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My knowledge of topology...

Different topology

Same topology

Homeomorphic objects are the same under continuous deformations

Wikipedia
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Quantum (spin) Hall effect:
The experimentalist picture

N. Nagaosa, Science 318, 758 (2007) 

µL
µRBulk µL

µRBulk insulator

2D: Quantum spin Hall effect
3D: Topological magneto-electric effect
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• Spin orbit interaction, spin degeneracy remains

Example: Bi2Se3

topological insulators: 
Topology
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Topological invariant ν0

ν0 = 1 ν0 = 0

Partner
switching trivial

The Z2 topological invariant ν0 determines whether 
the surface states are trivial or non-trivial.

L. Fu, C. L. Kane, PRB 76, 045302 (2007)

Parity product of
all occupied states
at each TRIM:

Product over
all TRIMs:
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Strong spin-orbit coupling

Avoided crossing 
=> spin-orbit induced 
     inverted parity band gap

Bulk band structure
p+
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Spin degeneracy due to 
Kramers’ TheoremεF

Following H. Zhang et al.,
Nature Physics 5, 438 (2009)

Spin-orbit induced bulk band gap
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topological insulators: 
surface states, trim

Existence of surface states due to topology:

Surface states split off inside band gap

Spin degeneracy lifted due to
broken inversion symmetry…

…but spin degeneracy protected at
time-reversal invariant momenta (TRIM, kT) !

Translational symmetry:
ε(-kT,) = ε(-kT+G,) = ε(kT,)

Time reversal symmetry:
ε(k,) = ε(-k,)  for all k 

Inverted parity band gap
=> Topological insulator!
=> Partner switching
=> Odd number of Fermi level crossings

Γ M

Projected 
bulk bands

Surface statesεF

Partner 
switching

k

Γ

M

M

M

TRIM
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Topological insulator (non-trivial):

Odd number of Fermi level crossings of its 
surface states (partner switching) between 
two TRIM => detection by SARPES

Surface states protected against (non-
magnetic) perturbations

Surface states: perturbations
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The experiment:
What are we looking for?

• Demonstrate the existence of a bulk 
   band gap (insulator)
• Identify surface states
• Count the number of non-degenerate Fermi surface 
   contours surrounding time reversal invariant points 
   within the surface Brillouin zone
• Demonstrate the non-degeneracy by measuring spin
   polarization
• Extra bonus: measure spin texture => spin helicity
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• Two orthogonal Mott scatterers 
with 4 detectors each

• Determine in-plane spin 
polarization components and out-
of-plane spin component (3D)

• Access to “all quantum numbers” 
of the electron

• Asymmetry

• Polarization

Spin- and angle-resolved 
photoemission spectroscopy

Hoesch et al.,
 J. Electron Spectrosc. Relat. Phenom. 124, 263 (2002)

cophee
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Resolving power: Pb/Si(111) QWS

Too small Rashba-type spin splitting 
to resolve with ARPES (~15 meV)
Clear polarization in x-direction
No polarization in y and z
Spin direction reversed compared to 
Au(111)

Resolving power of ~5 meV
due to spin tag

Figure 1(a) shows a spin integrated binding energy
versus in-plane momentum plot for a 10 monolayer (ML)
thick film of Pb on Sið111Þð

ffiffiffi
3

p
#

ffiffiffi
3

p
ÞR30$:Pb. [Hence-

forth referred to as Sið111Þ
ffiffiffi
3

p
.] The preparation and prop-

erties of this system have been described elsewhere
[22,23]. Because of the layer-by-layer growth at low tem-
perature the QWS binding energy position provides an
intrinsic thickness calibration. In Fig. 1(a), a single QWS
can be identified with a binding energy of the pz derived
bands of 0.18 eV at normal emission. From 0:5 !A%1 on-
wards the image is dominated by the strongly dispersing
px;y derived bands. Characteristic for this system is the
high effective mass of the QWS around the center of the
surface Brillouin zone (SBZ) of up to 10 times the free
electron mass [23].

In the film plane the states can be considered as a two-
dimensional nearly free electron gas for small kk values.
The spin dependent part of the Hamiltonian can therefore
be reduced to HR ¼ !R" ' ðkk # ezÞ [16], where " is the
vector of Pauli matrices and !R is the Rashba parameter,
which is within this model proportional to the potential
gradient perpendicular to the surface ez. This results in the
formation of two free electron like parabolas that are
shifted by k0 from the center of the surface Brillouin
zone. The Rashba parameter can be expressed as !R ¼@2k0=m( (with m( the effective mass) and is thus solely
based on parameters that are accessible in ARPES.

Figures 2(a) and 2(b) show spin polarization spectra for
the x, y, and z (out-of-plane) direction of the crystal [see
drawing in Fig. 1(b)], taken at ky ¼ %0:08 !A%1 and kx ¼
0 for a 8 ML thick Pb film on Sið111Þ

ffiffiffi
3

p
. In the y and z

direction no signal can be discerned that is larger than the
statistical error margins. The absence of any spin polariza-
tion in the out-of-plane direction is characteristic for all our
measurements on this system; hence, this component will
not be discussed in the rest of this work. For the
x component a clear polarization signal is observed with
an amplitude of approximately 10%. Because kx ¼ 0, ky !
0, and Py ¼ Pz ¼ 0 the spin quantization axis is oriented
along the x direction of the crystal for this point in recip-
rocal space, as illustrated in the schematic constant energy
surface in Fig. 2(d). A spin resolved spectrum can thus be
calculated from Px according to Iup ¼ Itotð1þ PxÞ=2 and
Idown ¼ Itotð1% PxÞ=2. The resulting spectra are shown in
Fig. 2(c), where two distinct peaks can be discriminated
with a separation of 12 meV.
Now the spin integrated spectrum can be fitted with two

