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Abstract

In this work, we investigate the existence of solutions for quasicritical elliptic equations involving
the 1-Laplacian operator with Robin and Neumann boundary conditions. Assuming that the
nonlinearity satisfies suitable hypotheses, we establish the existence of solutions using approximation
techniques. To overcome the challenges associated with the lack of compactness, we employ the
Vitali Convergence Theorem.
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1 Introduction

The study of problems involving the 1-Laplacian operator has gained significant attention in recent
years due to its wide-ranging applications, particularly in image processing. As the formal limit of the
p—Laplacian as p — 1, the 1-Laplacian operator introduces analytical challenges due to its degenerate
and non-smooth nature. Among the pioneering works on this operator, we highlight the contributions

Du
| Dul
measure, rather than an L! function). Indeed, they introduce a vector field z € L (2, RY) that

D
—|Du| through the conditions ||z]| < 1 and (z, Du) = |Du|. Additionally, early
"

contributions in [11] and [7] deserve to be mentioned for their foundational insights.

in [2, 8], where the authors characterize the highly singular quotient (when Du is just a Radon

effectively serves as

Our aim is to study two boundary value problems driven by the 1-Laplacian. The first problem
exhibits a Robin condition (see (1.2) below), while the second one considers a Neumann condition (see
(1.5) below).



To the best of our knowledge, problems involving the 1-Laplacian operator with Robin boundary
conditions were first developed in [12] and very recently in [9], [10] and [19]. For Robin problems
involving p-Laplacian operator, we refer to [17] .

In [10] the authors establish the existence of a solution to the following problem

Du
—div | — = f inQ,
| Dul
(1.1)
Du .
—— v+ Asignu g on 0%,
|Dul

where f belongs to the Marcinkiewicz space LY>°(Q) and g, A are bounded functions defined on 95
with A > 0 and not identically zero.

In this context, in the first part of this paper, we generalize the results from [10], investigating the
existence of solutions to the following Robin boundary problem involving the 1-Laplacian operator

—div <|gZ|) = f(z,u) inQ,
Du

moz/Jr)\Signu = 0 on 09,

(1.2)

where Q C R¥ is a bounded open set with a C''!~boundary, N > 2, \ is a bounded and non-negative
function defined on 9 and not identically zero on the boundary of each connected component of (2.
The nonlinearity f : 2 x R — R is a Carathéodory function, non-decreasing in s € R, satisfying the
following hypotheses

lim M =0, uniformly in z € (. (1.3a)

S—00 |$|1 _23
|f(z,8)] < Chls|* + Cals|' 7, for ae. z€Q,seR, for some a > 0 and Cy, Cy > 0. (1.3b)
0 < kF(z,s) <sf(x,s), forae. xe€l,|s|>sg, forcertain x> 1 and sg >0, (1.3¢)

where F(z,s) = [ f(x,t)dt.

The first main result of this work is stated as follows.

Theorem 1.1 Assume that conditions (1.3) hold. Then, problem (1.2) admits at least two nontrivial
bounded solutions u,w € BV (Q) such that w <0 < wu for a.e. x € .

The proof employs approximation methods from [15], combined with ideas from [10] and [17]. We
emphasize that, as a particular case, this theorem holds when f has subcritical growth as in [15].
This, in turn, implies that the result in [15] remains valid when replacing Dirichlet by Robin boundary
conditions.

We want to point out that when using approximation methods we need to obtain a bound on the
approximate solutions in the energy space BV (£2). This fact allows us to obtain pointwise convergence
to certain function, which we will check is the solution. Nevertheless, that boundedness does not imply
pointwise convergence of traces on the boundary, for which we need strict convergence (see [1]). We
point out that, in the 1-Laplacian setting, strict convergence cannot be expected. Hence, to pass to
the limit in the approximating problems, a lower semicontinuity result involving the boundary term is
needed. We apply [14, Proposition 1.2] that requires a smooth boundary. Recently it has been proved
in [18] the precise regularity, which is C*!. This is the reason to assume that Q have a C*!'-boundary.



A Neumann problem for the 1-Laplacian was first considered in [3], where the authors deal with a
homogeneous boundary value problem. A few years later, in [13], it was studied the limit as p — 1 of
solutions u, to the following p—Laplacian with non-homogeneous Neumann boundary conditions.

—div(|Vul[P~?Vu) = 0 in
(1.4)
|Vu|p*2@ =g on 0f.
ov

They have shown that the family of solutions (u,)p>1 converges to a measurable function u, whose
properties depend on the size of g with respect to some norm. Specifically, if g is small enough, then u
is solution to a limit problem involving the 1—Laplacian.

Following these articles [3, 13], the second part of this paper is devoted to establishing existence
results for the following Neumann problem:

—div (Du) + V(x)l = f(z,u) inQ,
| Du| |ul (1.5)
Du '
= - 0
Dl v 0 on 09,

where 2 C R is a bounded and open set, having a Lipschitz—continuous boundary, N > 2, V € LY (Q)
satisfies V' > 0 and V' # 0 in each connected component of ). The function f: Q x R — R satisfies the
same hypotheses as in (1.2).

The second main result of this paper is stated in the following theorem.

Theorem 1.2 Assume that conditions (1.3) are satisfied. Then, problem (1.5) admits at least two
nontrivial bounded solutions u,w € BV (Q) such that w <0 < wu for a.e. x € Q.

It is important pointing out that, in spite of the similarity between the problems (1.2) and (1.5),
the difference in their boundary condition is notable. As it will be presented in Section 2, the boundary
conditions of both problems are translated into expressions of different natures. Whereas in the problem
with the Robin boundary condition, the boundary condition is expressed through a global expression,
in the case with the Neumann boundary condition, the equality holds almost everywhere with respect
to the (N — 1)-dimensional Hausdorff measure.

