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ABSTRACT. In this paper we aim to study in a unified fashion existence and regularity properties of
solutions to a very general class of Dirichlet boundary value problems such as{

−div (ϕ(|∇u|)∇u) = f(x) in Ω,

u = 0 on ∂Ω,
(1)

where ϕ : [0,∞) → [0,∞) is any function such that ϕ(s)s ∈ C((0,∞)) is a non-decreasing function
which tends to 1 as s → ∞. Among others, most of the far-famed operators derived from functionals with
linear growth, as for instance the 1-Laplacian and the minimal surface operator are included in our model.
Under suitable assumptions on the data we prove existence and regularity results for problem (1) which
recover the sharp thresholds known in the model cases.
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1. INTRODUCTION

Since the 1970s, significant efforts have been devoted by many mathematicians to placing quasilinear
elliptic problems involving non-homogeneous divergence form operators of the type{

−div (ϕ(|∇u|)∇u) = f(x) in Ω,

u = 0 on ∂Ω,
(1.1)

within a unified and coherent theoretical framework thus extending the case of power type growth,
i.e., ϕ(s) ∼ sp−2.

As far as we know, such studies started with Donaldson in [19] and Gossez in [26], giving rise to
plenty of works involving what has started to be called the Φ−Laplacian operator, defined as

∆Φu := div (ϕ(|∇u|)∇u) ,
being Φ the primitive of ϕ(s)s such that Φ(0) = 0.

The case of Φ−Laplacian for problems as in (1.1) has been largely developed since then; without the
aim to be exhaustive let us only mention the gentle survey [13] and references therein.

Other relevant studies concerning Φ−Laplace type operators, mainly related to the case of a reaction
type nonlinearity, include the one of Clément, Garcı́a-Huidobro, Manásevich and Schmitt [14], Garcı́a-
Huidobro, Le, Manásevich and Schmitt [21], Gossez and Manàsevich [27], Mihăilescu and Repovš
[33]. Also, some recent works on this issue are worth mentioning, as [12], where Carvalho, Gonçalves
and Silva established a kind of Brézis-Oswald problem to such type of operator. In [2], Alves,
Abrantes Santos and Zhou studied a semipositone problem involving the Φ−Laplacian operator,
while in [3], Abrantes Santos and Soares studied an optimization problem with volume constraint
involving the Φ−Laplacian operator.

In all of the papers cited above, the function s 7→ sϕ(s) is an increasing homeomorphism from [0,∞)

into itself, such that it defines a convex function Φ(s) =
´ |s|
0
σϕ(σ)dσ, which is a Young function, i.e., it

satisfies
Φ(0) = 0 and lim

|s|→∞
Φ(s) = ∞.

Actually, it satisfies stronger conditions:

lim
s→0

Φ(s)

s
= 0 and lim

|s|→∞

Φ(s)

s
= ∞, (1.2)

which allow us to say that Φ is an N−function (following [1] for instance).

Problems involving the Φ−Laplacian operator are interesting, since they present a unified way to deal
with many quasilinear elliptic problems. For instance,

• if Φ(s) = sp

p and 1 < p, we have the p-Laplacian operator;
• if Φ(s) = sp

p + sq

q , where 1 < p < q, we have the (p, q)−Laplacian operator;
• if Φ(s) = sp log(1 + s) with p ≥ 1, we have a plasticity type problem.

A crucial starting point in the approach followed by all these papers, is the fact that (1.2) allows them
to set the problem (1.1) in the Orlicz-Sobolev space W 1,Φ

0 (Ω). Its definition is a bit technical (we refer
to [1]), but roughly speaking, it is the space of functions in the Orlicz space LΦ(Ω), such that all their
first order derivatives also belong to this space. The Orlicz space LΦ(Ω), in turn, is formed by those
measurable functions u : Ω → R, such that

∥u∥Φ := sup

{ˆ
Ω

uvdx :

ˆ
Ω

Φ∗(|v|)dx ≤ 1

}
<∞,

where
Φ∗(t) = sup{st− Φ(s); s ≥ 0}

is the convex conjugate of Φ (or the complementary function of Φ).

It is worthwhile to observe that several important quasilinear elliptic equations can be expressed as in
(1.1), but with associated functions ϕ(s)swhich give rise to functions Φ that do not satisfy (1.2). Hence,
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in these situations, a treatment based on setting the problem in Orlicz-Sobolev spaces as handled in [1]
is no longer possible. As examples, we can cite the problems involving the mean-curvature operator
as −div

(
Du√

1 + |Du|2

)
= f(x) in Ω,

u = 0 on ∂Ω,

(1.3)

and also those ones involving the 1-Laplacian operator−div
(
Du

|Du|

)
= f(x) in Ω,

u = 0 on ∂Ω.
(1.4)

Indeed, in the former, Φ(s) =
√
1 + s2 − 1, while in the latter, Φ(s) = |s|. It is worth underlining

that, in contrast with (1.2), for both problems it holds lims→∞
Φ(s)

s
= 1 and moreover, for the latter

lims→0
Φ(s)

s
does not exist. In both cases, it is known that if the datum f belongs to LN (Ω), then a

solution exists only when ∥f∥LN (Ω) is small enough (see [23, 24, 25, 22] and [28, 29, 15, 32] respectively,
and references therein).

Taking all of these questions into account, in this paper, we aim to study the general problem{
−div (ϕ(|Du|)Du) = f(x) in Ω,

u = 0 on ∂Ω,
(1.5)

where Ω ⊂ RN is a bounded open set having Lipschitz continuous boundary, N ≥ 2 and f ∈ LN (Ω).
The function ϕ : [0,∞) → [0,∞) is assumed to satisfy:

ϕ(s)s ∈ C((0,∞)) and ϕ(s)s = 0 at s = 0; (1.6)

ϕ(s)s is non-decreasing for s ∈ [0,∞); (1.7)

lim
s→∞

ϕ(s)s = 1. (1.8)

Notice that (1.7) implies that there exists lims→0+ ϕ(s)s and it might happen that this limit is strictly
positive.

The approach we follow in this work, is strongly influenced by the approximation scheme established
in the 2000’s for problems involving the 1-Laplacian operator (see [5, 6, 17]), where the original
equation is approximated by p-Laplacian problems, uniform bounds on the solutions are obtained
and then the limit is taken in some appropriate sense. A notion of solution to problem (1.4) is
introduced in [5, 17] as follows: u ∈ BV (Ω) is a solution if there exists z ∈ L∞(Ω,RN ) such that
div z ∈ LN (Ω), ∥z∥∞ ≤ 1 and 

−div z = f(x) in D′(Ω),

(z, Du) = |Du| in M(Ω),

[z, ν] ∈ sgn(−u) HN−1-a.e. on ∂Ω.

In the last expression, the second equation is intrinsically related to the 1-Laplacian operator and
implies that in a generalized sense, z (along with condition ∥z∥∞ ≤ 1) plays the role of Du/|Du| in
(1.4).

One basic question which motivates our work is: What conditions should be imposed on z and Du, in
order to guarantee that z plays the role of ϕ(|Du|)Du?

