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Abstract

We study both existence and nonexistence of nonnegative solutions for nonlinear
elliptic problems with singular lower order terms that have natural growth with
respect to the gradient, whose model is

2
Caut Yy,
u”Y
u=20 on 0F),

where (2 is an open bounded subset of RV, v > 0 and f is a function which is
strictly positive on every compactly contained subset of 2. As a consequence of
our main results, we prove that the condition « < 2 is necessary and sufficient
for the existence of solutions in H{ (Q2) for every sufficiently regular f as above.

Key words: Nonlinear elliptic equations, singular natural growth gradient
terms, large solutions.

1. Introduction

In this paper we are going to study existence and nonexistence of nonnegative

solutions for the following boundary value problem
—div (M (z,w)Vu) + g(z,u)|Vu* = f in Q,
(1.1)
u=0 on 0N).

de

Here € is a bounded, open subset of RN, N > 3, M(z,s) o (myj(z, ), 4,j =
1,...,N is a matrix whose coefficients m;; : 8 x R — R are Carathéodory
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functions (i.e., m;;(-,s) is measurable on  for every s € R, and m;;(z,-) is
continuous on R for a.e. = € Q) such that there exist constants 0 < a <
satisfying

als]* < M(z,s)s-¢ and [M(z,s)| < B, forae. x€Q, VY(s,¢) € RxRY.
(1.2)
The function g : 2 x (0,400) — R is a Carathéodory function (i.e., g(-,s) is
measurable on €2 for every s € (0,400), and g(z, ) is continuous on (0, 4+o00) for
a.e. x € Q) such that

g(z,s) >0, forae z€f Vs>D0. (1.3)

We will be mainly interested to the case of a function g which is singular near
s = 0, such as, for example, g(z,s) = 1/s7, v > 0. On the datum f, we first

suppose that it belongs to L% (Q) and that it satisfies
me(f) = ess inf{f(z):z cw} >0, YwcCCQ. (1.4)

Note that (1.4) implies that f > 0 in Q and that f #£ 0 in .

There are several papers concerned with existence and nonexistence of so-
lutions for (1.1). If g is nonsingular, that is if g is a Carathéodory function on
Q x [0,00), problem (1.1) has been exhaustively studied by Boccardo, Murat
and Puel [15], Bensoussan, Boccardo and Murat [7] and Boccardo, Gallouét [11]
with data f in suitable Lebesgue spaces.

On the contrary, as stated before, in this paper we shall focus our attention
on problem (1.1) with g(x,s) having a singularity at s = 0 (uniformly with
respect to ). More precisely, we look for a distributional solution of problem
(1.1), ie. a function u € Wol’l(Q) which solves the equation in the sense of
distributions, u > 0 almost everywhere in €, and such thatg(z, v)|Vu|? in L' (Q).
If moreover u € Hi (), we say that u is a finite energy solution for problem
(1.1). A possible motivation for the study of these problems arises from the
Calculus of Variations. If 0 < f € L1(Q), ¢ > % and v € (0,1), a purely
formal computation shows that the Euler-Lagrange equation associated to the
functional

I =5 [a+pl ek = [ po.

is
1—v wu

—dj 1= -7 2 _
div((1 + [u["=7)Vu) + 5 |u‘1+w|Vu| = f.

Observe that this is a nonlinear elliptic equation that involves a singular natural—
growth gradient term.

Therefore, it is natural to wonder whether we can handle general not neces-
sarily variational problems whose simplest model is

Vul>
_AU-FT —f mn Q7 (15)
u=20 on 0},



and to determine the optimal range of v > 0 for which solutions exist.

Recently, existence of solutions for (1.5) has been proved in [1, 2, 3] for
0 <y < 1. We also quote the even more recent papers [8] and [20]. Specifically,
the existence of positive solutions of (1.1) is proved in [8] provided 0 # f €
LYQ) (¢ > 2N/(N + 2)) with f > 0 and provided g(z,s) = 1/s” with v < 1.
On the other hand, a related different problem is studied in [20]. Namely, if
X {u>oy denotes the characteristic function of the set {z € @ : u(z) > 0},
0< fel>®(), peRand A,y > 0, the differential equation

[Vu/?

—div (M (x,u)Vu) + Au + p o Xiusoy = f

is considered. The given results about existence of nonnegative solutions in
H}(2) depend on 5. Indeed, existence is proved for every p € R if v < 1, while
the case v > 1 requires that u < 0. Thus, if v > 1 the term with quadratic
dependence in Vu is negative (i.e., the opposite assumption with respect to
(1.3)). In this direction, result for similar equations can be also found in [21]

and [34] (see also references cited therein).

The purpose of this paper is twofold. First of all, we will extend the above
results to a more general class of nonlinearities both in the principal part of
the operator and in the lower order term, as well as to general, possibly L!((2),
data. Then, we will give a sharp range of nonlinearities g(z, s) for which these
problems admit a solution for every datum f € LI(Q2), with ¢ > N/2, satisfying
(1.4).

In order to prove our results, we will have to strengthen assumption (1.3).
Specifically, for the results of existence of solutions, we will suppose that the
function g(x, s) satisfies

0 <g(x,s) <h(s), forae ze€Q, Vs>0, (1.6)

where h : (0,400) — [0, +00) is a continuous nonnegative function such that

lim/ Vh(t)dt < 400, (1.7)

s—0t
h(s) is nonincreasing in a neighborhood of zero.

Our result of existence of finite energy solutions (proved in Section 2) is the
following.

Theorem 1.1. Let f in L%(Q) be such that (1.4) holds, and suppose that
(1.2), (1.6) and (1.7) hold. Then there exists a finite energy solution u for
problem (1.1). Furthermore, u g(x,u)|Vu|? € L'(Q).

Note that the fact u g(z,u)|Vu|? € L'(Q) implies that the solution wu itself
is allowed as test function (since f € H~!(2)) in the weak formulation of (1.1)
(see (2.1) in Section 2). With respect to the proof, due to the fact that the



lower order term g(x,u)|Vu|? is (possibly) singular as the solution is near 0,
we will approximate the function g(z, s) by nonsingular ones g, (z, s) in such a
way that the corresponding approximated problems have finite energy solutions
uy, for every n in N. The main difficulty in the proof of Theorem 1.1 relies on
a suitable local uniform estimate from below of these solutions. To do it, it
suffices by (1.6) to prove that any supersolution z > 0 for the equation

—div (M(z, 2)Vz2) + h(2)|Vz]? = f inQ
is above some positive constant in every w CC €, i.e.
Yw CCQ Je, >0: z(z)>¢, >0. (1.8)

This is proved in Proposition 2.3 via a suitable change of variable which turns
the goal into a local L™ estimate for solutions of quasilinear problems. The
local L™ estimate is then obtained using a result of [27] (see also the pioneering
paper [17] and also [13, 19]) on an equation whose model is

—div(M (z,v)Vv) + f(x)b(v) =0 in Q, (1.9)

where M satisfies (1.2) and b(s) is a function with b(s)/s increasing for large
s > 0 and satisfying the Keller-Osserman condition

Foo dt
/ \/2]5 b(t)dr =

For the convenience of the reader, the exact result that we need is proved in
the appendix (see Theorem A.1). For such type of L estimates we refer to
the “classical” literature on the so-called large solutions (see, among others,
[5, 31, 32, 38]) and on local estimates (see, among others, [13, 17, 19, 27, 37]).

Section 3 of this paper will be concerned with some extensions of the exis-
tence result. First of all, combining the above ideas with those in [35] (see also
[26]), we handle the case of data f in L'(Q), proving the existence of distribu-
tional solutions u of (1.1), with w in Wol’q(Q) for every g < % More precisely,
in Section 3.1, we shall prove the following result.

Theorem 1.2. Let f in L'(Q) be such that (1.4) holds and suppose that (1.2),
(1.6) and (1.7) hold. Then there exists a distributional solution u of (1.1), with
u in Wol’q(Q), for every q < % If, in addition, there exist sg > 0 and u > 0
such that

g(x,s) > p forae x €, Vs> s, (1.10)

then u € H}(Q) (i.e., it is a finite energy solution).

On the other hand, in Section 3.2, we will also provide an analogous of
Theorem 1.1 involving more general differential operators whose principal part



is not in divergence form and data in L(Q2) with ¢ > % Namely, we consider
the following problem

N
2 .
7”.2:1 (@ )8351895] ;b z) 4+ g(z,u)|Vul” = f inQ,
uw=0 on 99,
(1.11)

where the coeflicients a;;(z) satisfy the ellipticity condition

0<ald?< Z aij(z)sis; < Bls]?, Vs € RV, (1.12)

7,7=1
for some 0 < a < (3. We prove the following result.

Theorem 1.3. Suppose that a;; € W1>°(Q) satisfy (1.12), and that b; €
L>°(Q). Assume that f(x) satisfies (1.4) and belongs to L9(Q) with ¢ > &-. Sup-
pose moreover that g(x,s) satisfies (1.3), (1.6) (with h such that (1.7) holds).
Then there exists a solution u € HE(Q) N L>(Q) for (1.11). Furthermore,
g(z,u)|Vul|? € LY(Q).

We are also concerned with nonexistence of positive solutions for problem
(1.1) for data f in L(Q) for some g > %, with f > 0and f # 0. In contrast with
the previous existence results, we will assume in this case that the nonlinearity
g(x,s) is above a function h(s) whose square root is not integrable in (0, 1).
Specifically, we assume that

0 <h(s) <g(x,s), forae xze€Q, Vs>0, (1.13)

where h : (0,400) — [0, +00) is a nonnegative continuous function such that

lim h(s) = +oo, hm/ Vh(t) dt = +o0, (1.14)

s—0+t s—0+

and

S
/ Rt
li 1 =ho > 0. 1.15
Jim V() e 02 (115
Among others, we are going to prove in Section 4 that if A;(f) denotes the first
positive eigenvalue of the laplacian operator —A with zero Dirichlet boundary

conditions and weight f € LI(), (¢ > N/2), then the following result holds.