Gaussians, an unpolarized background and a Fermi func-
tion. In turn the spin polarization spectra can be fitted in a
similar manner as described elsewhere [24]. The best
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FIG. 2 (color online). SARPES data for an 8 ML thick Pb layer
on Sið111Þ

ffiffiffi
3

p
at ky ¼ %0:08 !A%1 and kx ¼ 0. (a) Measured

(open circles) and modeled (solid line) spin polarization in the
x direction of the sample. (b) Measured spin polarization along
the y (blue circles) and z (green diamonds) direction of the
sample. (c) Spin resolved spectra obtained from the spin polar-
ization in the x direction. (d) Schematic representation of a
constant energy surface where the arrows of band A and B refer
to the direction of the spin polarization axis.
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FIG. 3 (color online). (a) Measured (symbols) and fitted (solid
line) polarization spectra for a 10 ML thick Pb film at ky ¼ 0.
(b) Resulting polarization spectra for two Gaussians with oppo-
site spin (inset) where the energy spacing is varied in steps of
1 meV. (c) Polarization spectrum and resulting spin resolved
spectra for a 22 ML thick Pb film obtained at ky ¼ %0:08 !A%1

and kx ¼ 0. (d) Measured (red diamonds) and calculated (blue
crosses) spin splitting as function of coverage at ky ¼
%0:08 !A%1 and kx ¼ 0, the blue circles show the intuitively
expected 1=thickness dependence.

PRL 101, 266802 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

31 DECEMBER 2008

266802-2

J. H. Dil et al., PRL 101 (2008) 165431.
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3D spin polarimetry provides 
more information...

...when using a sophisticated method.

Two-step fitting routine allows us to extract the spin 
polarization vectors of each electronic state 

K
M

Γ

t
r

z

non-collinear spins

F. Meier et al., PRB 77 (2008) 165431.



Fabian Meier Valencia, June 01 2010

Two-step fitting routine

1st step:
Fit the intensity data as usual

2nd step:
Fit spin polarization data

-Define spin polarization vector for each peak

F. Meier et al., PRB 77 (2008) 165431.
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Two-step fitting routine
-Calculate spin polarization curves
(e.g. along the y component)

... and compare to data. Fitting parameters: θi, φi and ci !
Obtain spin polarization vectors of the measured states.

F. Meier et al., PRB 77 (2008) 165431.
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The band structures of
Bi and Sb

Bi Sb

Spin-orbit induced 
band gaps

Yi Liu and R. E. Allen, PRB 52, 1566 (1995)

Structure:
Rhombohedral A7
(distorted cubic)

3rd neighbor tight binding model
including spin-orbit interaction
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Bi Sb

Sb

Bi

T LW

La=-0.0899eV

Ls=-0.7860eV

Inverted
band gap

Ls=-0.0267eV
La=-0.0403eV

T=0.0111eV

Yi Liu and R. E. Allen, PRB 52, 1566 (1995)

Z2 topological numbers

scribes the atomic s and p orbitals nearest to the Fermi en-
ergy. The Bloch Hamiltonian Ĥ!k"=e−ik·rHeik·r has the form

Ĥ!k" = #H11!k" H12!k"
H21!k" H22!k" $ . !2.2"

Here Hab!k" are 8!8 matrices describing the coupling be-
tween the 2s states and 6p states on the a and b sublattices of
the crystal. The explicit form of these matrices is given in
Tables IX and X in the appendix of Ref. 26.

H11=H22 describe the coupling within the same sublattice.
These terms involve the on site energies Es and Ep as well an
on site spin-orbit coupling ". The closest neighbor on the
same sublattice is the third neighbor, which resides in the
same monolayer as the origin. The third-neighbor hopping
involves four parameters Vc!, with c=ss, sp#, pp#, and pp$,
describing the hopping between the s and p states. Since
further neighbor hopping is not included in this model,
H11!k" and H22!k" describe decoupled monolayers and de-
pend only on the momentum q=k% in the plane of the mono-
layer.

H12=H21
† describes the coupling between the sublattices.

These involve two terms: First-neighbor hopping terms Vc
couples atoms within the same bilayer, and second-neighbor
hopping terms Vc" couple atoms in neighboring bilayers. In
the following it will be useful to separate these two contri-
butions by writing k= !q ,kz",

H12!q,kz" = H12
!1"!q"eikzc1 + H12

!2"!q"e−ikzc2, !2.3"

where c1 and c2 are the spacing between the monolayers
within a bilayer and between different bilayers, and q and kz
are the momenta parallel and perpendicular to the surface.
H12

!1" and H12
!2" can be extracted from Table X of Ref. 26 by

noting that they are the terms which involve the parameters
g0−g12 and g13−g26, respectively.

The 12 hopping parameters and 3 on site parameters make
a total of 15 parameters specifying this model. These were
chosen to reproduce the energies predicted by first-principles
calculations, as well as details of the band gaps and
effective-mass tensors which are known experimentally. The
values of the parameters for both Bi and Sb are listed in
Table II of Ref. 26.

D. Tight-binding model for alloy

In order to describe the electronic structure of the alloy
Bi1−xSbx, we wish to develop a “virtual-crystal” approxima-
tion which treats the substitutional disorder in mean-field
theory and results in a translationally invariant effective
Hamiltonian. Since the regime of interest is x&0.1, the ef-

fective Hamiltonian should be close to that of pure Bi. The
effect of small x will be to modify the band energies, but not
drastically change the wave functions. The effective Hamil-
tonian should reproduce two essential features: !1" the inver-
sion of the Ls and La bands !which are nearly degenerate in
pure Bi"; and !2" the descent of the valence band at T below
the conduction band at L, as x is increased, which leads to
the transition between the semimetal and the semiconductor.