An answer to this question, for the special case ϕ(s)s = s/
√
1 + s2, has been given in [40, 18] (see also

[37, 38, 22]). More specifically, their notion of solution contains the condition that the vector field z,

playing the role of
Du√

1 + |Du|2
, must satisfy:

(z, Du) =
√
1 + |Du|2 −

√
1− |z|2.

For more recent related works, we refer to [34, 35].
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In this paper, we propose a unified approach to deal with (1.5), by giving, as a by-product, a detailed
answer to the question raised above. Our results contain sharply the known results in the case of
most of the famous operators including the 1-Laplace operator and the minimal surface operator.
The arguments rely strongly on the Fenchel–Young inequality (see Subsection 3.2 and condition (4.3)
in Definition 4.1 below).

Our main result states that if f ∈ LN (Ω) and ∥f∥LN (Ω) < S−1
1 , where S1 denotes the best constant of

Sobolev’s embeddingW 1,1
0 (Ω) ↪→ L

N
N−1 (Ω), then there exists a bounded solution to problem (1.5). The

approach we follow relies on the idea of approximating the operator div (ϕ(|Du|)Du) by operators
having (p − 1)–growth, for which it can be applied the classical theory of monotone operators in
W 1,p

0 (Ω), with p > 1. We finally achieve our goal, by obtaining a priori estimates and letting p go to 1.

As far as we know, the only paper which has addressed a related question (but using a different
approach), is [7], in which, in case ϕ(s)s→ 0 as s→ 0+, the authors considered an elliptic equation as
in (1.5) with an absorption term. The existence result in this case is then used in order to get existence
of a solution for a parabolic quasilinear equation involving general functionals with asymptotically
linear growth.

In Section 2 we present some preliminaries concepts and definitions. In Section 3 we perform a
deep study of the function Φ, by introducing some concepts of convex analysis and presenting the
condition that z should satisfy, ensuring that it plays the role of the vector field appearing into the
divergence in (1.1). In Section 4 we finally present our main result. In Section 5 we present a condition
on ϕ under which one can prove that the vector field z is uniquely determined. In Section 6, we extend
the result of our main theorem in case of data f in the Lorentz space LN,∞(Ω).

2. PRELIMINARIES

2.1. Notation. For the entire paper, Ω denotes an open bounded subset of RN (N ≥ 2) with Lipschitz
boundary. By HN−1(E) we mean the (N − 1)-dimensional Hausdorff measure of a set E while |E|
stands for its N -dimensional Lebesgue measure.

Unless otherwise specified, by C we denote several positive constants whose value may change from
line to line and, sometimes, on the same line. These values will only depend on the data but they will
never depend on the indexes of the sequences we will gradually introduce. Let us explicitly mention
that we will not relabel an extracted compact subsequence.

We denote by sgn(s) the multi-valued sign function defined by

sgn(s) :=


1 if s > 0,

[−1, 1] if s = 0,

−1 if s < 0.

In what follows, we use two auxiliary real functions. Given k > 0, we define Tk and Gk as

Tk(s) =

{
s if |s| ≤ k,
k sgn(s) if |s| > k,

Gk(s) = (|s| − k)+ sgn(s).

As usual, we write Lq(Ω) and W 1,p
0 (Ω) to indicate, respectively, Lebesgue spaces and Sobolev spaces

of functions whose trace on the boundary vanishes. We denote by S1 the best constant in the Sobolev
inequality for functions in W 1,1

0 (Ω), that is

∥v∥L1∗ (Ω) ≤ S1∥v∥W 1,1
0 (Ω), ∀v ∈W 1,1

0 (Ω), (2.1)

where 1∗ = N
N−1 .

2.2. Functions of bounded variation. The natural space to deal with (1.5) is the space of functions of
bounded variation defined as

BV (Ω) := {u ∈ L1(Ω) : Du ∈ M(Ω,RN )}.
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Here Du denotes the distributional gradient of u and by Du ∈ M(Ω,RN ) we mean that each
distributional partial derivative of u is a Radon measure having finite total variation over Ω. The
total variation of Du over Ω is denoted by

´
Ω
|Du|.

We remark that every BV-function exhibits a trace on ∂Ω, so that u
∣∣
∂Ω

has a meaning. We underline
that the BV (Ω) space endowed with the norm

∥u∥BV (Ω) =

ˆ
∂Ω

|u| dHN−1 +

ˆ
Ω

|Du|,

is a Banach space. Just like W 1,1
0 (Ω), this Banach space is continuously embedded in L1∗(Ω) and the

embedding of BV (Ω) in each Lq(Ω) with 1 ≤ q < 1∗ is compact.

We refer to [4] for a complete account onBV -spaces and for further standard notations not mentioned
here.

2.3. The Anzellotti-Chen-Frid theory. Here we briefly present the L∞-divergence-measure vector
fields theory due to [8] and [16]. We denote by

XN (Ω) = {z ∈ L∞(Ω,RN ); div z ∈ LN (Ω)}.
In [8], the following distribution (z, Dv) : C1

c (Ω) → R is defined:

⟨(z, Dv), φ⟩ := −
ˆ
Ω

vφdiv z−
ˆ
Ω

vz · ∇φ, φ ∈ C1
c (Ω).

Observe that if v ∈ BV (Ω) and z ∈ XN (Ω) then the above distribution is well defined. Moreover, it is
a Radon measure and it holds∣∣∣∣ˆ

B

(z, Dv)

∣∣∣∣ ≤ ˆ
B

|(z, Dv)| ≤ ∥z∥L∞(U,RN )

ˆ
B

|Dv| ,

for all Borel sets B and for all open sets U such that B ⊂ U ⊂ Ω. We recall that every z ∈ XN (Ω)
possesses a weak trace on ∂Ω of its normal component which is denoted by [z, ν], where ν(x) is the
outward normal unit vector defined for HN−1-almost every x ∈ ∂Ω (see [8]). Moreover, it holds

∥[z, ν]∥L∞(∂Ω) ≤ ||z||L∞(Ω,RN ) .

Furthermore, if z ∈ XN (Ω) and v ∈ BV (Ω), then the following Green formula holds:ˆ
Ω

v div z dx+

ˆ
Ω

(z, Dv) =

ˆ
∂Ω

v[z, ν] dHN−1. (2.2)

3. SOME BASIC REMARKS ON THE FUNCTION ϕ

Along the entire paper, the function ϕ : [0,∞) → [0,∞), which defines the principal operator
into (1.5), satisfies assumptions (1.6), (1.7) and (1.8) above. In this section we discuss these
structural hypotheses as well as relevant examples of equations whose principal operator satisfies our
assumptions. As we are interested in proving existence results of solutions to (1.5), we will employ
the Fenchel–Young inequality which will be useful in order to

(1) give a meaning to ϕ(|Du|)Du, when Du is just a Radon measure;
(2) consider functions of the gradient Du that are weak lower semicontinuous (a key ingredient

in our arguments).

