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Abstract

Let X be a complex Banach space and let Bloch(X) denote the
space of X-valued analytic functions on the unit disc verifying that
sup|zi<1(1 — [2)[|f/(2)]] < oo. A sequence (T}), of bounded oper-
ators between two Banach spaces X and Y defines a multiplier be-
tween Bloch(X) and ¢;(Y) if for any function f(z) =) 2 x,2" in
Bloch(X) we have that (T),(zy))n € £1(Y). It is shown that if X is a
Hilbert space then (7},), is a multiplier from Bloch(X) into ¢1(Y) if
and only supy, ZiI:;lk ||T||? < co. Several results about Taylor coeffi-
cient of vector-valued Bloch functions relying unpon properties on X,
such as Rademacher and Fourier type p, are presented.
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1 Introduction.

Throughout the paper X stands for a complex Banach space and we write
Bloch(X) for the space of X-valued analytic functions on the unit disc veri-
fying that ||| aioencx) = [1FO)]] + supier (1 — 5] £/(2)]| < oc.

Clearly one has that f € Bloch(X) if and only if 2*f(2) = (f(2),2%) €
Bloch for all z* € X*. Moreover || f||Bioch & Sup|jpji=1 |2 f|| Bioch-

For 1 < p,q < oo we shall be denoting by ¢,(X) and ¢(p, ¢, X') the spaces
of sequences (z,,), in X such that |[(z,)|[, = o, [|zal[P)Y? < oo and
(I(#n)nerlle,), € g, where I = {n € N; 2871 < n < 2} for k € N and

Io = {0}.
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] o 1/q
For p,q < o0 we write ) g = ( 30(Snes, 17al?)7?) " 1@0) s =

1/q

(S ostPacr, leall?) ™ and )llpoo = sp(Sey, )7 As ustal,
when X = C we simply write £(p, q). These classes were first considered in
[25].

Let us recall the following well known facts on Taylor coefficients of Bloch
functions.

If f(2) = > —yxnz"™ with z, € X then, for each n and r € (0,1), we
have that

1 [7 . ,
Tpr" = 7 /7r f(re®)e=mqg.

This shows that if f € Bloch(X) then ||z, ||nr" < C(1—r)~! for alln € N
and 0 < r < 1. Choosing r = 1 — 1/n we obtain that

f € Bloch(X) then (x,) € lx(X). (1)
On the other hand, for f(z) =Y x,2"

: " k2t < [@n)nll1oo
1< nllzalllz] gzs%p(sgil\fcnm;?\ﬂ =T

k nely

Hence

If (2,)n € €(1,00,X) then ¢(z) = ixnz" € Bloch(X). (2)

n=0

The reader is referred to [2, 3, 7] for the basic theory we shall be using on
Bloch functions. Let us now recall the following basic result on multipliers

(see [3]):

(Bloch, ly) = €(2,1) (3)

where (Bloch, ¢1) stands for the space of sequences ()\,) such that the oper-
ator f(z) =), a,2™ — (A\yay,), is bounded from Bloch into ¢;.
As a consequence we have the following fact

If ¢(2) = Z a, 2" € Bloch then (a,), € £(2,00). (4)

n=0



Note that f(z) = > 7, e,2" = (2"), is a ¢y-valued bounded analytic
function, in particular f € Bloch(c), and (e,) ¢ ¢(p, 00, cy) for any p < oo.

Vector valued Bloch functions has been used in different papers and for
different reasons (see [4, 5, 8,9, 10, 11, 12, 13]). We refer the reader to [6, 14]
for new results on the subject.

The aim of this paper is to understand whether (4) and (3) have natural
extensions to vector-valued functions and how the vector-valued analogues
of them depend on the geometrical properties of the Banach spaces.

The first problem to deal with consists of finding out Banach spaces X
for which

f(z) =) 2" € Bloch(X) implies (a,), € £(2, 00, X). (5)

n=0
To this aim let us give the following definition.

Definition 1.1 Let X be a complex Banach space. We define Apioch.e, (X) as
the space scalar-valued sequences (\,)n such that the operator Y~ x,2" —
(Anp)n is bounded from € Bloch(X) into {1(X)

The second problem to deal with is to describe Apjoen.r, (X). Clearly, from
(3), ABioch.r, (X) is a solid sequence space such that

61 g ABloch,Zl (X) g 6(27 1)
Hence (5) is equivalent to the following question: When is
ABioche, (X) = £(2,1)7 (6)

We start by mentioning a couple of examples of vector valued functions
Bloch functions to keep in mind for checking the validity of results in the
vector valued setting.

