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Abstract. We introduce a new property between the q-concavity
and the lower q-estimate of a Banach lattice and we get a general
method to construct maximal symmetric sequence spaces that sat-
isfies this new property but fails to be q-concave. In particular
this gives examples of spaces with the Orlicz property but without
cotype 2.

1. Introduction.

The reader is referred to [LT2] for the following notions from the
theory of Banach lattices.

Let 1 ≤ q <∞. A Banach lattice X is said to be q-concave if there
exists a constant C > 0 such that

(
n∑

k=1

‖xk‖q)
1
q ≤ C‖(

n∑
k=1

|xk|q)
1
q ‖

for every choice of elements x1, x2, ..., xn in X.
A Banach lattice X is said to satisfy a lower q-estimate if there exists

a constant C > 0 such that

(
n∑

k=1

‖xk‖q)
1
q ≤ C‖

n∑
k=1

|xk|‖

for every choice of elements x1, x2, ..., xn in X.
Obviously the q-concavity implies the lower q-estimate. The converse

is false. For example, the Lorentz spaces Lq,p with 1 ≤ p < q satisfies
a lower q-estimate (see [Cre] Prop. 3.2) but is not q-concave (see [Cre]
Prop. 3.1). The first example of a Banach lattice satisfying a lower q-
estimate, q ≥ 2, but not being q-concave is due to G. Pisier (see [LT2],
examples 1.f.19 and 1.f.20). The reader is referred to [CT] and [KMP]
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for more information on the case p < 1 or more general Lorentz spaces
respectively.

Two related concepts from the theory of general Banach spaces are
the following:

A Banach space X is said to have cotype q if there exists a constant
C > 0 such that

(
n∑

k=1

‖xk‖q)
1
q ≤ C

∫ 1

0

‖
n∑

k=1

xkrk(t)‖dt

for every choice of elements x1, x2, ..., xn in X, where rk stand for the
Rademacher functions.
X is said to have the q-Orlicz property if id : X → X is (q, 1)-

summing, that is, there exists a constant C > 0 such that

(
n∑

k=1

‖xk‖q)
1
q ≤ C sup

εk=±1
‖

n∑
k=1

εkxk‖

for every choice of elements x1, x2, ..., xn in X.
Let us recall that Kintchine’s inequalities (see [DJT] 1.16) tell us that

only trivial spaces have cotype q < 2 and that, using an extension of the
Dvoretzky-Rogers Theorem (see [DJT], Thm. 10.5), we get that only
finite dimensional Banach spaces have q-Orlicz property for 1 ≤ q < 2.

Let us mention the relationship between all these notions.
On the one hand, taking into account that

sup
t∈[0,1]

‖
n∑

k=1

xkrk(t)‖ ≈ sup
εk=±1

‖
n∑

k=1

εkxk‖,

one actually has that cotype q implies the q-Orlicz property and that
the q-Orlicz property implies a lower q-estimate.

On the other hand Banach lattices X which are q-concave for some
1 ≤ q < ∞ satisfy the so-called Maurey-Kintchine inequalities (see
[DJT], Thm. 16.11)

‖(
n∑

k=1

|xk|2)
1
2‖ ≈

∫ 1

0

‖
n∑

k=1

xkrk(t)‖dt.

Using this, one can easily sees that a Banach lattice X is 2-concave
if and only if it has cotype 2. Hence we have the following chain of
implications

2-concavity ⇔ cotype 2 ⇒ 2-Orlicz property ⇒ lower 2-estimate.

The converses of the two last implications are false. In the setting of
Banach lattices M. Talagrand (see [T2]) constructed an example with
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the 2-Orlicz property but without cotype 2. Actually this author (see
[T3]) was even able to construct a symmetric sequence space with the
2-Orlicz property which is not 2-concave. The reader is referred to [BS]
for some modifications of [T3].

It is rather interesting to mention that in the setting of rearrange-
ment invariant (r.i.) spaces defined over [0, 1] (see [LT1] for definitions)
the notions of cotype 2 and the 2-Orlicz properties coincide. This result
is due to E. M. Semenov and A. M. Shteinberg (see [SS]). They actually
showed that the Lorentz space L2,1([0, 1]) satisfies a lower 2-estimate
but fails to have the 2-Orlicz property.