3.1. A glimpse on 1-D convex analysis. Let ϕ be a function satisfying (1.6), (1.7) and (1.8). Since the
function s 7→ ϕ(s)s is non-decreasing, a generalized inverse always exists, and it is given by

ψ(t) = inf{s ≥ 0 : ϕ(s)s ≥ t} , t ≥ 0 . (3.1)

This inverse is non-decreasing, left–continuous and has an asymptote at t = 1. As a consequence of
the existence of this asymptote, ψ(t) = ∞ for all t > 1.

We point out that we assume that ϕ(s)s must be continuous on (0,∞), but without any further
smoothness requirements. We also remark that it may be constant on an interval (so that its
generalized inverse may be discontinuous, see Figure 1). Even a kind of devil’s staircase is allowed.
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ϕ(s)s = t

s t

ψ(t) = s

FIGURE 1. Example of ϕ(s)s and its inverse

We consider the function Φ : R → R given by

Φ(s) =

ˆ |s|

0

ϕ(σ)σ dσ, (3.2)

which is convex and C1(R\{0}). Moreover, we define

Φ∗(t) =

ˆ |t|

0

ψ(σ) dσ,

which is its convex conjugate. As pointed out in [1, Chapter 8], this function could be alternatively
defined via Legendre transformation, i.e. as

Φ∗(t) = sup{st− Φ(s); s ≥ 0}.

Observe that Φ∗(t) = ∞ for every |t| > 1. It is well–known that the inequality

st ≤ Φ(s) + Φ∗(t)

holds for s, t ≥ 0, with equality if and only if t ∈ ∂Φ(s), where ∂Φ(s) denotes the subdifferential of Φ
in s ∈ R.

Actually, it is a generalization of the usual Young inequality, which follows from it by considering
Φ(s) = 1

q |s|
q , where q > 1; here Φ∗(s) = 1

q′ |s|
q′ , with 1

q + 1
q′ = 1.

For details and properties of functions as Φ (and Φ∗) we refer to [10] and [41].

3.2. Fenchel–Young’s inequality. Here we recall some results from convex analysis in RN , N > 1

(see [20] for a complete reference). Let Γ : RN → R be a convex function. Then the function
Γ∗ : RN → R given by

Γ∗(η) = sup{ξ · η − Γ(ξ) : ξ ∈ RN}
is called the convex conjugate of Γ and it can be proven to be convex. From the definition of Γ∗, it
holds the so called Fenchel–Young inequality:

Γ(ξ) + Γ∗(η) ≥ ξ · η for all ξ, η ∈ RN , (3.3)

with equality if and only if η ∈ ∂Γ(ξ).

Hence, for every ξ ∈ RN where Γ is C1, the equality in (3.3) will be satisfied at η ∈ RN , such that

η = ∇Γ(ξ). (3.4)

Then
Γ∗(η) = ξ · ∇Γ(ξ)− Γ(ξ), (3.5)

where η = ∇Γ(ξ).

In order to be concrete, let’s briefly discuss how we will apply the previous argument.

We want to apply (3.5) in order to fully understand the principal operator defined in (1.5). With this
goal in mind, the convex function we are interested in is Γ : RN → R, given by Γ(ξ) = Φ(|ξ|) (with Φ
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defined in (3.2) above). Then, for u ∈ W 1,1
0 (Ω) and z ∈ L∞(Ω,RN ), such that ∥z∥∞ ≤ 1, by (3.5) and

(3.4), it follows that

z · ∇u ≤ Φ(|∇u|) + Φ∗(|z|), (3.6)

where

z · ∇u = Φ(|∇u|) + Φ∗(|z|) ⇔ z = ϕ(|∇u|)∇u, (3.7)

whenever ∇u ̸= 0.

Therefore the equality on the left-hand side of the previous equivalence can be seen as a way to
interpret vector field ϕ(|∇u|)∇u that appears in problem (1.5). To be more precise, as the solutions to
(1.5) are, in general, onlyBV -functions (i.e. Du is only a vectorial measure) we need a relaxed version
of (3.7) which may involve equalities between measures. On the left-hand side, the dot product has
to be replaced by the Anzellotti pairing (z, Du), which is well–defined as long as u ∈ BV (Ω) and
z ∈ L∞(Ω,RN ) is such that div z ∈ LN (Ω).

We need to define Φ(|Du|) where Du is a Radon measure. First observe that the recession function of
Γ(ξ), i.e. Γ0(ξ), in this case is defined by

Γ0(ξ) = lim
t→∞

Φ(t|ξ|)
t

= |ξ|. (3.8)

Now, let µ ∈ M(Ω,RN ) and let µ = µa + µs be its Radon-Nikodým decomposition with respect to
the N−dimensional Lebesgue measure LN . Having in mind (3.8) (see also [9, Definition 2.3]), it is
natural to define the measure Φ(|µ|) = Γ(µ) as

ˆ
B

Φ(|µ|) :=
ˆ
B

Φ(|µa|) dx+

ˆ
B

|µs| ,

for all Borel sets B ⊂ Ω. In case u ∈ BV (Ω), we obtain
ˆ
B

Φ(|Du|) :=
ˆ
B

Φ(|Dau|) dx+

ˆ
B

|Dsu| , (3.9)

for all Borel sets B ⊂ Ω. Therefore, a relaxed version of (3.3) still holds, namely: let u ∈ BV (Ω) and
z ∈ L∞(Ω,RN ) such that div z ∈ LN (Ω) and ∥z∥∞ ≤ 1, then

(z, Du) ≤ Φ(|Du|) + Φ∗(|z|)LN in M(Ω). (3.10)

Indeed, splitting the measure (z, Du) into its absolutely continuous part and its singular part with
respect to the Lebesgue measure and recalling also [8, Theorem 2.4], it yields

(z, Du) = (z, Du)a + (z, Du)s = z ·Dau+ (z, Dsu)

≤ Φ(|Dua|)LN + |Dsu|+Φ∗(|z|)LN

= Φ(|Du|) + Φ∗(|z|)LN ,

where we made advantage of (3.6) and of (3.9). Moreover, in accordance with (3.7), we mean that
z = ϕ(|Du|)Du once it holds

(z, Du) = Φ(|Du|) + Φ∗(|z|)LN , (3.11)

which is equivalent to have

(z, Du)a = z ·Dau = Φ(|Dau|) + Φ∗(|z|) (3.12)

and

(z, Du)s = (z, Dsu) = Φ(|Dsu|) = |Dsu|, (3.13)

as, once again, the first equality in (3.12) follows from [8, Theorem 2.4].
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3.3. Lower semicontinuity results. Now let us state some technical results, dealing with the lower
semicontinuity of suitable functionals.

Lemma 3.1. For 0 ≤ φ ∈ D(Ω), let wn, w ∈ BV (Ω) be such that wn → w in L1(Ω). Thenˆ
Ω

φΦ(|Dw|) ≤ lim inf
n→∞

ˆ
Ω

φΦ(|Dwn|) (3.14)

and ˆ
Ω

Φ(|Dw|) +
ˆ
∂Ω

|w|dHN−1 ≤ lim inf
n→∞

ˆ
Ω

Φ(|Dwn|) +
ˆ
∂Ω

|wn|dHN−1, (3.15)

where Φ is defined in (3.2).

