {t, : n € N} U {s, : n € N}.
With this new sequence we have that > -, [f(r%) — f(rx—1)] converges to an
element € Z, but as long as it is telescopic, we find in the partial sums of this
series, alternatively, subsequences of (f(t,))n and (f(sn))n. Then © =y = z
and f is regulated.

(IT) Let us assume that Z does contain a copy of ¢y. The theorem of
Bessaga and Pelczynski provides us with a sequence (z,), C Z as the one
described in (1).

The function f = Ox{o} + > pey ZnX(ghr, 1] defined in [0, 1] is not regulated
at the origin. Indeed

1£(5) = FGEDN = llzk = zrall = Gy

for some C7 > 0, and then the discontinuity of f at ¢ = 0 is not of first kind.
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However, if d € D and z* € Z*

Id| Il
S OHf(tR) = ftre), 25 =) |<Z[i] — 22 12|
k=1 k=1 -
<2 [zx, 2%)| < 0.
k=1
Then semivar(f) < co what leads to a contradiction. O

Corollary 4. Let Z be a Banach space. The following assertions are equiva-
lent:

(1) Z does not contain copy of cq.

(2) For every B = (B;X,Y,Z) where X and Y are Banach spaces and
B : X XY — Z is a bounded bilinear map , we have that every function
f:]0,1] = X with finite (B)-variation is (B)-regulated.

Proof. (I) Given B = (B; X,Y,Z) and f : [0,1] — X with (B)var(f) < oo,
since semivar(fp,,) < oo for every y € Y then the previous theorem gives that
function fp, is regulated and therefore f is (B)-regulated.

(IT) If Z has a copy of ¢g, we choose (z)n, C Z as it is described in (1).
For the situation B = (B; Z,K, Z) we can use now the function defined in the
theorem to reach the contradiction. O

Finally, we set the application of this result to the concept of the Henstock-
Kurzweil integral where, for a given Banach space X, it is of interest to have
functions f : [0,1] — L(X) of finite (B)-variation and (B)-regulated for the
particular situation B = (B; L(X), X, X) with B(T,z) = Tx.

Theorem 5. Let X be a Banach space, and let us consider functions f :
[0,1] — L(X) and the situation B = (B; L(X), X, X). The following asser-
tions are equivalent:

(1) X does not contain copy of co

(2) Every function f : [0,1] — L(X) with finite (B)-variation is (B)-
requlated.

Proof. (I) It is an immediate corollary of the previous theorem.
(IT) Let f : [0,1] — L(X) be the function f = Oxoy + >_p=q ThX( L 1]-

E10k
Operators Tk are asked to map X on X. As long as X has copy of ¢y we can
fix a sequence (z,), as described in (1). Let Y = span{x, : n € N} be the
copy of ¢ lying inside X, and let Ty : Y — span{xar,,}*_, be defined by
Sk aney) = 22:1 O Tok . It is easy to check that Sy is a continuous
linear map and ||Sk| < % (use (1)). Let m; : ¥ — R be the projection
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T (X apzy) = . It is easy to see that ||7;|| < & - for every j € N.
Applying Hahn- Banach Theorem to the composmons T k,; = mj © Sk (which

have all norm at most ) we get extensions Ty 4+ X — R with the same norm.
Finally, let us define Tk : X — X such that Ti(z) = Z?Zl Tk72k+j(fﬂ)$2k+j.
Then Ty, € L(X) and [|Tx| < &

Let us show now that f is the desired function. Let us take (for instance)

the vector z1 of the sequence (z,), (normalized if needed) and compute, for
keN,

1fB,21(3) = FBa () x = 1F(3)(21) — f(25) (@) llx
= || Tk (z1) — Thr (1) x

= [lzgr 1 — @ar-1 44| x

> (.
Then f is not (B)-regulated at t = 0. Now let d E D and wy be norm-one
elements of X (k=1,...,|d|), denoting by nj, = [ ] we have
|| |d|

I L () = Flte-n)](wi) | x = IIZ e = Tua)(wi) x4 1T, (w1) 1 x
k=1

ld| g k-1
=10 Tupome 4 (wi)wamn g Z 214 (W) Tame—1 )| x
k=2 j=1
~ Cs
T (wi)llx < 255
1
Hence f has finite (B)-variation, and the proof concludes. O
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