The situation for 2 < q < ∞ is a bit different. B. Maurey (see [M]
or [DJT], Cor. 16.7) showed that if a Banach lattice has the q-Orlicz
property then it also has cotype q. Actually he proved (see [M] or
[DJT], Cor. 16.15) that X satisfies a lower q-estimate if and only if X
has cotype q. Some years later M. Talagrand (see [T2]) showed that
the equivalence between q-Orlicz property and cotype q for 2 < q <∞
holds true for any Banach space.

Therefore for Banach lattices and 2 < q <∞ we have that
q-concavity ⇒ cotype q ⇔ q-Orlicz property ⇔ lower q-estimate

The aim of this paper is to introduce, in the setting of symmetric
sequence spaces, a property between the q-concavity and the lower q-
estimate, which will allow us to analyze all the cases 1 < q < ∞ in a
unified way. We shall get a general method, introduced by Talagrand
in [T3], to construct maximal symmetric sequence spaces which are not
q-concave, but still have this new property. The definition is as follows.

Definition 1.1. Let 1 ≤ q <∞ and let X, X1 be two Banach lattices
such that X ⊂ X1 (with continuous inclusion). X is said to be q-
concave with respect to X1(l

1) if there exists a constant C > 0 such
that

(
n∑

k=1

‖xk‖qX)
1
q ≤ Cmax{‖

n∑
k=1

|xk|‖X1 , ‖(
n∑

k=1

|xk|q)
1
q ‖X}

for every choice of elements x1, x2, ..., xn in X.

Obviously if X is q-concave then X is q-concave with respect to
X1(l

1) for any X1 such that X ⊂ X1 and if there exists X1 such that X
is q-concave with respect to X1(l

1) then X satisfies a lower q-estimate.
Let us recall that a maximal symmetric sequence space (X, ‖.‖) (see

[J] [LT2]) is a Banach space of sequences such that

(a) l1 ⊂ X ⊂ l∞, and ‖x‖∞ ≤ ‖x‖ ≤ ‖x‖1,

(b) |x| ≤ |y|, y ∈ X =⇒ x ∈ X, and ‖x‖ ≤ ‖y‖,
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(c) y ∈ X, σ ∈ Π(N) =⇒ x.σ ∈ X, and ‖x.σ‖ = ‖x‖,
(d) ‖x‖ = supn∈N

‖Pn(x)‖ where Pn(x) =
∑n

k=1 xkek if x = (xk).

Using that ‖
∑n

k=1 |xk|‖∞ = sup
εk=±1

‖
n∑

k=1

εkxk‖∞, one has that a max-

imal symmetric sequence space X is q-concave with respect to �∞(l1)
if and only if there exists a constant C > 0 such that

(
n∑

k=1

‖xk‖q)
1
q ≤ Cmax{ sup

εk=±1
‖

n∑
k=1

εkxk‖∞, ‖(
n∑

k=1

|xk|q)
1
q ‖}

for every choice of elements x1, x2, ..., xn in X. In particular, for 2 ≤
q < ∞ the q-concavity with respect to �∞(l1) implies the q-Orlicz
property.

We shall consider the following method of constructing maximal sym-
metric sequence spaces generated by a family of sequences.

Let F be a family of non-negative sequences in the unit ball of l∞

with the following properties:

(i) If f ∈ F and 0 ≤ g ≤ f then g ∈ F .

(ii) If f ∈ F and σ ∈ Π(N) then f · σ ∈ F .

(iii) There exists f ∈ F such that max
i∈N

f(i) = 1.

We call it a generating family.

Let h be a non-negative, non-increasing sequence in c0(N), h(1) = 1
and denote by H = {h.σ, σ ∈ Π(N)}. For each m ∈ N we write

Hm = {0 ≤ f ≤
∑
l≥0

2−l
∑
j≤ml

αj,lhj,l :
∑
j≤ml

αj,l ≤ 1,∀ l ≥ 0, hj,l ∈ H}.