The simplest approach would be to simply interpolate be-
tween the tight-binding parameters for bismuth and anti-
mony. For each of the 15 tight-binding parameters %c, we
could define

%c!x" = x%c
Sb + !1 − x"%c

Bi. !2.4"

However, for this simple interpolation the inversion between
Ls and La occurs at a rather large value x&0.4, which occurs
after the semimetal-semiconductor transition. We found that
this could be corrected if each of the hopping terms !but not
the other terms" are revised such that

Vc!x" = xVc
Sb + !1 − x2"Vc

Bi. !2.5"

This approach is admittedly ad hoc, but it is sufficient for our
purposes because it correctly accounts for the most important
features of the band evolution. In Fig. 2 we plot the energies
of T45

− , Ls, and La as a function of x for this model. The
qualitative behavior of the known band evolution is repro-
duced, including the decent of the hole pocket at T and the
inversion of the conduction and valence bands at L. This
should not, however, be interpreted as a quantitative descrip-
tion of the band evolution of Bi1−xSbx.

TABLE I. Parity invariants &!'i" and Z2 topological invariants !(0 ;(1(2(3" for bismuth, antimony, and
Bi1−xSbx determined from the product of parity eigenvalues )m!'i" at each bulk TRIM 'i.

&!'" &!L" &!T" &!X" !(0 ;(1(2(3"

Bismuth −1 −1 −1 −1 !0;000"
Antimony −1 1 −1 −1 !1;111"
Bi1−xSbx −1 1 −1 −1 !1;111"
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FIG. 2. Band evolution of interpolated tight-binding model us-
ing the parameters in Eqs. !2.4" and !2.5".
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The parent compound: Sb(111)

-Correct topology (3 Fermi level crossings)

-Very large spin-splitting for relatively low Z

-Semi metal

D. Hsieh et al., Science 323 (2009) 919.

K. Sugawara et al., PRL 96 (2006) 046411.

like FS has no counterpart in the band calculation, suggest-
ing the surface-derived character. This demonstrates that
the Sb(111) surface is metallic as Bi(111) [4–8]. The
observed strong intensity near the !" point in the six elon-
gated FSs is not expected from the band calculation, sug-
gesting that this FS is also of surface origin. The threefold
symmetry of spectral intensity indicates that the surface
state is not simply confined within the surface bilayer with
sixfold symmetry [4]. As for the six elongated FSs away
from the !" point, the intensity shows excellent agreement
with the calculated FS which originates in the hole pocket
at the H point of the bulk Brillouin zone (BZ) [11,12]. This
feature is broad and subtle as compared to the ringlike FS,
indicative of an admixture of surface and bulk states which
are essentially indistinguishable due to the surface reso-
nance. As seen in Fig. 1(a), the oval-shaped feature at the
!M point is well reproduced by the projection of the calcu-

lated electron pocket centered at the L point [11,12]. As
seen in Fig. 1(b), the small FS looks hexagonal-like rather
than circlelike and possesses parallel regions indicative of
a good nesting condition. We estimated the Fermi mo-
menta (kF’s) by tracing the intensity maxima and found
that the FS is sixfold in contrast to the trigonal-symmetric
behavior of the elongated FSs.

In Fig. 2, we show ARPES intensity maps around the !"
point as a function of ky and binding energy for two
different kx values. At kx ! 0:0 #A"1 [Fig. 2(a)], we ob-
serve a highly dispersive electronlike band with the bottom
at #0:2 eV at the !" point. Another band disperses in the
energy region of 0.1–0.2 eV. The former produces the
small hexagonal-like electron pocket at the !" point, while
the latter produces the six elongated hole pockets. These
two bands degenerate at the zone center (the !" point). We
also find another relatively broad feature dispersing around

0.2–0.6 eV. This band overlaps with the projection of the
calculated 5p band, demonstrating the bulk origin. On the
other hand, the two bands near EF, which appear within the
gap of projected bulk bands, are assigned to the surface
states. We found that the two surface bands degenerate
only at the !" point [Fig. 2(c)], and they are well separated
at other k points, as seen in the cut for kx ! 0:035 #A"1

[Fig. 2(b)].
We now discuss the origin of these bands to resolve the

controversy in the Bi surface [6,8]. What is important is
whether the bands are spin split. In both the bulk and the
surface, the time-reversal symmetry holds, requiring the
constraint of spin-dependent energy dispersion, E$k; "% !
E$"k; #%. In addition, the space-inversion symmetry in the
bulk requests that E$k; "% ! E$"k; "%. A combination of
these requirements results in E$k; "% ! E$k; #%. This does
not lead to a lifting of the spin degeneracy, hence the bands

FIG. 2 (color). ARPES spectral intensity plot of Sb(111)
around !" as a function of ky and binding energy for
(a) kx ! 0:0 #A"1 and (b) kx ! 0:035 #A"1. Calculated bands
along the !"- !K direction projected on the (111) plane are also
shown by red curves in (a). (c) ARPES spectra measured around
the zone center to show the degeneration of two bands. The
spectrum at the zone center is indicated by a blue curve.
(d) Ultrahigh-resolution ($E ! 3:5 meV) ARPES spectra in
the close vicinity of EF at 7 K measured at three kF points (A,
B, and C, in inset), compared with Au.
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FIG. 1 (color). (a) ARPES intensity plot at EF of Sb(111) as a
function of a two-dimensional wave vector, together with the
calculated FS projected on the (111) plane. ARPES intensity is
integrated over the energy range of 20 meV centered at EF. The
inset shows the bulk BZ and corresponding surface BZ.
(b) Expansion of (a) in the vicinity of the !" point.

PRL 96, 046411 (2006) P H Y S I C A L R E V I E W L E T T E R S week ending
3 FEBRUARY 2006

046411-2
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Bi(111): surface states

correct dimensions of the electron FS hexagon around the
!" point. Our relativistic calculation demonstrates that,
despite the existence of nesting at the electron FS hexagon
of Bi(111), the formation of a CDW [11] appears to be
improbable since this nesting couples the states with
the same energy but different spin, !!k; "" # !!$k; #". It
could lead rather to the formation of a spin-density wave
and not to a CDW.