The work is organized as follows: In Section 2, we introduce the notations and auxiliary results
necessary for this study. Section 3 is dedicated to proving Theorem 1.1. Finally, Section 4 is focused on
the proof of Theorem 1.2.

2 Preliminaries

This section introduces the essential notation and auxiliary results required for the following sections.
For additional details, we refer the reader to [1] and [5].

For a fixed k > 0, we define the truncation functions T3 : R — R as follows

Tk (s) = max(—Fk, min(s, k)).

Throughout this article, the sign function is understood to be multivalued. It is given by

1 if s >0
sign(s) = ¢ [-1,1] ifs=0
-1 if s <O0.



Moreover, we assume N > 2. We use HV~!(E) to denote the (N — 1)-dimensional Hausdorff measure
of a set £ C RY. Additionally, for any set A C R, |A| represents its Lebesgue measure. Since our
domain is smooth enough (its boundary is either C1'! or Lipschitz), we have an outward unit normal
vector on its boundary which will be denoted by v, it is defined at least HV ~'—a.e.

We employ several functional spaces in this work. The space L4(2) refers to the Lebesgue space of
g—summable functions on 2, while L9(92, \) represents the weighted Lebesgue space on the boundary
99, where the weight ) is specified. Furthermore, WP () denotes the usual Sobolev space of functions
whose weak derivatives belong to LP(Q)V.

We say that u € BV(Q), or that u is a function of bounded variation, if u € L*(Q), and its
distributional gradient Du is a vectorial Radon measure with finite total variation. It can be proved
that u € BV(Q) if and only if u € L'(Q2) and

/ |Du| := sup{/ udiv ¢dz; ¢ € CHQ,RY), [|4]loo < 1} < +o00.
Q Q

The space BV () is a Banach space when equipped with the norm

||lull Bv ::/ |Du|—|—/ |u|dz.
Q Q

In [1], a trace operator BV (Q) — L'(9Q), is introduced, allowing the definition of the norm

] := / Dl + / fuld#N 1,
Q oN

which is equivalent to || - || pv.

For a nonnegative function A € L (99Q) that is not identically zero on the boundary of each connected
component, we define the norm in W1 1(Q) as follows

||wH>\5:/ |Dw|+/ M) |w]dHN L,
Q (o9}

This norm is equivalent to the standard norm in WH(Q) (see [16, Theorem 7.1]). Furthermore, it
also defines a norm in BV () that is equivalent to the usual one. In this work, we typically use this
equivalent norm.

The space BV (Q) is continuously embedded into L"(€2) for all » € [1,1*] and is also compactly
embedded for all r € [1,1*), where 1* = N/(N — 1).

Next, we introduce the pairing theory, originally developed by Anzellotti in [4] and later extended
by Chen and Frid in [6].

We denote
Xn(Q) = {z € L(Q,RY) : div(z) € LN(Q)}.
For z € Xn(R2) and w € BV(Q), Anzellotti introduced the pairing (z, Dw) € D’'(£2), which is the

distribution defined as

((z, Dw), @) := —/ngodiv(z)dx - /sz - Vpdz,

for every ¢ € D(Q). It can be further shown that (z, Dw) is, in fact, a Radon measure, satisfying

/ <z,Dw>\ <[zl [ |Dul. (21)




for every Borel set B C 2. To establish a version of Green’s formula, it is also essential to develop a weak
trace theory for the outward component of z. There exists a trace operator [, v] : Xn(2) — L*(09),
satisfying the following fact:

| [z, v] |= (0) < [12|co- (2.2)

If z € C1(Q5,RY), the weak trace [z,v] coincides with the classical scalar product of z and the
outward unit normal vector v
z,v] =2z v,

where Q5 represents a d-neighborhood of ). Using these definitions, Anzellotti proved that the following
Green’s formula holds for all z € Xx(Q2) and w € BV():

/deiv(z)dx+/ﬂ(z,Dw) :/aQ [z, v] wdHN L. (2.3)

Now, we present the following proposition (see [10, Proposition A.1] for details), which generalizes
the usual Holder inequality.
Proposition 2.1 Let 1 < p,p’ < oo be such that % + i = 1. Assume that f1,fs : Q@ — R and
91,92 : 002 — R are measurable functions satisfying f1 € LP(Q), fa € Lp'(Q), g1 € LP(OQ,\) and
g2 € LP (02, N\). Then f1fy € LY (), giga € LY(9S2, \) and the following inequality holds

/ ufolde + / (@) |grgaldHN !
Q oN

< [/ \f1|de+/ )\(:c)|gl|pd’HN_1] U |f2|p/dx+/ @) gal? an-1|
Q o0 Q o0

We conclude this section by defining the respective notions of a solution to our problems. First we
address (1.2).

Definition 2.1 We say that a function u € BV (Q) is a solution to (1.2) if there exists z € L*>(Q, R),
with ||2]|eo < 1 such that the following conditions hold

—divz= f(x,u) in D' (Q), (2.4)
(z, Du) = |Du| as measures in 2, (2.5)
[z,v] + A8 =0 for HN"'-a.e. 2 € 09, (2.6)

where B is a measurable function satisfying ||Bx{x>0}llcc < 1 and
A\B € Ty(Asign(u))  for HN ! -a.e. x € 9Q. (2.7)
Now, for the problem (1.5), we have the following definition of a solution.
Definition 2.2 We say that a function u € BV () is a solution to (1.5) if there exist z € L>(Q,RY)

and a measurable function (8 satisfying Bxvsoy € L>(Q), with || 2] < 1, |Bxqv>otllee < 1, such that
the following conditions are satisfied

—divz+ VB = f(z,u) in D'(Q), (2.8)
(z, Du) = |Du| as measures in Q, (2.9)
[2,v] =0 HN"'-ae on 0N (2.10)
VB € Vsign(u) a.e. in . (2.11)



It is worth spending some words to explain why Definitions 2.1 and 2.2 are suitable versions of
(1.2) and (1.5), respectively. Requirement ||z||o < 1 jointly with conditions (2.5) and (2.9) imply that
the vector field z plays the role of Du/|Dul in the original equations. On the other hand, (2.6) and
(2.10) represent the boundary conditions in (1.2) and (1.5), respectively. The expression (2.7), in turn,
implies that the function A3 plays the role of Asign(u), while (2.11) implies that V3 plays the role of
Vsign(u). We stress that A may vanish on a subset of the boundary and so in that zone one cannot
deduce how S is. Thus the boundedness of § is just guaranteed in the complementary zone {A > 0}
and for that reason appear A8 in (2.6) and (2.7). Analogously, the coefficient V' can vanish, so that
(as in the previous definition) we may only ensure that Sx(y o} is bounded and we must write V3 in
Definition 2.2.