Theorem 1.4. Let f in LY(Q), with ¢ > %, be such that f > 0 and f % 0,

and assume that (1.2), (1.13), (1.14), (1.15) hold. If M (f) > g, then (1.1) does
not have any finite energy solution.

As an easy consequence of Theorem 1.4, we will prove (see Corollary 4.5)
that the model problem (1.5) does not have any finite energy solution provided



v > 2. By gathering together this nonexistence result and Theorem 1.1 we
conclude immediately that, in the case of the model problem (1.5), we have a
sharp range of values of v for which there exist solutions. In addition, if v is
not in this range, we prove also what happens if we try to approximate problem
(1.5) with a sequence of problems for which solutions exist.

Theorem 1.5. Problem (1.5) has a finite energy solution for every f € LI())
(g > %) satisfying (1.4) if and only if v < 2. Moreover, let A\ be the first
eigenvalue of the laplacian in the N-dimensional unit ball (i.e. the first positive
zero of the Bessel function J,, with m = N/2 — 1), assume f € L*°(Q), and
either

At
>2 or =2 and o) < T3 1.16
Y 0 Hf||L Q) diam(Q)2 ( )
Then the sequence {u,} of solutions of
|V, |? .
—Aup + ——m—= = in €,
(277
Uy =0 on 09,

2
tends to 0 in HZ(Q), and the sequence % converges to f in the weaksx

topology of measures.

To conclude this introduction, some remarks are in order. First, we have
to mention that uniqueness of solutions for (1.5) is proved in [4] for the case
0 < v < 1. Secondly, let us explicitly state that we have chosen to present the
results and to perform the proofs in the case N > 3. However, all the results but
Theorem 1.1 hold true also in the case N = 2 (with easier proofs). In addition,

if N = 2 (which implies ]3752 = 1), Theorem 1.1 is also true provided we replace

the assumption f € L%(Q) with f € L™(Q2), and assume m > 1.

The plan of the paper is the following: in Section 2 we will prove a local
estimate from below for the solutions, together with Theorem 1.1. Section 3
is devoted to provide further existence results for L' data (Theorem 1.2) and
operators in non divergence form (Theorem 1.3). In Section 4 we prove the
nonexistence result (both theorems 1.4 and 1.5). Finally we present in the
Appendix some results related to the local estimate (1.8). For instance, we
show in detail how to get the lower bound for solutions of (1.1), through a
suitable change of variable, proving a local bound from above for solutions of a
semilinear equation whose model is (1.9) (Theorem A.1). Such topic is strictly
related to the possibility of constructing estimates for solutions of (1.9) that do
not depend on the behavior at the boundary: and indeed in Theorem A.8 we
prove the existence of solutions that blow-up at the boundary (i.e., the so-called
“large solutions”) for such equations.

Notation. For any & > 0 we set Ti(s) = min(k, max(s,—k)) and Gg(s) =

s — Tx(s). Moreover, for any ¢ > 1, ¢’ = q%l will be the Holder conjugate



exponent of ¢, while for any 1 < p < N, p* = NN—% is the Sobolev conjugate

exponent of p. As usual, S denotes the best Sobolev constant, i.e.,

S = sup{|lull 2+ () : lull a0y = 1}

In Section 3 we will use some ideas related to Marcinkiewicz spaces; for the
convenience of the reader we recall here their definition and some properties.
For s > 1, we denote by M?*(Q) the space of measurable functions v :  — R
such that there exists ¢ > 0, with

meas{x € Q: |v(z)] > k} < k—cs, Yk > 0. (1.17)

The space M*(2) is a Banach space, and on it can be defined the pseudo-norm
||U||j\As(Q) =inf{c>0: (1.17) holds}.

We also recall that, since Q is bounded, for every € € (0,s — 1], there exists a
positive constant C' such that

vllame @) < vllzs), Vv e L3(Q)

: 1.18
Lemeqe < Cllwllpe iy, Voo € M3(9). (1.18)

[[]

Finally, following [15], we set ¢y (s) = se*’, A > 0; in what follows we will
use that for every a, b > 0 we have

; (1.19)

o e

ag)(s) — blea(s)] =

if A > 2. We will also denote by £(n) any quantity that tends to 0 as n

. 4a? "
diverges.

Acknowledgment: The authors wish to express his thanks to Prof. Serrin for
his suggestion of extending our existence main result to non-divergence opera-
tors.

2. Finite energy solutions

In this section we will prove the existence of finite energy solutions for prob-
lem (1.1). Let us recall its definition.

Definition 2.1. A supersolution (resp. subsolution) for problem (1.1) is a func-
tion u € VVﬁ)Cl (©) such that

1) w > 0 almost everywhere in €2,
2) g(z,u)|Vul? belongs to Li, (),
3) for every 0 < ¢ € C°(9), it holds

_ 2
/QM(:U,u)Vu V¢+/Qg(m,u)|Vu| d)(%/ﬁfqﬁ.



A function u € Wy''(Q) is a distributional solution for (1.1) if g(x,u)|Vu|?
belongs to L*(£2), and u is both a supersolution and a subsolution for such a
problem.

If moreover u € Hg(f2), we say that u is a finite energy solution for problem
(1.1). In this case, we have

/M(x,u)vaw—l—/ g(x,u)|Vu\2z/)=/fw, Vip € HY(Q)NL®(Q). (2.1)
Q Q Q

The proof of Theorem 1.1 relies on approximating the datum f € L%(Q)
by its truncature f,, = T,,(f) and the nonlinearity g by a suitable sequence of
Carathéodory functions g, (for n € N). Specifically, we define

1

>
Ny 1g(:v,s) $2 1
gn(x78):° h _ $ 0 < =
n (n) h(s)g(m,s) <8_n’

s<0

Since h is nonincreasing in a neighborhood of zero, we observe that there exists
ng € N, such that g,, satisfies, for a.e. x € Q, Vs > 0,

lim g (z,s) = g(z,s),

n—-+oo

gn(‘rv 5) S g(xv 5) ,V’ﬂ Z no, (22)

gn(z,8) > 0.

Since for fixed n both functions f,(z) (z € Q) and % (¢ € RY) are

bounded, classical results allow us to deduce that problem

n

[Vu,|? .
R
1+ L[Vu, 2 Ju in (2.3)

Uy =0 on 01},

—div (M(x, un)Vun) + gn(x» Up)

has a solution u,, that belongs to Hg () (see [30]) and to L>(Q) (see [36]).
We are going to prove now some properties of the sequence u,, that we will
use in the sequel.

Lemma 2.2. Assume that 0 # f € L%(Q) satisfies f > 0 and that M(z,s)
satisfies (1.2). If, for every n € N, the function u,, € H}(Q) is a solution of
problem (2.3), then:

1. The sequence {u,} is bounded in H}(2) and

|Vu,|?

m is bounded in Ll(Q)
£ Up,

UnGn (SC, un)



2. The functions u,, are continuous in  and u,(z) > 0 for every z € 2 and
n € N.

Proof. 1. Taking u, as test function in (2.3) and using Holder and Sobolev
inequalities we obtain that

/M(:c Un) Vg, - Vu +/ (z,up)uy, |Vun|2 /f u

< SIfIl ||VunHL2(Q).

N 1 0
By the ellipticity condition (1.2) and the nonnegativeness of g,(x, s)s, we con-

clude that the sequences w,, and wu,g,(x, u,) are bounded, respec-

tively, in H}(Q) and in L'(Q).
2. We take u;; = min(u,,0) as test function in (2.3), so that, by (1.2),

_ Vuy,|? _ _
a/|wn|2+/gn<a:7un>7' o fuus .
Q Q

|vun‘2 = Q

Using that f,, > 0 and g, (z, s) is zero for every s < 0, we obtain

a/|Vu;|2 S/fnu; <0.
Q Q

Thus w,, =0 and so u, > 0. Moreover,

|V, |?

_d.MvnVn:n_n7n7
iv (M (2, up)Vun) = f g<xu)1+%|Vun|2

L=(Q).

Hence u,, belongs to the space of the Holder continuous functions in Q (see for
instance [25], Theorem 1.1 in Chapter 4).

We are now going to prove that w, > 0 in Q. Let C,, > 0 be such that
gn(x,5) < Cys, for s € [0, |lun|z=)]. Thus the nonnegative function wu,
satisfies in the sense of distributions in 2

2
—div (M (x,uy)Vuy) + nCru, > —div(M(z,u,)Vu,) + Ww
+ E‘V’U,n|2

= Jn-

Observing that f, is nonnegative and not identically zero (since f # 0), by
the strong maximum principle (see [23] for instance) we deduce that u, > 0 in
Q. O

In the next proposition we will prove that the sequence {u,} is uniformly
bounded from below, away from zero, in every compact set in 2. This result
will be crucial in order to prove the existence of a solution for (1.1).



Proposition 2.3. Suppose that f € L(Q) satisfies (1.4), and that h is such
that (1.7) holds. Let w be a compactly contained open subset of 2. Then there
exists a constant c,, > 0 such that every supersolution 0 < z € H (Q) N C(Q)

of the equation -
—div (M (x,2)Vz) + h(2)|Vz|* = f inQ, (2.4)

satisfies
z>c, Inw.

Remark 2.4. The above proposition will be crucial in the proofs of both The-
orem 1.1 and 1.2. In fact, we will use the following consequences:

(i) Let u, be a solution of (2.3) with n > ng (no given by (2.2)). By

Lemma 2.2, u,, > 0 in Q and it is continuous. In particular h(uy,)|Vu,|? €
L .(2). Thus, from the inequalities g, (x,s) < g(z,s) < h(s) for every
s >0 and f, > fi we obtain that u,, is a supersolution for

—div (M(z,2)V2) + h(2)|Vz|? = fi in Q.