Proof. As Φ is convex and continuous, the proof follows from [9, Fact 3.4]. □

3.4. Some relevant examples of operators. We start supplying examples of functions ϕ(s), the
corresponding functions Φ(s) and Φ∗(t), and sometimes the associated operator div(ϕ(|Du|)Du) =
div(∇ξΦ(|Du|)):

(1) If ϕ(s)s = 1 for all s > 0, then the principal operator is given by the 1-Laplacian. In this case,
equation (1.5) reads as −∆1u = f(x). The associated convex functions are given by Φ(s) = |s|
and Φ∗(t) = 0 if |t| ≤ 1.

(2) If ϕ(s)s = s√
1+s2

, then in equation (1.5) one gets the minimal surface operator. Here we have

Φ(s) =
√
1 + s2 − 1 and Φ∗(t) = 1−

√
1− t2 when |t| ≤ 1.

(3) Let

ϕ(s)s =

{
s if 0 ≤ s ≤ 1,

1 if s > 1.

Then we obtain

Φ(s) =


1

2
s2 if |s| ≤ 1,

|s| − 1
2 if |s| > 1.

and Φ∗(t) = 1
2 t

2 when |t| ≤ 1. In this case, the associated operator arises when studying
plastic antiplanar shear (see [42]).

Other simple examples are given by

(1) Let ϕ(s)s = s
1+s . It follows that Φ(s) = |s| − log(1 + |s|) and Φ∗(t) = −|t| − log(1 − |t|) when

|t| ≤ 1.
(2) If ϕ(s)s = 2

π arctan s, then Φ(s) = 1
π (2s arctan s− log(1 + s2)) and Φ∗(t) = − 2

π log(cos(π2 t)) for
|t| ≤ 1.

(3) Let ϕ(s)s = T1

(
G 1

2
(s)
)

for s ≥ 0. Then

Φ(s) =


0 if |s| ≤ 1

2 ,
s2

2
− |s|

2
+

1

8
if 1

2 < |s| ≤ 3
2 ,

|s| − 1 if |s| > 3
2 ,

and Φ∗(t) = t2

2 + |t|
2 once |t| ≤ 1.

4. MAIN ASSUMPTIONS, EXISTENCE AND REGULARITY RESULTS

Consider problem {
−div (ϕ(|Du|)Du) = f(x) in Ω,

u = 0 on ∂Ω,
(4.1)

where ϕ satisfies (1.6), (1.7) and (1.8) and f ∈ LN (Ω).

Motivated by the discussion in Section 3.2 we set what we mean by a solution to (4.1).
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Definition 4.1. A function u ∈ BV (Ω) is a solution of (4.1), if there exists z ∈ XN (Ω), such that
∥z∥∞ ≤ 1 and

−div z = f(x) in D′(Ω), (4.2)
(z, Du) = Φ(|Du|) + Φ∗(|z|)LN in M(Ω), (4.3)

[z, ν] ∈ sgn(−u) HN−1-a.e. on ∂Ω. (4.4)

Remark 4.2. A few words are needed regarding Definition 4.1; firstly, it follows from the discussion
involving (3.11), (3.12) and (3.13) that (4.3) is the weak way in which z plays the role of ϕ(|Du|)Du
(see Section 5 for further insight on this identification). Then, (4.2) and (4.3) represent how the first
equation in (4.1) is intended. The boundary condition is given by (4.4), which is nowadays classical
for BV solutions to equations deriving from functionals with linear growth (see for instance [6] and
references therein).

It is also worth mentioning that condition (4.3) is the natural extension of the analogous one in the
relevant explicit cases of the mean curvature operator and of the 1-Laplacian. Specifically, in the case
of the mean curvature operator, ϕ(s)s = s√

1+s2
, which gives that (4.3) reads as

(z, Du) =
√
1 + |Du|2 −

√
1− |z|2, in M(Ω)

(see [18, 7], see also [22, 38, 34] and references therein), while for the 1-Laplacian one gets ϕ(s)s = 1
and condition (4.3) yields to

(z, Du) = |Du|, in M(Ω)

(see [5, 6, 17]).

The main result of this section is stated as follows.

Theorem 4.3. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN (Ω) be such that

∥f∥LN (Ω) < S−1
1 . (4.5)

Then there exists a bounded solution of (4.1).

Remark 4.4. One may wonder what happens if requirement (1.8) is replaced with lims→∞ ϕ(s)s = A
for certainA > 0. Applying Theorem 4.3 itself, it is straightforward that the smallness condition to get
existence becomes ∥f∥LN (Ω) < AS−1

1 . Nevertheless, then the concept of solution must be modified
by assuming that the vector field satisfies ∥z∥∞ ≤ A.

4.1. Approximation scheme, a priori estimates and existence of limit function. We prove Theorem
4.3 through suitable approximation arguments which allow us to set the problem in W 1,p

0 (Ω).

The main idea is to consider a p-Laplacian type operator for p > 1; let us consider{
−div

(
ϕ(|∇up|)|∇up|p−1∇up

)
= f(x) in Ω,

up = 0 on ∂Ω.
(4.6)

We are formally taking advantage of the above approximation as ϕ(s)sp is continuous and tends, as
p→ 1+, to ϕ(s)s.

Let us also stress that, for (4.6), all conditions for applying the theory of monotone operators in
W 1,p

0 (Ω) are straightforward, except coerciveness, which we show below.

Lemma 4.5. For every p > 1, there exist two constants 0 < α < 1 and Bp ≥ 0, such that Bp is bounded for p
close to 1, and

α|ξ|p −Bp ≤ ϕ(|ξ|)|ξ|p+1 ∀ξ ∈ RN .

Moreover, if lims→0+ ϕ(s)s > 0, then Bp = 0 for all p > 1.

Proof. Given 0 < α < 1 and having in mind (1.8), we may find h > 0 such that ϕ(s)s > α for all s > h.
Since αs− ϕ(s)s2 defines a continuous function on [0, h], there exists B ≥ 0 such that

αs−B ≤ ϕ(s)s2 ∀s ∈ [0, h] .

Thus, for p > 1,
αsp −Bhp−1 ≤ ϕ(s)sp+1 ∀s ≥ 0 .
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Hence, it is enough to take Bp = Bhp−1.

On the other hand, if lims→0+ ϕ(s)s > 0, one easily checks that the result is fulfilled with α =
lims→0+ ϕ(s)s and Bp = 0 for all p > 1. □

On account of Lemma 4.5, we may invoke [30] and [39] to find a solution up ∈W 1,p
0 (Ω) ∩ L∞(Ω).

Next we show that up is uniformly bounded in BV (Ω) ∩ L∞(Ω) with respect to p.