Example 1.1 (see [1}], Example 3.1) Let 1 < p < co and define f, : D — ¢,
by fp(z) = D> 00, n~YPe, 2™ where e, stands for the canonical basis. Then

fp € Bloch(¢,).

Example 1.2 (see [14] Example 3.2) Let 1 < p < oo and define F, : D —

LP(T) by Fy(2)(§) = W Then F, € Bloch(LP(T)).



Now observe that f,(2) = >.°°, 2,2" with ||z,,|| = n~1/P. Hence

ABloch,él (fp) g 6(2, 1) for p < 2.

On the other hand F,(z) = 2% o/ 2" with ||2/,|| =~ n~/?" Hence

n=1"n
ABloch,Zl (LP(T)) g 6(2, 1) for p > 2.

There are many properties on the Banach spaces that are describe for
the validity of certain multiplier results in the setting of vector-valued func-
tions. This is the case of the UMD property (for the Hilbert transform),
the notion of Fouier type (for the Hausdorfl-Young inequality), ... For vec-
tor valued Hardy and Bergman spaces some properties were introduced in
the collaborations with A. Pelczynsky (see [16]) and J.L. Arregui (see [5])
respectively.

Another possible generalization is to consider sequences of bounded op-
erators (1,), in £(X,Y) between two Banach spaces X and Y and to define
operator-valued multipliers. This approach for different spaces of analytic
functions and multipliers can be found in [4, 5, 10, 11, 13, 14].

Definition 1.2 A sequence (1),), in L(X,Y) is said to be a multiplier be-
tween Bloch(X) and ¢,(Y), to be denoted (T,,) € (Bloch(X),(:(Y)), if for
any function f(z) = > o7 x,2" in Bloch(X) we have that the sequence
(T () belongs to (1(Y).

This is equivalent to the existence of a constant C' > 0 such that

N N
D N T(@n)l] < Csuppa (1= 2P naz""| (7)
n=0 n=1

for any N € N and xg, 1, ...,xn elements in X.
The infimum of the constants C wverifying (7) is the multiplier norm,
which coincides with the operator norm between Bloch(X) and ¢1(Y).

The third problem to deal with is to find conditions on the Banach spaces
X and Y to have

(Bloch(X), (1(Y)) = €(2,1, L(X,Y)). (8)

Let us now collect several definitions of properties of Banach spaces to be
used in the sequel.



Definition 1.3 Let 1 < p <2 < g < o and let X be a complex Banach
space.

X is said to have Fourier type p (see [28]) if there exists a constant C
such that

Z LAY < ClIf v (9)

n=—oo

for all function f € LP(T, X).
X is said to have Rademacher type p (see [27])if there exists a constant

C such that
/ ||Zasm ldt < C an 77

for any finite family xi,x,...x, of vectors in X where r; stand for the
Rademacher functions on [0, 1].
X is said to have Rademacher cotype q (see [27]) if there exists a constant

C' such that . -
1
(Sl <€ [ 1w
j=1 0 j=1

for any finite family xi,x,...2, of vectors in X where r; stand for the
Rademacher functions on [0, 1].

The notion of Fourier type was first introduced by J. Peetre ([28]) and we
refer the reader to the survey [20] for a complete study and references about
this property.

Just mention that X has Fourier type p if and only if X* does have it.

The notions of type and cotype were introduced by B. Maurey and G.
Pisier and were shown to be rather important in Banach space theory. Let
simply recall that Fourier type p implies Rademacher type p and that if X*
has type p then X has cotype p'.

The main examples of spaces of Fourier type p are L"(u) for any p < r <
p’ or interpolation spaces [Xo, X;]p between any Banach space X, and any
Hilbert space X; where 1/p=1—6/2.

Recall also that L"(u) has Rademacher type minp,2 and Rademacher
cotype maxp, 2.

Throughout the paper we shall use the notation B; for the Bergman
space of analytic functions on the unit disc D which are integrable against
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the normalized Lebesgue measure in the disc D denoted by dA(z), we write
M,(f,r), as usual, for ( 027r || (re®)||P4L)1/P 1 < p < oo, and C represents a
constant that may vary from one place to another.

