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Operators from HP to /4 for 0 <p<1<g< o0
Oscar Blasco

ABSTRACT. We give some estimates for the norm of operators 7' : HP — (9
for 0 < p <1 < g < o in terms of the norm of the rows and columns of
the matrix T'(un) = (tkn)ken, un(z) = 2™, in certain vector-valued sequence
spaces.

1. Introduction

Throughout the paper X stands for a quasi-Banach space and we denote, for
1<s<ooand 1/s+1/s" =1, by £°(X), £5,...(X) and (s, 00, X), the spaces of
sequences (Ay) C X such that

IRl = (3 1)/ < o,
k

e (x)= sup | Z)\kAkH < 00 and

)l =1 T

9
(AR legs.00,x) = sup( D [[An]*)"/* < oo,

JEN i1
We write £°, £(s,00) in the case X = C. Of course £°(X) C 4(s,00,X) N €5, ..(X).
For each 0 < p < 0o, HP denotes the Hardy space on the unit disk, i.e. space of
holomorphic functions on D such that supg_, o || fr||zr(1) < 00 Where f,.(2) = f(rz).
For a given bounded operator T : HP — ¢4, 0 < p,q < 00, one can associate the
matrix (txn)g,n such that T'(un) = >, cytkner, Where u,(z) = 2" for n > 0. Let

Ty = (tkn)n>0 and x, = (tkn)ken denote its rows and columns respectively.

Several theorems concerning upper and lower estimates of the norm ||7']| in

terms of
(T ler ey = OO ltwn*) /)"

k=1 n=0
were proved by B. Osikiewicz. Let me collect the results in [14] using the notation
a™ = maz{a,0}.
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Inthecase 1 <p <2 1<g<ooand 1/r = (1/q—1/2)" it was shown (see
[14], Theorem 2.1 and Theorem 2,2) that
(1.1) 1T llere2y < NTI < (L) leaer)-

Also for 2 < p <oo,1<g<ocand 1/s= (1/g—1/p')" it was shown (see
[14], Theorem 2.3 and Theorem 2,4) that
(1.2) [(Te)lles ey < TN < [[(Tk)lleaez).-

The reader is referred to [5] for some improvements of these results. The
objective of this note is to study the case 0 < p < 1.
The main result is the following:

THEOREM 1.1. Let 0 < p <1 < g < o0 and T : HP — (9 be a bounded
operator. Define the matriz (ag,) = ((n+1)/?~ 1) and set Ay and B,, the rows
and columns of the matriz. There exists C > 0 such that

(1.3) 7)) < C min{ || (Ax)llea(e(r,00))s 1(Ba)lle(1,00,00) }
and
(1.4) max{|[(Ax)lles_ (¢(2.000)0 1(Bn)llecgo, 00,00t < CIIT,

where qo = max{q, ¢’}

Let us write down the just mentioned result in the particular cases ¢ = 1 and
q=2.

COROLLARY 1.2. Let 0 < p <1 and T : H? — ¢! be a bounded operator. Let
Ay and B, the rows and columns of the matrix (ag,) = ((n + 1)/?='¢,;). There
exists C' > 0 such that

O™ max{||(Bn)lle= (o), ol 1D MeAkllez.on} < IT1< CHBleqr 0,00

COROLLARY 1.3. Let 0 < p < 1 and T : H? — {2 be a bounded operator. Let
Ay, and B, the rows and columns of the matrix (ag,) = ((n + 1)/7='¢,;). There
there exists C' > 0 such that

(1.5) CHI(AN ez o200y < ITI< CH(AR) ez 01,009

(1.6) CH(Bu)lle@,00,2) < ITN < ClH(B)lle1,00,2)-

We shall now recall some facts to be used in the sequel.

Let us first mention the following duality result (see [8]): Let 0 < p < 1 and
1/m+1<p<1l/m,meN. e (HP)*"if and only if there exist a function g and
a constant C' > 0 such that

C
(m+1) - -
(1.7) lg (2)] < 1- |2Dm+2—1/p’
for which
w(1) = tim [ et gien o
( )_rliq ; (re*)g(re )277

for all f € HP.
Moreover

1@l (70« ~ max{|g(0)], |g’(0)], .., |g™ (0)], lSlllpl(l — |2y g (),
z|<
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Throughout the paper we identify g and ®.

The estimates in Theorem 1.1 and Corollaries 1.2 and 1.3 are, in some special
cases, sharp and allow to give some consequences on Taylor coefficient of functions
in HP-spaces for 0 < p < 1 in some other cases.

REMARK 1.4. Given g € (HP)* and (\) € £9 define T : H? — (% by

T(f) = {9, /)M
Obviously has
Tl = llgllczrey= [1(An)llea-
This example corresponds to the case (t,x) = (anAg) where g(z) = > 00 2",
B, = (n4+1)Y?" a,(\p)x and A = A ((n4+1)?"1a,),,. The reader can compare
the norm with the estimates from Theorem 1.1 in this case.