Here we present results for three surfaces: Bi(111),
Bi(110), and Bi(100). The calculations have been per-
formed by using the full-potential linearized augmented
plane-wave method in film geometry [14] as implemented
in the FLEUR program and local density approximation
for the description of exchange-correlation potential.
SOC is included self-consistently as described in
Ref. [15]. All the Bi surfaces were simulated by a 22 layer
film embedded in vacuum. One side of the film was
terminated with hydrogen to avoid interaction between
the surface states of the two surfaces of the film. The H
atoms were placed a distance of % 2 #A from the Bi. On the
other side of the film, the termination was chosen such
that the interlayer distance between surface and subsur-
face atoms was the shorter of two possible terminations.
For the calculations a plane-wave cutoff of Kmax #
3:4 !a:u:"$1 was used and the surface Brillouin zone
(SBZ) was sampled with up to 121 kk points.

We also show surface states measured with angle-
resolved photoemission spectroscopy. The experiments
were performed at the SGM-3 beam line of the synchro-
tron radiation source ASTRID in Aarhus [16]. All
surfaces were prepared from mechanically polished
single-crystal surfaces, which were cleaned in situ by
cycles of Ne ion bombardment and annealing to about
473 K. This resulted in well-ordered and clean surfaces as
judged by low energy electron diffraction and Auger
electron spectroscopy, respectively. The total energy reso-
lution for the data shown below is better than 35 meV. The
angular resolution of the analyzer is &0:5'. The samples
were cooled to approximately 30 K.

Before discussing our results, we briefly explain the
symmetries relevant for the spin-orbit splitting of
electronic bands. Time-reversal symmetry requires that
!!k; "" # !!$k; #". This means that if one has a surface
state at k with a binding energy ! and a spin " , then there
must also be a state at $k with the same energy but spin
# . This has to be combined with the usual space group
symmetry. The combination has two consequences. First,
if the space group contains inversion symmetry [!!k; "" #
!!$k; ""], the bands are obviously doubly degenerate.
This can happen in the bulk but not at the surface.
Second, in the case of surface states, the splitting has to
be zero at some special points of the surface Brillouin
zone. The application of time-reversal symmetry alone
yields that one of these points is the center of the zone !"
for which kk # 0. This is indeed observed in the disper-
sion of the spin-orbit split states on Au(111) [1]. The

combination of time-reversal symmetry with transla-
tional symmetry dictates that the splitting must also be
zero for any point which is situated halfway between two
!" points.

Figure 1 shows the electronic structure of Bi(111) to-
gether with the projected bulk band structure for the (111)
surface calculated with and without SOC. The projection
was calculated using the tight-binding model of Ref. [17].
For clarity, we show only the surface states, which are
located on the clean surface of the slab. In the case with-
out SOC, we find a parabolic !" surface state located in the
nonrelativistic energy gap. Around !" this surface-state
band gives an electron FS hexagon.When the SOC term is
included, it results in a spin splitting of the surface state
in all the symmetry directions and leaves it degenerate
only at !" and at !M. The latter is expected because !M is a
high-symmetry point on the SBZ boundary which lies, in
contrast to, e.g., !K, in the middle between two !" points.
Around !" this relativistic surface state is degenerate with
bulk states and shows less clear surface character. The lift
of the spin degeneracy leads to radical change of the
surface FS: (1) The radius of the FS hexagon is smaller
by 30% compared to the nonrelativistic calculation; (2) in
the !" !M symmetry directions the hole lobes are formed.
Another remarkable feature of the Bi(111) surface elec-
tronic structure is the very strong anisotropy of the spin-
orbit splitting: it is % 0:2 eV in the !" !M direction and
even more in the !" !K direction.

The occurrence of strong spin-orbit splitting is
confirmed when the calculations are compared to the
experimental results. Figure 2 shows the calculated
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FIG. 1 (color). Surface states of Bi(111) calculated without
(black) and with (red) spin-orbit splitting included. The shaded
areas show the projection of the bulk bands obtained without
(violet) and with (yellow) SOC and their superposition (brown).
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electronic structure for the three surfaces together with
experimental data. In Fig. 2(a) we compare the results for
Bi(111) and find excellent agreement for the two split
surface states near !". The experimental results also agree
with recently published data for Bi(111) [10] but the two
split bands appear better resolved here. Here, as in
Ref. [10], the intensity of both surface states strongly
decreases close to !". This is most likely due to the overlap
with the projected bulk band structure. The surface states
are no longer genuine surface states but surface reso-
nances, which penetrate much more deeply into the crys-
tal and give a lower photoemission intensity. Although it
is, therefore, not simple to decide if the states are, in fact,
degenerate at !" or not, we find no evidence for the latter.
This discrepancy with the data of Refs. [10,18] is most
likely due to a sample misalignment, which later was
found to have been present [11]. Our interpretation is in
disagreement with the result from Ast and Höchst, who
used a Bi(111) bilayer to simulate the surface-state dis-
persion of Bi(111) with a tight-binding model [19]. In
their case, the calculated bands match the experimental
dispersion beyond the !" point when the bilayer thickness
is increased by 70% with respect to the bulk value and
when the SOC strength was reduced to 13% of the ex-
perimental value 1.5 eV [13]. The bilayer, however, al-
ways has inversion symmetry, and therefore this
calculation yields two spin-degenerate bands near the
Fermi energy that do not cross at !".

Figure 2(b) shows the situation near !" of Bi(110). The
experimental results have already been published else-
where [7]. In the theory one can clearly see that, as in
Bi(111), the surface state on Bi(110) is degenerate at !" and
splits into two surface states along the symmetry lines
with one electron per k point. In contrast to Bi(111) this
surface state is unoccupied at !" and has negative effective
electron masses that lead to the formation of the hole FS
pocket around !" [7]. This specific behavior of the surface-

state bands is also responsible for the formation of the
electron FS pocket between !X1 and !M1 and the hole
pocket at !M1 [7]. In the experiment, only the lower branch
of the spin-orbit split state can be observed as it enters the
occupied states. Such a situation can be highly confusing,
because the band could be mistaken for a simple parabolic
hole pocket.

