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Motivation

A Banach space X has the point of continuity property (PCP) if for
every € > 0 and every bounded nonempty set A C X there is a weak
open set U such that AN U # () and diam(AN U) < ¢.
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A Banach space X has the point of continuity property (PCP) if for
every € > 0 and every bounded nonempty set A C X there is a weak
open set U such that AN U # 0 and diam(AN V) < e.

If U can be taken to be a halfspace, then X is said to have the
Radon-Nikodym property (RNP).

Note that if X has the PCP, then (A). & A where
(A)L = {x € A:V U w-neighbourhood of x,diam(AN U) > ¢}
and thus iterating this set derivation we may arrive to the empty set,

after an ordinal number of steps called Szlenk index.
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@ Otherwise, we get some nonempty A C Bx such that (A). = A
that can be used to build a typical object witnessing the failing
of the property.
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Motivation

Set derivations leads to a dichotomy:

@ If the space has a given property (PCP, RNP ...) we get a
decomposition of the unit ball by means of a decreasing
sequence of sets.

@ Otherwise, we get some nonempty A C Bx such that (A). = A

that can be used to build a typical object witnessing the failing
of the property.
To contain a copy of ¢ is an strong form of fail the RNP or the PCP.
Problem: look for a set derivation that recognizes the presence of

copies of ¢.
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An ordinal index

Let X be an infinite dimensional Banach space and A C X.

Essential inner radius

o(A) =sup{r >0:3x € A, Y C X fin. codim. with x 4+ rBy C A}
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Let X be an infinite dimensional Banach space and A C X.

Essential inner radius

o(A) =sup{r >0:3x € A, Y C X fin. codim. with x 4+ rBy C A}

Note that the if the usual diameter is small, then the essential inner
radius is small too. The other way around is false.
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Essential inner radius

o(A) =sup{r >0:3x € A, Y C X fin. codim. with x 4+ rBy C A}

Note that the if the usual diameter is small, then the essential inner
radius is small too. The other way around is false.

and its associated set derivation
[A]lL = {x € A:V U w-neighbourhood of x, o(AN U) > ¢}
and extend for n € N by iteration taking [A]? = [[A]7]..
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Essential inner radius

o(A) =sup{r >0:3x € A, Y C X fin. codim. with x 4+ rBy C A}

Note that the if the usual diameter is small, then the essential inner
radius is small too. The other way around is false.

and its associated set derivation
[A]lL = {x € A:V U w-neighbourhood of x, o(AN U) > ¢}
and extend for n € N by iteration taking [A]? = [[A]7]..

If Ais convex closed, then [A]. is again convex closed.
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An ordinal index

The definition of the Szlenk index motivates the following.

The index Gz
The goal Szlenk index, denoted Gz(A, ¢) is defined as

Gz(A,e) = min{n e N : [A]” = 0}

if such a number exists.
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if such a number exists.If it is not the case, the set derivation can be
defined for transfinite ordinals in a very natural way in order to assign
a value to Gz(A,¢).
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The index Gz
The goal Szlenk index, denoted Gz(A, ¢) is defined as

Gz(A,e) = min{n € N : [A]? = ()}

if such a number exists.If it is not the case, the set derivation can be
defined for transfinite ordinals in a very natural way in order to assign
a value to Gz(A, ¢).If [A]? = [A]2*! # () for some ordinal 7, then the
derivation process does not arrive at () and we take Gz(A,¢) = oo,
which is beyond the ordinals.
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The definition of the Szlenk index motivates the following.

The index Gz
The goal Szlenk index, denoted Gz(A, ¢) is defined as

Gz(A,e) = min{n € N : [A]? = ()}

if such a number exists.If it is not the case, the set derivation can be
defined for transfinite ordinals in a very natural way in order to assign
a value to Gz(A, ¢).If [A]? = [A]2*! # () for some ordinal 7, then the
derivation process does not arrive at () and we take Gz(A,¢) = oo,
which is beyond the ordinals.

Finally, we take Gz(Bx) = sup,., Gz(Bx,¢).
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An ordinal index

Some properties of the index Gz
We assume that X is an infinite-dimensional Banach space.
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Some properties of the index Gz
We assume that X is an infinite-dimensional Banach space.

@ For A C X bounded then either Gz(A,c) =1 or Gz(A,¢) is
equivalent to Gz(Bx,¢).
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Some properties of the index Gz
We assume that X is an infinite-dimensional Banach space.
@ For A C X bounded then either Gz(A,e) =1 or Gz(A,¢) is
equivalent to Gz(Bx,¢).
o Gz(Bx,e) > et In particular Gz(Bx) > w.
o Gz(By,e) <e'+1
o If Gz(Bx,&0) > e5* + 1 for some gy € (0,1), then

Gz(Bx,e) > ce™P

for some ¢ >0, p > 1 and every ¢ € (0, 1).
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Some properties of the index Gz
We assume that X is an infinite-dimensional Banach space.
@ For A C X bounded then either Gz(A,e) =1 or Gz(A,¢) is
equivalent to Gz(Bx,¢).
o Gz(Bx,e) > et In particular Gz(Bx) > w.
o Gz(By,e) <e'+1
o If Gz(Bx,&0) > e5* + 1 for some gy € (0,1), then

Gz(Bx,e) > ce™P

for some ¢ >0, p > 1 and every ¢ € (0, 1).