Observe that, owing to [|z]jec < 1, we get [z,v] € L>®(0) and ||[z, V]| < 1. Hence, the Robin
condition [z,v] + Asignu = 0 only has sense when ||A|loc < 1. Nevertheless, a solution can also be
found if the coefficient satisfies ||A]|.c > 1. To give the right meaning to the Robin problem in this
case, the condition [z,v] + Asignu = 0 must be replaced with [z,v] + A8 = 0 and A8 € Ty (Asign(u)).
This change of the Robin coefficient to its truncation comes from approximating the problem driven
by the 1-Laplacian through problems governed by the p-Laplacian. Indeed, it is proven in [9, Theorem
4.1] that the I'-convergence of Robin problems for the p-Laplacian leads to the truncate Robin problem
for the 1-Laplace operator (see also [9, Proposition 5.2] and [19, Theorems 8 and 15]). This fact is the
reason why, for the 1-Laplacian, the Robin problem having a coefficient bigger than 1 coincides with
the Dirichlet problem.

All along this paper, it should be noted that in (1.3b), we can assume without loss of generality that
a > 0 is such that 1 + « < 1*. Note that this is not a restriction, since if (1.3b) holds for some « > 0,
then it would still hold for any 0 < o/ < a.

3 Proof of Theorem 1.1

We will demonstrate the existence of a nontrivial solution v > 0 for (1.2). By a similar argument,
the existence of a nontrivial solution w < 0 can also be established. As described in the introduction,
this result is obtained through an approximation method.

Let p = min{l + o, k}. For each 1 < p < p, we consider the following p—Laplacian problem

—Apu = f(z,u) in Q
(3.1)
|Vu|P=2Vu - v+ AMulP2u =0 on 0.
Based on our assumptions and the choice of p the following statements hold:
(a) lim f(xls) =0, uniformly for all z € Q.
5—00 |5 p*—2g
(b) limsup f(x_,,;) = 0, uniformly for x € Q.
s—0 s 7 s

(¢) 0 < kF(x,s) < sf(z,s), for z € Q and s € R, with |s]| > so and & > p.
Definition 3.1 We say that u € W1P(Q) is a weak solution to (3.1) if there holds
|VulP~2Vu - Vudz —|—/ MulP~2uvdH Nt = / f(z,u)vde,
Q a0 Q

for every v € WHP(Q).



In order to obtain a positive solution of (3.1), we consider the associated energy functional
JFWhP(Q) — R, defined by

1
Ty (u) = ];Hul

I))\,p - /QF_A,_(Z‘,U)dJ?, (32)

1
where the norm [[ullxp = ([, [VulPdz + [, Aju[PdHN 1) 7 is equivalent to the usual norm in WP ()
(see [16, Theorem 7.1]). The function Fy (x,u) is defined as

Fy(z,5) = / fola by,

where f, : Q x R — R is given by

0 if s <0,
fil@,s) = { (3.3)
f(

x, ) if s > 0.

Notice that Fy(z,s) > 0 for all s € R and for a.e. z € 2. Moreover, since assumption (1.3b) implies
f(z,0) =0, then fy(z,-) is continuous.

It is worth pointing out that, by following an analogous reasoning, we could find negative solutions
by dealing with the functional

p

1
I (u) = =||ulf —/F_x,udx,
() p|||)\,p A (2, u)

where F_(x,u) = / f—(z,t)dt, and
0

For u € W1P(Q), we define the functional
o+ p—1 N-—1
Ip(u) = J,; (u) + —— (|9 + Az)dH .
p rol9)

Lemma 3.1 The family (I,(u))1<p is nondecreasing with respect to p, for all u such that I(u) is well
defined.

Proof. Let 1 < p; < pa < N and consider u € W1?2(Q). By Young’s inequality, we have
/ VP da < ’2/ VulP2de + 22— P (3.4)
9) P2 Ja Y2
and

)\|u|p1deN—1 < %/ )\‘u|p2drHN—1 + b2 — D1 )\dHN_l. (35)
2 JoQ

a0 b2 a0

It follows from (3.4) and (3.5) that

1 1 -1
—/ |vu|md:z:+—/ /\\u|p1d7{N*1—/F+(x,u)dz+p1 (|Q|+/ /\(x)d’HNl)
P1 Ja P1 Joa Q p1 an

Ipl (U)

1 — 1 -
< 7/ |Vu|pzdm+u|g|+7/ )\|u|pdeN—1+u/ NHN 1
P2 Ja pip2 P2 Joq P1p2 a0
-1
—/F+(x,u)dx+p1 <Q|+/ )\(x)d”H,N1>
Q P N
= Ipz(u)'



O

Now, let ¢ € D(Q) be fixed, ¢ # 0. Note that from (1.3b) and (1.3c), there exists C3,Cy > 0, such
that F(z,s) > C3s" — Cy, for all s € R and a.e. x € Q. Then, for ¢ > 0,

N - p—1
B < SI0E - /Q (Culo - Ot + 2 (|ﬂ+ /mm)dx)

o p—1
< TII¢II§,ﬁ—Cst“/ |6 da + Cu| Q) + B <|Q|+/ A(x)dw).
p Q p [3)9)

Then, as t — oo, we find that
Iﬁ(t(b) — —OQ.

