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1. Introduction

Let /P, 1 < p < 00, the usual Lebesgue space of sequences
P = {f = (F(M)az0 C C : [If[5:=D_|f(n)|P < oo},
n=0

and /*°, the set of bounded sequences with the norm

0= {f = (f(n)nz0 CC : [fllec := :gg\f(n)\ < oo}

The continuous embedding ¢1 < (P < ¢ holds.
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A Banach algebra A is a Banach space with an associative and
distributive product such that A(xy) = (Ax)y = x(\y) and
lIxy|l < |Ix]||ly]l for all A € C and x,y € A.
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A Banach algebra A is a Banach space with an associative and
distributive product such that A(xy) = (Ax)y = x(\y) and
lIxy|l < |Ix]||ly]l for all A € C and x,y € A.

Note that ¢! is a commutative Banach algebra endowed with their
natural convolution product

(fxg)(n an— )g(), n>0; f,gel

Moreover P % ¢* — (P (1 < p < o0) and
If «gllp < lIfllillgll,, — fett, get-.

The space ¢ is a module over the algebra ¢*.




The Cesaro operator C : CNo — CNo, f — Cf, is defined by

1

Cf(n) = P Y (),  neNo.
j=0




The Cesaro operator C : CNo — CNo, f — Cf, is defined by

1
n+1

Cf(n) = Y (),  neNo.
j=0

Note that C : 1 4 (1, C: 4P — (P, with 1 < p < oo due to

p
o 1 n . L p ©© . b
> ) = (2) o

(Hardy inequality, 1930)




For 3 > 0, the 3-Cesaro operator C% : CNo — CMNo, is defined by

1
B B
C’f(n k,a+1 E kP (n—j)f k6+1( ) (k *f) (n), n € Ny,




For 3 > 0, the 3-Cesaro operator C% : CNo — CMNo, is defined by
CPf(n Zkﬂn 1 (kﬁ*f) (n), neN
kﬂ+1 —Nf = kPti(n) , 0

r(B+n)

where kﬁ( )= W

(Stempak (1994), Zygmund (1959))




For 3 > 0, the 3-Cesaro operator C% : CNo — CMNo, is defined by

1
B ﬂ B
COf(n kﬂ+1 §jk n—j)f kﬁﬂ()(k *f)(n),neNo,
where k%(n) = _MB+n) (Stempak (1994), Zygmund (1959))

re)r(n+1)

Note that C% : ¢t 4 (1, CP : 0P — (P, with 1 < p < 0.
(Stempak(1994), Andersen (1996), Xiao (1997))
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The kernel k¢ satisfies that:
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(i) k*(n)z" = ———, |z| <1, a>0.
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o B Mo+ n) B a—1+n
“”)‘r(a)r(n+1)‘<

The kernel k satisfies that:
o
. 1
(|) ng_o ka(n)zn = m, ’Z| < 17 a > 0.

(i) k™ kP = kotB,
(iii) k*(n) ~ ’}(—)1 for large n.

Np.
a—1 >’ € No

o—
«




arn_ Ha+n)  (fa—1+n
“”)‘r(a)r(n+1)‘<

The kernel k satisfies that:
o
. 1
(|) ng_o ka(n)zn = W, ’Z| < 17 a > 0.

(i) k™ kP = kotB,
i) k%(n) ~ = for large n.
()

Np.
a—1 >’ n € Mo

(iv) k* is increasing for o > 1, decreasing for 0 < a < 1,
k'(n) =1 and k° = lim k%= e =(1,0,0,...), where
a—0
ej(n) = dj » is the Kronecker delta.




ka(n):rr(a—l—n) _ <a—1+n

Fa)(n + 1) > n el

a—1

The kernel k¢ satisfies that:

(i)
(i)

- 1
Zko‘(n)z" =———, |z| <1, a>0.
n=0 (1 B Z)a
ke x kP = kot
a—1
k*(n) ~ Tay for large n.
k< is increasing for o > 1, decreasing for 0 < o < 1,

k'(n) =1and k% = lim k®*=¢e =(1,0,0,...), where

a—07t
ej(n) = dj » is the Kronecker delta.

tof5)=w0(22)
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Let X be a complex Banach space, T € B(X) and denote by 7
the discrete semigroup given by 7(n) := T" for n € Np.
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Motivation: Césaro sums and Cesaro means [ALMV]

Let X be a complex Banach space, T € B(X) and denote by 7
the discrete semigroup given by 7(n) := T" for n € Np.

The Cesaro sum of order aw > 0 of T, {S,7(n)}nen, C B(X), is
defined by

S T (n)x = (k%*T)( X—Zka n—j)T/x xe X, neNp.

For example So7 (n) = T" and 517 (n Z T/

The Cesaro means of order « > 0 of T, {M T(n)}neNO C B(X), is
defined by

M,T (n)x = (k% *T) (n)x, x € X,

ka+1(n)

iones
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In the case that ||S,7 (n)|| < Ck®*1(n), (i.e., Cesaro means are
uniformly bounded), the operator T is called (C, a)-bounded.
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If T is (C,0)-bounded means that T is power bounded, and if T is
(C, a)-bounded then is (C, 3)-bounded for 5 > a.