Given an increasing sequence (mk) ⊆ N, m0 = 1, we define

F = F(h, (mk)) = {f : 0 ≤ f ≤
∞∑
r=0

βrfr,
∞∑
r=0

βr ≤ 1,

‖fr‖∞ ≤ 2−r, fr ∈ Hmr}.
Let H be a non-decreasing sequence of positive real numbers and let

us denote by �H the space of sequences (x(n)) such that

∑
n∈A

|x(n)| ≤ H(card(A))

for all finite sets A ⊆ N.
Starting with a fixed sequence h and a fixed sequence (mk) we shall

produce a way to find families F ⊆ �H where H(n) =
∑n

k=1 h(k).
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Lemma 1.2. Let h, H and (mk) be as above.Then F = F(h, (mk)) is
a generating family and F ⊆ �H .

Proof. The properties (i), (ii) and (iii) in the definition are immediate.
To see that F ⊆ �H it suffices to see that H ⊆ �H and this follows from

∑
k∈A

h(k) ≤
card(A)∑
i=1

h(i) = H(card(A)).

Lemma 1.3. Let m,n ∈ N and f ∈ Hm. Then there exists a set

B ⊆ N with card (B) = n and ‖fχBc‖∞ ≤ H(n)
n

.

Proof. Take i1 such that f(i1) = maxi∈Nf(i) (this exists since f ∈
c0(N)) and, inductively, choose ik so that f(ik) = maxi∈N\{i1,... ,ik−1} f(i).
Let B = {i1, . . . , in}. Now it is clear that if i /∈ B then f(i) ≤ f(ik),
k = 1, . . . , n. Hence

n sup
i/∈B

f(i) ≤
∑
i∈B

f(i) ≤ H(n).

Given 1 < q < ∞ let Xq = Xq(F) be the space of sequences such
that

‖x‖Xq = sup
f∈F

〈|x|, f
1
q′ 〉 <∞

where 〈x, f〉 means
∑

i∈N
x(i)f(i).

It is easy to see that Xq is a maximal symmetric sequence space.
Our main theorem can be now stated as follows

Theorem 1.4. Given 1 < q < ∞. There exists a generating family
Fq such that Xq(Fq) is q-concave with respect to �∞(l1) but is not q-
concave.

As a corollary we have that Xq(Fq), for 2 < q < ∞, are examples
of spaces of cotype q which are not q-concave, X2(F2) satisfies the 2-
Orlicz property but is not of cotype 2, and Xq(Fq), for 1 < q < 2,
satisfies a lower q-estimate but fails to be q-concave.

2. Construction of spaces which are not q-concave

With the notation in the above section, we can find the following
conditions to get maximal symetric sequence spaces Xq(F) which are
not q-concave.
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Theorem 2.1. Let h ∈ c0(N), h ≥ 0 non-increasing, h(1) = 1 and
such that there exists a convex subsequence (nk) ⊂ N, i.e. 2nk ≤
nk+1 + nk−1, n0 = 0, for which

sup
k

H(nk)

kH(nk − nk−1)
= ∞.

Let 1 < q < ∞, (mk) ⊆ N, m0 = 1 and F = F(h, (mk)). Then
Xq = Xq(F) is not a q-concave space.

Proof. Let us fix τ ∈ N and (x(k)) = (h
1
q (k))k≤nτ . Taking N = nτ −

nτ−1 we consider σ ∈ Π(N) given by

σ(nk) = nk−1 + 1, k ∈ N

σ(p) = p+ 1 otherwise.

Let us define xj = x.σj, j = 1, 2 . . . , N and denote Dk = (nk−1, nk]∩N,
k ∈ N.

A simple computation shows that

(
N∑
j=1

|xj|q)
1
q ≤

τ∑
k=1

(
([

N

card(Dk)
] + 1)

∑
i∈Dk

xq(i)
) 1

q
χDk

≤ 2
1
qN

1
q

τ∑
k=1

( 1

card(Dk)

∑
i∈Dk

xq(i)
) 1

q
χDk

.

Hence

(
N∑
j=1

|xj|q)
1
q ≤ CN

1
q

τ∑
k=1

(
1

card(Dk)

∑
i∈Dk

h(i))
1
qχDk

.

To show that Xq(F(h, (mk))) is not q-concave it is enough to see that

sup
τ

(
∑N

j=1 ‖xj‖q)
1
q

‖(
∑N

j=1 |xj|q)
1
q ‖

= ∞.