The scenario of a very steep band and a flatter one near
!" can also be found on Bi(100). This is shown in Ref. [20]
and is therefore not presented here. Instead, Fig. 2(c)
shows the situation near the !M0 point. This point is the
!M point of the quasihexagonal SBZ of Bi(100) which is

not lying on the mirror plane of the SBZ (see Ref. [20]).
Since all !M points of a (quasi)hexagonal SBZ fulfill the
criterion of lying exactly in the middle of the line joining
two !" points, we also expect a degenerate surface state
here. As Fig. 2(c) shows, this is indeed the case. In fact,
here the bands close to the high-symmetry point are so
steep that the dispersion cannot be resolved in the experi-
ment. In the rest of the SBZ, the agreement between
experiment and calculation is more difficult to find.
This is due to the deep penetration of the surface states
into the bulk, such that even a calculation with a 22 layer
film cannot completely avoid the interaction between the
two surfaces. Details of the electronic structure of
Bi(100) will be published elsewhere [21].

The spin-orbit splitting obtained for the Bi surfaces is a
few times bigger than that of the surface state on Au(111)
[1,2], which is to be expected since the atomic spin-orbit
splitting in Bi is 3 times larger than that in Au. However,
the character of the spin-orbit splitting in the present case
is different from that in Au(111). For the latter, the
electronic structure can be described by a free electron-
like two-dimensional surface state at !". In such a case,
the spin-orbit interaction can be treated by adding a so-
called Rashba term to the nonrelativistic Hamiltonian
[22]. This leads to a splitting of the surface state, which
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The experiment:
What are we looking for?

• Demonstrate the existence of a bulk 
   band gap (insulator) (by transport or ARPES)
• Identify surface states (ARPES)
• Count the number of non-degenerate Fermi surface 
   contours surrounding time reversal invariant points 
   within the surface Brillouin zone (by SARPES)
• Demonstrate the non-degeneracy by measuring spin
   polarization (by SARPES)
• Extra bonus: measure spin texture                                    
=> spin helicity (by SARPES)



Fabian Meier Valencia, June 01 2010

L point: 
hν=29 eV

50
 m

eV

D. Hsieh et al., Nature 452 (2008).

Bulk band gap in Bi0.9Sb0.1 

ARPES: Look for band extrema at/near high-symmetry points in the bulk BZ
… first needs a clear identification of bulk / surface states
… exploit similarities with well known bands from the Bi(111) case

More directly: transport measurements !
• clearly semiconducting behavior
• fit yields Eg = 7.6 meV
  (impurity bands, disorder)



Fabian Meier Valencia, June 01 2010

Identification of surface states 
in Bi0.9Sb0.1

Photon energy dependent ARPES:

bulk states disperse with kz, are broad

surface states do not disperse with kz

D. Hsieh et al., Nature 452 (2008).



Fabian Meier Valencia, June 01 2010D. Hsieh et al., Science 323 (2009) 919.

-small band gap (~50 meV)                  -5 Fermi level crossings

factor of p (16) because it evolves by 360° in
momentum space along a Fermi contour enclosing
a k

→

T, an odd number of Fermi pockets enclosing
k
→

T in total implies a p geometrical (Berry’s)
phase (11). In order to realize a p Berry’s phase,
the surface bands must be spin-polarized and
exhibit a partner-switching (11) dispersion be-
havior between a pair of k

→

T. This means that
any pair of spin-polarized surface bands that
are degenerate at G must not reconnect at M or
must separately connect to the bulk valence and
conduction band in between G and M . The
partner-switching behavior is realized in Fig. 1C
because the spin-down band connects to and is
degenerate with different spin-up bands at G and
M . The partner-switching behavior is realized
in Fig. 2A because the spin-up and spin-down
bands emerging from G separately merge into
the bulk valence and conduction bands, respec-
tively, between G and M .

We first investigated the spin properties of
the topological insulator phase. Spin-integrated
ARPES (19) intensity maps of the (111) SSs of
insulating Bi1–xSbx taken at the Fermi level (EF)
(Fig. 1, D and E) show that a hexagonal FS en-
closes G, whereas dumbbell-shaped FS pockets
that are much weaker in intensity enclose M . By
examining the surface-band dispersion below
the Fermi level (Fig. 1F), it is clear that the
central hexagonal FS is formed by a single band
(Fermi crossing 1), whereas the dumbbell-shaped
FSs are formed by the merger of two bands
(Fermi crossings 4 and 5) (10).

This band dispersion resembles the partner-
switching dispersion behavior characteristic of
topological insulators. To check this scenario
and determine the topological index n0, we have
carried out spin-resolved photoemission spec-
troscopy. Figure 1G shows a spin-resolved mo-
mentum distribution curve taken along the G –M
direction at a binding energyEB = –25 meV (Fig.
1G). The data reveal a clear difference between
the spin-up and spin-down intensities of bands
1, 2, and 3 and show that bands 1 and 2 have
opposite spin whereas bands 2 and 3 have the
same spin. The former observation confirms
that bands 1 and 2 form a spin-orbit split pair,
and the latter observation suggests that bands
2 and 3 (as opposed to bands 1 and 3) are con-
nected above the Fermi level and form one band.
This is further confirmed by directly imaging
the bands through raising the chemical poten-
tial via doping [supporting online material
(SOM) text] (22). Irrelevance of bands 2 and 3
to the topology is consistent with the fact that
the FS pocket they form does not enclose any
k
→

T. Because of a dramatic intrinsic weakening
of signal intensity near crossings 4 and 5, and
the small energy and momentum splittings of
bands 4 and 5 lying at the resolution limit of
modern spin-ARPES spectrometers, no con-
clusive spin information about these two bands
can be drawn from the methods employed in
obtaining the data sets in Fig. 1, G and H.
However, whether bands 4 and 5 are both singly
or doubly degenerate does not change the fact

that an odd number of spin-polarized FSs enclose
the k

→

T, which provides evidence that Bi1–xSbx
has n0 = 1 and that its surface supports a non-
trivial Berry’s phase of topological origin.