This implies the existence of some
e=T¢ (3.6)

such that I;(e) < 0. Consequently, by Lemma 3.1, we conclude that

I,(e) <0, forallpe(Lp).

Furthermore, standard arguments imply that for 1 < p < p, I,, satisfies the first geometrical assumption
of the Mountain Pass Theorem. Hence, for each 1 < p < p, the energy functional I, satisfies the
geometric conditions of the Mountain Pass Theorem and the Palais-Smale condition (since f has a
subcritical growth with respect to W1?(Q)). Therefore, by Mountain Pass Theorem, for each 1 < p < p,
there exists a function w, solution of (3.1) such that

Ip(up) = Jnf max I,(v(t) =: ¢p, (3.7)

where
I, ={yeC([0,1],W"P(Q)) :7(0) =0,v(1) = e} .

Moreover, by taking u, as a test function in the weak form of (3.1), one can see that u, =0, in such
a way that u, is a nonnegative solution.

Lemma 3.2 The family (I,(up))1<p<p s nondecreasing with respect to p.

Proof. Let 1 < p; < p2 < p. Notice that, I'), C T'y,. From Lemma 3.1, it follows that

Ipi(upy) = If o T, (7(1)

inf L, (y(t
S max p (7(1))

inf L, (1(t
i mas T, (v(2))

Ipz (U’Pz)'

INIA

From now on, we fix pg € (1,p).

Lemma 3.3 The family (up)i<p<p, s bounded in BV (Q). As a consequence of the continuous
embedding, the family (up)1<p<p, 15 bounded in L ().



Proof. From Lemma 3.2 for a fixed py € (1,p), it follows that

Ip(up) < Ipy (upy) = cpy
for all p € (1, po).
Define Q, = {z € Q : u,y(x) < so}, for any p € (1,po).
By condition (1.3b), we deduce
/ F(z,uy) <C (58‘+1 + s{) =C.
Qp

On the other hand, using condition (1.3¢c) and the fact that u, solves (3.1), we obtain

1
/ F(z,up) < l/ up f (@, up)de = — {/ [Vup|Pda +/ )‘|updeN1} :
\Q, K Ja klJa o0
From these three inequalities, it follows that
1
G > - [ [ vugpas [ A|uppcmN1} ([ e+ [ P
P LJa N Q\Q, Q,
-1
+2—= (|Q|+/ A(x)d’HN1>
p o0
1 1 N-1
- —= |Vu,|Pdz + Aup|PdH - Cy
p K Q N
1 1
( — ) U |Vup|pdm+/ )\|up|pd7-[N_1} — Cp.
Po K Q f19)

Thus, there exists a constant é, independent of p, such that

/ |Vup|Pdz + /BQ MupPdHN =1 < O, Vpe (1,p0). (3.8)
Q

Using Young’s inequality, we now estimate

luplls = / Vup|de + / Aup | dHN 1
Q oN

1 1 -1 -1
< 7/ IVupl”dx+—/ Aup|PAHN T + <p> 12 + <p>/ AdHN !
P Jo P Joq p p o0
< (i
This implies that (up)1<p<p, 18 bounded in BV (). O

As an immediate consequence of the previous lemma and the compact embeddings, there exists a
nonnegative u € BV (Q) such that, up to subsequences,

A) u, = uwin L™(Q), for 1 <m < 2~ as p — 1.
P N-1

(B) up »uae. inQ asp— 1T,
Lemma 3.4 Let u, be a solution to problem (3.1). Then, there exist a vector field z € L>=(Q,RY) and

a function B € L*(0Q, \) for every 1 < s < oo, such that Bxixsoy € L>*(0Q) and satisfying, up to
subsequences, the following convergences

|Vu,|P~2Vu, — 2, in L*(Q,RY) for all 1 < s < 0o (3.9)



and
[up|P~2u, — B, in L¥(0Q,\) for all1 < s < c0. (3.10)

Moreover, the following identities hold

—divz= f(z,u) inD'(Q), (3.12)
[2,V] + A8 =0 HN"' —a.c. ondQ. (3.13)

Proof. Let us fix 1 < s < oo such that -5 < po and consider 1 < p < s—il By applying the

Proposition 2.1 and (3.8), we obtain

[/ [V, |1 dx+/ A|up|S<P1>dHN1} !
Q o

[/ \vup\Pda:Jr/ )\|up|pd’HN_1] ’ [|Q|+/ Ad’HN—T
Q o0 o0

p—1

IN

o [|Q|+/ AdHN—T o (3.14)
o

IN

This shows that, for any fixed s > 1, the families (\Vup|p’2Vup)l<p<po and (|up|p*2up)l<p<po

are bounded in L*(Q,RY) and L*(99, \) respectively. Consequently, up to subsequences, there exist
z, € L¥(Q,RY) and B, € L*(09Q, \) satisfying

|Vup|P~2Vu, = z,, in L*(Q,RY) asp—1T.

and
luplP~2u, — By,  in L°(0Q,\) asp—1t.

Since these results hold for all s > 1, two diagonal procedures allow us to find z € L*(Q2,R") and
B € L*(09Q, \) for all s € (1,00), satisfying (3.9) and (3.10).

On the other hand, taking into account the lower semicontinuity of the norm in L*(Q,R") with
respect to the weak convergence, and by passing to the limit as p — 17, in (3.14), we have

[/ |z|5dx+/ >\|6|5d7-lN1T < [|Q|+/ Ad?—lNl]s
Q o o0

Letting s — oo, by applying [10, Proposition A2], we conclude that z € L (2, RY), Bxrs0y € L>(09)
and [|zlo, [[Bx(r>03 [0 < 1.