The last property is related to the construction of asymptotically
uniformly smooth equivalent norms with associated modulus of power
type (Knaust, Odell and Schlumprecht 1999).
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Gz and ¢y copies

Recall that X is infinite-dimensional.
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Gz and ¢ copies

Recall that X is infinite-dimensional.

If Gz(Bx,e) = oo for some € > 0 then ¢y C X.
Therefore, if cg ¢ X then Gz(Bx) < oo.
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Gz and ¢ copies

Recall that X is infinite-dimensional.

If Gz(Bx,e) = oo for some € > 0 then ¢y C X.
Therefore, if cg ¢ X then Gz(Bx) < oo.

The converse is not true: if X = ¢y @ ¢, then Gz(Bx,e) < w for
e > 0.
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Recall that X is infinite-dimensional.

If Gz(Bx,¢c) = oo for some ¢ > 0 then ¢y C X.
Therefore, if cg ¢ X then Gz(Bx) < oo.

The converse is not true: if X = ¢y @ ¢, then Gz(Bx,e) < w for
e > 0.

Suppose that Gz(Bx,¢) > w for some € > 0. Then ¢ is finitely
representable in X.
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Gz and ¢ copies

Recall that X is infinite-dimensional.

If Gz(Bx,¢c) = oo for some ¢ > 0 then ¢y C X.
Therefore, if cg ¢ X then Gz(Bx) < oo. J

The converse is not true: if X = ¢y @ ¢, then Gz(Bx,e) < w for
e>0.

Suppose that Gz(Bx,¢) > w for some € > 0. Then ¢ is finitely
representable in X.

If T is the Tsirelson space, then Gz(Br-) = w".
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Gz and ¢y copies

Finally, what does the index Gz characterize?
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Gz and ¢ copies

Finally, what does the index Gz characterize?

Assume that X is separable. Then Gz(Bx) = oo if and only if X is
isomorphic to a subspace of ¢.
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Gz and ¢ copies

Finally, what does the index Gz characterize?

Assume that X is separable. Then Gz(Bx) = oo if and only if X is
isomorphic to a subspace of ¢.

Therefore, we will give up on finding a set derivation to recognize
copies of ¢y (we have achieved exactly the opposite!)
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Bourgain's property

Bourgain discovered the following remarkable property:
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Bourgain's property

Bourgain discovered the following remarkable property:a Banach
space X contains no copy of ¢; if and only if for every A C X*
bounded and € > 0 there exists nonempty relatively weak* open
subsets U; C Afor i =1,...,n such that

1 n
diam(z Z U) <e.
=1

M. Raja (Universidad de Murcia) Contained or not containing cp Céceres 1/03/2016 9 /12



Bourgain's property

Bourgain discovered the following remarkable property:a Banach
space X contains no copy of ¢; if and only if for every A C X*
bounded and € > 0 there exists nonempty relatively weak* open
subsets U; C Afor i =1,...,n such that

1 n
diam(; Z U) <e.
i—1

The comparison with the weak* dentability, which characterizes the
RNP in dual Banach spaces, suggest us to look for another sort of
property of Banach spaces with no copies of ¢.
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Spaces with no copies of ¢

The following result was obtained with A. Pérez (Murcia).
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The following result was obtained with A. Pérez (Murcia).

A Banach space X does not contain an isomorphic copy of ¢ if and
only if for every A C X bounded and ¢ > 0 there are points
X1, ..., X, € A such that

diam(ﬂ(A — X)) <e
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Spaces with no copies of ¢

The following result was obtained with A. Pérez (Murcia).

A Banach space X does not contain an isomorphic copy of ¢ if and
only if for every A C X bounded and ¢ > 0 there are points
X1, ..., X, € A such that

diam(ﬂ(A — X)) <e

o’

Working on the ideas behind this result is possible to define an index
that measures “how much ¢ is contained in X".
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Spaces with no copies of ¢

The following result was obtained with A. Pérez (Murcia).

A Banach space X does not contain an isomorphic copy of ¢ if and
only if for every A C X bounded and ¢ > 0 there are points
X1, ..., X, € A such that

diam(ﬂ(A — X)) <e

Working on the ideas behind this result is possible to define an index
that measures “how much ¢ is contained in X".

Moreover, we can provide a “basis free” approach to several result
involving ¢y, as for instance, James' nondistortability of c.
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About IV Workshop Sponsors

“This will be the forth edition of the Workshop on Functional Analysis. The aim of this two day conference is to bring together

Universidad
experienced and novice rese: Politécnica

J
de Cartagena

s interested in Banach Space Theory. The conference wil
talks as well as contributed posters on recent advances in the subject.

re a series of plenary and short
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