Lemma 4.6. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN (Ω) be such that (4.5) is in force. Let up be a
solution to (4.6). Then up is uniformly bounded in BV (Ω) ∩ L∞(Ω) with respect to p. Moreover it holdsˆ

Ω

|∇up|pdx ≤ C, (4.7)

for some positive constant C independent of p.

Proof. Firstly we show that up is uniformly bounded in L∞(Ω) with respect to p. Let Ak := {x ∈ Ω :
|up(x)| > k} and take Gk(up) (k > 0) as test function in (4.6), yielding toˆ

Ak

ϕ(|∇up|)|∇up|p+1dx =

ˆ
Ω

fGk(up)dx ≤ S1∥f∥LN (Ω)

ˆ
Ak

|∇up|dx, (4.8)

after applications of the Hölder and the Sobolev inequalities.

Observe that by (1.8) one has that, for a fixed 0 < ε < 1 there exists h such that

ϕ(|∇up|)|∇up|p+1 ≥ (1− ε)|∇up|p ≥ (1− ε)|∇up| − (1− ε)
p− 1

p
on {|∇up| > h}, (4.9)

where we also used the Young inequality. Then, gathering (4.9) with (4.8), one gets

(1− ε)

ˆ
Ak∩{|∇up|>h}

|∇up|dx ≤ S1∥f∥LN (Ω)

ˆ
Ak∩{|∇up|>h}

|∇up|dx+ S1∥f∥LN (Ω)h|Ak|

+ (1− ε)
p− 1

p
|Ak|.

(4.10)

Now we fix ε such that
1− ε− S1∥f∥LN (Ω) > 0,

and then we can fix h := h(ε) such that (4.9) holds. Then from (4.10) one obtains

(1− ε− S1∥f∥LN (Ω))

ˆ
Ak∩{|∇up|>h}

|∇up|dx ≤
(
S1∥f∥LN (Ω)h+

p− 1

p

)
|Ak|, (4.11)

where the right-hand of (4.11) can be estimated independently of p as p−1
p < 1.

Therefore

(1− ε− S1∥f∥LN (Ω))

ˆ
Ω

|∇Gk(up)|dx ≤ (1− ε− S1∥f∥LN (Ω))

(ˆ
Ak∩{|∇up|>h}

|∇up|dx+ |Ak|h

)
(4.11)
≤ (S1∥f∥LN (Ω)h+ 1 + h)|Ak|

(4.5)
≤ (2h+ 1)|Ak|,

which implies that ˆ
Ω

|∇Gk(up)|dx ≤ (2h+ 1)|Ak|
1− ε− S1∥f∥LN (Ω)

. (4.12)

Now one can apply to (4.12) both the Sobolev and the Hölder inequalities, deducing that
ˆ
Ω

|Gk(up)|dx ≤ (2h+ 1)S1|Ak|1+
1
N

1− ε− S1∥f∥LN (Ω)

.
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In particular, for any k > k > 0, one has

|Ak| ≤
(2h+ 1)S1|Ak|1+

1
N

(k − k)(1− ε− S1∥f∥LN (Ω))
(4.13)

which allows to apply a standard Stampacchia argument (see [39]) and so deduce

∥up∥L∞(Ω) ≤M, (4.14)

where M > 0 does not depend on p as the right-hand of (4.13) does not.

As for the estimate (4.7), we take up as test function in (4.6) and, using Lemma 4.5 one gets

α

ˆ
Ω

|∇up|pdx−Bp|Ω| ≤
ˆ
Ω

ϕ(|∇up|)|∇up|p+1dx =

ˆ
Ω

fup dx
(4.14)
≤ M∥f∥L1(Ω) .

SinceBp is bounded (recall we may assume p small without loosing generality), estimate (4.7) follows.
Finally the BV -estimate is now a consequence of Young’s inequality. □

Next result concerns the existence of the vector field z ∈ L∞(Ω,RN ).

Corollary 4.7. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN (Ω) be such that (4.5) is in force. Let up be a
solution to (4.6). Then there exists u ∈ BV (Ω) ∩ L∞(Ω) such that, up to subsequences, up → u in Lq(Ω) for
any q <∞ as p→ 1+. Moreover there exists z ∈ L∞(Ω,RN ) with ∥z∥∞ ≤ 1 such that

ϕ(|∇up|)|∇up|p−1∇up⇀ z in Lq(Ω,RN ) for every 1 ≤ q <∞. (4.15)

Proof. It follows from Lemma 4.6 that up is bounded in BV (Ω) ∩ L∞(Ω) with respect to p. Then
standard compactness arguments apply, yielding a function u ∈ BV (Ω) ∩ L∞(Ω) such that, up to
subsequences, up → u in Lq(Ω) for any 1 ≤ q <∞.

Now let q < p
p−1 and observe that it follows from an application of the Hölder inequality and from

(1.8) that
ˆ
Ω

∣∣∣ϕ(|∇up|)|∇up|p−1∇up
∣∣∣qdx ≤

ˆ
Ω

|∇up|q(p−1)dx ≤
(ˆ

Ω

|∇up|pdx
) q(p−1)

p

|Ω|1−
q(p−1)

p

(4.7)
≤ C

q(p−1)
p |Ω|1−

q(p−1)
p .

(4.16)

Estimate (4.16) gives, after a standard diagonal argument, that there exists a unique vector field z
such that (4.15) holds. Moreover, reasoning as in [31], by the lower semicontinuity with respect to p
and by taking q → ∞ into (4.16), one obtains that z ∈ L∞(Ω,RN ) and ∥z∥∞ ≤ 1. This concludes the
proof. □

4.2. Passage to the limit. In this section we prove Theorem 4.3 by gathering a series of lemmas. The
first one addresses the identification of the vector field z.

Lemma 4.8. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN (Ω) be such that (4.5) is in force. Then
u ∈ BV (Ω) ∩ L∞(Ω) and z ∈ L∞(Ω,RN ) found in Corollary 4.7 satisfy:

− div z = f(x) in D′(Ω), (4.17)

and
(z, Du) = Φ(|Du|) + Φ∗(|z|)LN in M(Ω). (4.18)

Proof. Let up be a solution to (4.6). It follows immediately from Corollary 4.7 that one can easily pass
to the limit into the weak formulation of (4.6) in order to deduce that (4.17) holds.

We now turn to show (4.18). Let φ ∈ C1
c (Ω) be non-negative and take upφ as test function in (4.6).

Then ˆ
Ω

φϕ(|∇up|)|∇up|p+1dx+

ˆ
Ω

upϕ(|∇up|)|∇up|p−1∇up∇φdx =

ˆ
Ω

fupφdx. (4.19)

One can pass to the limit on the right-hand of (4.19) as, by Corollary 4.7, up → u in Lq(Ω) for
1 ≤ q < ∞ and fφ ∈ LN (Ω). We also may pass to the limit in the second term on the left-hand
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thanks to Corollary 4.7. Our next concern is to show that we may also pass to the limit in the first
term.

The first step is to write that term in a suitable way. To this aim, set zp = ϕ(|∇up|)∇up. If ∇up ̸= 0,
then (by (3.7))

zp · ∇up = Φ(|∇up|) + Φ∗(|zp|),
so that

zp · ∇up|∇up|p−1 = Φ(|∇up|)|∇up|p−1 +Φ∗(|zp|)|∇up|p−1.