To establish (3.12), take ¢ € D(Q) as a test function in (3.1). This yields

/Q\VUPVFQVUP -Vedr = /Qf(x,up)cpdx.

Recalling (1.3a) and (1.3b), we may find two constant Cy,Cy > 0 such that
|f (@, up)| < Ctlup|® + Calup |

It follows from (A) that f(z,u,) is equi-integrable. Now by (B) and Vitali’s Theorem, we have

/ flz, up)pdr — / f(z,u)pdx  for all ¢ € D(Q).
Q Q

10



Moreover, from (3.9), it follows that
/Q |Vup,|P~2Vu, - Vodz — /Qz -Vdx for all ¢ € D(Q).
Combining these convergences, we conclude
—divz = f(z,u) in D'(Q). (3.15)

Observe that condition (1.3a) and the embedding BV () < L (Q2) yields f(x,u) € LV (Q). So, we get
divz € LY (Q) and consequently Anzellotti’s theory can be applied.

To derive (3.13), for 1 < p < pyg, consider v € W1Po(Q) as a test function in (3.1). This leads to

/f(x,up)vdx:/ \Vup|p_2Vup~Vvda:+/ Ny [P~ 2uyvdHN L. (3.16)
Q Q o9

To pass to the limit in the above identity, we apply (1.3a) and Young’s inequality (recall we are
assuming 1 + a < 1*) to get

- N B N
|f (@, wp)v] < Culup|®[v] + Caluy | 77 [0] < Cluy| ¥ [v] +Clo| < Cluy| F=0Wr0 =557 +Clo| ¥4 +Clo] .

Since (N_l)(]f,vé’oo_Nero) < %, it follows that the right-hand side converges in L(£2), so it is equi-
integrable. Consequently, the left-hand side is also equi-integrable. The pointwise convergence and
Vitali’s Theorem imply that f(z,u,)v — f(z,u)v in L*(Q). Observe that then f(z,u)v € L'(Q). So
letting p — 17 in (3.16), we obtain

/ fz,u)vde = / zZ- Vvdx—l—/ ABvdHN !
Q Q 09

for every v € W1Po(Q). By density, this equality extends to all v € WH().
Using (3.15), we rewrite the left-hand side as

/vdivzdx+/z~Vvdx+/ MvdHN "t = 0.
Q Q o0

Applying the Green formula (2.3), this becomes

/ [z, vjodHN 1 +/ MvdHN 1 =0,
o o0

for all v € W11(Q). Consequently,

o:/ [z7u]hd”HN’1+/ ABhdHN 1,
o o

for every h € L'(9€). Hence, we conclude that
[z, V] + A3 =0 H ! —ae. ondQ.

O

Since the nonlinearity does not have subcritical growth, we have an additional difficulty due to the
lack of compactness. To overcome this difficulty, we employ once more Vitali’s Theorem.
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Lemma 3.5 Let u, be a solution to problem (3.1). Then, as p goes to 1,
flz,up)up — flz,w)u strongly in L'(Q).
As a consequence,
/Qf(x,up)updx — /Qf(x,u)udac (3.17)
and, for every p € C1(Q),
/Qf(:v,up)upgodx — /Qf(;z;,u)ugodx. (3.18)

Proof. On account of Lemma 3.3, define ¢, = sup / |up|1*d$ < +o0o. By hypotheses (1.3a) and
1<p<po JQ
(1.3b) given € > 0, there exists ¢, such that

|f(z,8)] < 2i|s|1*_1 +c. for almost all x € Q and all s € R. (3.19)
c

*

N
Using this inequality, for any measurable set E C Q such that |F| < (ﬁ) , we obtain
CeCy

/|f(z,up)up\dxgi/ |up|1*dx+ce/ |- (3.20)
E 2¢+ Jg E

By Holder’s inequality, we get

N—-1

N
CE/ lup|dz < c€|E|% (/ Jup |t dx) <
E Q

Substituting this inequality into (3.20), we have

N

/ |f(z,up)uplde < e foralll <p < po.
B

This shows that the family (f(-, up(-))up(+)) C LY(Q) is equi-integrable. Since

1<p<po
flz,up)up — flz,w)u, ae. inQ,

the result follows by applying Vitali’s Theorem. O

Lemma 3.6 Let z be the vector field established in Lemma 3.4. Then, the following equality holds:

|Du| = (z,Du)  as measures in Q.

Proof. Let 0 < ¢ € C}(£2). Choosing u,¢ as a test function in (3.1), we obtain

/ |Vu, [Pode +/ |V [P~2Vu, - Vipdr = / flz, up)uppde. (3.21)
Q Q Q
On the other hand, applying Young’s inequality,
1 —1
/ o|Vuy|dz < 7/ o|Vuy, |Pdr + — wdz,
Q pJa P Ja

s0, by using (3.21), we obtain

1 1 -1
/ | Vuy|dx + f/ Up| Vup P2V, - Vodr < f/ [z, up)uppdr + L/ dz. (3.22)
Q D Ja D Ja P Ja

12



It is easy to pass to the limit on the right hand side using (3.18). Regarding the left hand side, observe
that the first term can be handled considering the lower semicontinuity of the map u — [, ¢|Du| with
respect to the L'-convergence. We deal with the remaining term by noting that |Vup|p*2Vup weakly
converges in L*(Q;RY) for all 1 < s < 0o and u, strongly converges in L"(2) for all 1 < r < 1*. So,
letting p — 17 in (3.22), it follows that

/<p|Du|—|—/uz~chdx§/f(:c,u)ugodx.
Q Q Q

Finally, using (3.15) we obtain
/ o|Du| < —/ uz - Vodr — | divzupdr = /(Z,Du)gp.
Q Q Q Q
The reverse inequality follows straightforwardly from ||z||. < 1. O

Lemma 3.7 The vector field z and the functions u and \ verify the following equality:
u([z,v] +Ti(\) =0 HN™' —a.e on 09

In particular (2.7) holds.