We investigated the quantum origin of topo-
logical order in this class of materials. It has been
theoretically speculated that the novel topological
order originates from the parities of the electrons
in pure Sb (11, 23). The origin of the topological
effects can only be tested by measuring the spin
texture of the Sb surface (20), which has not been
measured. Based on quantum oscillation and
magneto-optical studies, the bulk band structure
of Sb is known to evolve from that of insulating
Bi1–xSbx through the holelike band at H rising
above EF and the electron-like band at L sinking
below EF (23). The relative energy ordering of the
La and Ls states in Sb again determines whether
the SS pair emerging from G switches partners
(Fig. 2A) or not (Fig. 2B) between G and M , and
in turn determines whether they support a non-
zero Berry’s phase.

In a conventional spin-orbit metal such as Au,
a free-electron–like SS is split into two parabolic
spin-polarized sub-bands that are shifted in k

→
-

space relative to each other (18). Two concentric
spin-polarized FSs are created, one having an
opposite sense of in-plane spin rotation from the
other, that enclose G. Such a FS arrangement,
like the schematic shown in Fig. 2B, does not
support a nonzero Berry’s phase because the k

→

T

are enclosed an even number of times (two times
for most known materials).

Fig. 1. Spin spectrum
of a topological insula-
tor and spin-resolved
spectroscopy results.
(A) Schematic sketches
of the bulk BZ and
(111) surface BZ of the
Bi1–xSbx crystal series.
The high symmetry
points (L, H, T, G, G,
M, K) are identified. (B)
Schematic of FS pockets
formed by the SSs of a
topological insulator that
carries a p Berry’s phase.
(C) Partner-switching band
structure topology: sche-
matic of spin-polarized
SS dispersion and connec-
tivity between G and M
required to realize the FS
pockets shown in (B). La
and Ls label bulk states at
L that are antisymmetric
and symmetric, respectively, under a parity transformation. (D) Spin-integrated
ARPES intensity map of the SS of Bi0.91Sb0.09 at EF. Arrows point in the
measured direction of the spin. (E) High-resolution ARPES intensity map of
the SS at EF that enclose the M1 and M2 points. Corresponding band dis-
persion (second derivative images) are shown below. The left-right asymmetry
of the band dispersions are due to the slight offset of the alignment from the
G – M1 (M2) direction. (F) Surface band–dispersion image along the G – M
direction showing five Fermi-level crossings. The intensity of bands 4 and 5 is

scaled up for clarity (the dashed white lines are guides to the eye). The
schematic projection of the bulk valence and conduction bands are shown in
shaded blue and purple areas. (G) Spin-resolved momentum distribution
curves presented at EB = –25 meV showing single-spin degeneracy of bands
at 1, 2, and 3. Spin up and down correspond to spin pointing along the +ŷ
and – ŷ direction, respectively. (H) Schematic of the spin-polarized surface FS
observed in our experiments. It is consistent with an0 = 1 topology [compare
(B) and (H)].
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factor of p (16) because it evolves by 360° in
momentum space along a Fermi contour enclosing
a k

→

T, an odd number of Fermi pockets enclosing
k
→

T in total implies a p geometrical (Berry’s)
phase (11). In order to realize a p Berry’s phase,
the surface bands must be spin-polarized and
exhibit a partner-switching (11) dispersion be-
havior between a pair of k

→

T. This means that
any pair of spin-polarized surface bands that
are degenerate at G must not reconnect at M or
must separately connect to the bulk valence and
conduction band in between G and M . The
partner-switching behavior is realized in Fig. 1C
because the spin-down band connects to and is
degenerate with different spin-up bands at G and
M . The partner-switching behavior is realized
in Fig. 2A because the spin-up and spin-down
bands emerging from G separately merge into
the bulk valence and conduction bands, respec-
tively, between G and M .

We first investigated the spin properties of
the topological insulator phase. Spin-integrated
ARPES (19) intensity maps of the (111) SSs of
insulating Bi1–xSbx taken at the Fermi level (EF)
(Fig. 1, D and E) show that a hexagonal FS en-
closes G, whereas dumbbell-shaped FS pockets
that are much weaker in intensity enclose M . By
examining the surface-band dispersion below
the Fermi level (Fig. 1F), it is clear that the
central hexagonal FS is formed by a single band
(Fermi crossing 1), whereas the dumbbell-shaped
FSs are formed by the merger of two bands
(Fermi crossings 4 and 5) (10).

This band dispersion resembles the partner-
switching dispersion behavior characteristic of
topological insulators. To check this scenario
and determine the topological index n0, we have
carried out spin-resolved photoemission spec-
troscopy. Figure 1G shows a spin-resolved mo-
mentum distribution curve taken along the G –M
direction at a binding energyEB = –25 meV (Fig.
1G). The data reveal a clear difference between
the spin-up and spin-down intensities of bands
1, 2, and 3 and show that bands 1 and 2 have
opposite spin whereas bands 2 and 3 have the
same spin. The former observation confirms
that bands 1 and 2 form a spin-orbit split pair,
and the latter observation suggests that bands
2 and 3 (as opposed to bands 1 and 3) are con-
nected above the Fermi level and form one band.
This is further confirmed by directly imaging
the bands through raising the chemical poten-
tial via doping [supporting online material
(SOM) text] (22). Irrelevance of bands 2 and 3
to the topology is consistent with the fact that
the FS pocket they form does not enclose any
k
→

T. Because of a dramatic intrinsic weakening
of signal intensity near crossings 4 and 5, and
the small energy and momentum splittings of
bands 4 and 5 lying at the resolution limit of
modern spin-ARPES spectrometers, no con-
clusive spin information about these two bands
can be drawn from the methods employed in
obtaining the data sets in Fig. 1, G and H.
However, whether bands 4 and 5 are both singly
or doubly degenerate does not change the fact

that an odd number of spin-polarized FSs enclose
the k

→

T, which provides evidence that Bi1–xSbx
has n0 = 1 and that its surface supports a non-
trivial Berry’s phase of topological origin.