In the case that ||S,7 (n)|| < Ck®*1(n), (i.e., Cesaro means are
uniformly bounded), the operator T is called (C, a)-bounded.

If T is (C,0)-bounded means that T is power bounded, and if T is
(C, a)-bounded then is (C, 3)-bounded for 5 > a.

However the inverse result is not true. For example, the matrix
-1 -1
(% )
defines a (C, 1)-bounded operator, that is,

ISST ()| =1ID>_ Tl < C(n+1), neNo
Jj=0

but T does not satisfy the power-boundedness condition.
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Aims of the talk

The main aim of this talk is to study the boundedness of Cesaro
operator C” (and its adjoint (C”)*) in some fractional finite
difference spaces, 7. We estimate their norms and describe their
spectrum sets.
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Aims of the talk

The main aim of this talk is to study the boundedness of Cesaro
operator C” (and its adjoint (C”)*) in some fractional finite
difference spaces, 7. We estimate their norms and describe their
spectrum sets.

(i) We introduce some fractional finite difference in the sense of
Weyl and a scale of Banach modules, 75, contained in ¢P.

(i) We define some Co-semigroups of contractions in 7.

(iii) We express the operators C® and its adjoint, (C%)*, in terms
of the Cy-semigroups.

(iv) These representations allow us to estimate ||C%|| and [|(C®)*||
and to describe their spectrum sets via a spectral mapping
theorem for Cp-semigroups and we draw them.
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2. Weyl fractional finite differences

We denote by cpg the Banach space of complex sequences of finite
support with the supremum norm.
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We denote by cpg the Banach space of complex sequences of finite
support with the supremum norm.

Let f : Ng — C, we denote the usual differences by
V(n)=f(n)—f(n—1),

W, f(n) = Wif(n) = f(n)—f(n+1)=—Af(n),
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2. Weyl fractional finite differences

We denote by cpg the Banach space of complex sequences of finite
support with the supremum norm.

Let f : Ng — C, we denote the usual differences by
V(n) = f(n) —f(n—1),
W, f(n) = Wif(n) = f(n)—f(n+1)=—Af(n),

W2f(n) = f(n) — 2f(n+1) + f(n +2),

and for m € N,
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The operator W, has inverse in co, W 'f(n) = Z ()
Jj=n
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The operator W, has inverse in co, W 'f(n) = Z f(j) and its

iterations are given by the sum

ZWJ_””’ 7G) = Y K7G-mfG). ne Mo

—n+1)[(m)




The operator W, has inverse in co, W 'f(n) = Z f(j) and its

iterations are given by the sum

Zroi;ﬂm() =3 K"G-nrG). n €ty

Definition.
Let f : Ng — C and « > 0 be given. The Weyl sum of order a of
f, W_f, is defined by

Wi f(n) =Y k%(j — n)f(j), neNo.

j=n
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Definition.
The Weyl difference of order o of £, W, is defined by

WeF(n) = WrW, ™ f(n),  neN,,

for m = [a] + 1, whenever the right hand sides make sense.




Definition.
The Weyl difference of order o of £, W, is defined by

WeF(n) = WrW, ™ f(n),  neN,,
for m = [a] + 1, whenever the right hand sides make sense.

In particular
(i) W :coo— coo foracR.
(il) WeW?PF = WeTPF = WPWer for o, € R and f € coo.
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Example.

(i) Let A € C\{0}, and pr(n) := A~ (") for n € No.
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Example.

(i) Let A € C\{0}, and py(n) := A~("*D) for n € Ng. The
sequences py are eigenfunctions for the operator W for
a€eRIif [N >1:

(A-1)

A 1.
o PX, ’ ’ >

Wipy =

(ii) Let o > 0 be given. We define

af: kan_jv OSJS”
hn(J)Z:{O( ) j>n

for n € Ng. Then
WPhe = ha 7,

for 6 < « and n € Np.
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3. Convolution Banach modules Tg

For a > 0, we define gqp : co0 — [0, 00) by

T =

Ga,p(f) == (Z (kaﬂ(”)\Wff(”)Dp) , feEap.

n=0
Note that for « =0, qop = | |lp-

Theorem.
Let o« > 0. Then g, defines a norm in cgg and

Ga,p(f *8) < Ca Gap(f) ga,1(8), f,g € c,0(No).

Denote by 7 the completion of ¢ in the norm g, p. Then

« e «@ @ ay/ «
Tgc_>7'pc—>€P7 T Ty < Toos (7'{)):7-,7,’]_<p<oo7

for 0 < a < and lim,_g+ ga,p(f) = ||f]|p- @ .

y
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Example.
Let px(n) = A~("*1), For 1 < p < 0o and || > 1, the function
px € 7, and

)

[AP — AP\ © 1
qa, (pA) S Ca, <
’ NPT e -y

for 1 < p<ooand |\ > 1.

a
=—>



4. Semigroups of composition on 7'

Theorem.
Take 1 < p < oo and a > 0. The one-parameter operator families

(Tp(t))e>0 and (Sp(t))e>0 defined by

To(t)f(n) == e7h - n eftj(l — e*t)"*jf( ),
g JX_; <J> /

o0

S0 = Y (L)

are contraction adjoint Co-semigroups on 75 whose generators A
and B are given by

Af(0) := —'Il)f(O), Af(n) :== —nVf(n) — ;f(n), neN,

BF(n) := (n+1)Af(n) + ;f(n), neNg. B @
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Lemma
Let « > 0and f € cgp Then

(i) WE(Tp(t)f)(n) = e " Ta(t)(WEF)(n).