Proof. Taking u, as a test function in (3.1), we obtain

/Q|Vup|pdx+/89)\|up|pd7-[N71 :/Qf(x,up)upd:c.

Applying Young’s inequality, this implies

/|Vup|dx+/ MupldHN 1 < /|Vup|pd;v+/ Nup[PdHN 1
Q o0 Q [219]

-1 -1
+ (p> Q| + (p) AdHN !

p p a0

—1 -1

/f(x,up>updx+ <p> |+ (p>/ AdHN L
Q p p a0

On the other hand, it is immediate that T7(\) < A. From the last two inequalities, we have

IN

—1
/|Vup|dx+/ Tl()\)|up\d”HN_1S/f(x,up)updx—i- (pp) [|Q|+ )\dHN‘l]. (3.23)
Q o0 Q

o0

Observe that the left-hand side of (3.23) is lower semicontinuous with respect to the L!-convergence as
p — 1T (see [14, Proposition 1.2] and [18]). Therefore, by letting p — 11 in (3.23) and using (3.17), we
obtain

/ | Du +/ Ty (NudHN 1 < / f(z,u)udz. (3.24)
Q o0 Q
Using the fact that —divz = f(z,u) in (3.24) and applying Green’s formula (2.3), we get
/ | Dul +/ Ty (NudHN™t < — [ divzude
Q o0 Q

_ /Q(Z,Du)_/mu[z,u]dﬂfv*l.

13



Since Lemma 3.6 ensures (z, Du) = |Dul, this leads to

/ (Ty(\) + [z, v]))udHN 1 < 0. (3.25)
19)

Now note that (T1()\) + [z, v])u > 0 for H¥~!1— almost every point on 9. This fact is verified as
follows: Let 2 € 99 such that u(xz) >0

1. If A(z) < 1, then by (3.13), we have T1(\) + [z,v] = A — A3 > 0.
2. If Mx) > 1, then Ty (A) + [z,v] = 1 + [z,v] > 0 since |[z,v]| < 1.

Thus, (3.25) implies that (77 (\) + [z, v])u = 0 H¥~1— almost every point on 9.
Finally, using [z,v] = —AS3, we conclude that (2.7) holds. O

Now, let us show that u is nontrivial. For that aim, let us introduce J : BV (2) — R, the energy
functional corresponding to (1.2), defined as

I(w) = ulls = [ Pe(ow)da,
Q
From (1.3b), there exist C1,Cs > 0, such that
Fy(x,8) < Cyls|*™ + C’2|s|% Vs € R and for a.e. x € Q.

Hence, for u € BV (), we deduce from the above inequalities and the Sobolev’s imbedding that

J(u)

el - / P, (z,u)dz
Q
el — cl/ u| e de — 02/ |u| ¥ da
Q Q
1+« %
[ullx = Cslully* = Cyllull}

1
ulls (1 — Gyl c4||u§1) |

v

Y

Q=
7N
i
—_
£
~_
=2
L
N—
£
[¢)
o
o
—+
=
]

1
Choosing 0 < p < min { <4C’3>

Let us fix p € (1,po). By applying Young’s inequality, it yields I,,(u) > J(u) for all u € WP(Q).
Since e # 0 (where e is given in (3.6)), we may take p small enough to get ||e||x > p. Let us now consider
any path v € I'y. By the continuity of the map ¢ — I,(~y(t)), there exists o > 0 such that ||y(to)|lx = p-
Hence, we obtain

Ip(up) = inf max I(y(t)) >

2
veTl', tel0,1] (3 6)

RS

14



On the other hand, from (2.5), (2.6) and (3.17) we have

1
lim - [/ |Vup\pdx+/ )\|up|pd’HN_1] = lim 7/ fz, up)upde
Q o9

p—1t

= /f(x,u)uda:
Q
= f/udivzdx
Q
= /(z,Du)f/ u(z,v] dHN !
Q o0
= /|Du|+/ ABudHN !
Q o0

/|Du|+/ MuldHN 1
Q on

[ - (3.27)

IA

Now, let again c, = sup/ |up|1*dx < 00. From hypothesis (1.3a), given € > 0, there exists a. such
p>1.JQ
that

|F(z,8)| < i|s|1* +a. forae z€QandallseR. (3.28)

Using this inequality, for any measurable set E2 C €2 such that |E| < 55, we obtain

/EF(z,up)d;z: g/E|F(z,up)\dx_

This implies that (F(.,up(.)) _, is equi-integrable. Moreover, since

“dr + aE| < e

p>1

F(z,up) — F(z,u), aex e,

it follows from Vitali’s Theorem that

lim qupdx—/Fa:u
)

p—>l+ (
From the above equality and (3.27), it follows that

J()>hm[( p)-

p—1t

hS)

Hence, from (3.26), we conclude that J(u) > =, which implies that u is nontrivial.

\V]

3.1 Boundedness of the solutions

In this short section, we prove an L estimate to the nonnegative solution u € BV (€2). To do that,
we use standard Stampacchia’s argument, which we detail here for the sake of completeness. It is worth
to highlight that by an analogous argument, we could prove that the nonpositive solution w is also
bounded.

All along this section, u,, denotes the nonnegative solution of (3.1), that satisfies (3.7) and we denote
by S; the best constant of the Sobolev embedding W1 (Q) «— L' (Q).

15



For k > 0 and p € (1,pg), we define the set
App={z € Q:up(x) > k}.
By the definition of A ,, we have

1 e 1 N
< —= / up dr < —% / up ' dx.
kN-1 Ag.p kN-1T Jqo

Hence, for every e > 0 there exists kg > 0 such that
|Ar p| <, (3.29)

|Ak,p|

for every k > ko and for all p € (1, pg), owing to Lemma 3.3.