Therefore, by the above proposition (with f = f; and z = u,, € Hg(2) N

C(2) (Lemma 2.2-2.)) for any w CC 2 we get the existence of a positive
constant ¢,, such that u,, > ¢, in w. Taking k > 0 and my > max{nog, %}’
we deduce, by the definition of g,, that for all n > mg

gn(l‘v ’U,n(l')) = g(x, un(x)) < Ck(w) = sén[czi},{k] h(S) )

for every x € w such that u,(z) < k.

(i) If 0 < u, € HE(Q) NC(Q) is a finite energy solution of
—div (M (2, un)Vun) + g(2,u,)|Vun|? = fn  in Q,

then, using again that g(x,s) < h(s), fn > f1 and h(u,)|Vu,|? € L (),
we derive that u,, is also a supersolution of

—div (M(z,2)V2) + h(2)|Vz|? = fi in Q.

Consequently, if w CC ©Q and ¢, has been defined above (with f = f),
then u, > ¢, in w. Therefore,

= max h(s),

9(@, un(2)) < k(W)
S€[cw k]

for every x € w such that u,(z) < k.

Proof of Proposition 2.3. Let z > 0 be a supersolution of (2.4). We are going
to consider a suitable change of variable. In order to make it, since in general

10



the function h may be integrable in (0,1), we set h(s) = h(s) + g, and define,
s

for s > 0, the nondecreasing function

H(s):/lsﬁ(t)dt:/ls h(t)dt + log s, (2.5)

and the nonincreasing function

1 1 t
t J{ h(r)dr
1/}(8):/ e—*Hi)dtz/ e . (2.6)
S S

Observing that

Sli,%lJr 1/)(3) = +00, SE{POO 1/)(5): 'l/}oo € [—O0,0),
we can define
v = (2). (2.7)

Since z is continuous and strictly positive in {2, we get that z is bounded
away from zero (with the bound depending on z) in every open set w compactly
contained in 2. Consequently, by the chain rule, we have

H

Vo= —e 5 Ve L*(w), Ywcc, (2.8)

and thus v € H'(w) for every w CC , i.e., v € H! ().
Let 0 < ¢ € C2°(92), and take (as in [8]) e_¥¢ as test function in (2.4) to
deduce from the inequality h(s) < h(s) that

h(z)

H(z)

e_¥¢ +/M(m,z)Vz-V¢e_ a
Q

*/ h(z)|VzPe™ 5 g > / fe g
Q Q

Using (1.2) together with (2.8) we get,

—/ M(z,2)Vz-Vz
Q

—/QM(x,z)Vz/)(z)-qu z/ﬂfe—Hi%z/Q(e—Hi” —1) 16,

If we define M (z, s) = M(x,9~1(s)) and

_H@w (s))
b(s) =e o —1 forevery s € (Yoo, +00), (2.9)

then v is subsolution of

—div (M (z,v)Vv) + f(z)b(v) =0 in Q.

Observe that Lj) is nondecreasing for large s > 0; indeed, this is equivalent
_H®)
to prove that Y(t) = W is nonincreasing in a neighborhood of ¢ = 0. To

11



show this, let wy € (0,1) be such that () is nonincreasing in (0, wo), and, note
that

—e SR OT (1) = = () — (T

where

1 [/t~ _ H(s)
ds and M, = f/ h(s)e™ = ds.

a S,
Thus, if ¢ belongs to the interval (0, A~ (min{wq, My/M;})), then the right hand
side of the above inequality is positive, and consequently Y (¢) is nonincreasing
in this interval.

We also claim now that since fol Vh(s)ds < 400 and h is nonincreasing in

a neighborhood of zero, then the function b(s) satisfies the well-known Keller-
Osserman condition (see [24] and [33] for instance), i.e., there exists ¢y > 0 such

that
[T
to 4/2 fot b(s)ds

We postpone the proof of the claim for the moment, and we show how to
conclude the proof by using the claim. Indeed, by applying [27, Theorem 7] (see
also Theorem A.1 in the Appendix where, for the convenience of the reader, we
have also included a proof of the precise result that we need here) we derive
that for every w CC 2, there exists C,, > 0 such that

(2.10)

v<C, inw.
Therefore, undoing the change
2> 0,) =co >0 inw,

as desired.
Consequently, to conclude the proof it suffices to show (2.10) or, equivalently,
that
dt

/ h He i)
t _H@Z(s)
to \/2 fo e = ds

< +o0.
Using the change 7 = 1 ~!(s), we obtain

dt dt

+o0 +oo
/ \/2f0 _H@II) / \/2f¢ RYIG) >d7_

12



Now we apply the change w = ¢ ~1(t) to deduce that

dw

/+oo dt /wo
< b
to \/2 fot o H(U);l(s))ds —Jo \/2 fwo 2[H(w)-H(T)] gy

ea
w

with 0 < wo = ¥~ 1(tg) < 1 = 1»~1(0) since v is nonincreasing, and we choose
to >> 1 such that A is nonincreasing in (0, wg.

Since h satisfies (1.7), also h satisfies it, so that we conclude the proof if we
show that there exists a positive contant ¢y such that

~ Wo
h(w)/ caHW=HO] gr > ¢0 >0, Yw € (0,wp). (2.11)

w

Indeed, the only difficulty is near zero. To overcome it, we use that & (hence 71)
is nonincreasing in (0, wo], to obtain

Ti(w) / YR HW-HO] g > /wD;;(T)eg[H(me(T)] "

2 H(w) wo 9 __
aea 2
= - —_Zh(r)e aHm) ¢
5 /w - (T)e T
OZG%H(M) 27 wo « Q%H(w)
L L}
2 w 2 eEH(U’O) 2
Using the above inequality and the fact that ea () ig close to zero for w small

enough, we can choose W € (0, wp) such that

hiw) /w" QZH@)-H®] g > @
. 1

for 0 < w < w. Thus the existence of ¢y such that (2.11) holds is deduced. O

Remark 2.5. If h is such that

1
lim h(t)dt = +o0,
s—0t Jg

there is no need to define the above function h. Indeed, in_this case, the proof
of the above theorem works by using directly h instead of h.

Proof of Theorem 1.1. We are going to prove that, up to a subsequence, the
sequence {u,} of finite energy solutions of (2.3) converges to a finite energy
solution of (1.1).

By Case 1. of Lemma 2.2, we obtain the existence of constants C1,Cy > 0
such that

2
Vunl” ) (2.12)

||Un||Hé(Q) < Cp and /Qungn(%un)wW =

13



Thus, up to a subsequence, we can assume that u,, converges to some u € H{ ()
weakly in H}(Q) and, by Rellich’s Theorem, strongly in L?(Q) and a.e. in Q.

Choosing 17%(uy,) as test function in (2.3) and taking into account that
fn < fin Q, we deduce that

[

If we take the limit as € tends to zero, and we use that, by Lemma 2.2, u,, > 0
in 2, we get

[V | / [V |?
(T, Up) —————— = (T, Uup)—————— < . 2.13
ot g = [ o f.oo(@13)

The proof will be concluded by proving the following steps:
Step 1. For every k > 0, Tj,(u,) — Ty (u) strongly in H ().
Step 2. u,, is strongly convergent in H}_(9).

Step 3. We pass to the limit in (2.3).

Step 1. Here we want to prove that

lim V(T (un) — T (u)|*¢ =0, Vo€ CX(Q) with ¢ >0.  (2.14)

n—-4o0o Q

Reasoning as in [12], we consider the function ¢y(s) defined in (1.19) and
we choose @y (Tk(un) — Ti(u))¢ as test function in (2.3): we have

/Q M (1) Vit - V(T (utn) — To())h (Ti () — T (1))

+/ M (2, un)Vuy - Vo ox(Ti(un) — Ti(u))
0

U 2
om0 T Tta) =)o = [ 5er (i) = T

Since Ty (un) — Ty (u) weakly in H} () and strongly in L?(Q2), we note that
/an oA (T (un) = Tie(u))p — /Q M (2, un )V - Vo ox(Ti(un) — Ti(u) = e(n).

Moreover, choosing wg CC Q with supp ¢ C wg, we deduce, by Case (i) of
Remark 2.4 and by the nonnegativeness of both g, and ¢y (k — Tx(u)), that

Vu,|?
| o) o (Ti) i)

|V, |?
> . <k}gn($7un)msﬁA(Tk(Un)—Tk(u))¢

14



> —cx(wp) / VT 1) 1o (Ti (1) — Ti(0))]6
Thus
/ M (1) Vit - V(T (utn) — To())h (Ti () — Ti ()
Q (2.15)
—ci(wg) / 9T 1) 2l (Ti (1) — Ti(w))]6 < ().
Note that

/Q M (2, un) Vi, - V(T (un ) = T ()@ (Ti(n) = Ti () EX fu, 21}

= - A M(Ji, Un)vun ' ka(u)QD/A(k - Tk(u))¢X{un2k} = E(TL),

so that, adding
—/QM(fﬂvun)VTk(U) V(T (un) = Tie(w)) A (T (un) — Tie(u))d = e(n)

in both sides of (2.15) and since

/Q VT () Pl (T ) — ()b

< /Q V(T (un) — T () Plioa (T (1) — () [
+2 / VT4 () 2lor (T () — T ()6
Q

= 2/ V(T (un) = T ()P A (Ti (un) = Tio ()| + e (n),
Q

we find, using also (1.2) (for the sake of brevity, we omit writing the argument
Ty (upn) — Ti(u) for gy and ¢),

/Q [V (Tr(un) = Ti()? o = 26 (ws)lpal] ¢ < e(n).
Choosing A such that (1.19) holds with ¢ = o and b = 2¢(wg), we obtain (2.14).