Observe that this identity is also satisfied when ∇up = 0. As a consequence, it holdsˆ
Ω

φϕ(|∇up|)|∇up|p+1dx =

ˆ
Ω

φzp · ∇up|∇up|p−1dx

=

ˆ
Ω

φΦ(|∇up|)|∇up|p−1dx+

ˆ
Ω

φΦ∗(|zp|)|∇up|p−1dx

= I1 + I2.

(4.20)

We separately analyze the last two terms in order to let p → 1+. For I1, we fix k > 0 and perform the
following calculationsˆ

Ω

φΦ(|∇up|)|∇up|p−1dx ≥
ˆ
Ω

φGk

(
Φ(|∇up|)

)
|∇up|p−1dx

≥
(
Φ−1(k)

)p−1
ˆ
Ω

φ(Gk

(
Φ(|∇up|)

)
) dx,

since Φ−1(k) = inf{s ≥ 0 : Φ(s) > k}. Having in mind that Gk ◦ Φ is a convex real function which
induces a lower semicontinuous operator (see [9, Fact 3.2]), we obtain

lim inf
p→1+

ˆ
Ω

φΦ(|∇up|)|∇up|p−1dx ≥ lim inf
p→1+

ˆ
Ω

φGk

(
Φ(|∇up|)

)
dx ≥

ˆ
Ω

φGk

(
Φ(|Du|)

)
. (4.21)

To identify the measure Gk

(
Φ(|Du|)

)
, observe that, for every ξ ∈ RN ,

lim
t→∞

Gk

(
Φ(t|ξ|)

)
t

= lim
t→∞

(
Φ(t|ξ|)
t

− k

t

)+

= |ξ| .

Thus, ˆ
Ω

φGk

(
Φ(|Du|)

)
=

ˆ
Ω

φGk

(
Φ(|Dau|)

)
dx+

ˆ
Ω

φ|Dsu| ,

so that, letting k → 0+, (4.21) becomes

lim inf
p→1+

ˆ
Ω

φΦ(|∇up|)|∇up|p−1dx ≥
ˆ
Ω

φΦ(|Du|) . (4.22)

On the other hand, we deal with term I2 by considering α = lims→0+ ϕ(s)s. If α = 1, then the
associated operator is the 1–Laplacian, for which Φ∗(s) = 0 for all 0 ≤ s ≤ 1 and so there is nothing
to check. Hence, assume that 0 ≤ α < 1.

In particular we want to show that

lim inf
p→1+

ˆ
Ω

φΦ∗(|zp|)|∇up|p−1 dx ≥
ˆ
Ω

φΦ∗(|z|)dx. (4.23)

Now observe that it follows from the definition of Φ∗ that for every ξ ∈ RN it holds

Φ∗(|zp|) ≥ ξ · zp − Φ(|ξ|). (4.24)

Then, let us set

Kp(x) =
1

p
+
p− 1

p
|∇up(x)|p,

and let us multiply (4.24) by |∇up(x)|p−1, obtaining

Φ∗(|zp|)|∇up|p−1 ≥ ξ · zp|∇up|p−1 − Φ(|ξ|)|∇up|p−1 ≥ ξ · zp|∇up|p−1 −KpΦ(|ξ|), (4.25)
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where the last inequality follows from an application of the Young inequality. Then, as it holds

Kp sup
ξ∈RN

{
ξ · zp|∇up|

p−1

Kp
− Φ(|ξ|)

}
= KpΦ

∗
(
|zp||∇up|p−1

Kp

)
from (4.25) one gains

Φ∗(|zp|)|∇up|p−1 ≥ KpΦ
∗
(
|zp||∇up|p−1

Kp

)
a.e. in Ω,

that is ˆ
Ω

φΦ∗(|zp|)|∇up|p−1 dx ≥
ˆ
Ω

φKpΦ
∗
(
|zp||∇up|p−1

Kp

)
dx.

Now, as it is immediate to show that Kp converges to 1 in L1(Ω) and as zp|∇up|p−1 ⇀ z, it follows
from Corollary 3.9 in [11] that it holds

lim inf
p→1+

ˆ
Ω

φKpΦ
∗
(
|zp||∇up|p−1

Kp

)
dx ≥ lim inf

p→1+

1

p

ˆ
Ω

φΦ∗
(
|zp||∇up|p−1

Kp

)
dx

≥
ˆ
Ω

φΦ∗ (|z|) dx,
(4.26)

which gives (4.23).

Now, going back to (4.20) and taking into account (4.22) and (4.23), we conclude that

lim inf
p→1+

ˆ
Ω

φϕ(|∇up|)|∇up|p+1dx ≥
ˆ
Ω

φΦ(|Du|) +
ˆ
Ω

φΦ∗(|z|) dx. (4.27)

Inequality (4.27) is the last step to let p→ 1+ in (4.19), so that it yieldsˆ
Ω

φΦ(|Du|) +
ˆ
Ω

φΦ∗(|z|) +
ˆ
Ω

uz · ∇φdx ≤
ˆ
Ω

fuφdx.

Having in mind (4.17), the last inequality can be written asˆ
Ω

φΦ(|Du|) +
ˆ
Ω

φΦ∗(|z|) ≤ −
ˆ
Ω

uz · ∇φdx−
ˆ
Ω

uφdiv z dx =

ˆ
Ω

φ(z, Du) ,

wherewith Φ(|Du|) + Φ∗(|z|) ≤ (z, Du) holds as measures. As the reverse inequality follows from
(3.10), the proof is complete. □

Now we focus on the boundary condition.

Lemma 4.9. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN (Ω) be such that (4.5) is in force. Then the
function u and the vector field z defined in Corollary 4.7 satisfy

[z, ν] ∈ sgn(−u) on ∂Ω.

Proof. Let up be a solution to (4.6) and let us take up as a test function in the weak formulation of (4.6),
yielding to ˆ

Ω

ϕ(|∇up|)|∇up|p+1dx =

ˆ
Ω

fupdx. (4.28)

We aim to take the lim inf as p → 1+ into the previous equality. For the right-hand of (4.28) we
can simply pass to the limit as p → 1+ since f ∈ LN (Ω) and up converges to u in Lq(Ω) for every
1 ≤ q < ∞ (see Corollary 4.7). For the left-hand side of (4.28) we can reason similarly to what was
done to obtain (4.22) and (4.23) (just replacing (3.14) by (3.15)), yielding to

lim inf
p→1+

ˆ
Ω

ϕ(|∇up|)|∇up|p+1dx ≥
ˆ
Ω

Φ(|Du|) +
ˆ
∂Ω

|u|dHN−1 +

ˆ
Ω

Φ∗(|z|) dx. (4.29)

Hence, from (4.28) and (4.29), it follows thatˆ
Ω

Φ(|Du|) +
ˆ
∂Ω

|u|dHN−1 +

ˆ
Ω

Φ∗(|z|)dx ≤
ˆ
Ω

fudx
(4.17)
= −

ˆ
Ω

udiv zdx

(2.2)
=

ˆ
Ω

(z, Du)−
ˆ
∂Ω

u[z, ν]dHN−1,
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which, thanks to (4.18), takes to ˆ
∂Ω

(|u|+ u[z, ν]) dHN−1 ≤ 0.