We investigated the quantum origin of topo-
logical order in this class of materials. It has been
theoretically speculated that the novel topological
order originates from the parities of the electrons
in pure Sb (11, 23). The origin of the topological
effects can only be tested by measuring the spin
texture of the Sb surface (20), which has not been
measured. Based on quantum oscillation and
magneto-optical studies, the bulk band structure
of Sb is known to evolve from that of insulating
Bi1–xSbx through the holelike band at H rising
above EF and the electron-like band at L sinking
below EF (23). The relative energy ordering of the
La and Ls states in Sb again determines whether
the SS pair emerging from G switches partners
(Fig. 2A) or not (Fig. 2B) between G and M , and
in turn determines whether they support a non-
zero Berry’s phase.

In a conventional spin-orbit metal such as Au,
a free-electron–like SS is split into two parabolic
spin-polarized sub-bands that are shifted in k

→
-

space relative to each other (18). Two concentric
spin-polarized FSs are created, one having an
opposite sense of in-plane spin rotation from the
other, that enclose G. Such a FS arrangement,
like the schematic shown in Fig. 2B, does not
support a nonzero Berry’s phase because the k

→

T

are enclosed an even number of times (two times
for most known materials).

Fig. 1. Spin spectrum
of a topological insula-
tor and spin-resolved
spectroscopy results.
(A) Schematic sketches
of the bulk BZ and
(111) surface BZ of the
Bi1–xSbx crystal series.
The high symmetry
points (L, H, T, G, G,
M, K) are identified. (B)
Schematic of FS pockets
formed by the SSs of a
topological insulator that
carries a p Berry’s phase.
(C) Partner-switching band
structure topology: sche-
matic of spin-polarized
SS dispersion and connec-
tivity between G and M
required to realize the FS
pockets shown in (B). La
and Ls label bulk states at
L that are antisymmetric
and symmetric, respectively, under a parity transformation. (D) Spin-integrated
ARPES intensity map of the SS of Bi0.91Sb0.09 at EF. Arrows point in the
measured direction of the spin. (E) High-resolution ARPES intensity map of
the SS at EF that enclose the M1 and M2 points. Corresponding band dis-
persion (second derivative images) are shown below. The left-right asymmetry
of the band dispersions are due to the slight offset of the alignment from the
G – M1 (M2) direction. (F) Surface band–dispersion image along the G – M
direction showing five Fermi-level crossings. The intensity of bands 4 and 5 is

scaled up for clarity (the dashed white lines are guides to the eye). The
schematic projection of the bulk valence and conduction bands are shown in
shaded blue and purple areas. (G) Spin-resolved momentum distribution
curves presented at EB = –25 meV showing single-spin degeneracy of bands
at 1, 2, and 3. Spin up and down correspond to spin pointing along the +ŷ
and – ŷ direction, respectively. (H) Schematic of the spin-polarized surface FS
observed in our experiments. It is consistent with an0 = 1 topology [compare
(B) and (H)].
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factor of p (16) because it evolves by 360° in
momentum space along a Fermi contour enclosing
a k

→

T, an odd number of Fermi pockets enclosing
k
→

T in total implies a p geometrical (Berry’s)
phase (11). In order to realize a p Berry’s phase,
the surface bands must be spin-polarized and
exhibit a partner-switching (11) dispersion be-
havior between a pair of k

→

T. This means that
any pair of spin-polarized surface bands that
are degenerate at G must not reconnect at M or
must separately connect to the bulk valence and
conduction band in between G and M . The
partner-switching behavior is realized in Fig. 1C
because the spin-down band connects to and is
degenerate with different spin-up bands at G and
M . The partner-switching behavior is realized
in Fig. 2A because the spin-up and spin-down
bands emerging from G separately merge into
the bulk valence and conduction bands, respec-
tively, between G and M .

We first investigated the spin properties of
the topological insulator phase. Spin-integrated
ARPES (19) intensity maps of the (111) SSs of
insulating Bi1–xSbx taken at the Fermi level (EF)
(Fig. 1, D and E) show that a hexagonal FS en-
closes G, whereas dumbbell-shaped FS pockets
that are much weaker in intensity enclose M . By
examining the surface-band dispersion below
the Fermi level (Fig. 1F), it is clear that the
central hexagonal FS is formed by a single band
(Fermi crossing 1), whereas the dumbbell-shaped
FSs are formed by the merger of two bands
(Fermi crossings 4 and 5) (10).

This band dispersion resembles the partner-
switching dispersion behavior characteristic of
topological insulators. To check this scenario
and determine the topological index n0, we have
carried out spin-resolved photoemission spec-
troscopy. Figure 1G shows a spin-resolved mo-
mentum distribution curve taken along the G –M
direction at a binding energyEB = –25 meV (Fig.
1G). The data reveal a clear difference between
the spin-up and spin-down intensities of bands
1, 2, and 3 and show that bands 1 and 2 have
opposite spin whereas bands 2 and 3 have the
same spin. The former observation confirms
that bands 1 and 2 form a spin-orbit split pair,
and the latter observation suggests that bands
2 and 3 (as opposed to bands 1 and 3) are con-
nected above the Fermi level and form one band.
This is further confirmed by directly imaging
the bands through raising the chemical poten-
tial via doping [supporting online material
(SOM) text] (22). Irrelevance of bands 2 and 3
to the topology is consistent with the fact that
the FS pocket they form does not enclose any
k
→

T. Because of a dramatic intrinsic weakening
of signal intensity near crossings 4 and 5, and
the small energy and momentum splittings of
bands 4 and 5 lying at the resolution limit of
modern spin-ARPES spectrometers, no con-
clusive spin information about these two bands
can be drawn from the methods employed in
obtaining the data sets in Fig. 1, G and H.
However, whether bands 4 and 5 are both singly
or doubly degenerate does not change the fact

that an odd number of spin-polarized FSs enclose
the k

→

T, which provides evidence that Bi1–xSbx
has n0 = 1 and that its surface supports a non-
trivial Berry’s phase of topological origin.