Step 2. We prove now that the sequence u,, is strongly convergent in H! ().

Let us choose Gg(uy,) as test function in (2.3) and drop the positive inte-
gral involving the lower order term. By using (1.2), and Holder and Sobolev
inequalities, we have

$2 1+
/|vak(un)|2 <= / fi5 :
Q @ {un>k}
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and the right hand side of the previous inequality is arbitrarily small if k is large
enough. This and the convergence proved in Step 1 of Ty (u,) in H}(Q) implies
that |Vu,|? is equiintegrable in every w CC .

Moreover, since

[Vun|?

_d.Manvn:n_nvn77
M, 100) V) = fo = gl ) 5 T

and the right hand side is bounded in L(£2) by the assumptions on f and by
(2.13), we can apply Lemma 1 of [9] (see also [14]) to deduce that, up to (not
relabeled) subsequences, Vu, converges to Vu a.e. in . Hence, by Vitali
theorem

Up — U in HL.(Q).

Step 3. Let us observe that, by applying Fatou lemma in (2.12) and (2.13), we
deduce that

[ use Vil <€2 and [ gloaivep < [ 1.
Q Q Q

respectively. Therefore, to conclude the proof we only have to prove that u is
a distributional solution of the problem (1.1). We begin by passing to the limit
on n in the equation satisfied by u,, i.e., in

|V, |?

]\4anvnV n\LUn )T T 11— 19
/Q (x,un)Vu ¢+/Qg(xu>1+i|vun|2

$ =/an¢, Vo € C(9).

First of all, the weak convergence of w, to u and the weak-* convergence of
M(z,uy) to M(z,u) in L°°() implies that

lim M(z,un)Vu, V¢ = / M(z,u)VuVe¢ , Yo e CF(Q). (2.16)
Q

n—-+o0o Q
On the other hand, if we fix w CC €, then, by Remark 2.4,
gn (T, un(2)) < cx(w), Vn>>1, and Vo € w satisfying u,(z) < k.

Consequently, if £ CC w we have

mu ‘Vun( )|2
e ol e TG, (@)

</ O ey (2u0) Ll
— gn x? un T 11— 1o gn 1:7 un T 11— 1o
En{u, <k} 1+ £ |Vu,[? En{u, >k} 1+ 2 Vun[?

|V, |?
< cp(w / V1 (uy, 2 Jr/ gn(x,Up) ————= - 2.17
@ VRGP ) e (247

16



Let € > 0 be fixed. Observe that if, for k¥ > 1, we use T1(Gr—1(uy)) as test
function in (2.3) and drop positive terms, we deduce that

|V, |? /
/{unzk} T+ 2| Vun? = S, >k-13 {un>k—1}

Thus, since the right hand side tends to 0 uniformly in n as k diverges, we
obtain the existence of ky > 1 such that

/ (2, )
{unZk}gn y Un 1+%|V’U/n|2

Moreover, since T (uy,) is strongly compact in HJ _(9), there exist n., d. such
that for every E CC Q with meas (F) < . we have

€
VT (un))® < ——, VYn>n..
~/Eﬁ{un§k} 2c,(w)

In conclusion, by (2.17), taking k > ko we see that meas (E) < . implies

IN

%, Vk > ko, Vn € N.

\Vun( )
T, U <e Vn>ng,
/ lgn (@, un (@)l 70— e TVun@)P = > ne
i.e., the sequence g, (z, u")% is equiintegrable. This, together with its

a.e. convergence to g(x,u)|Vu|?, implies by Vitali theorem that

lim gn(z,u )7|Vu"|2
n—+oo Jq naTn 1+%|Vun|2

¢ = / gz, uw)|Vul?¢, Vo e C(Q).
Q

Therefore, using the above limit, (2.16) and since f,, tends to f strongly in
L'(2) we conclude that

/M(x,u)VuV(b —|—/g(m,u)|Vu|2¢ :/f¢>, Vo € C(Q).
Q Q Q

O

Remark 2.6. In addition, if f € L%(Q) with ¢ > N/2, then the solution
u given by Theorem 1.1 is continuous in . Indeed, by using ¢ = T,,(Gx(u)),
with m > k, as test function in (2.1), it is easy to adapt the idea of Stampacchia
([36]) in order to obtain that u € L (). Now, consider a function ¢ € C*(Q)
with 0 < ((z) < 1, for every x €  and compact support in a ball B, of radius
p >0, and set A, , = {x € B,NQ: u(x) > k}. Following the idea of the proof
of Theorem 1.1 of Chapter 4 in [25], take ¢ = G}.(u)(? as test function in (2.1)
to deduce by (1.2) and Holder’s inequality that

04/ IVul¢® < || £l naqe |l o< (o) (meas Ak,p)l_%+2ﬁ/A |Vu||V(|CGr(u).
k k,p

P
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Using again Young’s inequality we get

k,p @ Ak,p

2| fll Loy llull L= (o _1 4p
/A Vul¢? < ) (meas Ay,y)' ™7+ =5 [ IVCPGR ().

In particular, if for o € (0,1) we choose ¢ such that it is constantly equal to 1
in the concentric ball B,_,, (to B,) of radius p — op and |V(| < (%p, we obtain

/

where 7 = max

1

1 _1
[Vul® < <1 T e k)2> (meas Ay )14,
k,p—op o q P

1

2 w|| 7,00 . .
I za o llull oo ) 4’8%‘{,} with wy denoting the measure of

@ ' a2

the unit ball of RV,

This means that for 6 > 0 small enough and every M > |[Jul/z~(q), the
function u belongs to the class B2(Q, M,~,d, ﬁ) with 2¢ > N (see [25], pag.
81). Applying Theorem 6.1 of [25] we deduce that u is Holder continuous in .

3. Further Existence Results

3.1. Existence for data in L' (£2)

In this section we prove Theorem 1.2. In this case, taking advantage of
Theorem 1.1, we approximate problem (1.1) by

{le (M(x,un)Vun) + g(I,un)\VUnF = fn in Qa (31)

Uy, =0 on 0,

where f,, = T,(f).

Note that the existence of a nonnegative finite energy solution u,, € H}(2)N
C(Q) such that g(z,u,)|Vu,|[*> € LY(Q) follows from Theorem 1.1 and Re-
mark 2.6.

Lemma 3.1. If f € L'(Q) satisfies (1.4), g(z, s) satisfies (1.6) (with h(s) sat-
istying (1.7)), and u,, is a solution of (3.1), then

(i) uy, is bounded in M%(Q) and |Vuy| is bounded in M%(Q),
(ii) up to subsequences, the sequence w, is weakly convergent to some u in
Wol’q(Q) for every q € [1, %),
(iii) for any k > 0 and for any w CC €,

Tr(un) — Th(u) in H'(w).

Proof. (i) Taking Ty (u,) as test function in (3.1) and using (1.2), we have

o [ IVTwn)? + [ gl Tuwn) Tl < Kl a0
Q Q
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Since 0 < f,, < f and g(x, u,) > 0, we have

o [ IVTwn) < Koo (32
Q

Standard estimates (see [6, Lemmas 4.1 and 4.2]) imply that w,, is bounded in
M%(Q) and that |Vu,| is bounded in M%(Q)
(ii) Let 1 < g < % By the preceding case and by the embedding (1.18), we

deduce that u, is bounded in WO1 4(Q2) and thus, passing to a subsequence if
necessary, there exists u such that u,, — u weakly in WO1 Q).
(iii) Our aim is to show that

Jim /Q IV (To(un) — Te(@)Pb =0,  VoeCX(Q), ¢>0.

n—-+oo

Here we adapt to our case a technique to obtain the strong convergence of
truncations first introduced in [26] (see also [35]). Let us choose @y (wy)¢ as
test function in (3.1) where ¢y (s) has been defined in (1.19) and

wy, = Toplun, — Ti(un) + Ti(un) — Tk(u)], 0< k<l

Thus we have

M(xa un)vun : an@i\ (wn)q5 + M(J?, un)vun Voo (wn)
Q Q
(3.3)

+ / 0 142) |Vt P07 (w0 ) = / Fo b ()

Observing that VTj(uy,) = 0 if u, > k and Vw, = 0 if v, > 2k +1 =K (we
recall that | > k), we have

/ M (2, un,) Vg, - Vw, @ (wy,)d
Q
- /Q M (2 1)V T (tt) - V(T (1) — T (1)) 9 ()b

+/ M (@, 1)V T (1) - Vot (Ga(tn) + b — T (1) )2 (wn) b
{un>k}

Moreover, using that
VTK(UH) . V(Gl (un) — Tk(u)) = VT;c(un) . VGl(un) — VTK(’U%)VT]C(’LL)
> Vi (un) - VT (u),

we have

/ M (2, 1) VT () - V(G (1) — Ti(w)) 8 (1)
{un>kIN{ Gi(un) =Tk (u) <k}

> = |M($,UH)VTK(UH) . ka(u)|50/>\(wn)¢X{un>k} ,
{G1(un)+k—T(u) <2k}
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and thus, since the above integral tends to zero as n diverges,

/QM(%un)Vun - Vwnph (wp) o
(3.4)
> /QM(CU»Un)VTk(Un) V(Ti(un) — T (w) )\ (wn) ¢ +e(n).