REMARK 1.5. Let 0 < p < 1, (\,,) be a sequence and T : H? — (! given by
(oo}
T(f) = (Anan), f(2) = Zanz".
n=0

Then ||T|| ~ ||(Bn)|le1,00,01) = 11((n + DYP7IN) [ o1,00)-
Indeed, note that in this case B,, = (n 4 1)/P~'\,e, and (t,) is a diagonal
matrix. Hence T is bounded if and only if {(An),} there exists C' > 0

o oo
Z [Anan| < C| Zanz"HHp,
n=0 n=0

that is to say (\,) belongs to the space of multipliers (H”,¢'). Now invoke the
result by P. Duren and A. Shields (see [9]) establishing that for 0 < p < 1

(1.8) (H,6") = {(\a) s (n+ D)YP7IN,) € £(1,00)},
with equivalent norms, to get the desired result.
Let us give the following new application of Corollary 1.3.

COROLLARY 1.6. Let 0 < r < % and let g(2) = Y27 an2™ € (H")*. Then
there exists C > 0 such that

CH((n + VT2 L)Y ) ulluz.00) < Nlgllcamy-
izn
lgllceerye < CI(+ D327 s ) ) ller, o0 -
izn

PRroOOF. Condition 0 < r < 2 allows to get 0 < p < 1 such that 1/p+1/2=1/r.
Using factorization of Hardy spaces (see [7]) one has that H" = HPH?. Consider
now the operator T : HP — ¢? defined by the matrix (t,x) = (&n1r), in other words

T(f) = (O annik)s-
n=0

Clearly, if (B¢)r € £2 is a finite sequence and h(z) = Zszo Br2" apolynomial then

(), (Be)) = 3 s B = / a() F(E)h(€)d.
n,k T
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Using the factorization H” = HP?H? we easily conclude that || T[] = ||g[/(gr)--
Using now that ||B,|2 = (n + 1)1/“3/2(2].2" laj|2)1/2, the result follows from
(1.6). O

The paper is organized as follows. Section 2 contains some preliminary and
introductory results and Section 3 is devoted to the proof of Theorem 1.1.

Throughout the paper we use the notation My (F,r) = ( 0277 || F(re?)||742)1/a
for analytic functions F' : D — X, ¢’ stands for the conjugate exponent of ¢ and,
as usual, the constant C' may vary from line to line.

2. Preliminary results

DEFINITION 2.1. Let 0 < p <1< g < oo and let T : H? — {7 be a bounded
operator. Denote u,(z) = 2" for n > 0, (ex)ren the standard basis of ¢¢ and
Er((A5)) = ((Nj) ex) = Ax.

Consider the functional &T(f) = (T'(f),ex) € (HP)* and denote by gi the
analytic function representing £, 7. Assume

(2.1) () = 3 thne™
n=0

‘We can now define

(2.2) Fr(z) = (gr(2))ken

Hence to each operator T' we can associate a matrix (ag,(T")) = (txn) given by
(2.3) T(un) = tknek
k=1

where the rows T, = (txn)n>0 are the Taylor coefficients of the sequence of functions
gr = gx(T) € (HP)* and the columns z,, = (txn)ren are the Taylor coefficients of
the vector-valued analytic function Fr : D — £, given by and

(2.4) Fr(z) = anz”, Ty = Ztknek.
n=0 k=1

It is well known that the boundedness of operators T : H? — X, where X is
a Banach space and 0 < p < 1, is equivalent to the boundedness of its extension
T : BP — X where BP? is the Banach envelope of H? (see [8]) and coincides with
the space of analytic functions such that

1
/ (1 —rHYP=2 M (f,7)dr < oo.
0

Taking into account that BP is a weighted Bergman space Bj(p) for p(t) =
t1/P=1 and, due to the results in [1] (see also [4] for alternative approaches and more
references), the boundedness of operators T' from Bj(p) into X can be described
by the behavior of certain fractional derivative of the vector valued function whose
Taylor coefficients T'(u,,) = x,, where u,(z) = z". Therefore the theorem could be
achieved using this general approach, but we present here a direct proof using only
classical and elementary facts from Theory of Hardy spaces.

Let us now mention some facts which will be needed later on.
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LEMMA 2.2. (see [7]) Let 8 > 0 and let (o) be a sequence of non-negative
numbers. Then

25) (tn+ 1))l = 00+ 1)) ) i~ sup, (1 =2 0ar™).
7=0

Let us mention that in some cases Haussdorff-Young’s inequality holds for
vector-valued Lebesgue spaces (see [16]). In particular, next lemma is well known.