Since h ∈ Fthen we have

‖xj‖ = ‖x‖ ≥ 〈|x|, h
1
q′ 〉 = H(nτ )

for all j = 1, 2, . . . , N .

On the other hand, if y =
∑τ

k=1(
1

card(Dk)

∑
i∈Dk

h(i))
1
qχDk

then, for

any f ∈ F , we have
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〈y, f
1
q′ 〉 =

∑τ
k=1(

H(nk)−H(nk−1)

card(Dk)
)

1
q
∑

i∈Dk
f

1
q′ (i)

(Hölder) ≤
∑τ

k=1

(
H(nk) −H(nk−1)

) 1
q
( ∑

i∈Dk
f(i)

) 1
q′

(Lemma 1.2) ≤
∑τ

k=1

(
H(nk) −H(nk−1)

) 1
q
(
H(nk − nk−1)

) 1
q′

(Hölder) ≤
(
H(nτ − nτ−1)

) 1
q′

(H(nτ ))
1
q .τ

1
q′ .

Hence

(
∑N

j=1 ‖xj‖q)
1
q

‖(
∑N

j=1 |xj|q)
1
q ‖

≥ ‖x‖
C‖y‖ ≥ H(nτ )

C(H(nτ ))
1
q (H(nτ − nτ−1))

1
q′ τ

1
q′

=
1

C
(

H(nτ )

τH(nτ − nτ−1)
)

1
q′ .

This finishes the proof.

3. Construction of spaces which are q-concave
with respect to �∞(l1).

Theorem 3.1. Let 1 < q <∞, (mk) such that mk ≥ k, m0 = 1 and

∞∑
s=1

ksm
−1
q′
s−1 <∞.

where kp = min{i : H(i)
i

≤ 2−p}, p ≥ 0.
If F = F(h,mk) then Xq = Xq(F) is q-concave with respect to

�∞(l1).

Proof. Let us take N elements (xk)
N
k=1 such that

sup
i∈N

N∑
k=1

|xk(i)| ≤ 1, ‖(
N∑
k=1

|xk|q)
1
q ‖ ≤ 1.

First choose fk ∈ F , k = 1, 2, . . . , N such that

‖xk‖ ≤ 4

3
〈|xk|, f

1
q′
k 〉.
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Let us write fk =
∑

r≥0 βk,rfk,r where
∑

r≥0 βk,r ≤ 1, ‖fk,r‖∞ ≤ 2−r

and

fk,r =
∑
l≥0

2−l
∑
j≤ml

r

αj,l,k,rhj,l,k,r

with
∑

j≤ml
r
αj,l,k,r ≤ 1 for all l ≥ 0, r ≥ 0.

For each k ∈ {1, 2, . . . , N}, take s(k) so that k ∈ [ms(k)−1,ms(k)) and
denote

f ′k =
∑

r≥s(k)

βk,rfk,r and f ′′k =
∑

r<s(k)

βk,rfk,r.

Let us assume that ‖xk‖ is decreasing and let us write Sq
N =

∑N
k=1 ‖xk‖q.

Hence ‖xk‖ ≤ SNk
−1
q .

Denoting IN = [1, N ] ∩ N and Is,N = [ms−1,ms) ∩ IN , for all s ≥ 1
we can write

Sq
N =

N∑
k=1

‖xk‖q ≤ 4

3

N∑
k=1

‖xk‖q−1〈|xk|, f
1
q′
k 〉

≤ 4

3

N∑
k=1

〈|xk|, q′
√
f ′k‖xk‖q〉

+
4

3

s(N)∑
s=1

∑
k∈Is,N

‖xk‖q−1〈|xk|, q′
√
f ′′k 〉

= (I) + (II).

We are going to show that (I) and (II) are bounded by CSq−1
N which

will imply SN ≤ C.
To deal with the first term we use that

N∑
k=1

〈|xk|, q′
√
f ′k‖xk‖q〉 ≤ 〈(

N∑
k=1

|xk|q)
1
q , (

N∑
k=1

‖xk‖qf ′k)
1
q′ 〉.
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Now observe that

N∑
k=1

‖xk‖qf ′k =
N∑
k=1

∑
r≥s(k)