On the other hand, since Gy(u,) + k — Tx(u) > 0,

/Q 92 10n) | Vitn P () > / 92, 1) [Vt 2o (1)

{un Sk}

Thanks to Case (ii) of Remark 2.4 applied to a subset wy CC Q with
supp ¢ C wg, we have g(z,un(x)) < cp(wg) for every x € w with u,(z) < k.
Then, we get

/ g(w,umVun|2m<Tk<un>—Tk<u>>¢‘
{un<k}

< cx(wg) / 9T 1) 2l (Ti (1) — T (10))[6
< 2Ck(w¢)/Q IV (T (wn) — Tie(w) | (Th (wn) — Tie(w))| ¢

+2au(w) [ VTP lor T (un) = Tulw)o.
Note that the last integral tends to 0 as n diverges since @ (T (un)— Ty (u)) con-
verges to zero in the weak-* topology of L>°(Q) and Ty (u) € H} (). Therefore,
we deduce from this, (3.3) and (3.4) that

/Q M (@, )V Tk (1) - ¥ (T (1) — Ti ()0 ()b
20y (wy) / 19 (T (1) — T () 2o ()|

< / Tndpr(wn) _/M($7un)vun'v¢‘p>\(wn) +¢e(n),
Q Q
and adding to both sides of the previous inequality
= [ M) V) V(Tela) = Til)) i )6 = (o)
we find from (1.2),
19 @atun) = TP e wn) = 2en(lion ()]

Q
< /Q Fubior(wn) — /Q M (2,1 Vit - Vo o () + ().
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Choosing A such that ¢y satisfies (1.19) with a = @ and b = 2¢,(wy), we get

S |19 = et

< /Q fubior(un) — /Q M (2, 10) Vit - Vo o3 () + ().

Moreover, w,, a.e. (and weakly- in L>°(2)) converges towards w = Tor(G;(u))
and thus, recalling that Vu, — Vu weakly in (L4(Q))N, ¢ < N/(N — 1),

lim / Fubior(tn) /Q M (2, 1) Vit - Vo (1)

n—-+o0o Q

L/Mw Q/quVuVWA)

Consequently, using (1.2)

/\v T (un) — T ()P </f¢w /qu)w Vo oa(w) +2(n)

< oa(2R) / (f + BIVul[Vé]) +e(n).

{uzl}

Since the last integral tends to zero as [ diverges, (iii) is proved. O
Now, we prove our main result concerning L!(£2) data:

Proof of Theorem 1.2. We begin by proving the first part of the theorem, i.e.
that there exists a solution u € Wy'%(2), for every ¢ < -, of problem (1.1).
We first observe that we deduce from the results of [14] that Vu,, — Vu a.e.,
and from Lemma 3.1 the estimates on u,, and |Vu,| in M%7 (9) and M1 ()
respectively. Thus u,, — u strongly in WO1 1(Q), for every q < N . Arguing
as in the proof of Theorem 1.1, we can show that, choosing ET (un) as test
function in (3.1) and applying Fatou lemma, we have g(x,u)|Vu|? € L1().

In order to prove that for all w CC Q, {g(x,u,)|Vu,|?} is strongly con-
vergent in L'(w) to g(x,u)|Vul?, it suffices to show the local uniform equiin-
tegrability of such sequence. To prove the claim, we choose T1(Gj—1(uy)) (for
k > 1) as test function in the equation (3.1) and we deduce, by dropping the
first positive term (in virtue of (1.2)), and since f, < f, that

/ (@, 1) [Vin |2 < / . (3.5)
{unZk} {unZk—l}

By a similar argument to the one used in Step 3 of the proof of Theorem 1.1, we
prove the claim. Indeed, let £ C w CC ) be a measurable set. By Remark 2.4-
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(ii) and (3.5), we have, Vk1,

91 [ty P = / 92, 1) | Vet [
E En{u,<k}

4 / 9@, 1) Val® < en(w) / VT ()2
En{un>k} En{un<k}

—i—/ g(x, up) |V, | gck(w)/ |V T (un)|? +/ f.
{un,>k} E {un>k—1}

Since meas ({z € Q : wu, > k — 1}) tends to zero (uniformly with respect

to n) as k tends to +o0o (because of the boundedness of {u,} in the space

MN/(N=2)(Q) by Lemma 3.1-(ii)), we obtain that the last integral in the above

inequalities tends to zero as k goes to +o00. This, and the local equiintegrability

of |VTy(u,)? (by Lemma 3.1-(iii)), then show the local equiintegrability of

{9z, un)|[Vun[*}.

Using moreover that Vu,, — Vu a.e., we conclude by Vitali theorem that

9(x, un) | Vun|* — g(z,u)|Vul> in L'(w), Yo CcC Q. (3.6)

Now, using (3.6) and the strong convergence of Vu,, to Vu in (L4(Q))V, for
every q < we can pass to the limit in (3.1) to show that u is a solution for
(1.1).

In order to prove the second part of the theorem, we simply note that we
can fix k > max{so, 1} so that (1.10) and (3.5) imply

p / VCi(un)? = / Vun? < / F<lfl. (67
Q {unZk} {unzkfl}

Hence, taking into account both (3.2) and (3.7), we have

k 1
[1vul = 9702 + [ 1960 < (+) T
Q Q Q « M

i.e., the boundedness of the sequence {u,} in H(2). This implies that the
solution u, which is the limit of (a subsequence of) {u, }, belongs to H}(Q). O

N-17

Remark 3.2. Actually, if (1.10) holds, it is possible to prove, in this latter
case, that the approximate sequence u,, is strongly convergent to u in H'(w),
for every w CC ). Indeed, due to the a.e. convergence of Vu,, to Vu in £, it
suffices to check the equiintegrability of |Vu,|? in every w CC Q. To do that,
we take a measurable set E C w CC €, and we observe that, thanks to (3.7),
for any k > max{so, 1}, we can write

2 _ U 2 2
[Ewm _ /Ewm )| +/E|vc:k<un>|
1
2 P
/EWTk(un)\ +H/{u">“}f. (3.8)
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Therefore, using again both the boundedness of u,, in M (©) and the equi-
integrability of |VT}(u,)|? in w given by Lemma 3.1, we see that (3.8) yields
the desired result.

3.2. Non-divergence operators

In this section we sketch the proof of Theorem 1.3 without giving all the
details since they are straightforward adaptations of the applied arguments in
the proof of Theorem 1.1.

Proof of Theorem 1.3. We denote by P(z) the vector field whose i*" component
is

Pi(z) = bi(x) + Zjvzl %‘;’j (z) (1 = 1,...,N) and by M(x) the transpose of
the matrix (ai;(x))i j=1,...~. Let gn(z,s) also be given by (2.2). Consider the
sequence u, € Hg () N L>(£) of solutions for the problem

{—diV(M(a:)Vun) + P(2) - Vg + gn(z,un)|Vu,|> = f in Q, (3.9)

U, =0 on 0f).

The proof is divided into several steps.

Step 1. L>°(Q) estimate. Using the ideas of [16], we choose v = e2XCr(un)
1, with A >> 1 as test function in the weak formulation of (3.9) to prove that
the sequence {uy} is bounded in L ().

Step 2. H{(f) estimate. By the previous L>°(£2) estimate, it is easy to
see that {u,} is bounded in H}(Q), and so u,, weakly converges in H}(f2) to a
function u in H{(2) N L>°(Q). Moreover, arguing as in Remark 2.6, it is clear
that both u, (for every n € N) and u are continuous in €.

Step 3. Estimate on the lower order term. Choosing % as test function
in (3.9) and taking limit as ¢ tends to zero, we deduce, for some C7 > 0, that

/ (1) |Vt ? < / 1+ C
Q Q

Step 4. Uniform bound from below for u,, in compact sets. Observe that
uy are supersolutions of the equation

—div(M (x)Vu) + P(z) - Vu + h(u)|Vu|*> = £ in Q. (3.10)

If, for H(s) defined in (2.5) and ¢ € C°(2), we take e’ygﬁ as test function
in (3.10), we see that v, = ¢ (uy) are subsolutions of

—div(M (z)Vv) + P(x) - Vv +b(v)f(z) =0 in Q, (3.11)

where b(s) has been defined in (2.9) and we recall that it satisfies the Keller-
Osserman condition (see (2.10)). Hence, by Theorem A.1 in the Appendix, we
conclude that for every w CC , there exists C,, such that v, = ¥ (u,) < C, in
w. Therefore, u,, > ¢, > 0 in w, with ¢, = ¥ ~1(C,).
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L (). For ¢x(s) defined in (1.19) and
¢ € C*(Q), we choose y(u, — u)¢ as test function in the weak formulation
of (3.12) and we note that the ideas of Theorem 1.1 works since the new term
that appears in the equation does not lead to any further difficulty because it
is linear with respect to Vu. Thus we conclude that, up to a subsequence,

Step 5. Compactness of {u,} in H}

Up, —u in Hp (Q).

Step 6. Passing to the limit. By Step 5, we pass to the limit in the weak
formulation of (3.9) to deduce that u is a solution for

(3.12)

—div(M (2)Vu) + P(z) - Vu+ g(z,u)|Vul?> = f in Q,
u=0 on 0f).

Since the coeflicients a;; are Lipschitz continuous on 2, we see that u solves
(1.11). Finally, by Step 3 we conclude that g(x,u)|Vu|*> € L' (). O

4. Nonexistence results

This section is devoted to study nonexistence of solutions for (1.1). We begin
by observing that if the function g(z,s) satisfies condition (1.13) with A such
that (1.14) and (1.15) hold, then we can change h by a smaller function h which,
in addition to (1.14) and (1.15), also satisfies h(s) = 0 for every s > 1. Indeed,
if s¢ is the point where h attains its minimum value in [%, 1], then it suffices to
define L

Tils) = { (h(s) = h(so)) %f s € (0, s0],
0 if s > s0.