This concludes the proof since |[z, ν]| ≤ 1. □

Hence, gathering together Lemmas 4.8 and 4.9, we complete the proof of Theorem 4.3.

5. ON THE IDENTIFICATION OF THE VECTOR FIELD z

For solutions in the sense of Definition 4.1 the vector field z is not, in general, uniquely determined.
This is a well known fact, for instance, for equations involving the 1-Laplace operator (i.e. ϕ(s)s = 1).
In other cases, as for the non-parametric minimal surface equation

(
ϕ(s)s = s√

1+s2

)
, the vector field

can be uniquely determined as a function of the regular part of Du.

In this section we want to briefly address this phenomenon; in particular we are interested in
understanding whether the vector field z can be derived as a function of Dau. As we will see this
is strictly related to the structure of the function ϕ.

In the entire paper, ϕ is a function defined on [0,∞) which, as (1.6) is in force, is continuous in (0,∞).
For the next result, we strengthen the hypotheses on ϕ requiring

lim
s→0+

ϕ(s)s = 0, (5.1)

providing a function Φ which is C1(R). As we rely on (3.7), this is sufficient to have an explicit
representation for z as stated in the next proposition.

Proposition 5.1. Assume that ϕ satisfies (1.6), (1.7), (1.8) and (5.1). Then any solution to (4.1) in the sense
of Definition 4.1 is such that z has the form

z = ϕ(|Dau|)Dau. (5.2)

Proof. Let u be a solution to (4.1) in the sense of Definition 4.1 and let z be the associated vector field.
First recall that it follows from (4.3) that (recall (3.12)):

z ·Dau = Φ(|Dau|) + Φ∗(|z|) in Ω,

which is the equality case in the Fenchel-Young inequality, namely (3.7). Now it is sufficient to observe
that, thanks to (1.6) and to (5.1), Φ ∈ C1(R). Then, recalling once again the discussion in Section 3.2,
one gains that

z = ϕ(|Dau|)Dau,

almost everywhere in Ω. This completes the proof. □

Let us spend a few words on Proposition 5.1.

Remark 5.2. Proposition 5.1 gives a formula to represent z from the regular part of the gradient Dau.
A natural question is whether one can derive Dau from z. This is clearly possible under the stronger
assumption that ϕ(s)s is strictly increasing which, in this case, provides a complete knowledge on z
and of his role in Definition 4.1.

Remark 5.3. As for the Proposition 5.1, we have in mind essentially two types of functions whose
graphs are given in Figure 2 and 3 below respectively. When ϕ(s)s satisfies (5.1), then Proposition

ϕ(s)s

s

FIGURE 2. Functions ϕ(s)s satisfying (5.1)
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ϕ(s)s

s

FIGURE 3. Functions ϕ(s)s strictly increasing satisfying (5.1)

5.1 holds and the formula (5.2) completely characterizes z and Dau if ϕ(s)s is strictly increasing.

For functions of the above type Φ∗(t) > 0 for t ̸= 0, while either Φ(s) > 0 for s ̸= 0 or Φ(s) = 0 for s
near 0 according to, respectively, a positive or null ϕ(s)s for s near 0. The mean curvature operator is
the prototypical example of this class; here ϕ(s)s = s√

1+s2
and one has

(z, Du) =
√

1 + |Du|2 −
√
1− |z|2LN .

In this case Φ(s) is increasing and C1(R) and z is uniquely determined by

z =
Dau√

1 + |Dau|2
.

On the other side, we also deal with functions ϕ(s)s which are not continuous up to the origin,
namely lims→0+ ϕ(s)s > 0. In this case, Φ ∈ C1((0,∞)), and the relationship between z and Du
cannot be described by a single formula, i.e. Proposition 5.1 does not apply. In this context, a unique
representation for z cannot be derived; however, a suitable notion of subdifferential ∂Φ can be set so
that one can still give a representation formula for z. Just to give an idea, in the case of the 1-Laplacian
where ϕ(s)s = 1 for s > 0, which is the prototype for this class of functions, and reasoning similarly
to the proof of Proposition 5.1, one has that if Dau ̸= 0, then z is uniquely given by z = Dau/|Dau|.
Otherwise, if Dau = 0, the relation reduces to the inequality |z| ≤ 1 as [−1, 1] = ∂Φ(0).

The functions just described are the ones with graph given by

α

ϕ(s)s

s

FIGURE 4. Functions ϕ(s)s not satisfying (5.1)

Here Φ∗(t) = 0 for |t| ≤ α, while Φ(s) > 0 for all s ̸= 0. In the general case, where α = limt→0+ ϕ(s)s,
if Dau ̸= 0, then z is uniquely given by z = ϕ(|Dau|)Dau. Otherwise, if Dau = 0, the relation reduces
to the inequality |z| ≤ α as [−α, α] = ∂Φ(0).

As a consequence of Proposition 5.1 and the above remarks, one has the following:

Corollary 5.4. Assume that ϕ satisfies (1.6), (1.7), (1.8) and ϕ(s)s is increasing. Then Dau is determined by
z.

Proof. Denote by α = lims→0+ ϕ(s)s and let ψ(s) the inverse function of ϕ(s)s. One easily realizes that
|Dau| = ψ(|z|) if |z| > α and |Dau| = 0 if |z| ≤ α. □

6. THE CASE OF THE LORENTZ SPACE LN,∞(Ω)

In this section we briefly deal with the case of a datum f belonging to the Lorentz space LN,∞(Ω).

Let us briefly recall (see [36] for further details) that the decreasing rearrangement of a measurable
function v, is denoted by v∗ and it is defined as

v∗(s) = sup{t > 0 : |{|v| > t}| > s}.
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For fixed p > 1 and 1 ≤ q ≤ ∞, let v be a measurable function. We say that v belongs to the (p, q)-
Lorentz space if the following quantity is finite

∥v∥Lp,q(Ω) =

{(´∞
0

[t1/pv∗(t)]q dt
t

) 1
q 1 < p <∞, 1 ≤ q <∞,

supt>0 t
1
p v∗(t) 1 < p <∞, q = ∞;

we also recall that Lp,p(Ω) = Lp(Ω).
Moreover, considering 1 < q < p < r <∞, the following inclusions are easy to check:

Lr(Ω) ⊂ Lp,1(Ω) ⊂ Lp,q(Ω) ⊂ Lp(Ω) ⊂ Lp,r(Ω) ⊂ Lp,∞(Ω) ⊂ Lq(Ω).

To our purpose we just mention that a Sobolev inequality is available, namely

∥v∥L1∗,1(Ω) ≤ S̃1∥v∥W 1,1
0 (Ω), ∀v ∈W 1,1

0 (Ω), (6.1)

where
S̃1 = [(N − 1)ω

1
N

N ]−1.