We investigated the quantum origin of topo-
logical order in this class of materials. It has been
theoretically speculated that the novel topological
order originates from the parities of the electrons
in pure Sb (11, 23). The origin of the topological
effects can only be tested by measuring the spin
texture of the Sb surface (20), which has not been
measured. Based on quantum oscillation and
magneto-optical studies, the bulk band structure
of Sb is known to evolve from that of insulating
Bi1–xSbx through the holelike band at H rising
above EF and the electron-like band at L sinking
below EF (23). The relative energy ordering of the
La and Ls states in Sb again determines whether
the SS pair emerging from G switches partners
(Fig. 2A) or not (Fig. 2B) between G and M , and
in turn determines whether they support a non-
zero Berry’s phase.

In a conventional spin-orbit metal such as Au,
a free-electron–like SS is split into two parabolic
spin-polarized sub-bands that are shifted in k

→
-

space relative to each other (18). Two concentric
spin-polarized FSs are created, one having an
opposite sense of in-plane spin rotation from the
other, that enclose G. Such a FS arrangement,
like the schematic shown in Fig. 2B, does not
support a nonzero Berry’s phase because the k

→

T

are enclosed an even number of times (two times
for most known materials).

Fig. 1. Spin spectrum
of a topological insula-
tor and spin-resolved
spectroscopy results.
(A) Schematic sketches
of the bulk BZ and
(111) surface BZ of the
Bi1–xSbx crystal series.
The high symmetry
points (L, H, T, G, G,
M, K) are identified. (B)
Schematic of FS pockets
formed by the SSs of a
topological insulator that
carries a p Berry’s phase.
(C) Partner-switching band
structure topology: sche-
matic of spin-polarized
SS dispersion and connec-
tivity between G and M
required to realize the FS
pockets shown in (B). La
and Ls label bulk states at
L that are antisymmetric
and symmetric, respectively, under a parity transformation. (D) Spin-integrated
ARPES intensity map of the SS of Bi0.91Sb0.09 at EF. Arrows point in the
measured direction of the spin. (E) High-resolution ARPES intensity map of
the SS at EF that enclose the M1 and M2 points. Corresponding band dis-
persion (second derivative images) are shown below. The left-right asymmetry
of the band dispersions are due to the slight offset of the alignment from the
G – M1 (M2) direction. (F) Surface band–dispersion image along the G – M
direction showing five Fermi-level crossings. The intensity of bands 4 and 5 is

scaled up for clarity (the dashed white lines are guides to the eye). The
schematic projection of the bulk valence and conduction bands are shown in
shaded blue and purple areas. (G) Spin-resolved momentum distribution
curves presented at EB = –25 meV showing single-spin degeneracy of bands
at 1, 2, and 3. Spin up and down correspond to spin pointing along the +ŷ
and – ŷ direction, respectively. (H) Schematic of the spin-polarized surface FS
observed in our experiments. It is consistent with an0 = 1 topology [compare
(B) and (H)].
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First 3D topological 
insulator: Bi0.9Sb0.1



Fabian Meier Valencia, June 01 2010

Bi2Se3, Bi2Te3: next generation
topological insulators

-Larger energy gaps: -Bi2Se3 350 meV
-Bi2Te3 180 meV

G. A. Thomas et al., PRB 46, 1553 (1992)

 J. Black et al., J. Phys. Chem. Solids 2, 240 (1957)

-Room temperature topological insulators
-Only a single,non-degenerate surface state

H. Zhang et al., Nature Physics 5, 438 (2009)

left-handed spin helicityD. Hsieh et al., Nature 460 (2009).
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Aligning the Kramers point

D. Hsieh et al., Nature 460 (2009).

Surface doping with NO2 aligns the crossing point (Kramers, Dirac point) to the EF
=> Spin polarised Dirac Fermions at zone centre



Fabian Meier Valencia, June 01 2010J. W. Wells et al. PRL 102 (2009) 096802

Extremely miscut surface of 
Bi(111): 56°

STM and LEED show 1D crystal 
structure

Missing row reconstruction in y-
direction

In STM at 5K pairing of atoms in 
x-direction (Peirls transition?)

Bi(114): A one-dimensional 
quantum spin hall system?
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Bi(114): A one-dimensional 
quantum spin hall system?

J. W. Wells et al. PRL 102 (2009) 096802

Surface state

Bulk states
(not fully gapped)

1D surface state
with very small kF
(dispersion not resolved)

State oscillates between
being a surface state 
and a surface resonance

Bulk states at EF



Fabian Meier Valencia, June 01 2010J. W. Wells et al. PRL 102 (2009) 096802

SARPES: Spin structure of the 
surface states

SARPES
scan

• We measure a spin-split band, split across the SBZ center line
• Spin polarization vectors are almost parallel to the Fermi surface
• We observe the same vectors at several places along the line



Fabian Meier Valencia, June 01 2010J. W. Wells et al. PRL 102 (2009) 096802

Exotic spin texture arising from 
these data

Only one Fermi crossing between two time-reversal invariant momenta (Γ-X)
Bi0.9Sb0.1(114): 1D quantum spin Hall phase ?
New concept: 1D edge states on a 3D topological insulator  ?
(instead of (n-1)D on nD)



Fabian Meier Valencia, June 01 2010

Conclusions
• SARPES is a powerful tool for the investigation of
   the surface spin structure

• (S)ARPES provides clear signatures for 
   the topological magneto-electric effect of surface
   states on Bi0.9Sb0.1, Bi2Se3 and Bi2Te3.
       - odd number of Fermi level crossings between
         TRIMs
 - spin polarization, spin texture

• Bi(114): 1D quantum spin hall system?