Consequently, without loss of generality, we will assume in the following that
condition (1.13) holds with h satisfying (1.14), (1.15), and

h(s) =0, V¥s>1. (4.1)

Let us consider the function G : (0, 4+00) — (0,+00) given by

/9 h(t)
—2dt
G(s) =e/1 s for every s > 0,

where ( is given by (1.2). Observe that, by (1.14), the function G can be
continuously extended to [0,+00) setting G(0) = 0. Moreover, we also define
the function o : [0, 4+00) — [0, +00) by setting o(0) = 0 and

. /1 N

Observe that, thanks to (1.14) and (1.15), we have that o € C1([0, +00)),
o’(0) = hg and o(s) = 0 if and only if s = 0. As a consequence of (4.1), o(s) =1
for every s > 1 and o(s) < 1 for every s > 0. The next lemma is the key for the
proof of Theorem 1.4.

for every s > 0.
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Lemma 4.1. Assume (1.14) and (1.15). Then the function
/ G’ (£)]2dt
0
G(s)

0 ifs=0,

if s > 0,

p(s) = (4.2)

is a continuously differentiable function on [0,400) that satisfies the ordinary
differential equation

)+ o) = ), on [0.400), 0
©(0) = 0.
Moreover, the following inequality holds:
o(s) < Bla(s)]?, Vs> 0. (4.4)

Proof. The first part of the proof is straightforward except for checking that ¢
is differentiable at zero and ¢’ is continuous at zero. In order to do it, we note
firstly that ¢ is continuous at zero. Indeed, since G is nondecreasing and [o”']?
is continuous in [0, +0c0) we have

[ e :
_ : 0 : / 2 _
0= 51—1%14r <P( ) N sl—lgl+ G(S) = 51—1%1Jr 0 [U (t)] dt = 0.

Now we observe that, using the L’Hépital Rule, (1.14) and (1.15),

/ Gt

¢'(0) = hg— lim
_ - G(s)[o’<s>12
= R i )G £ AP GIPEE)
= hg—h3 lim ;zhg—hgzo.

s—0+ 2ﬂ + 1

1
\V h(s)

Hence ¢ is differentiable at zero and ¢’ is continuous at zero.
In order to prove inequality (4.4), we observe that since [0/(s)]? = [0(s)]? h(s),
then

I R TC) I
SD(S)G(S)/O G(t) 3 [o(t)]? dt.
Since Q i

G =5 = 5 0,
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we can integrate by parts to find (recall that G(0) = ¢(0) = 0)

ﬁ 2 t=s /
#(9)= Gy (GO0 G(t)o(t) o' (1) dt
2
=Bo(s)]? ﬂ / G(t 2 \/h(t)dt
<Blo(s))?
since all the functions in the last integral are nonnegative. O

Proof of Theorem 1.4. Let u € H}(2) be a positive solution for (1.1) and ¢ €
C1([0, +00)) be given by (4.2). Observing that ¢(0) = 0, that ¢’ is bounded
and that, by (4.4) and since o(s) < 1, we have ¢(s) < (8, we derive that
o(u) € H(Q) N L>(Q). Therefore, we can take v = ¢(u) as test function in
(2.1) to obtain, by using (1.13), that

/QM(CLU)VU'VUQD/(’U) +/Q h(w)|Vul>o(u /st

1
Thus, adding and subtracting B/ M(z,u)Vu - Vuh(u)p(u) , we derive from
Q
(1.2) and (4.3) that

/QM(:mu)Vu SVulo'(w)]? < /QM(x,u)Vu -Vu [gp’(u) + h(ﬁu)cp(u)]
+/Q [I - .M(;,u)] Vu - Vuh(u)p(u)
<

/Qfso(u

Using now (1.2), (4.4) and the fact that f > 0, we have

/|va fa/|Vu| /fgo <ﬁ/f WE. (45)

Hence, recalling (see [18]) that, since f belongs to LI(Q)) with ¢ > %, and
ST £ 0, the first positive eigenvalue A\;(f) of the eigenvalue boundary value
problem

—Au=Afu in{,
u=0 on 01},

is such that

f)/ fv2§/Q|Vv|2, VvéH&(Q),

we deduce from (4.5) that

/|vg < /|Va
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Recalling the assumption s < A1 (f), this implies that
!

[ vatp ~o.

o(u) =0 forae. ze.

which yields

Therefore, recalling that o(s) = 0 if and only if s = 0, we have u = 0, contra-
dicting u > 0 in §: therefore, there are no positive solutions of (1.1). O

Remark 4.2. Theorem 1.4 can be extended to more general operators. Specif-
ically, if a(z, s,¢) is a Carathéodory function such that

Ja >0 : a(z,s,6) ¢ >alg* forae z€Q, VseR, Vs eRY,

38> 0 : |a(x,s,6)| < Bls| for ae. x €Q, Vs € R, Vs € RV,
and 0 < f € LY(Q) with ¢ > % and f # 0, then problem

—div (a(z,u, Vu)) + g(z,u)|Vul*> = f in Q,
u =0 on 012,

has no finite energy solutions provided A;(f) > 5 and conditions (1.13), (1.14)
o
and (1.15) hold.

Remark 4.3. Let 0 < f € L9(Q) with ¢ > & and f # 0. Assume (1.2) and
that g(s) satisfies (1.13). Observe that if u € HZ(2) is a solution of (1.1), and
R > 0, then v = Ru is a solution of

. v 1 v 2 .
—div (M (:17, E) VU) + L (x, E) [Vo|*=Rf inQ,
v=20 on 0,
with ( S)
g\z, - o 1 S
—gizhns) ¥ b (5).
Therefore, by Theorem 1.4, and since A\{(Rf) = A\ (f)/R, if hgr(s) satisfies

conditions (1.14) and (1.15), then a necessary condition for the existence of
finite energy solutions of (1.1) is that A;(f) < RB/a.

In the following result, as a consequence of Theorem 1.4 (and Remark 4.3),
we give conditions to assure the nonexistence of solutions of (1.1) for every
datum f.

Corollary 4.4. Let 0 < f € LY(Q) with ¢ > % and f #£ 0. Assume (1.2)

and that g(s) satisfies (1.13). If there exists Ry > 0 such that the function
1

hr(s) = Eh (%) satisfies (1.14) and (1.15) for every R € (0, Ry), then (1.1)

does not have any finite energy solution. O
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As a consequence of the above results we also have the following.

Corollary 4.5. Let 0 < f € L1(Q)) with q > % and f # 0. Suppose that (1.2)
holds and that for some constants sq, A > 0 and v > 2 we have

A
- < g(x,s), forae x€Q, Vse(0,s0].
s

If either
(i) v>2,

or

(i) v =2 and M (f) > 2,

then (1.1) does not have any finite energy solution.

Proof. Consider a continuous function h(s) such that

A
2 ifo<s< X
sWA s 2
his)=9 <2 if 2 <5< sp,
s 2
0 if s9 < s.

AR
Observing that hgr(s) =

s
have that hg(s) is not integrable in (0, 3), i.e., it satisfies (1.14).
In addition, if v > 2, then hr(s) satisfies (1.15) for every R > 0, so that
Corollary 4.4 concludes the proof in this case.

On the other hand, if we assume that v = 2, then

for every s € (0, %), and using that v > 2, we

C«s\/ﬁ—l

s s / s0/2
e /1 Vher)dt /AR // ?Rdt-F Vhr(t)dt
v/ hr(s)e = —— ¢’/50/2 1

for some C > 0. Thus, hr(s) satisfies (1.15) if and only if

lim sVAR—L >,
s—0t
ie, R > % Therefore, Remark 4.3 implies the nonexistence of solutions pro-

vided that A\ (f) > 2. 0

As a consequence of this result, we have that the first part of Theorem 1.5
is proved. We are now going to prove the second part of it.

Proof of Theorem 1.5. We first note that if v < 2, then Theorem 1.2 guarantees
the existence of a solution. Conversely, if v > 2 or if v = 2 and || f|| g (q) is
large enough, Theorem 1.4 applies and no solutions exist for (1.5).
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On the other hand, if f € L>°(Q) and (1.16) holds, we recall that existence
and uniqueness of a solution u,, in Hg(£2) N C(Q) for
[Vu,|? )
Aty + ——= = in Q,
" (un+2)7 / (4.6)
n=20 on 01,

(with v > 2) follows by the results of [16] (existence) and [4] (uniqueness).
Taking uy, Gi(uy), and T, (uy) /€ as test functions and working as in Lemma 2.2
(1.), it is easy to see that u,, is bounded in HE(Q) and in L°°(£), and that there
exists C' > 0 (independent on n) satisfying

2
/ Wl ¢
a (un+7)
Therefore, up to subsequences, there exists a nonnegative bounded Radon mea-
sure v such that

|V, |?
W converges to v in the weak-* topology of measures.
Unp

n

Since u, is bounded in H{(£2) then it converges, up to subsequences, to some
function u weakly in H&((QZ), strongly in L2(f2), and almost everywhere in (.
Moreover, since f — % is bounded in L'(£), the result of [14] yields that
(up again to subsequences) Vu,, converges to Vu almost everywhere in 2. Then

we have, by Fatou lemma, that Wu—zlzx{uw} belongs to L!(), and that

IVU\2

V= X{u>0} + 1o,

where 1y is a nonnegative bounded Radon measure on Q. Therefore, u € HJ (2)

is a finite energy solution of

—A | |2 — in Q
U+ ———X{uso0} =f —1 in§,

u—O on 0N.