2 Taylor coefficients.

We first start by showing that (5) holds for Hilbert spaces. The proof that
we shall present here is based upon Grothendieck’s inequality.

Theorem 2.1 Let H be a Hilbert space. Then there exists a constant C' > 0
such that

H(xn)nHQ,oo < CHfHBloch(H)
for all f(z) =3 0" yaxnz" € Bloch(H), i.e. Apjoene,(H) = 0(2,1).

PROOF. Given f € Bloch(H) we can define Ty : B; — H by the formula
Tt(uy) = xp, where u,(2) = (n+1)z"

Now we extend the definiton to polynomials, by linearity, and for ¢(z) =
SN, anz”, we have

10 =3 1 = [ o)

Recall first that the pairing

(6,) = “"ﬁ" / o)D) AA(2), (10)

for any ¢(z) = > 07 a,2™ and ¢(z) = > 7, 5,2", gives the identification
(B1)* = Bloch (see [35]).

Since (T¢(¢),z*) = (z* f, ¢) and polynomials are dense in By we can con-
tinuously extend T to B; as a bounded operator and ||T%|| < C||f]|gioch()-

On the other hand it is known (see [33] or [35]) that B; is isomorphic to
¢;. Hence from Grothendieck theorem (see [17]) we have that T is absolutely
summing.

Let [[(An)]]21 < 1. Tt follows from (3) that

sup Y [(Anttn, g)| < C.
llgll(By)x <1,



This leads to
D> lllT(ua)l] < €

for all |[(An)][2,1 < 1. Or in other words (z,) € (2,00, X) and

(@0 )nll200 < ClITy]] = ClIf | Bioch()-

0]
Due to the fact that ({(p,q, X)) = (p/,¢', X*) for 1/p+ 1/p' = 1/q +
1/¢" =1 for 1 < p,q < oo under the natural pairing

((2a), (27)) = D (wn, 2})

n

(where we also use (.,.) for the dual pairing in X), it is convenient to get a
predual of Bloch(X*) under such a pairing (see [6] for the duality (B;(X))* =
Bloch(X™)).

We shall be denoting J;(X) the space of X-valued analytic functions f
on the disc D such that [ [|f'(2)]|dA(z) < co. We endow it with the norm

1
1 1lnc) = F O + fy Mi(f',r)dr.
Now we have (J;(X))* = Bloch(X*) under the pairing

o0

(fo9) = S (s 2a) (11)

n=0

for any g(z) = > 7 xh2" € Bloch(X*) and f(z) =Y~ z,2" € Ji1(X).
The reader is referred to [2] for this duality result in the scalar case and
to [8, 9] for its vector valued extension and generalizations.
Clearly one has the following elementary estimates: There exist C, Cy >

0 such that

Cil|(za) (n)
for any f € Jy(X) with Taylor coefficients (z,,).
In order to improve estimates (12) under some assumtions on the Banach

space X we shall need the following lemma.

< Wllaen < 6o

.



Lemma 2.2 (see [12] or [27]) Let (o) be sequence of nonnegative numbers
and 0 < q, 8 < co. Then

/0 (1 — T)Bq_l(z; anr”)qdr ~ Z ( Z %)q. (13)

Theorem 2.3 Let X be a Banach space of Fourier type p.
(i) There exists a constant C > 0 such that

17l < €| @a)lp

for all (z,) € U(p,1,X) and f(z) =D 77 x,2".
(ii) There exists a constant C > 0 such that

@) llyse < CUAptoencn

for all f(2) =" x,2" € Bloch(X).

n=1

(ZZZ) E(p, 1) g ABloch,€1 (X)
PROOF. Let us now show (i). Note that

1 1
fllne < IFO)1+ / My (f',r)dr < C(|F(O)] 1+ / (S 0| o) ).

n

Now applying Lemma 2.2 for 8 = p and ¢ = 1/p we obtain (i).

(ii) follows by duality, because Bloch(X) is isometrically included into
(J1(X™))™.

(iii) follows from (ii), since for all (\,), € ¢(p,1) and f(z) =), x,2" we
have

> alllzall < @)l sol (M) lpa < ClHAWpall f ] B10cn(x)-
O
Remark 2.1 Observe that Theorem 2.3 gives an alternative proof of Theo-

rem 2.1.
The reader is referred to Proposition 3.3 in [14] for a closely related result.