We now proceed to prove that the nonnegative solution u belongs to L>°(Q2). For each k > 0, we
define the auxiliary function G : R — R as follows

s —k, s>k,
Gk:<5> - 07 |5| S ka
s+ k, s < —k.

Taking G (up) as a test function in (3.1), we obtain

/ VG (up)|Pdez + / Nutp [P~ G 1) [dHY = / £y up) G ()
Q o0 Q

wherewith
/|VGk(up)|pdx+/ NG (up) [PAHN ! g/f(x,up)Gk(up)dx. (3.30)
Q a0 Q

On the other hand, by assumptions (1.3a) and (1.3b), for any p > 0, there exists ¢, such that

If(z,8)] < pls|* —1 + ¢y,  for almost all z € Q and all s € R. (3.31)
Using (3.30), (3.31), Young’s inequality and Sobolev’s embedding, it follows that

N-—1

(/ Gk(’u,p)NNldz> §Sl/ |VGk(’U,p)|dx+Sl/ /\|Gk(up)|d’HN71
@ Q o0
—1
< é |VGk(up)|pd$—|— i/ )\|Gk(up)|l’deN—l 4 M |:|Q| + )\deN—l:|
Q P Ja p 90

<81 [ 1)l + 2L fiar s [ aav]

< Sl/
App

= Slp/ uy 'Gr(up)dz + Sic, Gr.(up)dx + % [m +/ AdHNl]
A onN

k,p Ag,p

« -1
(puy "+ ¢)Gr(up)dz + % [|Q| +/ )\dHN_l]
o

Finally Holder’s inequality leads to

N—-1

=~
(/ Gk(up)NNlda@>
Q
+ et 1 B
< Sip (/u dac) </ Gr(up)¥- 1d:r) + Sic, (| Ak p) ™ (/ G (up) V- 1dac>

+ % {m +/m Ad%Nl} :
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From (3.29), we choose kg > 0 such that

1
|Ak,p| < W, for all k£ > ko.
P

Since p is arbitrary, we choose
1
<To
P 45107\,

1

N

where ¢y = sup (/ || da:) .
1<p<po \JQ

Consequently, we obtain

N 251 (p — 1 ¥
Grel(up) ¥ dz < (Sl(z) {m + )\dHN1D , for all k > k.

Q o0

Finally, taking into account that u, — u a.e. in Q, we pass to the limit as p — 1% and, applying
Fatou’s Lemma, we conclude that

/((u — k)")¥ide =0, for all k > ko.
Q

Hence, ||u|loo < ko.

4 Proof of Theorem 1.2

We will prove that (1.5) admits a nontrivial solution v > 0. By an analogous argument, the existence
of a nontrivial solution w < 0 also follows.

First we recall that, for p > 1, since V € L (1) satisfies V' > 0 and V # 0 in each connected

1
component, the expression |ullv,, = ([, |[Vul[Pdz + [,V (z)[u[Pdz)? defines a norm in WP (£2) which
is equivalent to usual one (see [16, Theorem 7.1]). As a consequence of the case p = 1, we obtain that
ullv = Jo |Dul + [, V(z)|u|dz defines a norm in BV (Q2) equivalent to the usual one.

Now, let p = min{1 + a, k,1*}. For each 1 < p < p, we consider the following problem

{ —Apu+ V(2)|ulP~?u = f(z,u) in
(4.1)

|Vu|P~28% = 0 on 9.

From our hypotheses and the choice of p, the conditions (a) — (¢) of the proof of Theorem 1.1 are
satisfied.

In order to obtain a nonnegative solution of (4.1), as before, we consider the associated energy
functional J;f : WhP(€2) — R, defined by

1
Ty (u) = ];IIU\

f/’pf/QFJr(x,u)dx, (4.2)

where Fy (z,u) = [; f4(z,t)dt, with fi : @ x R — R defined by

0 if s <0,

f+($,8) = { . (43>
f(z, ) it s > 0.
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‘We define the functional

Ip(u) = Jf (u) + (19;1> <|Q| +/QV(x)dx>.

Proceeding analogously to Lemma 3.1 we can establish that the sequence (I,(u))p>1 is nondecreasing
with respect to p.

It is straightforward to verify that the energy functional I, satisfies the geometry of the Mountain
Pass Theorem. Moreover there exists e € D(2), such that

I,(e) <0, forallpe(l,p).

Consequently, by Mountain Pass Theorem, for each 1 < p < p, there exists u, solution of (4.1) such
that

Ip(up) = inf Jnas Iy p(V(t) = ¢y,

where
I, ={yeC([0,1],W"P(Q)) :7(0) =0,v(1) = e} .

Furthermore, following the arguments in Lemma 3.2, we also conclude that the family (I,(up))1<p<p is
nondecreasing with respect to p. Henceforth, we fix 1 < py < p.

Lemma 4.1 The family (up)1<p<p, i bounded in BV ().

Proof. Since the family (I,(up))1<p<p is nondecreasing, given py € (1, ), it follows that

Ip(up) < Ip, (up,) = cp,
for all p € (1, po).
We denote Q, = {z € Q:u, < s¢}, for any p € (1,po).
Then, by condition (1.3b), we obtain

/ F(z,up)dx <C (88+1 + sé) =C.
Q

p

On the other hand, using condition (1.3c) and the fact that u, is a solution of (4.1), we get

1 1
/ F(z,up)dz < f/ upf(z,up)de = — [/ \Vup\pdx—l—/ V(x)up|pdx] .
O\, K Ja K LJa 0

From the above inequalities, we deduce that

;[/QVuplpdxﬁ—/ V($)|Up|pd33:| —/Q\Q F(:uup)dm_/ﬂp F(x,uy,)ds
= (11, —1) [/ IVuplpdx+/ V(z |up|pdx] -C
(- ) U IVuplpd:c+/ V(z |uppdx} -

Hence, there exists C, independent of p such that

Y

Cpo

/ |Vup|pdx+/ V)| lPde < G, Vpe (1,po). (4.4)
Q Q

18



Now, applying Young’s inequality, we obtain

/\vup\dx+/v<x)|up|dx

Q Q
1 1 -1 -1

< f/ |vu,,|de+f/ V(@) uPdz + (p) 1/ + (p)/V(a:)dx
pJa pJa p p Q

S C~17

[upllv

so that (up) is bounded in BV (). O

1<p<po

As a direct consequence of the previous lemma and the compact embeddings, there exist u € BV (Q)
such that, up to subsequences

(C) up = uin L™(Q), for 1 <m < A5, asp — 11,

(D) up > uae ze€Q asp—1t.