LEMMA 2.3. (see [3]) Let 1 < p <2, p<q<p andlet F(z) = " jx,2"
with x,, € {9 forn > 0. Then

oo
O llaallfar™ )P < My (F, 7).
n=0

3. Proof of Theorem 1.1
We shall need the following result.

LEMMA 3.1. Let 0 <p<1<g<oo,1/m+1<p<1/m for somem €N and
let T : HP — (9 be a linear operator. Set x, = T(uy,) and Fr(z) = Y o0 x,2".
Then

_ 1
[T = max{||zollea, [lz1[lea, .. [[€m]lea, |SuP1(1 — )™ R (2) ).
z|<

PROOF. For each (\;,) € #4° we denote Th(f) = e MeT(f). We have that

IT[| = sup{ITxll ey« < [[(Ak) o = 1}-
Using (1.7) one has that T\ € (HP)* if and only if it is represented by g =

> re i Akgr and there exists C' > 0 such that |g(m+1)( )| < M’%’ and

Tl 1oy~ max{[ga(0)], [gh(0)], -y [g7™ ()], sup (1 — [2])™*+2= /2|1 ()]}

z|<1

Observe that gg\ (2) = >0y )\kgk (z) and Fr}j)(z) = (g,(cj)(z)). Taking supremun
over ||(Ax)|lsr = 1 one gets that the result. O

Proof of (1.3). Of course one can write

17 < ZII&kTH )= ( Zl\gkl\(m ).

Using the continuous inclusion (H?, (') C (Hp) and (1.8) we have the estimate
lgkllcry« < lgrllcan,ery < CllARler,00) where Ap = ((n+1)P Mg, ).

Therefore
(3.1) TN < ClI(AR) 3 (e1,00))-

On the other hand, note that Fr(z) = Y 0" x,2" where z,, = (tgn)ren € 4
for all n > 0. Hence

sup |zglles < (04 1)YP o1 00,00 -
0<k<m

On the other hand

F:(Fmﬂ)(z) = Z n(n—1)...(n —m)x,z"~ "+,
n=m++1
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Hence
o0
IES e < 30 0™ a2 D
n=m-+1
(') 27 )
< ¢y Azt N () el ) O
j=[log2(m+2)] n=27i—1-1
< C“((n+1)1/13—13;”)”4(1,00’@) Z Qj(m—l/P)|Z|2J—(m+2)

j=l[loga(m+2)]

Cll((n + 1) ) a1, 00,60)
a (1= [zym+2=t/p

From Lemma 3.1 one obtains
(3.2) IT) < Cll((n+ 1) 20) [l o(1,00,60)-
Now (3.1) and (3.2) give (1.3).

Proof of (1.4). Let us take (A\;) € €4 (or (A\) € ¢ for ¢ = 1). Using ( 1.7)
again there exists C' > 0 such that
ClITH

(m+1)
|g (Z)| < (1 _ |Z‘)m+2_1/p'

by
In particular, for g\(z) = >, A\egr(2) = Z?:O(Zk Aitnk)2™,
ClI7y|l

(m+1)
Ma(gy" ) < A= ryme2=i/p

Therefore
ZOO T ClTy|
2(m~+1) 2 2n7\1/2
(n=m(n+ Y | 3 M (1 —p)ymt2-1/p"

Applying now Lemma 2.2 for 8 = 2(m + 2 — 1/p) one concludes that ((n +
1)20/P=D1 5™ Nptgen|*)n € £(1,00) and

1((n +1)/P= Z/\ktkn)nH?(Zoo) < CTu P
k

This shows -
sup D MeAille@io0) < CIT-
Il =1 5

Hence

(AR |z

weak

((2,00)) < CIT.
Let us now show that ||(Bn)|l¢max{q.q'},00.00) < Cl|T.

Assume first ¢ = 1. Recall that from (3.1) one has HF}mH)(z)ng < u,ﬂiﬂgw

Now use, for n > m,

m+1| . |n—m (m+1) C”TH
[@nllern™ 2| SCIE (@) < A= )27

Selecting |z| =1 —1/(n + 1) to obtain
1Baller = llzalles (n +1)V/P~1 < CO|IT)
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which is the desired estimate.
Assume now ¢ > 1. Denote ¢ = min{q, ¢’} and go = max{q, ¢’} and apply (3.1)
to obtain

ClT|

m+1 m—+1
Mt(Fj(,, + )77-) S MOO(FT(ﬂ, + ),7') S (:l_r)m

Using Lemma 2.3 one can write

- alr|
(m+1) q0,.nq0\1/
(Z%(n + DT |y [[ggrae) 0 < (1= rymt2—1/p"
Now apply Lemma 2.2 for 3 = go(m+2—1/p) to get (||(n+1)/P"1z,||%9) € £(1, 0)
and the corresponding estimate for the norm. This finishes the proof. (I
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