Note also that since u,,+1 is a subsolution for (4.6), we can apply the comparison
principle of [4] so that, for every = € €2, we have

Un () 2> Uppr(x) > .. > u(z),

and thus we can assume that u, (z) is converging to u(z) for every z € Q. We
claim that u = 0, so that u,, converges to zero in L?(92). Indeed, we divide the
proof of this assertion in two steps:

Step 1. The case in which Q is a ball of radius R > 0, 2 = Bg, and
f =T >0 is a constant.
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Step 2. The general case.
Step 1. Assume that Q = Br and f =T > 0 is a constant. In this case, (1.16)
means that, if v = 2, then the first eigenvalue /\B{B R(T) of the Laplacian operator

R

with weight T" in By is greater than one, i.e., A% (T) > 1. We first observe that
u is radially symmetric (and thus continuous for |z| # 0). Indeed, if we define

nY~1

Pn(s) = /OS e Hn®dt where H,(t) = 1 [1-(1+nt)'77]

and we set v, = ¥, (uy,), it is easy to check that v,, is the unique solution of

—Aw,, = Te~Hn(¥7'(v))  in By
v, =0 on OBpg.

Since the nonlinearity 0 < e~ Hn(¥2'(9)) ig C', we can apply the result of Gidas,
Ni and Nirenberg (see [22]) in order to deduce that v, is radially symmet-
ric (hence v, = v,(r)), monotone decreasing with respect to r and such that
v (0) = 0. Since ¥, and H,, are smooth and increasing, the functions u, have
the same properties as v,. Passing to the limit with respect to n we deduce
that u is radially symmetric and monotone nonincreasing.

We argue by contradiction assuming that u is not identically zero. In this
case, using that u(r) is nonincreasing in (0, R),

ry =inf{0 <r < R:u(r)=0} >0,

and then
u>ce:=ulry—e) in By _¢.
Therefore, repeating the proof of Theorem 1.1, we prove that
. |V, |? |Vul|?
lim =

n—-+o00 (un + l)’)’

strongly in L (B,,),

so that vy is zero on B,, and, by the continuity of u for r # 0, u is a solution of

2

N L
u”

u=20 on 0B,

and this contradicts the result of Theorem 1.4 (note that, if v = 2, we have

)\f” (T) > A\P#(T) > 1). Therefore u = 0.

Step 2. Q is an open set and f is nonnegative and belongs to L>°().
By (1.16), we can fix R > diamQ with A\; > ||f]|pe()R? provided that
v = 2. Let v, be also the solution of

|V, |? .
—AU 4+ — = oo mn B
n (Un + %)’Y ||f||L (Q) R

v, =0 on OBpg.
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By definition of diam ), we have Q C Bg. Our aim is to prove that v, is
a supersolution for (4.6). Indeed, let 0 < ¢ € C§°(Q2) and we use it as test
function in the formulation of v,,. Thus

an2
Vo, V- / ] /B 11l By
R

Br Br (g + up )Y

and since the support of ¥ is contained in 2 we deduce

/QV%'VW/Q%w=/ﬂ||f|Lx<BR>wz/wa

for every nonnegative ¢ in H} (Q)NL> () (by an easy density argument). Using
again the comparison principle of [4], u, < v, in Q. Now, observing that by the
choice of R, if v = 2, we have

A1
R2|| f[| Lo 0
we are able to apply the previous Step 1, so that v, tends to 0 strongly in

L?(Bg), which implies that u, tends to zero in L?(Q2) and the claim has been
proved.

APE(Ifll e ) = > 1, (4.7)

Finally, we conclude the proof by taking u, as test function in (4.6) and
dropping the nonnegative quadratic term to deduce that the convergence to
zero is strong in Hg(€); using this fact in the weak formulation of (4.6) then
yields that v = f, as desired.

O
Remark 4.6. Let us emphasize that the condition || f||z ) < (dia/\inllw im-
posed in assumption (1.16) for the case v = 2 is not optimal. We use it for the
sake of simplicity. However, as shown in the proof of Theorem 1.5 (see (4.7)), a
sharper condition can be used in this case.

More precisely, if we consider the Chebyshev radius R(Q) of Q, i.e. the
greatest lower bound of the radii of all balls containing €2, then the the result
of Theorem 1.5 with v = 2 holds provided that

A1

£l () < ROQ)2

A. Local a priori estimates and large solutions

We devote this appendix to recall some results concerning the following
equation

—div(a(z,u, Vu)) + B(xz,u) = F(z,Vu), x €, (A1)

where F(x,<) and a(z, s,<), B(z, s) are Carathéodory functions. Suppose that
there exist constants 6 > a > 0 such that

a(x,s,g) ¢z Oé|§|2, (AQ)
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la(z, s,6)| < Bls], (A.3)
(@(anaC)—a(%S:Tl)) ' (C—U) >Ov (A4)

for a.e. x € Q, for every s € R and for every ¢, n € RY, ¢ # 1.
We suppose that F'(x,<) satisfies

|F($7<)| SFO(:E)—’_pO‘g‘,a'e' era vgeRNa (A5)

where Fy belongs to Li.(Q) with ¢ > % and pg > 0. We also suppose that

there exists a continuous nonnegative function b : [0, +00) — [0, +00) such that

b(s) is increasing and satisfies the Keller-Osserman condition (2.10),
b(s)/s is nondecreasing for large s,

and for every w CC € there exists m,, > 0 such that

B(z,s) > myb(s) > 0,for a.e. x € w, for every s € RT.

(A.6)

Then the subsolutions of equation (A.1) are uniformly bounded from above in
w CC Q. This result is essentially contained in [27].

Theorem A.1l. Suppose that a(z,s,s) satisfies (A.2)-(A.4), B(x,s) satisfies
(A.6) and assume that Fy € L. (), ¢ > §. Then, for every w CC € there
exists C,, > 0 such that any distributional subsolution u € H} () of (A.1) such

loc
that ut € LS (Q) and B(z,ut) € LL _(Q) satisfies

loc loc

u(z) <C,, Vrew.
In order to prove this theorem, we need the following two lemmas.

Lemma A.2 (Lemma 3.3 of [28]). Let b: [0,400) — [0,+00) be a continuous
function, satisfying the Keller-Osserman condition (2.10), such that L:) is non-
decreasing for large s. Then, for any C > 0 and v > 0, there exist a positive
constant I' and a smooth function ¢ : [0,1] — [0,1] (T" and ¢ depending only
on b, C and v), with ¢(0) = ¢'(0) =0, p(1) =1 and ¢(s) > 0 for every s > 0,
satisfying

/ 2

@O Ly o) 4T, Ve (0,1], i 2 0.
p(r) — C

Remarks A.3. 1. In Lemma 3.3 of [28] it is imposed that b(s) is increasing,

b(0) = 0, and the function b(ss) is nondecreasing in R*. However, it is easy

to see that the proof (see also [27]) works by using the weaker assumptions
of Lemma A.2.
2. In addition, also in [27], the Keller-Osserman condition is replaced by the

following one:
/+°° ds -y
0.
sb(s)

Note that, as a consequence of the monotonicity of b(s) for large s, the
above assumption is equivalent to (2.10).
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Let us recall a local version of a classical result by Stampacchia we will use
in the following.

Lemma A.4 ([36]). Let 7(j,p) :[0,4+00) x [0,Ry) — R be a function such
that 7(-, p) is nonincreasing and 7(j, -) is nondecreasing. Moreover, suppose that
there exist Ko > 0, p > 1, and C,v,v > 0 satisfying

(k, R)"

_k/’)”(R—p)’W Vi>k>Ky V0<p<R<Ry.

7(4,p) < C(j.

Then for every § € (0,1), there exists d > 0 such that:
T(KO + da (1 - 6)R0) = 07

_ o)ty o T Kou )t

17
where d 5 R

Idea of the Proof of Theorem A.1. The proof of this result is essentially con-
tained in [27], but for the convenience of the reader, we include here the proof
of the exact result that we have used in the proof of Proposition 2.3 and in the
proof of Theorem 1.3.

Actually we deal with equation

—div(M (z,u)Vu) + P(z) - Vu + f(z)b(u) =0, in £,

where J/\Z(:z:7 s) satisfies (1.2), P(z) is a bounded vector field, b(s) is increasing

and satisfies the Keller-Osserman condition (2.10), @ is nondecreasing for s
large, and f satisfies (1.4). Consequently all the assumptions of the theorem are
satisfied. We remind that the above assumptions are satisfied by the functions
M(x,s), b(s) and f(z), appearing in Proposition 2.3 as well as by the functions
M(z), P(x),b(s) and f(z) appearing in Theorem 1.3.

Suppose now that u™ € L2 () and b(u™) € LL (Q). Weset w CC ' CC Q

loc loc

and a cut-off function n(x) such that 0 < n <1 and

0 ={ 5 T (A7

We denote pg = ||P(z)|(L~ ()~ and we fix o > 2% and the constants C, kg

such that

||V77H%<>c(9) {52+ (apo>] 1 o _ my (f)

802 a C " dob(ke) = 20

and we also consider the function ¢ given by Lemma A.2 with v = 1 and this
constant C. Note that if £ = \/¢(n), then uf? = up(n) € HE(Q) and

€2V + 26uVeE, if £(z) > 0,

V() = { 0, if £(z) = 0, (A-8)
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a.e. in Q. Moreover f(z)(e20C®") — 1)p(uT) € L}

loc
v = %(e%Gk(’ﬁ) —1)€2, 0 > 22 i5 an admissible test function. Using this test

function as well as (1.2), (1.4) and Young’s inequality we deduce that

(©) and consequently

o [ IvGuuhpereeg B [ et - e

< f VEIVGL ) < 1)¢ + o [ VGl
20Gk(uT) _ 1)2

o 4112 ,20G (uT) ¢2 ﬁ |Vf| ( )

< 2 |VGk(U )[FeTmE e +2a02 » c20Gy (u™)
.