Before stating the existence result, let us stress that solutions to (4.1) with f ∈ LN,∞(Ω) are meant in
the sense of Definition 4.1, where the requirement z ∈ XN (Ω) is replaced by z ∈ XN,∞(Ω) := {z ∈
L∞(Ω,RN ) : div z ∈ LN,∞(Ω)}. We also point out that the Anzellotti theory, recalled in Section 2.3,
can be shown to be still available in this framework; in particular Green formula (2.2) continues to
hold when v ∈ BV (Ω) and z ∈ XN,∞(Ω). Hence, with minor modifications in the proof of Theorem
4.3, one can prove the following existence result:

Theorem 6.1. Let ϕ satisfy (1.6), (1.7) and (1.8) and let f ∈ LN,∞(Ω) be such that

∥f∥LN,∞(Ω) < S̃−1
1 . (6.2)

Then there exists a bounded solution of (4.1).

As a further property we show the following degeneration phenomenon:

Theorem 6.2. Assume that ϕ satisfies (1.6), (1.7), (1.8) and set α = lims→0+ ϕ(s)s > 0. If
∥f∥LN,∞(Ω)<αS̃

−1
1 , then any solution to (4.1) vanishes identically.

Proof. Let u be any solution of (4.1) and let z ∈ L∞(Ω,RN ), ∥z∥∞ ≤ 1, be an associated vector field.
Choosing v = u in (2.2) and using (4.2), we get

−
ˆ
Ω

fu dx+

ˆ
Ω

(z, Du) =

ˆ
∂Ω

u [z, ν] dHN−1.

On the other hand (4.4) gives u [z, ν] = −|u| HN−1-a.e. on ∂Ω, so thatˆ
Ω

(z, Du) +

ˆ
∂Ω

|u| dHN−1 =

ˆ
Ω

fu dx. (6.3)

We now estimate the left-hand side of (6.3) from below. To this aim observe that it is not difficult to
show that it follows from (4.3) (see also (3.11)-(3.13)) that it holds

(z, Du) ≥ Φ(|Dau|)LN + |Dsu| ≥ α |Du|,

as measures in Ω. Therefore, for the left-hand side of (6.3) (recall α ≤ 1), we obtainˆ
Ω

(z, Du) +

ˆ
∂Ω

|u| dHN−1 ≥ α

(ˆ
Ω

|Du|+
ˆ
∂Ω

|u| dHN−1

)
= α ∥u∥BV (Ω). (6.4)

As for the right-hand side of (6.3), we apply the Hölder and the Sobolev inequality in order to deduceˆ
Ω

fu dx ≤ ∥f∥LN,∞(Ω)∥u∥L1∗,1(Ω) ≤ S̃1∥f∥LN,∞(Ω) ∥u∥BV (Ω). (6.5)

Gathering (6.3), (6.4) and (6.5) we deduce(
α− S̃1∥f∥LN,∞(Ω)

)
∥u∥BV (Ω) ≤ 0,

which implies that u ≡ 0 in Ω. □
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Remark 6.3. We remark that the conclusion of Theorem 6.2 still holds once ∥f∥LN (Ω) < αS−1
1 , i.e.

any solution is necessarily trivial. The proof is analogous to the one presented for the above theorem,
employing the standard Sobolev inequality (2.1) in place of the inequality (6.1).

Finally observe that the result of Theorem 6.2 is consistent with the known results for α = 0 (e.g.
minimal surface operator, where u is non-trivial [22]) and α = 1 (e.g. 1-Laplacian, vanishing solutions
[15, 32]).

Remark 6.4. Theorem 6.2 shows that any solution to (4.1) is trivial if ∥f∥LN,∞(Ω) is smaller than αS̃−1
1 ,

which leads one to wonder if solutions remain trivial as long as the norm is less than S̃−1
1 , as it

happens for the 1-Laplacian. Here we aim to provide an argument suggesting that this is not the case.
To begin with observe that

∥f∥W−1,∞(Ω) = sup
{
⟨f, v⟩ : v ∈W 1,1

0 (Ω), ∥v∥W 1,1
0 (Ω) ≤ 1

}
,

then, reasoning as in the proof of Theorem 6.2, one gets that the solutions are trivial once
∥f∥W−1,∞(Ω) < α. On the other hand, assume now that ∥f∥W−1,∞(Ω) > α. First, it is easy to check

∥f∥W−1,∞(Ω) ≤ ∥z∥∞,
holds true (in the case of the 1-Laplacian (see [32]), we obtain the identity ∥f∥W−1,∞(Ω) = ∥z∥∞).
Notice that a sufficient condition to have u ̸≡ 0 is that (z, Du) is a positive measure, which is
guaranteed if ∥z∥∞ > α. Indeed one has that (u, z) satisfies

(z, Du) = Φ(|Du|) + Φ∗(|z|)LN ≥ Φ∗(|z|)LN

and Φ∗(t) > 0 if and only if |t| > α. This shows that non-trivial solutions appear in case

∥z∥∞ ≥ ∥f∥W−1,∞(Ω) > α.

It is also worth mentioning that it trivially holds that

∥f∥W−1,∞(Ω) ≤ S̃1∥f∥LN,∞(Ω),

which completes our argument.
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[10] C. BENNETT AND R. SHARPLEY, Interpolations of Operators, Academic Press (1988).
[11] H. BREZIS, Functional analysis, Sobolev spaces and partial differential equations, Springer (2011).
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[27] J.P. GOSSEZ AND R. MANÁSEVICH, On a nonlinear eigenvalue problem in Orlicz–Sobolev spaces, Proc. Roy. Soc.

Edinburgh Sect. A, 132, 891–909 (2002).
[28] B. KAWOHL, On a family of torsional creep problems, J. Reine Angew. Math. 410, 1-22, (1990).
[29] B. KAWOHL, From p-Laplace to mean curvature operator and related questions, In: Progress in Partial Differential

Equations: the Metz Surveys, Pitman Res. Notes Math. Ser. 249, 40-56, (1991).
[30] J. LERAY AND J.L. LIONS, Quelques reesultats de Visı́k sur le problemes elliptiques non lineaires par le methodes de

Minty-Browder, Bul. Soc. Math. France 93, 97–107 (1965).
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[35] F. OLIVA, F. PETITTA AND S. SEGURA DE LEÓN, The role of absorption terms in Dirichlet problems for the prescribed

mean curvature equation, NoDEA Nonlinear Differential Equations Appl., 31, 53 (2024).
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VIA SCARPA 16, 00161 ROMA, ITALY

Email address: francescantonio.oliva@uniroma1.it



QUASILINEAR ELLIPTIC EQUATIONS INVOLVING ASYMPTOTICALLY LINEAR OPERATORS 19

FRANCESCO PETITTA

DIPARTIMENTO DI SCIENZE DI BASE E APPLICATE PER L’ INGEGNERIA, SAPIENZA UNIVERSITÀ DI ROMA
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