‖xk‖qβk,rfk,r

=

s(N)−1∑
s=1

∑
ms−1≤k<ms

(
∑
r≥s

βk,rfk,r)‖xk‖q

+
∑

ms(N)−1≤k≤N

(
∑
r≥s

βk,rfk,r)‖xk‖q

=

s(N)∑
s=1

∑
r≥s

∑
k∈Is,N

βk,rfk,r‖xk‖q

=
∞∑
r=1

∑
k∈[1,mr]∩IN

‖xk‖qβk,rfk,r

Denoting by γk,r =
‖xk‖qβk,r∑

k∈[1,mr ]∩IN
‖xk‖qβk,r

and gr =
∑

k∈[1,mr]∩IN
γk,rfk,r

we get that

N∑
k=1

‖xk‖qf ′k =
∞∑
r=1

(
∑

k∈[1,mr]∩IN

‖xk‖qβk,r)gr.

Since 1
2
gr ∈ Hmr then

N∑
k=1

‖xk‖qf ′k ≤ 2Sq
Ng for g ∈ F .

This shows that (I) ≤ CSq−1
N .

To deal with (II) observe first that for each s ∈ N

card({(k, r) : ms−1 ≤ k < ms, r < s}) ≤ m2
s

which gives

∑
k∈Is,N

∑
r<s

βk,rfk,r‖xk‖q = (
∑
r<s

∑
k∈Is,N

βk,r‖xk‖q)4hs = 4γshs(3.1)

where hs ∈ Hms and γs =
∑

r<s

∑
k∈Is,N

βk,r‖xk‖q.
Applying now Lemma 1.3 to n = ks andm = ms we get a set Bs ⊂ N

with card(Bs) = ks and ‖hsχBc
s
‖∞ ≤ 2−s. This allows us to split (II)
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into two pieces as follows

(II) ≤ 4

3

s(N)∑
s=1

∑
k∈Is,N

‖xk‖q−1〈|xk|, (f ′′kχBc
s
)

1
q′ 〉

+
4

3

s(N)∑
s=1

∑
k∈Is,N

‖xk‖q−1〈|xk|χBs , (f
′′
k )

1
q′ 〉

= (II)′ + (II)′′.

Hence

(II)′ ≤ 4

3

s(N)∑
s=1

〈(
∑

k∈Is,N

|xk|q)
1
q , (

∑
k∈Is,N

‖xk‖qf ′′kχBc
s
)

1
q′ 〉

Applying Hölder again and using (3.1)

(II)′ ≤ 4

3
〈(

N∑
k=1

|xk|q)
1
q , (

s(N)∑
s=1

4γshsχBc
s
)

1
q′ 〉

=
4

3
(

s(N)∑
s=1

4γs)
1
q′ 〈(

N∑
k=1

|xk|q)
1
q , (

s(N)∑
s=1

γ′sh
′
s)

1
q′ 〉

where h′s = hsχBc
s
∈ Hms , ‖h′s‖∞ ≤ 2−s and

∑
s γ

′
s ≤ 1.

Therefore

(II)′ ≤ C(

s(N)∑
s=1

∑
r<s

∑
k∈Is,N

βk,r‖xk‖q)
1
q′ ≤ CSq−1

N .

Finally to deal with (II)′′ we use that �1 ⊂ X with inclusion norm
1 to obtain

s(N)∑
s=1

∑
k∈Is,N

‖xk‖q−1〈|xk|χBs , (f
′′
k )

1
q′ 〉

≤
s(N)∑
s=1

( max
k∈Is,N

‖xk‖q−1)
∑

k∈Is,N

‖xkχBs‖

≤
s(N)∑
s=1

Sq−1
N m

−1
q′
s−1

∑
k∈Is,N

∑
i∈Bs

|xk(i)| ≤ Sq−1
N

∞∑
s=1

ksm
−1
q′
s−1.

The proof is now finished using the extra assumption on (ms).
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Proof of the main theorem. Take h(n) = log(n)
n

, n ≥ 2, h(1) = 1. This

gives H(n) ∼ (log(n))2 and, using that p2

ep ≤ 2−p (for p big enough)

one gets kp ≤ e−p. Then it suffices to take mk = k2q′ekq
′
and nk = ek

2

which satisfy the assumptions in Theorem 2.1 and Theorem 3.1 to
obtain an example where Xq(F) is q-concave with respect �∞(�1) but
not q-concave. . ✷
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