Moreover, as in Lemma 3.4, it is possible to show that there exist z € L>°(Q, RY) and a function
pe L*(Q,V) forall 1 <s < oo, such that Bxrysoy € L=(Q), |2]lcc < 1, [[Bxvsoillee <1,

(Vup P72V 2, in L(Q.RY) for all 1 < 5 < o0 (45)

and
lupP~2u, — B, in L(Q,V) for all 1 < s < oo. (4.6)

Again, as in Section 3, we can readily conclude that
—divz+ Vg = f(xz,u), inD'(Q) (4.7)

Notice that (4.7) implies div(z) € LY (). On the other hand, the proof of Lemma 3.5 still holds.
Lemma 4.2 It is fulfilled that

lim [ V(z)luy|dx = / V(z)|u| dx
Q Q

p—1t
and, for any ¢ € C1(Q),
lim [ oV(x)lu,|de = / OV (x)|u| dz.
Q Q

p—1t

Proof. Since {|up|}, is bounded in BV(9), it follows that it is also bounded in L™ (©). This fact and
the pointwise convergence of |u,| to |u| imply that

Up| — |u weakly in L~1(Q).
P

The result now is a consequence of V € LY (Q). O

Lemma 4.3 The following equality holds in the sense of measures in §):

(2, Du) = |Dul. (4.8)
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Proof. Let ¢ € C1(2) be nonnegative and take u,p as test function in (4.1). We get

/@|Vup|pdm+/up|Vup|p72Vup-V<pdm+/@V(m)|up\pdx:/f(x,up)upgodx.
Q Q Q Q

By Young’s inequality,

/ g0|Vup|dx+/ oV (x)|up| dz
Q Q
1 1 p—1
< — | o|VupPdz+ - | oV (x)upPde +—— ||+ | V(z)dx
P Jo pJa p Q

1 1 -1
= —f/ | Vup[P~2Vuy, - Vi do + 7/ flz, up)upp dr + C—— [|Q| —|—/ V(x) dx} .
P Ja P Ja p Q
To pass to the limit on the left hand side, we may use the lower semicontinuity in the first term and

Lemma 4.2 in the second one. The limit on the right hand side is consequence of (C), 4.5 and Lemma
3.5. It yields

/<p|Du\+/ch(x)|u\dx§—/uz-Vgodm—i—/f(x,u)ucde
Q Q Q Q

so that
/@\Du|+/ oV (x)pudr < f/uz~Vg0d:1:+/ [z, u)up de.
Q Q Q Q

Owing to 4.7, we deduce

/cp|Du\§—/uz-V<pdx—/ugpdivzdx:/cp(z,Du)
Q Q Q Q

from where the result follows. O

Regarding the boundary condition, we get the following result.

Lemma 4.4 The vector field z satisfies the following identity:

[z,v] =0 HN"' —a.e. on 0. (4.9)
Proof. Let 1 < p < po, and consider v € W1Po(Q) as a test function in (4.1). Then, we obtain

/Q|Vup\p72Vup'Vvder/QV(x)|up|p72upvdx:/Qf(:r,up)vdo:. (4.10)

By applying the same arguments as in Lemma 3.4, we can directly pass to the limit in (4.10) asp — 17,

obtaining
/z-Vvdx—I—/ Vﬂvdx:/f(x,u)vdx
Q Q Q

for every v € W1Po(Q). By density, this equality extends to all v € WH1(Q).
Applying Green’s formula and (4.7), we deduce

/f(x,u)vda: = —/vdivzdm+/Vﬁvdm

Q Q Q

/Z~Vvdx—/ [Z,V]UdHN_1+/ V Budz.
Q a0 Q

/ [z, vjvdHN " =0, Yo WhH(Q)
o0

This, in turn, implies that
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and consequently
/ hlz, v]dHN ! =0,
o0
holds for every h € L'(99). Therefore,
[z,v] =0 HY"'—ae. on Q.

We now turn to check the condition (2.11).
Lemma 4.5 The function 8 satisfies V3 € Vsign(u).

Proof. Consider u, as a test function in (4.1). Then, by Young’s inequality, we obtain

IN

1 1 p—1
= Vupdx—kf/V:vupdx—kiQ—k/dem
> [ Vulde+ < [ Vilrds+ 2= i0)+ [ Via)ad]

/Qf(x,up)updx+pp%l[mu/ﬂwx)dx]

/|Vup|dm+/V(x)|up\dx
Q Q

IN

We may apply the lower semicontinuity of the total variation in the first term of the left hand side.
In the other terms we use lemmas 3.5 and 4.2. Thus, it yields

/Q|Du|+/QV(x)|u|dx§/Qf(:c,u)udm:f/gudivzdx+/V(x)ﬂuda:. (4.11)

Q

Observe that Green’s formula, identity (4.8) and Lemma 4.4 lead to

—/udivzde/(Z,Du)—/ u[z,y]dHN—1:/|Du|
Q Q o0 Q

Hence, inequality (4.11) becomes

[ @l - Vi) de <o

Taking into account that ||Bx{v>o0}/lec < 1, the result follows. O

Finally, following the same reasoning as in Section 3, we conclude that u is nontrivial and belongs
to L>(Q).
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