Lemma
Let « > 0and f € cgp Then

(i) WE(To(6)F)(n) = e Tu(e)(WE F)(n).
(i)
WES,ON = ¢ DS (1T )@ - e we ()

n—+a«

Jj=n




Lemma
Let « > 0and f € cgp Then

(i) WE(To(6)F)(n) = e Tu(e)(WE F)(n).
(i)
WS, 0A) = DY (170 ) - ety wee()

n—+a«

Jj=n

Theorem

Let A and B the generators of (Tp(t))r>0 and (Sp(t))e>0 on 75

(1<p< o).
(i) The point spectra are 0,(A) =0 and op(B) = C_.
(i) The spectrum of B is o(B) = C_ U iR.




5. Generalized Cesaro operators Cs and Cj; on 7

Let 5 > 0, we consider the Cesaro operator of order 3 given by
Csf(n) := kﬁ+1 Zk n—j)f(j) ne Ny,
and the adjoint Cesaro operator of order (3 given by

=3 kﬁflmkﬁ(j ~ n)f(j) neNo.
Jj=n
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Theorem.
Let « > 0 and 6 > 0. Then
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Theorem.
Let « > 0 and 6 > 0. Then

(i) The operator Cg is a bounded operator on 75, for 1 < p < oo,
r+1uri-1)
1Csll < - and
re+1-7:)

Caf(n) = 5/0 (1— e ) e DT () f(n) dt, f e 7o

R




Theorem.
Let « > 0 and 6 > 0. Then

(i) The operator Cg is a bounded operator on 75, for 1 < p < oo,
r+1uri-1)
1Csll < - and
re+1-7:)

cﬂf(n)::/ajﬁ (1-e )Pt DT (0)f(n)dt, fers.

(i) The operator Cj is a bounded operator on 7, for 1 < p < o0,
r3+yrt
ey < AL
r+5)
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Theorem.
Let « > 0 and 3> 0. Then

(i) The operator Cg" : 7, — 7' satisfies

rB+1r(z+13)
re+z+ %)

(e ={

:z€C+UiR}, 1<p<oo.




Theorem.
Let « > 0 and 3> 0. Then

(i) The operator Cg" : 7, — 7' satisfies

rB+1r(z+13)
I'(ﬁ+z+%)

U(Cg*):{ :ZEC+UIR}, 1<p<oo.

(i) The operator Cg : 7, — 7, satisfies

r Drz+1-1
U(Cﬂ):{ B+1)(z+1-3)

czeC UiR}, 1< p< oo
rB+z+1-1) *




6. Spetrum sets of Cs and Cj

rB+1)rz+2
7{e") { (r(ﬂ +)z(+ 1)p) | ZEC+UiR}’
MG+ )r(z+1-5) _
o(Cs) = { FGrzi11) :ZGC+U/R}.
P




6. Spetrum sets of Cs and Cj

M8+ 1)r(z+ 1) _
o(Cg*) = { (F(ﬂ+z+1)p :ZEC+U/R},
MG+ )r(z+1-5) _
o(Cg) = { fGizi1 D :ZGC+U/R}.
P

For p=1and 8 = n € N, we draw the sets

n!
{(n+it)(n—1—|—it)---(1+it) : tGR}.
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a(Cr)

Spectra for p=1, p=1

imaginary part

L 1 1 1
0.1 02 03 04 05 0B 07 08B 08 1
real part
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a(C3)

Spectra for p=1, p=2
ne-

06+

02-

imaginary part
o
T

_DB 1 1 1 1 1 1 1
0.2 0 0z 0.4 0e ns 1 1.2

real part
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a(C3)

Spectra for p=1, =3
0er

06

02F

imaginary part
o

_DB 1 1 1 1 1 1 ]
0.4 -0.2 1] 02 0.4 06 0.s 1

real part
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a(C3)

Spectra for p=1, =4
0er

06

02F

imaginary part
o

_DB 1 1 1 1 1 1 ]
0.4 -0.2 1] 02 0.4 06 0.s 1

real part
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a(Cs)

Spectra for p=1, =5
0er

06

02F

imaginary part
o

_DB 1 1 1 1 1 1 ]
0.4 -0.2 1] 02 0.4 06 0.s 1

real part
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a(Cs)

Spectra for p=1, =6

imaginary part

1
0.4 0.2 1] 0.z 0.4 0.6 0.8 1
real part
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a(C

),1<3<6

eeeeeeeeeeeee



imaginary part

02
real part

0.4
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g (Cikoo)

imaginary part

0.a

06

0.4

nz2

Spectra for p=1, =100

1
06 04 0.2 0 0.2 0.4 0.6 na 1

real part
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