004+p0 220Gyt 2, B / 220G (u') 2
< Za7Th . i ) _q
< Tt / VG (P4 L [ wee )

p70 20GE(ut) 1 2
+40_ w/(e )5 N

In other words,

é (a po) [Vi(e oGr(u®) _ 1)§]|2 + M / b(u+)(620Gk(u+) B 1)52

o 20

5 1 po) 2/ 20G) (ut Po
< |+ (a-=2 oGr(uT) _1)2 :
- [20«72 + 202 (a o w/lvﬂ (e ) 2 wlv

Applying Lemma A.2 with v = 1, together with the monotonicity of b(s) we

get
1 D oG (ut
oz (=2 [ (vl g

IV0lZ e ) [ 52 P
SFT() [a+( JO)]meas{wa u(z) >k},

for every k > ko(my (f),po). We deduce by Sobolev’s inequality that

</ (e UGk(u+) 1)¢ 2*> : < Cp meas{z € w' : u(z) > k},

2
where Cy = SQF% {%2 + (a— p—”)}. Hence, using that et — 1 > ¢, for

o

every t > 0, and that Gi(s) > j — k for s > j > k we derive that
. 2 2 C
(j—k)? meas{z €w:u(z) >j}7 < — meas{z €w :u(x) > k}. (A.9)
o
Now, if w CC Q is fixed, we consider R = dist (w, 9)/2, the set

wr ={x € N :dist (z,w) <r} CCN
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and the function
7(k,r) = meas {x € w, : u(x) > k},

for every r € (0,R] and k > 0. Taking w = w, and v’ = wg in (A.9) and

choosing 7 such that ||[Vn||L~) < 5%, we obtain
. 2 (. N2/2F 7(k, R)
(J—k) () < Clm
for some ¢; > 0 and the proof is concluded by applying Lemma A.4. O

Remarks A.5. 1. We remark explicitly that in the above proof the constant
I obtained by applying Lemma A.2 depends on m,(f). In particular,
since My (f) < my(f) for w CC W', if my,(f) tends to zero, then this
constant I' and hence the a priori estimate C, given by Theorem A.1l
diverge to +oo.

2. By adding a condition on the function b(s) for negative s and using similar
ideas to these ones in the above proof, it is possible to give also a priori
estimates of the whole L> norm of the solution in every compact subset
w of €. More precisely, if, in addition to the hypotheses of Theorem A.1,
we strengthen (A.6) by imposing that

b(s) is increasing and satisfies (2.10), b(s)/s is nondecreasing,
for large s and for every w CC 2 there exists m,, > 0 such that:
Vs e R, B(x,s)signs > myb(|s]) >0 fora.e. z€w,
(A.10)
then for every w CC € there exists C, > 0 such that

lu(z)| < Cyp, Vrew.

Theorem A.1 is an extension to quasilinear equations of the well-known local
a priori estimate of Keller [24] and Osserman [33] (see also [5], [31], [32], [37],
[38] and the references cited therein) for semilinear operators. This semilinear
a priori estimate was the crucial tool in order to prove the existence of a large
solution, i.e., a solution u of the semilinear equation satisfying u = 400 at Q)
in the sense that

lim  wu(z) = 4o0.
dist(2,00)—0

Thus, it is natural to ask whether it is also possible to prove the existence of a
large solution for (A.1). Clearly, in this nonlinear framework we have to specify
the meaning we give to “infinity”at 02, since it has no sense pointwise. Actually
we will assume such a condition in a weak sense, through a condition on the
trace on the boundary of the truncation of the solution. Specifically we consider
the following equation

—div(a(z,u, Vu)) + B(z,u) = F(z), z€qQ. (A.11)
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Definition A.6. An a.e. finite function u(x) such that Ty (u) € H*(Q) Vk > 0
is a distributional large solution for (A.11) with F € L (), if:
i) la(z,u, Vu)| € Lo (Q), Blx,u) € Lip(Q);

loc loc
ii)

/a(x,u,Vu)-V(p +/B(1:,u)g0 :/F(p, Yo € C(Q);
Q Q Q

iii) Vk > 0, k — Ty (u) € HL(Q).

Remark A.7. In the above definition, iii) has the meaning of “infinity at 9Q”.
We mention that this definition of explosive boundary condition has already
been introduced in [29], for a different class of nonlinear elliptic equations in-
volving nonlinear “coercive” gradient terms.

We conclude by observing that even if not explicitly written in [27], all the
estimates that we need in order to prove the existence of large solutions for
(A.11) have been proved and thus we have the following result.

Theorem A.8. Suppose that a(zx,s,s) and B(z, s) satisfy (A.2), (A.3), (A.4),
(A.10) and
sup |B(xz,s)| € L*(Q), Vk > 0. (A.12)
|s|<k

Assume also that F € L _(Q) with F~ € L*(Q)). Then there exists a distribu-

loc

tional large solution for (A.11).
Proof. We consider the following sequence of problems

—div a(x, up, Vuy) + B(z,un) = F, in Q,
u, —n € HY(Q),

where F,, = T,,(F). Since B(z,s 4+ n)s > 0 for large |s|, the existence of a
weak solution u,, € H*(2) N L*(£2) is a consequence of [6] (Theorem 6.1), i.e.
un, —n € HY(Q) and it satisfies

/ a(x, Up, Vuy,) - Vo +/ B(z, up)v = / Fov, Yo € HY(Q) N L>®(Q).
Q Q Q

(A.13)
Observing that for any n > k, k — Ti(u,) € Hg(2) N L>(9), we can choose
v =k — Ti(uy,) as test function in (A.13) and we obtain,

—/Qa(x,un,Vun)-VTk(un) +/

Bz, up)[k — Ti(un)] = / Folk — Ti(uy)] -
Q

Q

Using (A.2), and (A.6) and (A.12) we have:

o [ VTP <2k [ sup [BGes)| + 20 oo
Q Q |s|<k
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Thus, for every k € N, we can now extract a subsequence (not relabeled) of
{T(un)}, ey that weakly converges in H'(€2) and, by Rellich theorem, strongly
in L2(Q).

Now, consider any sets w CC w’ CC (2, a cut-off function n(z) chosen as in
(A.7) and € = \/(n). Arguing as in (A.8), we deduce that v = Tj(u,£2) is an
admissible test function for (A.13). Thus we have

/ CL(.’,U,U,”,VUH) : V[Unfz] +/ B($,U7L)Tk(U7L£2) S k”FHLl(w’)a
Ay, Q

where Ay = {z € Q: |u,|¢? < k and £(x) > 0}, and so, using (A.2) and (A.10),
we get

o / VoS +my / 15t [T (1 €2)
Ak Ak
SkﬂFﬂwaq4-m3[;\VUnHV§“M§~

k

By applying Young inequality, (A.3) and Lemma A.2 (with v = 1 and for
any fixed C' > %2&-57—:[3,2 IVl Lo () and taking into account Remarks A.5-2) we

deduce that there exists ¢ > 0 such that

/Q|VTk(un§2)|2 <c(k+1).

Then, using that ¢ = 1 in w, by Lemmas 4.1 and 4.2 of [6] it follows that u,, and
|Vu,| are bounded respectively in M%(w) and M%(w), for any w CC Q.
Combining this information with the strong convergence of Ty (u,,) in L?(Q2) we
deduce that wu,, is a Cauchy sequence in measure and so, up to subsequences
(not relabeled), it converges for a.e. = €  to a function u € VVS)CQ(Q) This, in
particular, implies that

Jim k= Ty(un) = k = Ti(u)  weakly in Ho(€2),
i.e. u satisfies the boundary condition.

On the other hand, we prove that the lower order term is bounded in LL_(£2);
indeed, if, for & > 0, we take v = L1T.(u,) as test function in (A.13) (as before,
such a function it is admissible). Thus, by (A.2), (A.3), and dropping positive
terms, we get

T-(up
| B = <Py 4 819 ) [ (T

N
Since the right hand side is bounded being {|Vu,|} bounded in M}~ * () and

loc

F e L] (), letting e — 0, we deduce by Fatou lemma that there exists ¢, > 0

loc

such that

/ |B(z,un,)| < ¢y
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On the other hand, choosing v = T} (G (u,£2)) as test function, where £2 = ()
we have, by using (A.2), (A.3), (A.10) and (A.12),

1

@)
o / Vun|2€2 + & / B(@, un)T1 (Gn(unt?))
2 Jn<june?|<h+1 2 Ja

232
</ [Ful + 2 [Vl < ) mens{ €./ ¢ €] > B,
W' N{un€2>h} «

By the strong compactness of {F,} in L!(w’) and the local uniform estimate of
N

{tp Y nen in M2 (), we derive then that

loc

lim sup/ |B(x,u,)| =0.
h—+0c0 neN {z€w: |lun|>h}

As a consequence of Vitali theorem we deduce that {|B(z, un)|}nen is strongly
compact in L (w'), where w’ CC  is arbitrary. Moreover, since the lower order
term is bounded in L{ (), we can apply Lemma 1 in [10] in order to prove
that Vu,, converges to Vu a.e. in 2. This, and the weak convergence of u,, in

Whi(w'), Yw' CC Q, imply

N
U, — u in Wh(w), Vli<g< N1 Yw CC Q,
and, thanks to (A.3), we also have that
a(z, up, Vu,) — a(z,u,Vu) in L'(w)Y, YwccQ. (A.14)

Now we can pass to the limit in the distributional formulation: indeed choos-
ing any ¢ € C2°(Q) in (A.13) we have

/ a(x, up, V) - Vo —|—/ B(z,un)p = [ Fuo.
Q Q Q
Using (A.14) we deduce that
lim a(Z, Up, Vi) - Vo = a(xz,u,Vu) - V.
n—+oo supp ¢ supp ¢

Moreover, by the strong convergence of {B(x,u,)} and {F,} in LL (), we

loc
deduce that
lim F, ¢ = / Fo
=t Joupp ¢ supp ¢

and
lim B(z,up)p = B(xz,u)¢
n=F%0 e ¢ supp ¢
and this concludes the proof. O
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