Theorem 2.4 Let 1 <p < 2 and let X be a Banach space.

(i) If €(p,1) C ABioch e, (X) then X has cotype p'.

(11) If 0(2,1) = Apioch,i, (X) then X has Orlicz property, i.e. if Y |(z,,2*)| <
oo then Y. ||an|]? < oc.

PROOF. We shall see in both cases that if > |(x,, )| < co then 3_ [|z,||F' <
00. For the equivalence of this fact and X having coytpe p’ in the case p < 2
we refer to the work of M. Talagrand (see [30, 31]).

Let 21,..,zy € X such that Y [(z,,2%)| = 1 we construct f(z) =

Zi}:;fcvﬂ T, _or 2" for 28 < N < 21 Hence f belongs to Bloch(X) (becasuse

x*f € Bloch for all z* € X*) and the assumption £(p, 1) C (Bloch(X), (,(X))
easily gives Zf:]:l ||z, | [P < C.
O
To obtain certain converse estimates we shall need to use next lemma (see
also [5] for similar result for Bergman spaces).

Lemma 2.5 Let X be a Banach space and let 1 < g < co. Then

1 1
| [ a=n i srsydrds < € llco.
0 0

PROOF. 1t was shown in Theorem 2.1 of [15] that

([ = rin” < Cllflnco,

where H;(X) stands for the vector-valued Hardy space.
Now, since Mi(f',7) = ||fr||m(x) where f,(2) = f(rz) then the result
follows by integrating over (0, 1). OJ

Theorem 2.6 Let X be a Banach space with Fourier type p.
(i) There ezists a constant C' > 0 such that

T
H(W)Hp/,l < Cll 1)

for all f(z) =307 x,2".
(ii) There ezists a constant C > 0 such that

| f 1 Broch(x) < CH(nl/plwn)

for all f(z) =307 xp2".

p,o0



PROOF. (i) Since X has Fourier type p, we have

= C o\ P
(D llaall?e™) ™ < CM (1),
n=1
Using Lemma 2.5 and Lemma 2.2 we get

fllneo = C / / VPN (f' rs)drds
1/’
= C// ( Zn” ) I

> C(/ (1-— sz > ) /pdr
0 k=1 nely
1 o0 )
> O [@=n Y (X ) )
0 k=1 necly
2 03 (k)™ / (1= )
k=1 né€l}
17
= 0N (X i) oo
k=1 nel
= H nl/P
(ii) follows by duality. O

3 Multipliers.

Now we analyze the interplay between geometry of Banach spaces and ques-
tions (6) and (8).

Repeating the argument in Theorem 2.4 with T,, = A, T for a fixed oper-
ator T" we obtain the following result.

Proposition 3.1 Let 1 < p <2 and let X and let Y be Banach spaces. If
l(p,1,L(X,Y)) C (Bloch(X),fl(Y))
then 11,1 (X,Y) = L(X,Y), where 11, 1(X,Y) stands for the space of (p,1)-

summing operators (see [17] for definition and properties).

10



Theorem 3.2 Let X andY be Banach spaces and assume that X has Fourier
type p. Then
((p,1,L(X,Y)) C (Bloch(X),(,(Y)).

PROOF. This follows easily from Theorem 2.3. 0J

Theorem 3.3 Let X* be a complex Banach space of Rademacher cotype p
and Y be any Banach space. Then

(Bloch(X),01(Y)) C (¥, 1, L(X,Y)).

PROOF. Let (T,,) be a sequence of operators in (Bloch(X),¢,(Y)). Using
a simple duality argument we have that

1> e ()" lnxy < C
n=1

for all €, € {—1,1} and ||y}|| = 1.
Now writting €, = r,(t) for t € [0,1], and fi(2) =D o0 ro(t)T(ys)2" we
have

1 1 1 1
[ Wllcnde= [ [ pngzntarar= ¢ [ gz i
0 o Jo o

Applying Lemma 2.2 we obtain (7 (y})) € £(p/,1,X*) uniformly for
lly|| = 1. Hence (T,) € £(p', 1, L(X,Y)). O
Combining now Theorems 3.2 and 3.3 we get our final corollary

Corollary 3.4 Let H be a Hilbert space and let Y be a Banach space. Then

(Bloch(H), (,(Y)) = £(2,1, L(X,Y)).

11
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